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® Robust preconditioners
(M)ICCG vd Vorst, Meijering, Gustafsson
ILUT Saad, MRILU Ploeg, Wubs
Navier-Stokes Elman, Silvester, Wathen, Golub
RIF Benzi, Tuma
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® Robust preconditioners
(M)ICCG vd Vorst, Meijering, Gustafsson
ILUT Saad, MRILU Ploeg, Wubs
Navier-Stokes Elman, Silvester, Wathen, Golub
RIF Benzi, Tuma

® Parallel preconditioners
Block variants see above
ILU Bastian, Horton, Vuik, Nooyen, Wesseling
SPAI Grote, Huckle, Benzi, Tuma, Chow, Saad

® Acceleration of parallel preconditioners
CGC Notay, vd Velde, Benzi, Frommer, Nabben, Szyld, Chan,
Mathew, Dryja, Widlund, Padiy, Axelsson, Polman
Deflation Nicolaides, Mansfield, Frank, Vuik
Morgan, Chapman, Saad, Burrage, Ehrel, Pohl
FETI Farhat, Roux, Mandel, Klawonn, Widlund
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A Is SPD, Conjugate Gradients
P=1—-AZE'Z" with E = ZT AZ

and Z = [z1...z;,], Where 24, ..., z,,, are independent deflation vectors.

Properties
1. PfZ =0and PAZ =0
2. P2=P
3. APT = PA
?{U Delft
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r=(I— Pz + Py,
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r=(I— Pz + Py,

(I - PT)z = ZE1ZT Az = ZE-1ZTb, APTy = PAx = Pb.
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r=(I— Pz + Py,
(I — PT)z = ZE'ZT Az = ZE~'Z7, APTg = PAz = Pb.

DICCG
k=0, fog = Pro, pr =2 = L™TL™1#;
while ||7x|l2 > € do

k=k+1;

_ (Pr—1,2k-1) .

Tk = Tk—1 + QL Pk,
Ty = Tp—1 — ap P Apg;
2 — L_TL_lfk;

B = G (Pr,2k) . Phi1 = 2k + Bupi;

k—1:,2k—1)"

" end while
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P=1-AZE YT with E = YTAZ
Q=1-ZE"'YTA

and Z = [z1...2m], Y = [y1...ym] Where zq, ..., z,, and yq, ..., y,,, are
Independent sets of deflation vectors.

Properties
1. PAZ=YTP=0and YTAQ = QZ =0
2. P2P=Pand Q*> =Q
3. PA=AQ
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= (I - Q)z + Qx,
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= (I - Q)z + Qx,
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= (I - Q)z + Qx,

(I-Q)x=ZE 'YTAx = ZE~1Y Ty, AQx = PAx = Pb.

Preconditioning
K 'PAZ = K 'Pb, Qx=0Q%

PAK g =Pb, Qx=QK 'j
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= (I - Q)z + Qx,

(I-Q)x=ZE 'YTAx = ZE~1Y Ty, AQx = PAx = Pb.

Preconditioning
K 'PAZ = K 'Pb, Qx=0Q%

PAK g =Pb, Qx=QK 'j

Systems can be solved by: GMRES, GCR, Bi-CGSTAB,...
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m IS number of subdomains z4, ..., z,,, deflation vectors
® .. =1o0n¢,
® z=00nQ\Q,

Remarks
® The matrix E is sparse
® K.t¢(PA) decreases for increasing m
® Work to invert E increases for increasing m
® Optimal value of m?
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Definition: Pp =1 — AZE~1Z7T.

v = (I — P))x + P}z,

where (I — P)z = ZE~'Z"band APz = Pp Az = Ppb

DICCG
k=0, 7g = Ppro, p1 = 21 = L_TL_l’I/;O;
while ||7x||2 > € do

k=k+1,;

_ (Pr—1,2k—1) .
Ok = (pr,Pp Apk)’

Tk = Tk—1 T+ QL Pk,
Ty = Pr—1 — axPp Apg;
2L = L_TL_lfk;

Br = 7 Teate) . Pk+1 = 2k + BrDk;

k—1,2k—1)"

end while
e
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Definition

- Z € R™™ with independent columns.
-E=7TAZ ¢ Rm*™ E is SPD.
-Po=L"TL'+~yZE-'ZT.

CICCG
k=0, ro=0—Axg, p1 =21 = L_TL_lTO;
while ||7g|l2 > € do

kEk=k+1,

Thk_1,2k—1) .

o, = Uit

Tk = Ti—1 + OkPk;

Tk = Th—1 — O ADE;

2 = Pory = LT L7 1r, + fyZE_lZT'rk;

Bk — (r (Tk,Zk) . pk—{—l = 2 + 5kpk1

k—1,2k—1)"

N end while
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Pp=1—-AZE-17T Pc=I1+ZE'ZT
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P,=1—-—AZE~'ZT Po=I1+ZE 17T
Properties of Pp

- Pp A i1s symmetric and positive semidefinite
- Pp is a projection, PpbAZ =0

- since PpA iIs singular, a good termination criterion is important
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P,=1—-—AZE~'ZT Po=I1+ZE 17T
Properties of Pp

- Pp A i1s symmetric and positive semidefinite
- Pp is a projection, PpbAZ =0

- since PpA iIs singular, a good termination criterion is important
Properties of P¢

- Pc is symmetric positive definite

- Az (P; — I)Az is a projection
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Definition
Eigenpair {\;,v;}, SO0 Av, = \ju; with 0 < Ay < ... < A\,
Take Z = [v1 ... Um].
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Definition
Eigenpair {\;,v;}, SO0 Av, = \ju; with 0 < Ay < ... < A\,
Take Z = [v1 ... Um].

Theorem
- the spectrum of PpAis{0,...,0, \pea1,---5,An}

- the spectrum of PcAis {1+ A1, ..., 14+ Ay Amt1, - -5 An}
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Definition
Eigenpair {\;,v;}, SO0 Av, = \ju; with 0 < Ay < ... < A\,
Take Z = [v1 ... Um].

Theorem
- the spectrum of PpAis{0,...,0, \pea1,---5,An}

- the spectrum of PcAis {1+ A1, ..., 14+ Ay Amt1, - -5 An}

Corollary

DICCG converges faster than CICCG.
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Residual with Block IC
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Residual with Block IC
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Residual with Block IC Error with Block IC
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Theorem
Let A be SPD, and A*, A — A* be SPSD, and spanZ = null(A*)

Furthermore preconditioner K is SPD and K = LL' then

A (L~YAL™T)
Ams1 (LA L-T)

Kepp(LT'PAL™") <

1. Removing the smallest eigenvalues from the spectrum leads to
the greatest improvement for PDE problems.

2. A good preconditioner for A* may be attractive (Kaasschieter).

3. A preconditioner for A* may increase the largest eigenvalue of
L~1AL-T.
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Block system:

Aml « o Amm_ Lm, bm

Subdomain block Jacobi matrix K(A) € R**"

K(A) =

Block matrices K;; = A;; are Stieltjes matrices
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Definition
Define the matrix A* by

A* = K —diag(ry,...,rp),

where r; = > k;; (it" rowsum)

n
=1

Block matrices A%, have zero rowsums =- 7 is a basis for null(4™).

Theorem
If A is an irreducibly diagonally dominant Stieltjes matrix and A* has

only irreducible blocks, then the hypotheses of the previous theorem
are met.
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A=
0 0 -1]2 -1
0o 0 0 |-1 2 -1
\ 0o 0o o]0 -1 1 )
( 1 -1 0,0 0 0 )
-1 2 -1/ 0 0 0
| 0 -1 1]0 0 0
0 0 0|1 -1 0
0o 0 0 |-1 2 -1
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2D problem, 3 x 9 points, 3 blocks
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Poisson equation —Au(x,y) = f.

lterations divided by the subdomain resolution
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subdomain grid size 50 x 50, wall clock time, Cray T3E
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zz=1onQ; and z; = 0on Q\ Q,

1. no overlap

z; = 1 at one subdomain
z; = 0 at other subdomains

2. complete overlap

z; = 1 at all subdomains

3. average overlap
1

Nneighbors

4. weighted overlap (—div(cVu) = f)

- o (1)
“i = > o(neighbors)

at all subdomains

Ry =
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Error for Block IC and Deflation
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Error for Block IC and Deflation
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Error for Block IC and CGC
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® DICCG is more efficient than CICCG.

® Block preconditioned Krylov methods combined with Deflation or
CGC are well parallelizable (scalable, good speed up).

® The theoretical results give insight into an optimal subdomain
distribution and a suitable preconditioner.

® For the vertex centered case, the weighted overlap strategy is
optimal

® Choices for the deflation vectors lead to comparable results in
DICCG and CICCG.

® DICCG is a robust and efficient method to solve diffusion
problems with discontinuous coefficients.
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® http://ta.twi.tudelft.nl/nw/users/vuik/pub_it_def.html

® C. Vuik A. Segal J.A. Meijerink
An efficient preconditioned CG method for the solution of a class
of layered problems with extreme contrasts in the coefficients
J. Comp. Phys., 152, pp. 385-403, 1999.

® J. Frank and C. Vuik
On the construction of deflation-based preconditioners
SIAM Journal on Scientific Computing, 23, pp. 442-462, 2001

® C.Vuik and A. Segal and L. El Yaakoubi and E. Dufour
A comparison of various deflation vectors applied to elliptic
problems with discontinuous coefficients
Applied Numerical Mathematics, 41, pp. 219-233, 2002
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Krylov Ar

Preconditioned Krylov L=TL-1Ar

Block Preconditioned Krylov S(L;TL Y Ar
1=1

Block Preconditioned Deflated Krylov > (L; T'L; ') P Ar
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