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1: Entropy



Covering numbers

Let (P, d) be a metric space.

DEFINITION The covering number N (e, P, d) is the minimal number of
balls of radius £ needed to cover the set P.

DEFINITION The packing number D(e, P, d) of P is the maximal number
of points in P such that the distance between every pair Is at least ¢.

DEFINITION The entropy is the logarithm of these numbers



Covering numbers

DEFINITION The covering number N (e, P, d) is the minimal number of
balls of radius £ needed to cover the set P.

DEFINITION The packing number D(e, P, d) of P is the maximal number
of points in P such that the distance between every pair Is at least ¢.

DEFINITION The entropy is the logarithm of these numbers.
LEMMA N(e,P,d) < D(e,P,d) < N(e/2,P,d).

LEMMA N(e, P,d) < oo forall e > 0 if and only if the completion of P is
compact.




Le Cam dimension

DEFINITION The Le Cam dimension or local covering number at B is

L(e,P,d; Py) = sup N (n, B(Py, 2n,d), d),
n=>€

where B(Fy, ¢, d) is the ball of radius € around F,.

LEMMA L(e, P, d; Py) < log N(g, P, d).



Bracketing numbers

DEFINITION Given [, u: X — R the bracket [/, u] is the set of all functions
fwith! < f <.
An e-bracket relative to a metric d is a bracket [/, u] with d(u,l) < €.

DEFINITION The bracketing number N (e, F, d) is the minimum
number of e-brackets needed to cover F.

DEFINITION The entropy is the logarithm of the bracketing number.




Bracketing versus covering

Suppose | f| < |g| implies || f[| < [|g]
LEMMA N(e, F,| - ||) < Ny (2, F, || - |]).-

PROOF If f is in the 2e-bracket [I, u], then itis in the ball of radius ¢
around (I +u)/2. =



Three statistical results



Distances

Hellinger distance

h(p,q) = \//(\/23— Va@)? dp.

. 1/r
P = qllpr = (/ p—d du) .

Uniform normof f: X — R

L,.-distance

| flloe = sup [f(z)].

reX



Le Cam-Birg é

Let the observations be a random sample X1, ..., X,, from some B, that is
known to belong to a model P. Let p denote the density of P.

THEOREM If
log N (g, P, h) < ne?,

then there exist estimators p,, such that

h(Dn,po) = Op,(en).



MLE

Let the observations be a random sample X1, ..., X,, from some B, that is
known to belong to a model P. Let p denote the density of P.

THEOREM If

/ : \/IOgN[] (n, P, h)dn < V/ne;,.
0

then maximizer p,, of p — [];_,p(X;) over P satisfies

h(ﬁna pO) — OPO (gn)



Le Cam-Birge versus MLE

J[] (67 P? h) — f05 \/log N[] (777 737 h) d77

LE CAM-BIRGE:  log N(ep, P, h) < ne?
MLE: JH (en, P, h) < \/ﬁé‘%

S

Always J (e, P, h) > 5\/1og Ny (e, P, h).

If two sides of inequality are equivalent up to constants, then
MLE: log Njj (en, P, h) < nep.



Let the observations be a random sample X1, ..., X,, from some B, that is
known to belong to a model P. Let p denote the density of P.

prior: 11,

dHn P
posterior: II,(B| X1,...,X,) = ffnz 1P(X ((P))
z:lp n

THEOREM If ne2 — oo and

log N(gn,, P, h) < ne?,
2

11, (B(FPy,en)) > e "0,

then Ep,IL,(P: h(P, Py) > Me,| X1, ..., X,) — O.

2
B(Po,en) = {Pi=Po(log =) < ek, Po(log =) < €2}
Po Po



Examples of entropy



Finite-dimensional sets

U c R? unit ball, arbitrary norm || - |

THEOREM For any ¢ € (0, 1),

Furthermore,



Holder classes

X ¢ R? bounded, convex, nonempty interior.
C',(X) all continuous functions f: X — R with || f||o < M.

D*f(z) — D*f(y)|
- DF |

| flle = maxsup| D" () L P
2 ki

= kg
8331 "‘(933d

Y

Dk

THEOREM Forevery e >0

1\ d/«
log N (£, CF(X), || o) < Kaaac(Z) -



Monotone functions

F all monotone functions f: R — [0, 1].

THEOREM For every probability measure () and every r» > 1,

1

log Nyj (e, F, Lr(Q)) < K, (g>



Lipschitz dependence on a parameter

F ={f::t € T} for metric space (T, d)
| fs(z) — fe(z)| < d(s,t) F(z), every x

THEOREM For any norm || - ||,

Ny (2| F|, F, | - ||) < N(e, T, d).



Gaussian mixtures

¢, density of N (0, o2)-distribution

pFo(T /qng—z )dF(z).

PaT—{pFU |—a,a] =1, b1’7'<0'<b2’7'}

THEOREM For d the uniform, L, or the Hellinger distance,

2
log Njj(€, Pa,rr d) S g(log i) :

~ T ET



Proof — key lemma

LEMMA Let0<e<1/4and0 < o < abe given. For any F on [—a,a]
there exists a discrete F’ on [—a — o, a 4+ o] with at most
N < (a/o)log(1/e) support points such that
1\ 1/2
HpF,O' _pF’,aHl §€<10g g) .

Within level of precision ¢ Gaussian mixtures are an /N-dimensional model
for N < (a/o)log(1/e). This suggests that the covering numbers are of
the order (1/¢e)¥.



Unbounded mixtures

LEMMA For a > 0 and F, the renormalized restriction of the probability
measure F'to |—a,al: ||pro — PF, 0|1 < 2F|—a,al.



Unbounded mixtures

LEMMA For a > 0 and F, the renormalized restriction of the probability
measure F'to |—a,al: ||pro — PF, 0|1 < 2F|—a,al.

Por = {pro: Fl—a,a]® <1—®(a),Va,bi7 < o < by7}.

THEOREM For positive numbers b; < by and 7 < 1/4 with by < 1/4,
and 0 <e<1/4

1 1 \5/2
log N(3¢,Po +,d) < —(log —) :

~ T ET

where the constant in < depends on by, by only.



VC-Classes

A collection of subsets C of X shatters a set of points {z1,...,x,} if each
of its 2" subsets can be obtained as C' N {x1,...,x,} for some C € C.

DEFINITION The VC-dimension V(C) of C is the largest n for which
some set of size n is shattered by C.

DEFINITION The VC-dimension V() of a collection F of functions
f: X — R is VC-dimension of its set of subgraphs in X x R.

THEOREM For a VC-class of functions with envelope function £ and
r > 1, and any probability measure @), for 0 < e < 1,

Y

E)T(V(}")—l)

N(&:HFHQ,rafa LT(Q)) < KV(f)(l(}e)V(]:)(g



VC-Classes — Sauer’s lemma

Let A, (C,x1,...,x,) be the number of subsets of =4, ..., z, picked out by
C.
Thus A, (C,z1,...,z,) < 2" forn > V(C)and any x4, ..., z,.

LEMMA For any VC-class C of sets,

V(C)
" ne \V(C)
. < < '




Empirical processes and maximal
iInequalities
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DEFINITION The covering number N (e, P, d) is the minimal number of
balls of radius £ needed to cover the set P.

DEFINITION The bracketing number N (e, F, d) is the minimum
number of e-brackets needed to cover F.

DEFINITION The entropy is the logarithm of these numbers.



Empirical process

X1,...,X, beiid. random elements in (X, A).
F C £1(X,.A,P).

|zll7 = sup e x|2(f)]; Pf=[fdP.

DEFINITION The empirical measure is the map P,,: 7 — R given by

1 n
i=1
The empirical process iIs the map G,,: F — R given by

Guf = Vi(Ps = P)f = =3 (f(X) = Pf).
1=1



Empirical process

X1,...,X, beiid. random elements in (X, A).
fTC:[ﬁ(33¢4,Fv.

|2]l 7 = supjez|2(f) Pf=[fdP.
DEFINITION The empirical measure is the map P,,: 7 — R given by
1 n
=-) f(X
nizl

The empirical process iIs the map G,,: F — R given by

Gnf = Vi(Pn — P)f = %Z(f(X
1=1

EXAMPLE

X =R, F={l_nyteR}

P, is the emplrlcal dlstrlbutlon function F,,(t) = #(X; < t)/n.
G, = /n(F, — F) the classical empirical process.

|G, ||+ is the Kolmogorov-Smirnov statistic.



Limit theorems

The LLN gives that P,, f — P f almost surely and in mean if P|f| < oc.

DEFINITION A class F is called Glivenko-Cantelli if supf\IP’nf — Pf\ — 0
almost surely.

The CLT gives that (G, f1, ..., Gy fi) ~ Ni(0,X) whenever f; € Ly(P) for
1 =1,...,k, where
Y5 =Pfif; — Pl Pfj,

DEFINITION A class F is called Donsker if G,, converges in distribution
to a Gaussian random element (called Brownian bridge) in the space
(> (F) of all bounded functions z: 7 — R, normed with the uniform norm.



Entropy integrals

An envelope function of a class F of functions f: X — R Is a function
F: X — R such that

f(z)] < F(x), everyz € X, f € F.

DEFINITION Uniform entropy integral relative to envelope function £

)
J(a,f):sup/ J1+1ogN (e Foll - llos) de
Q Jo

DEFINITION Bracketing integral.

T (8, F, || - /\/1+logN (& F 1 - 11) de



Maximal inequalities driven by envelope functions

DEFINITION Uniform entropy integral relative to envelope function F.

5
J(5,f):sup/ J1+1ogN (e Foll - llos) de
Q Jo
DEFINITION Bracketing integral:
Ty (6,7, 1| - | /\/1+logN (& F 1l 1) de

THEOREM If either Jy(1, F, | - || p,2) < oo or J(1,F) < oo, then
EPOHGnH]: < CHFHP0,27

for C' a multiple of the entropy integral at 1.



Maximal Inequalities for small functions

THEOREM If P2 < 6 and || f|loo < 1 for every f in F, then

Jp (6, F, La(P)) )
52\/n |

E5|Gullr < Jiy (5, F, Lo(P)) (1 '

THEOREM If Pf? < §?PF? and F < 1 for every f € F, then

J(57f7L2)>
+ F i
2l Fllea ) I 172

B3 Culls S J(5, . Lo) (1



Maximal Inequalities for small functions

THEOREM If P2 < 6 and || f|loo < 1 for every f in F, then

Jp (6, F, La(P)) )
52\/n |

E5|Gullr < Jiy (5, F, Lo(P)) (1 '

THEOREM If Pf? < §?PF? and F < 1 for every f € F, then

J((S?faLQ))
+ F .
2l Fllea ) I 172

B3 Culls S J(5, . Lo) (1

1/2 |
| fllpB = <2P(e|f| —1— \f\)) Bernstein “norm”

LEMMA If ||f|lps < 0 for every f € F, then

T8 7|l - HP,B))

EplGall S Jy (6, 7, |l - I1p.8) (1 LI C)y



Deviations from the mean

THEOREM [Bounded Difference]
If | f(z) — f(y)| < 1forevery f € Fandevery z,y € X, then, for all ¢ > 0,

P(|IGnllz — B*[Gull| > t) < 2exp(-2t7)

THEOREM [Talagrand]
If f(x)— Pf <1foreveryz € X and
wp: = supy P(f — Pf)? + 2n_1/2Esupf G, f, forevery t > 0,

P<Sl;;p Gnf — ESI;;p Gnf > t) < eXp(_%megt/\/ﬁ)



Orlicz norm — maximal inequality

For v: [0, 00) — |0, 00) convex, nondecreasing with ¢(0) = 0
hd ‘ ‘
— : )<
| X || mf{C’. E@b( - ) 1.

LEMMA For arbitrary random variables X1, ..., Xy,

E X, <o YN Xl
@%! il <P )@%H il

EXAMPLES
p(z) =P, forp>1. ¢ L(N)= N,
p(x) =e* =1, forp>1. P~ H(N) = (log(1 + N))l/p.

LEMMA | X ||y, < oo if and only if P(|X| > z) < Ke~“#" for all (large) x
and some C, K.



Maximal inequality — chaining

(T, d) a metric space.
{X;:t € T} a separable stochastic process.

THEOREM If for every s, t,
1Xs = Xilly < d(s, 1),

then

diam T
E sup | Xs — X3| < Ky / v (D(e, T, d)) de.
s,teT 0



Symmetrization

Foreq,...,e, LLI.d. random variables, each equal to —1 or 1 with probability
1/2 each (Rademacher variables), independent of X1,..., X,, set

or_ L NC v
Gof = \/ﬁ;a‘zf(Xz).

LEMMA
E|Gypllr < 2E7|Gy | 7.



Bounded difference inequality

Suppose for every z1,...,x,,y; € X,

’T(Zbl, . .,:En) — T(ZCl, ey Li—1,Yis Ti+1y - - - ,an)’ < C;.

THEOREM Forall ¢t > 0,

2t
P(T — ET > t) §exp(—zn ).
1=1"1

EXAMPLES
[Hoeffding] 7' = > " ,Y;, Yi,...,Y, independent with ¢; = ||Y;||cc-
[McDiarmid] T' = ||Gy, ||z or T = sup sz Gy, f, With

i = (supsup f(z) - f(y)) /7.

o zy

[SEP] T'= G f as function of ¢4, . . . , &, for fixed X, ..., X, with
So.c? =P, f2



Proof of UE maximal inequality

By the bounded difference inequality, for || - ||,, the Ly (IP,)-norm,

GRS — Grgllsixy,.. xn < IIf — glln-

Therefore, by the subGaussian maximal inequality

EGolls S | /1 +108 N (e, . La(Py)) de
0

1
g/ V1 +10g N (el| P, F, Lo(B)) de | |l
0
< J(1,F) | F||n-

Finally take the expectation over X1,..., X,,.



M-Estimators and model selection
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M-Estimators

(©, d) metric space

¢, maximizes stochastic process 6 — M, (0) over ©
0o maximizes deterministic function 6 — M(6)

THEOREM Assume that for some ¢,, such that 6 — ¢,,(4)/6“ is
decreasing for some o < 2,

M(0) — M(0y) < —d*(8,0), every § € O,
Ep, sup ‘\/E(Mn — M) (9) - \/E(Mn — M) (90)‘ S gbn(d)
d(6,00)<d

If ¢n(en) < /ne2, then d(6,,,00) = Op(sy)



Empirical process — recall notation

X1,...,X, beiid. random elements in (X, A).
F C £1(X,.A,P).

|zll7 = sup e x|2(f)]; Pf=[fdP.

DEFINITION The empirical measure is the map P,,: 7 — R given by

1 n
i=1
The empirical process iIs the map G,,: F — R given by

Guf = Vi(Ps = P)f = =3 (f(X) = Pf).
1=1



Sieved M-Estimators—Iiid+Refinement

(©,,d,) metric spaces, 0, € ©,.

AN

0, € O,, and Ppm i = P,mp.g,, -
Mn,(S: — {mn,H — Mn.o, - dn(‘ga en) <o,0 € @n}

THEOREM Assume for 6 > 4,, and ¢,, such that 6 — ¢,(9)/0% is
decreasing for some o < 2,

PO(mn,G - mnﬁn) S _d2(97 Hn)a

Ep, sup |Gpm| < én(0).
mE./\/ln,(s

If e, > 0, and ¢y (e,) < /g2, then dy, (6, 0,) = O%(en).

Y



Bias-Variance trade-off

Ife, TO©andf, € ©

A

d(0y,00) = Op(eyn) + d(6y,00).

Rate ¢, determined by ¢,,(0) =: Ep, sup,,,c . |Gnm|

Small sieves ©,, give small M,, 5, hence fast rate ¢,,.
Large sieves give slow d(6,,, 6y).



Example: Lipschitz criteria

A, maximizes 6 — P, my over © C R?
img, (z) — mg, (x)| < m(x)||01 — 62| for all 6y, 6
Pyrn? < oo

Then Ms = dm
Ny (el Mol po,2, Mss | - | Ro,2) < N (e, 051 - 1])

So can apply theorem with ¢(§) = 9.

If 6 c R? and 0§ — Pymy is 2x differentiable at point of maximum 6, with
nonsingular second-derivative, then rate ¢,, = n~/2

Ms: = {mg — myg,:d(0,0p) < 6,60 € @}



Example: interval mode

f,, center of an interval of length 2 that contains the largest possible
fraction of the observations
¢, maximizes 6§ — P,[0 — 1,0 + 1]

Ms = {1g_1,9+1): |0 — 00| < 0} is VC-class with envelope

My = supjg_gq|<s|Lo—1,0+1] = Ljgo—1,60+1]
| M5 py 2 < CVO

So we can apply theorem with ¢(6) = V9

If second derivative of 6§ — Py|0 — 1,60 + 1] is strictly negative at 6, then
rate e,, = n'/3



Maximal inequalities for small functions

THEOREM If P2 < 6 and || f|loo < 1 for every f in F, then

Jp (6, F, La(P)) )
52\/n |

E5|Gullr < Jiy (5, F, Lo(P)) (1 '

THEOREM If Pf? < §?PF? and F < 1 for every f € F, then

J(57f7L2)>
+ F i
2l Fllea ) I 172

B3 Culls S J(5, . Lo) (1



Maximal inequalities for small functions

THEOREM If P2 < 6 and || f|loo < 1 for every f in F, then

Jp (6, F, La(P)) )
52\/n |

E5|Gullr < Jiy (5, F, Lo(P)) (1 '

THEOREM If Pf? < §?PF? and F < 1 for every f € F, then

J((S?faLQ))
+ F .
2l Fllea ) I 172

B3 Culls S J(5, . Lo) (1

1/2 |
| fllpB = <2P(e|f| —1— \f\)) Bernstein “norm”

LEMMA If ||f|lps < 0 for every f € F, then

T8 7|l - HP,B))

EplGall S Jy (6, 7, |l - I1p.8) (1 LI C)y



MLE

pn, maximizes p — [[;_,p(X;) over P, .
This implies P,,m,, 5, > P,,m,, ,,, for any p, € P, and

D+ Pn
2D

My p — log

LEMMA For py/pn, < M: Po(Mpp — M p, ) S —h2(p, pp) if
h(p,pn) > 32M h(pn, po)

LEMMA  For po/pn < M: y,mnp mn,p Py, B S h(p,pn)
For p <gq: ‘mn,p B f'\J ( Q)

COROLLARY  Jy(d, My, |l - llp5) < Jj (ca, P, h)

Mn,5 — {mn,p — Mpp,:D € P, h(papn) < 5}



71 (8, P, h)
wi )

O (0) = J[] (5, P, h) (1 +
The condition ¢, (s,,) < /ne? is equivalent to

JH (é‘n, Pn, h) 5 \/ﬁé%

THEOREM

Unsieved MLE (P,, = P): h(pn,p0) = Op,(en).

Sieved MLE: h(py,po) = Op(en) + O(h(pn, po)) for sequence p,, such that
po/pr IS uniformly bounded.



Classification

(Xl, Yl), Cee (Xn, Yn) LI.d. In X x {0, 1}.
© a collection of measurable functions 6: X — {0, 1}.
mg(z,y) = 1y2o(x)

LEMMA The risk Pmy = P(Y # 6(X)) is minimized over all measurable
maps 0: X — {0, 1} by the Bayes classifier

Oo(x) = 1n(:p)>1/2, n(z) =P =1/ X = x).

LEMMA  [Tsybakov’s condition] If P1),_; /9<; < C't" for every ¢t > 0 and
some x > 0, then P(mg — mg,) = d*(0, 6y) for

d(8,60) = |lmg — mg, ||\ T2 = |lmg — mag,|l3T".

THEOREM If 8, € © and Tsybakov’s condition holds, then
P(mg — mg,) = Op(e;) for &, satisfying J(e/ )Y < me2  where J is
J('a @7 LQ) or J[] (‘7 @7 LQ(P)) .



Model selection

O subset of a metric space (0, d), for k € IC, countable.
0" = argming.g Pmg.
0, = argmingcg, Pmg.

0, = argmin P, my, k = argmin(P,m; + J(k)).
0cO, kek &

THEOREM If

P(mg — m9/)2 < d2(9, 0.

HmQHOO <1, 0 € O,.

P(mg — myg«) > d2(9,(9*), 0 € O.

E* SUP9COy:d(0,01) <) Gn(mg, —mg) < ¢nk(6), O = argmingeg, d(0,6%).
an,k(gn k) < fgnk

) 2+ (et Dfn, Tye <1,

then 6 = 9 satisfies

1
E*P(m; — mg) < inf (P(mgz — mge) + J(k) + —).

kel



Tests and Le Cam-Birge estimators
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Minimax risk for testing

P and Q collections of probability measures
DEFINITION Minimax risk for testing P versus Q:

m(P, Q) = inf sup sup (P¢ + Q(1 — ¢)),
¢ PePQeQ

The infimum is taken over all measurable functions ¢: X — [0, 1].



Minimax risk for testing

P and Q collections of probability measures
DEFINITION Minimax risk for testing P versus Q:

m(P, Q) = inf sup sup (P¢ + Q(1 — ¢)),
¢ PePQeQ

Infimum taken over all measurable functions ¢: X — [0, 1].

LEMMA If P and O are dominated, then

m(P,Q)= sup sup  (P(p<q)+Q(p>q))
Peconv (P) Qeconv (Q)



Testing affinity

DEFINITION
pa(P, Q) = sup sup /p ¢'~*dp
PEP QeQ
LEMMA
(P, Q) < pa (conv (P), conv (Q))
PROOF
m(P,Q) =  sup sup  (P(p<q)+Q(p>q))

Peconv (P) Qeconv (Q)

P(p<Q)+Q(pZQ)=/ pdu+/ qdp
p<q q<p

S/ p¥qt” O‘du+/ p*q'“ du
p<q q<p



Testing affinity

DEFINITION
pa(P, Q) = sup sup / ptq' “du
PeP QeQ
LEMMA
(P, Q) < pa (conv (P), conv (Q))
LEMMA

po (conv (P™), conv (Q™)) < pu(conv (P),conv (Q))"

PP ={P":. P c P}



Testing product measures

THEOREM For convex, dominated P, Q there exists a test ¢,

1
sup P*¢,, < =20 (P Q)

pPePp

Sup Qn(l . ¢n) S 6—%nh2(77, Q)
QeQ

PROOF
p12(P,Q) =1—3 [(\/b— @)*dp=1—5h*(p,q).
h*(P,Q)

l\DI}—\

101/2(P7 Q)n



Testing product measures

THEOREM For convex, dominated P, Q there exists a test ¢,

1
sup P*¢,, < =20 (P Q)
PepP

sup Qn(l . ¢n) S 6—%nh2(77, Q)
QeQ

Consider metric d with: d < h, convex balls

COROLLARY For every p1, po there exists a test ¢,, with

Sup P, < 6—Knd2 (p1,p2)
p:d(p,p1)<d(p1,p2)/3

sup P"(1— ¢y,) < G—K’ndQ(m,m)
p:d(p,p2)<d(p1,p2)/3



Le Cam-Birgé estimators



Le Cam-Birg é

Let the observations be a random sample X1, ..., X,, from some B, that is
known to belong to a model P. Let p denote the density of P.

THEOREM If
log N (g, P, h) < ne?,

then there exist estimators p,, such that

h(Dn,po) = Op,(en).



Le Cam-Birg é versus MLE

J[] (67 P? h) — f05 \/log N[] (777 737 h) d77

LE CAM-BIRGE:  log N(ep, P, h) < ne?
MLE: JH (en, P, h) < \/ﬁé‘%

S

Always J (e, P, h) > 5\/1og Ny (e, P, h).

If two sides of inequality are equivalent up to constants, then
MLE: log Njj (en, P, h) < nep.



Le Cam-Birg é estimators

Take any metric d < h.

Fix a minimal ,,-net P,, over P for d.

Fix a test ¢, p, p, Of B(p1,€n) Versus B(ps,ey,) as before, for every
p1,p2 € Py With d(p1, p2) > 3e,,.

Let 5n7p1 — ma}X{d(plij): ¢nap17p2 — 1}-
Let p, minimize p — 9,,, over P,.

THEOREM [f log N (&, P, d) < nez, then d(pn,po) = Op,(en).



Le Cam-Birg é estimators

Take any metric d < h.

Fix a minimal ,,-net P,, over P for d.

Fix a test ¢, p, p, Of B(p1,€n) Versus B(ps,ey,) as before, for every
p1,p2 € Py With d(p1, p2) > 3e,,.

Let 57’1,,]91 — ma}X{d(plij): ¢7’L,p1,p2 — 1}-
Let p, minimize p — 9,,, over P,.

THEOREM [f log N (&, P, d) < nez, then d(pn,po) = Op,(en).

Can replace global entropy by Le Cam dimension:

L(S,P, d7 PO) — SI;PN(% {p d(papO) < 2777 d}a d)
n=¢g

THEOREM If L(e,,, P, ,d; Py) < ne?, then there exist estimators p,, such
that Ep, h?(pn, po) < Ce? for some C.

EXAMPLE If Le Cam dimension is finite, then ¢, = n—1/2,



Testing complements of balls

Consider testing { Py} versus {p:d(p,pg) > €}.

THEOREM Suppose d < h and for a nonincreasing ¢ — D(¢)
D(%, [P:e < d(P,Py) <2}, d) < D(e),  everye>e,

Then for every € > ¢, there exist test ¢,,

1

F'¢n < D(e)e X

sup P"(1—¢,) < e_KmQjQ, every j € N.
d(P,Py)>je



Posterior distributions



Overview

1: ENTROPY

2: EMPIRICAL PROCESSES AND MAXIMAL INEQUALITIES
3: M-ESTIMATORS AND MODEL SELECTION

4: TESTS AND LECAM-BIRGE ESTIMATORS

5: POSTERIOR DISTRIBUTIONS



prior: 11,
fB 1= 1p dHn(P)

f Hz:lp n(P)

THEOREM If ne2 — oo and there exist P,, C P with

posterior: IL,(B| X1,...,X,) =

log N(en,Pn,h) < n€727,7
Hn (735) < 6—4n672,b,
I, (B(Po,en)) > e ",

then Ep I1,,(P: h(P, Py) > Mey,| X1,...,X,) — 0 for large M.

2
B(Po.e) = {Pi~Py(log 2 ) < &2, Py (log L) < 22}
Po Po



Motivation prior mass

I, (B(Po,en)) > e ™n

NP & 0

TN OEE)

ST
S AV B

Need N(e, P, d) ~ exp(ne?) balls

Can place exp(Cne?) balls

If I1,, “uniform”, then each ball receives mass exp(—Cne?)



Equivalence KL and Hellinger

2
B(Py,en) = {P: —Fy (log £> < ei,Po (log £> < 5%}
Po Po

This Is close to a Hellinger ball:

LEMMA For every p,q,

Plog® < h*(p,q) (1 + log
q

QDI QIS
(\W)

2
P(log g) S h2(p, q) (1 + log

LEMMA For every b > 0 exists n, > 0 with for every p, ¢ with
0 < h*(p,q) <mP(p/q)’,

1 1 1 b
PlOgg Shz(p,Q)(1+—lOg+ +_1Og—|—P(§) )7

b "' h(p,q) b
P(log§>2 < h*(p, q)(l -= %log+ @ + %log+P(§>b>2.



Bayes — test version

prior: 11,
fB 1= 1p dHn(P)

posterior: IL,(B| X1,...,X,) =

sz:lp n(P) |
THEOREM If ns% — oo and there exist P,, C P and tests ¢,, with for
every j.
P(?¢n — 0,
Sup P’n(l L ¢’n,) S e—Kn5%j27
PeP,:d(P,Py)>jen
and

I, (P) < ™',

2

I1,, (B(Po,en)) > e "0,
then Ep I1,,(P: h(P, Py) > Mey,| X1,...,X,) — 0 for large M.



Technical lemma

LEMMA Foreverye >0

1

5

Pr (/ ﬁp%(Xi)dH(P) < Hn(B(PO,sn))e_2”62> < —
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