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general purpose

Study rates of contraction of posterior distributions
for priors on infinite-dimensional models
to the “true” distribution of the observations
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GENERALITIES
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setting (1)
fn =1,2,... T
(X, A PQ(”) . 0 € ©,) experiment
(©,,d,) metric space
X observation, law P,

IL,, prior
[y (X™) dIT, (6)
I1,,(B|X") = LB~ posterior
Jo., Py (X ™) dIL, ()

Rate of contraction is at least ¢, If VM,, — oo

- Py L6 € Oy, 1 dn(8,60) > Myen| X ™) — 0 -
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toy problem

-

X1,..., X, LLd. density py on [0, 1]
(W, : z € [0,1]) Brownian motion

prior:

Find rate if logpy € C'*|0, 1]

o
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setting (1)
fﬂg > 0, K > 0 such that vn

4 metric e,, > d,, such that Ve > 0

V6, € O, with d,(61,60y) > € 3 test ¢,, with

Pplon < e sup B (1—g,) < e
€0 e, (0,01)<e€

Le Cam 73,75,86, Birgé 83:
3 estimators 6,, with d,,(0,,,0y) = Op(ey,) if

sup log N(e€,{0 : dn(6,6p) < €},e,) < ne?

- -~
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ratetheorem (1)
| o

€n — 0, €, > 1/4/n

log N (€, On, en) < ne?
I1,,(0%) = o(e37¢r)
[, (Bn (0o, €: k) > e "

Then PyVTL.(0 € O, : da(6,60) > My, XM) — 0

Bn(QOa €, k) -
{8 c0O: K(pg;),pén)) < ne, Vk(péz),pén)) < nk/zek}

K(p,q) = Plog(p/q)

LVk(p, q) = P|log(p/q) — K(p, Q)lk

-
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rate theorem (2)

-

€, — 0

SUD,~, log N(e£,{0 € ©,, : d,,(0,6p) < €}, ep) < ne,,%
I1,(07,)
Hn(Bn(QOa €n; k))
I1,(0 € ©, :d,(6,00) < 2je,) < Knej2

Hn(Bn(HOa €n; k)) -

_ O(G—Qne%)

vj

Then PyVTL,(6 € Oy, = du(8,60) > Myen| X ™) — 0

o -
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examples

-

Entropy: from Birgé 83a,b

Prior mass: some work necessary



Independent observations

f()

XM = (X1, Xo,...,X,)
Xi,..., X, Independent, X; ~ pg;

MAIN RESULT HOLDS WITH

d;,(0,0") = >y | (/Do — \/]Tf,i)z
B (0o, €; 2) {60: 250" Ki(6,0) <€, =

n
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mar kov chains

-

X" = (Xo, X1,...,X,) T
-, Xo, X1, X9, --- stationary Markov chain  pg(y|x), go(x)

r(y) S po(ylz) S ry), [rdu < o

- 1-1/k
a-mixing, > ;" o, 'k < oo for some k > 2

MAIN RESULT HOLDS WITH

20.0) = [f [ Vool — Voo Gl)| duy) r(@) du(a)
B, (6y, 6 k) =

{9 Py, log (X ‘XQ) < €2 , Py,

k
log 22X X0) | < k}

o -
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gaussian white noise model

- .

XM = (x™.0<t<1)
dx\" = 0(t)dt + n~1/2d4B,  Brownian motion B

MAIN RESULT HOLDS WITH

d Lo-norm
B(@Q, €; 2) Lo-ball

o -
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gaussian time series

- .

X" = (Xo, X1,...,X,)
-+ Xo, X1, X9, .-+ stationary mean zero Gaussian process
spectral density ¢

supg || log 0|00 < 00
SUPY D pe oo |1 (Eg X X0)* < 00

MAIN RESULT HOLDS WITH

d Lo-norm, e supremum-norm
B(@Q, €; 2) Lo-ball

o -
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ergodic diffusions

- .

XM = (X;:0<t<n)
dXy = 0(Xy) dt + o(Xy) dBy Brownian motion B
stationary ergodic, state space [, stationary measure g,

MAIN RESULT HOLDS WITH

H0.0) = (0~ 0)1/0l2  JCI
(0,0) = 10— 0) /0, 2
B(0,:2) || - /0], 2-bal

o -
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ergodic diffusions (2)

- .

XM = (X;:0<t<n)
dXy = 0(Xy) dt + o(Xy) dBy Brownian motion B
stationary, ergodic solution, state space / = (0, 1), g,

olx) ~z1™Pasx | 0;o(x) ~(1—2)!Masx 11
f:0,1] =R, |,00)>0,6(1) <0

(D(0,1/L),D(1/L,2/L),...,D(1 —1/L,1)) ~ Dirichlet(c)
+linear interpolation

L ~n'3logn

U~ Ul0,1], V ~ exp(1) independent

0~ V(U—D)

gives rate n=1/2logn

o -
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GAUSSIAN PROCESS PRIORS



setting (1)
- o

W = (W, :xz € X) zero-mean Gaussian process
sample path is a-priori model for “unknown function”

Examples
1: density estimation py(z) = =/ [ Vv du(y)

2: logistic regression Pr(Y = 1|X = z) = 1/(1 + e =)
3: regression Y = W, + error
4: white noise dX; = W; + n~1/2dB;

o -
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reproducing kernel hilbert space (1)
=

W zero-mean Gaussian map in Banach space (B, || - ||)
S:B*— B, Sb*=EWb(W) [Pellis integrall

RKHS H is completion of SB* under
(Sb3, Sby)w = Eb; (W)bis(W)

-

FACT support of W is closure of H In B

CONSEQUENCE posterior inconsistent if ||wg — H]|| > 0
[smoothness is not enough]

o -
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reproducing kernel hilbert space (2)

fW = (W, :x € X)map in (*(X) T
covariance function K (z,y) = EW,W,

RKHS is completion of the set of functions
for

<Zz’ a; K (yi, ), D2 ; B K (25, ')>H =2 i 2 %iBiK(yi, %)



small ball probability

fW map in (B, | - ||), RKHS (H, | - |[z), unit balls By, Hy -
Pr(|W]] < ) = e=%0(©

FACT (Borel, 1975)
Pr(W ¢ eBy + MH;) <1 — & (0 (e7%0() + M)

FACT (Kuelbs and Li, 1993)
Vh € H Pr(||W — h|| <€) > e~ IME2Pr(|W| < e

FACT (Kuelbs and Li, 1993)
¢o(€) ~ log N(e/+/¢o(e), Hy, || - )

o -
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gaussian rate conditions

-

W map in (B, | - [}), RKHS (H. | - )
Pr(|W]] < ) = e=(©

THEOREM VY wg € H and ¢, > 0 with
INfp e ol <en |75 + P0(en) < ne;,

4 B,, C B with
1OgN(€naBna | - H) S TLE%

Pr(W ¢ B,) < e~ 4nen
Pr(|W — wo| < €,) = e "

CONSEQUENCE
If distances on model combine well with || - ||, rate IS ¢, If

LinfhEH:Hh—wo\Ken Ihllg < ne;; AND - go(en) < ney, J
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ratetheorem (1)
| o

€n — 0, €, > 1/4/n

log N (€, On, en) < ne?
I1,,(0%) = o(e37¢r)
[, (Bn (0o, €: k) > e "

Then PyVTL.(0 € O, : da(6,60) > My, XM) — 0

Bn(QOa €, k) -
{8 c0O: K(pg;),pén)) < ne, Vk(péz),pén)) < nk/zek}

K(p,q) = Plog(p/q)

LVk(p, q) = P|log(p/q) — K(p, Q)lk

-
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log gaussian densities
B o

pw(x) ==/ [ ePVvdu(y)

LEMMA Vv, w

h(po, pw) < ([0 = wl|o eVl

K(py, pw) S llo = wl[3g el =l (1 + o — wl|oo)
V(po pw) S v — w2 el =l (1 4 o — w]| o)

CONSEQUENCE
If W I1s map In (°°(X) rate Is ¢, If
do(en) < nex AND  infpemn—uw o <e, 1215 < 1€,

o -
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logistic regression

o .

Pr(Y =1|X =2) = 1/(1 + e V=)
pw density of (X,Y) given W = w

LEMMA Vv, w

Ipw — pullz = 22| (v) — ¥(w)|l2.¢ S v — wllz,c
K (pw, puw,) < [lw —woll5 ¢

V(Pw, Puy) < [l —woll3

CONSEQUENCE
If W is map in Ly(G), rate s €, If
do(en) < ne; AND  infyem in—wolloo<en 1PIF < ner

o -
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example: brownian motion

-

W one-dimensional Brownian motion on [0, 1]

Po(€) ~ (1/6)
H = {h:h(0)=0, [K(t)?dt < oo}
start at N(0,1) to replace H by H ¢ 1

=

LEMMA If wg € C%[0,1] for 0 < o < 1, then
IE) L o oo < 1P ~ (1/€)F 7290/

o -
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example: brownian motion

-

W one-dimensional Brownian motion on [0, 1] T

Po(€) ~ (1/6)
H = {h:h(0)=0, [H(t)?*dt < oo}
start at N(0,1) to replace H by H ¢ 1

LEMMA If wg € C%[0,1] for 0 < o < 1, then
IE) L o oo < 1P ~ (1/€)F 7290/

CONSEQUENCE
rateis n V4 ifa > 1/2; n 2 ifa < 1/2

. -
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alter natives

fRIEMANN-LIOUVILLE process T
Wi = [o(t —s)*2dBs + Wy

FRACTIONAL BROWNIAN MOTION
EW W, = 52 4 2@ — |t — 5|?@
Give proper models for a-smooth functions

SERIES EXPANSIONS
Wt — Z;)il )\iZ@B@'(t)

o -
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adaptation

-

To obtain “correct” rate for any a > 0
can use mixture of Gausian priors with prior weights

=

_ 1/(2a+1)
Wy o ~ € Cn

Y

o -
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example: brownian sheet

W d-dimensional Brownian sheet on [0, 1]¢

do(€) ~ (1/6) (log(l/E))Qd‘2
H {h:h(0) =0, iy 10 B (£)*dt < 00}

can approximate “Bounded variation” functions only



- .

Some Results on Nonparametric
Bayesian Inference

Aad van der Vaart

http://ww. mat h. vu. nl / ~aad

Vrije Universiteit Amsterdam



	{lowercase {}}
	{lowercase {GENERAL PURPOSE}}
	{lowercase {GENERAL PURPOSE}}

	{lowercase {}}
	{lowercase {Setting (1)}}
	{lowercase {Toy problem}}
	{lowercase {Setting (1)}}
	{lowercase {Rate theorem (1)}}
	{lowercase {Rate theorem (2)}}
	{lowercase {Examples}}
	{lowercase {Independent Observations}}
	{lowercase {Markov chains}}
	{lowercase {Gaussian White Noise model}}
	{lowercase {Gaussian time series}}
	{lowercase {Ergodic diffusions}}
	{lowercase {Ergodic diffusions (2)}}
	{lowercase {}}
	{lowercase {Setting (1)}}
	{lowercase {Reproducing kernel Hilbert space (1)}}
	{lowercase {Reproducing kernel Hilbert space (2)}}
	{lowercase {Small ball probability}}
	{lowercase {Gaussian rate conditions}}
	{lowercase {Rate theorem (1)}}
	{lowercase {Log Gaussian densities}}
	{lowercase {Logistic regression}}
	{lowercase {Example: Brownian motion}}
	{lowercase {Example: Brownian motion}}

	{lowercase {Alternatives}}
	{lowercase {Adaptation}}
	{lowercase {Example: Brownian sheet}}

