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general purpose

Study rates of contraction of posterior distributions
for priors on infinite-dimensional models

to the “true” distribution of the observations
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PART 1: generalities
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GENERALITIES
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setting (1)

n = 1, 2, . . .

(X (n),A(n), P
(n)
θ : θ ∈ Θn) experiment

(Θn, dn) metric space

X(n) observation, law P
(n)
θ0

Πn prior

Πn(B|X(n)) =

∫

B p
(n)
θ (X(n)) dΠn(θ)

∫

Θn
p
(n)
θ (X(n)) dΠn(θ)

posterior

Rate of contraction is at least ǫn if ∀Mn → ∞

P
(n)
θ0

Πn(θ ∈ Θn : dn(θ, θ0) ≥Mnǫn|X(n)) → 0
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toy problem

X1, . . . , Xn i.i.d. density p0 on [0, 1]
(Wx : x ∈ [0, 1]) Brownian motion

prior:

x 7→ eWx

∫

eWy dy

Find rate if log p0 ∈ Cα[0, 1]
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setting (1)

∃ξ > 0,K > 0 such that ∀n
∃ metric en ≥ dn such that ∀ǫ > 0

∀θ1 ∈ Θn with dn(θ1, θ0) > ǫ ∃ test φn with

P
(n)
θ0
φn ≤ e−Knǫ2 , sup

θ∈Θ:en(θ,θ1)<ǫξ
P

(n)
θ (1 − φn) ≤ e−Knǫ2

Le Cam 73,75,86, Birgé 83:
∃ estimators θ̂n with dn(θ̂n, θ0) = OP (ǫn) if

sup
ǫ>ǫn

logN(ǫξ, {θ : dn(θ, θ0) ≤ ǫ}, en) ≤ nǫ2n
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rate theorem (1)

ǫn → 0, ǫn ≫ 1/
√
n

logN(ǫn,Θn, en) ≤ nǫ2n
Πn(Θc

n) = o(e−3nǫ2n)

Πn(Bn(θ0, ǫn; k)) ≥ e−nǫ2n

Then P (n)
θ0

Πn(θ ∈ Θn : dn(θ, θ0) ≥Mnǫn|X(n)) → 0

Bn(θ0, ǫ; k) =
{

θ ∈ Θ : K(p
(n)
θ0
, p

(n)
θ ) ≤ nǫ2, Vk(p

(n)
θ0
, p

(n)
θ ) ≤ nk/2ǫk

}

K(p, q) = P log(p/q)

Vk(p, q) = P
∣

∣log(p/q) −K(p, q)
∣

∣

k
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rate theorem (2)

ǫn → 0

supǫ>ǫn
logN(ǫξ, {θ ∈ Θn : dn(θ, θ0) < ǫ}, en) ≤ nǫ2n

Πn(Θc
n)

Πn(Bn(θ0, ǫn; k))
= o(e−2nǫ2n)

Πn(θ ∈ Θn : dn(θ, θ0) ≤ 2jǫn)

Πn(Bn(θ0, ǫn; k))
≤ eKnǫ2nj2/2 ∀j

Then P (n)
θ0

Πn(θ ∈ Θn : dn(θ, θ0) ≥Mnǫn|X(n)) → 0

Bn(θ0, ǫ; k) =
{

θ ∈ Θ : K(p
(n)
θ0
, p

(n)
θ ) ≤ nǫ2, Vk(p

(n)
θ0
, p

(n)
θ ) ≤ nk/2ǫk

}
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examples

Entropy: from Birgé 83a,b

Prior mass: some work necessary
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independent observations

X(n) = (X1, X2, . . . , Xn)
X1, . . . , Xn independent, Xi ∼ pθ,i

MAIN RESULT HOLDS WITH

d2
n(θ, θ′) = 1

n

∑n
i=1

∫ (√
pθ,i −√

pθ′,i

)2
dµi

Bn(θ0, ǫ; 2) = {θ : 1
n

∑n
i=1Ki(θ0, θ) ≤ ǫ2, 1

n

∑n
i=1 Vi(θ0, θ) ≤ ǫ2}
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markov chains

X(n) = (X0, X1, . . . , Xn)
· · · , X0, X1, X2, · · · stationary Markov chain pθ(y|x), qθ(x)

r(y) . pθ(y|x) . r(y),
∫

r dµ <∞
α-mixing,

∑∞
h=0 α

1−1/k
h <∞ for some k > 2

MAIN RESULT HOLDS WITH

d2(θ, θ′) =
∫∫

[

√

pθ(y|x) −
√

pθ′(y|x)
]2
dµ(y) r(x) dµ(x)

Bn(θ0, ǫ; k) =
{

θ : Pθ0
log

pθ0

pθ
(X1|X0) ≤ ǫ2, Pθ0

∣

∣

∣
log

pθ0

pθ
(X1|X0)

∣

∣

∣

k
≤ ǫk

}
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gaussian white noise model

X(n) = (X
(n)
t : 0 ≤ t ≤ 1)

dX
(n)
t = θ(t) dt+ n−1/2dBt Brownian motion B

MAIN RESULT HOLDS WITH

d L2-norm
B(θ0, ǫ; 2) L2-ball
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gaussian time series

X(n) = (X0, X1, . . . , Xn)
· · · , X0, X1, X2, · · · stationary mean zero Gaussian process
spectral density θ

supθ ‖ log θ‖∞ <∞
supθ

∑∞
h=−∞ |h|(EθXhX0)

2 <∞

MAIN RESULT HOLDS WITH

d L2-norm, e supremum-norm
B(θ0, ǫ; 2) L2-ball
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ergodic diffusions

X(n) = (Xt : 0 ≤ t ≤ n)
dXt = θ(Xt) dt+ σ(Xt) dBt Brownian motion B
stationary ergodic, state space I, stationary measure µθ0

MAIN RESULT HOLDS WITH

d(θ, θ′) = ‖(θ − θ′)1J/σ‖µθ0 ,2 J ⊂ I

e(θ, θ′) = ‖(θ − θ′)/σ‖µθ0 ,2

B(θ0, ǫ; 2) ‖ · /σ‖µθ0 ,2-ball
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ergodic diffusions (2)

X(n) = (Xt : 0 ≤ t ≤ n)
dXt = θ(Xt) dt+ σ(Xt) dBt Brownian motion B
stationary, ergodic solution, state space I = (0, 1), µθ0

σ(x) ∼ x1+p as x ↓ 0; σ(x) ∼ (1 − x)1+q as x ↑ 1
θ : [0, 1] → R, ↓, θ(0) > 0, θ(1) < 0

(

D(0, 1/L), D(1/L, 2/L), . . . , D(1 − 1/L, 1)
)

∼ Dirichlet(α)

+linear interpolation
L ∼ n1/3 log n
U ∼ U [0, 1], V ∼ exp(1) independent
θ ∼ V (U −D)

gives rate n−1/3 log n
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GAUSSIAN PROCESS PRIORS

Some Results in Nonparametric Bayesian Inference – p. 17/30



setting (1)

W = (Wx : x ∈ X ) zero-mean Gaussian process

sample path is a-priori model for “unknown function”

Examples
1: density estimation pW (x) = eWx/

∫

eWy dν(y)

2: logistic regression Pr(Y = 1|X = x) = 1/(1 + e−Wx)

3: regression Y = Wx + error

4: white noise dXt = Wt + n−1/2 dBt
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reproducing kernel hilbert space (1)

W zero-mean Gaussian map in Banach space (B, ‖ · ‖)
S : B

∗ → B, Sb∗ = EWb∗(W ) [Pettis integral]

RKHS H is completion of SB
∗ under

〈Sb∗1, Sb∗2〉H = Eb∗1(W )b∗2(W )

FACT support of W is closure of H in B

CONSEQUENCE posterior inconsistent if ‖w0 − H‖ > 0
[smoothness is not enough]
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reproducing kernel hilbert space (2)

W = (Wx : x ∈ X ) map in ℓ∞(X )
covariance function K(x, y) = EWxWy

RKHS is completion of the set of functions
x 7→

∑

i αiK(yi, x)

for
〈

∑

i αiK(yi, ·),
∑

j βjK(zj , ·)
〉

H

=
∑

i

∑

j αiβjK(yi, zj)
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small ball probability

W map in (B, ‖ · ‖), RKHS (H, ‖ · ‖H), unit balls B1, H1

Pr(‖W‖ < ǫ) = e−φ0(ǫ)

FACT (Borel, 1975)
Pr(W /∈ ǫB1 +MH1) ≤ 1 − Φ

(

Φ−1(e−φ0(ǫ)) +M
)

FACT (Kuelbs and Li, 1993)
∀h ∈ H Pr(‖W − h‖ < ǫ) ≥ e−‖h‖2

H/2 Pr(‖W‖ < ǫ)

FACT (Kuelbs and Li, 1993)
φ0(ǫ) ∼ logN(ǫ/

√

φ0(ǫ),H1, ‖ · ‖)
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gaussian rate conditions

W map in (B, ‖ · ‖), RKHS (H, ‖ · ‖H)

Pr(‖W‖ < ǫ) = e−φ0(ǫ)

THEOREM ∀ w0 ∈ H and ǫn > 0 with
infh∈H:‖h−w0‖<ǫn

‖h‖2
H

+ φ0(ǫn) ≤ nǫ2n

∃ Bn ⊂ B with
logN

(

ǫn, Bn, ‖ · ‖
)

. nǫ2n

Pr(W /∈ Bn) . e−4nǫ2n

Pr(‖W − w0‖ < ǫn) & e−nǫ2n

CONSEQUENCE
If distances on model combine well with ‖ · ‖, rate is ǫn if
infh∈H:‖h−w0‖<ǫn

‖h‖2
H
≤ nǫ2n AND φ0(ǫn) ≤ nǫ2n
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rate theorem (1)

ǫn → 0, ǫn ≫ 1/
√
n

logN(ǫn,Θn, en) ≤ nǫ2n
Πn(Θc

n) = o(e−3nǫ2n)

Πn(Bn(θ0, ǫn; k)) ≥ e−nǫ2n

Then P (n)
θ0

Πn(θ ∈ Θn : dn(θ, θ0) ≥Mnǫn|X(n)) → 0

Bn(θ0, ǫ; k) =
{

θ ∈ Θ : K(p
(n)
θ0
, p

(n)
θ ) ≤ nǫ2, Vk(p

(n)
θ0
, p

(n)
θ ) ≤ nk/2ǫk

}

K(p, q) = P log(p/q)

Vk(p, q) = P
∣

∣log(p/q) −K(p, q)
∣

∣

k
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log gaussian densities

pW (x) = eWx/
∫

eWy dν(y)

LEMMA ∀v, w
h(pv, pw) ≤ ‖v − w‖∞ e‖v−w‖∞/2

K(pv, pw) . ‖v − w‖2
∞ e‖v−w‖∞(1 + ‖v − w‖∞)

V (pv, pw) . ‖v − w‖2
∞ e‖v−w‖∞(1 + ‖v − w‖∞)2

CONSEQUENCE
If W is map in ℓ∞(X ) rate is ǫn if
φ0(ǫn) ≤ nǫ2n AND infh∈H:‖h−w0‖∞<ǫn

‖h‖2
H
≤ nǫ2n
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logistic regression

Pr(Y = 1|X = x) = 1/(1 + e−Wx)
pw density of (X,Y ) given W = w

LEMMA ∀v, w
‖pv − pw‖2 = 21/2‖Ψ(v) − Ψ(w)‖2,G . ‖v − w‖2,G

K(pw, pw0) ≤ ‖w − w0‖2
2,G

V (pw, pw0) ≤ ‖w − w0‖2
2,G

CONSEQUENCE
If W is map in L2(G), rate is ǫn if
φ0(ǫn) ≤ nǫ2n AND infh∈H:‖h−w0‖G,2<ǫn

‖h‖2
H
≤ nǫ2n
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example: brownian motion

W one-dimensional Brownian motion on [0, 1]

φ0(ǫ) ∼ (1/ǫ)2

H = {h : h(0) = 0,
∫

h′(t)2 dt <∞}
start at N(0, 1) to replace H by H ⊕ 1

LEMMA If w0 ∈ Cα[0, 1] for 0 < α < 1, then
infh∈H:‖h−w0‖∞<ǫn

‖h‖2
H
∼ (1/ǫ)(2−2α)/α

PROOF: w0 ∗ ψσ ∈ H

‖w0 ∗ ψσ − w0‖∞ ∼ σα
∫

(w0 ∗ ψσ)′(t)2 dt ∼ (1/σ)2−2α
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example: brownian motion

W one-dimensional Brownian motion on [0, 1]

φ0(ǫ) ∼ (1/ǫ)2

H = {h : h(0) = 0,
∫

h′(t)2 dt <∞}
start at N(0, 1) to replace H by H ⊕ 1

LEMMA If w0 ∈ Cα[0, 1] for 0 < α < 1, then
infh∈H:‖h−w0‖∞<ǫn

‖h‖2
H
∼ (1/ǫ)(2−2α)/α

CONSEQUENCE
rate is n−1/4 if α ≥ 1/2; n−α/2 if α ≤ 1/2

Brownian motion: (1/ǫn)2 ≤ nǫ2n =⇒ ǫn ≥ n−1/4

log p0 ∈ Cα[0, 1]: (1/ǫn)(2−2α)/α ≤ nǫ2n =⇒ ǫn ≥ n−α/2
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alternatives

RIEMANN-LIOUVILLE process
Wt =

∫ t
0 (t− s)α−1/2 dBs +W0

[B Brownian motion, α > 0]

FRACTIONAL BROWNIAN MOTION
EWsWt = s2α + t2α − |t− s|2α

[Hurst index 0 < α < 1]

Give proper models for α-smooth functions

SERIES EXPANSIONS
Wt =

∑∞
i=1 λiZiei(t)

[(ei) basis, (Zi) i.i.d. N(0, 1), λi → 0]
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adaptation

To obtain “correct” rate for any α > 0
can use mixture of Gausian priors with prior weights

wn,α ∼ e−Cn1/(2α+1)

[Other weights too?]
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example: brownian sheet

W d-dimensional Brownian sheet on [0, 1]d

φ0(ǫ) ∼ (1/ǫ)2(log(1/ǫ))2d−2

H = {h : h(0) = 0,
∫

[0,1]d h
′(t)2 dt <∞}

can approximate “Bounded variation” functions only
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