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general purpose

Introduce new type of estimating equations
to cope with high-dimensional covariates
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general purpose

Introduce new type of estimating equations
to cope with high-dimensional covariates

OUTLINE
1. Introduction

2. Linear estimation equations
3. Higher order estimation equations

4. Concluding remarks
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1. INTRODUCTION
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example: missing data

Outcome Y ∈ {0, 1}
Treatment indicator A ∈ {0, 1}
Covariate Z
Observe (Y A,A,Z)
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example: missing data

Outcome Y ∈ {0, 1}
Treatment indicator A ∈ {0, 1}
Covariate Z
Observe (Y A,A,Z)

Y ⊥⊥A|Z
Y |Z ∼ binomial

(

1, b(Z)
)

A|Z ∼ binomial
(

1, p(Z)
)

Z ∼ density f
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example: missing data

Outcome Y ∈ {0, 1}
Treatment indicator A ∈ {0, 1}
Covariate Z
Observe (Y A,A,Z)

Y ⊥⊥A|Z
Y |Z ∼ binomial

(

1, b(Z)
)

A|Z ∼ binomial
(

1, p(Z)
)

Z ∼ density f

Parameter (b, p, f)

Parameter of interest
∫

bf = EY marginal treatment effect
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example: missing data

Outcome Y ∈ {0, 1}
Treatment indicator A ∈ {0, 1}
Covariate Z
Observe (Y A,A,Z)

Y ⊥⊥A|Z
Y |Z ∼ binomial

(

1, b(Z)
)

A|Z ∼ binomial
(

1, p(Z)
)

Z ∼ density f

Parameter (b, p, f)

Parameter of interest
∫

bf = EY marginal treatment effect

Our Interest: • Z is high-dimensional
• p, b, f are unknown
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estimating equations

Data X1, . . . , Xn

Parameter of interest θ
Nuisance parameter γ
Estimator γ̂
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estimating equations

Data X1, . . . , Xn

Parameter of interest θ
Nuisance parameter γ
Estimator γ̂

ORDINARY (= LINEAR)
n

∑

i=1

ψθ,γ̂(Xi) = 0
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estimating equations

Data X1, . . . , Xn

Parameter of interest θ
Nuisance parameter γ
Estimator γ̂

ORDINARY (= LINEAR)
n

∑

i=1

ψθ,γ̂(Xi) = 0

SECOND ORDER
∑ ∑

1≤i 6=j≤n

ψθ,γ̂(Xi, Xj) = 0
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estimating equations

Data X1, . . . , Xn

Parameter of interest θ
Nuisance parameter γ
Estimator γ̂

ORDINARY (= LINEAR)
n

∑

i=1

ψθ,γ̂(Xi) = 0

HIGHER ORDER
∑

· · ·
∑

1≤i1 6=···6=ik≤n

ψθ,γ̂(Xi1 , . . . , Xik) = 0
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estimating equations

Data X1, . . . , Xn

Parameter of interest θ
Nuisance parameter γ
Estimator γ̂

ORDINARY (= LINEAR)
n

∑

i=1

ψθ,γ̂(Xi) = 0

HIGHER ORDER
∑

· · ·
∑

1≤i1 6=···6=ik≤n

ψθ,γ̂(Xi1 , . . . , Xik) = 0

GENERAL FORM Unψθ,γ̂ = 0

Unf =
(n− k)!

n!

∑

· · ·
∑

1≤i1 6=···6=ik≤n

f(Xi1, . . . , Xik) U-statistic
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one-step estimator

Next iterate in Newton scheme for finding zero
(Fisher scoring)

θ 7→ Unψθ,γ̂

true zero
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one-step estimator

Next iterate in Newton scheme for finding zero
(Fisher scoring)

θ 7→ Unψθ,γ̂

initial estimator
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one-step estimator

Next iterate in Newton scheme for finding zero
(Fisher scoring)

θ 7→ Unψθ,γ̂
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one-step estimator

Next iterate in Newton scheme for finding zero
(Fisher scoring)

θ 7→ Unψθ,γ̂

one-step estimator

θ̂ + Σ̂−1
n Unψθ̂,γ̂ Higher Order Estimating Equations for Causal Inference – p. 7/34



influence function

WANT
Influence function that works with general purpose (θ̂, γ̂)
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influence function

WANT
Influence function that works with general purpose (θ̂, γ̂)

GENERAL NOTATION
Parameter η = (θ, γ)

Initial estimator η̂ = (θ̂, γ̂)
Parameter of interest θ = χ(η)
Estimator χ(η̂) + Unχ̇η̂

Influence function (x1, . . . , xk) 7→ χ̇η(x1, . . . , xk)
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influence function

WANT
Influence function that works with general purpose (θ̂, γ̂)

GENERAL NOTATION
Parameter η = (θ, γ)

Initial estimator η̂ = (θ̂, γ̂)
Parameter of interest θ = χ(η)
Estimator χ(η̂) + Unχ̇η̂

Influence function (x1, . . . , xk) 7→ χ̇η(x1, . . . , xk)

Good influence functions have “correct” inner products
(covariances) with score functions

Linear case: tangent space (semiparametrics, 1980s/90s)
Higher-order case: higher order tangent space
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2. LINEAR ESTIMATING EQUATIONS
(review)
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tangent space

Tangent space (at η): all score functions g = d
dt |t=0

log pηt

of one-dimensional submodels t 7→ pηt

all densities pη
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example: missing data

Outcome Y ∈ {0, 1}
Treatment indicator A ∈ {0, 1}
Covariate Z
Observe (Y A,A,Z)

Y ⊥⊥A|Z
Y |Z ∼ binomial

(

1, b(Z)
)

A|Z ∼ binomial
(

1, p(Z)
)

Z ∼ density f

Parameter η = (b, p, f)
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example: missing data

Outcome Y ∈ {0, 1}
Treatment indicator A ∈ {0, 1}
Covariate Z
Observe (Y A,A,Z)

Y ⊥⊥A|Z
Y |Z ∼ binomial

(

1, b(Z)
)

A|Z ∼ binomial
(

1, p(Z)
)

Z ∼ density f

Parameter η = (b, p, f)

Likelihood f(Z)p(Z)A
(

1 − p(Z)
)1−A

b(Z)Y A
(

1 − b(Z)
)(1−Y )A
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example: missing data

Observe (Y A,A,Z)
Parameter η = (b, p, f)

Likelihood f(Z)p(Z)A
(

1 − p(Z)
)1−A

b(Z)Y A
(

1 − b(Z)
)(1−Y )A

A− p(Z)

p(Z)(1 − p)(Z)
π(Z) p-score, pt = p+ tπ

A(Y − b(Z))

b(Z)(1 − b)(Z)
β(Z) b-score, bt = b+ tβ

φ(Z) f -score, ft = f(1 + tφ)
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influence function

Tangent space (at η): all score functions g = d
dt |t=0

log pηt

of one-dimensional submodels t 7→ pηt

Influence function of η 7→ χ(η) is map x 7→ χ̇η(x)

with for all submodels t 7→ pηt

d

dt
χ(ηt)|t=0 = Eηg(X1)χ̇η(X1)
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influence function

Tangent space (at η): all score functions g = d
dt |t=0

log pηt

of one-dimensional submodels t 7→ pηt

Influence function of η 7→ χ(η) is map x 7→ χ̇η(x)

with for all submodels t 7→ pηt

d

dt
χ(ηt)|t=0 = Eηg(X1)χ̇η(X1)

• Influence function is unique up to orthocomplement of
tangent space
• Minimum variance obtained with influence function inside
tangent space
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example: semiparametrics

Parameter η = (θ, γ)

θ-Score ℓ̇θ,γ =
∂

∂θ
log pθ,γ

Efficient θ-score ℓ̃θ,γ = ℓ̇θ,γ − Πθ,γ ℓ̇θ,γ

(Πθ,γ the orthogonal projection on the space of scores for γ)

Influence function for θ is Ĩ−1
θ,γ ℓ̃θ,γ

(Can add orthocomplement of tangent space)
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example: missing data

Observe X = (Y A,A,Z)
Parameter η = (b, p, f)

Likelihood f(Z)p(Z)A
(

1 − p(Z)
)1−A

b(Z)Y A
(

1 − b(Z)
)(1−Y )A

A− p(Z)

p(Z)(1 − p)(Z)
π(Z) p-score, pt = p+ tπ

A(Y − b(Z))

b(Z)(1 − b)(Z)
β(Z) b-score, bt = b+ tβ

φ(Z) f -score, ft = f(1 + tφ)
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example: missing data

Observe X = (Y A,A,Z)
Parameter η = (b, p, f)

Likelihood f(Z)p(Z)A
(

1 − p(Z)
)1−A

b(Z)Y A
(

1 − b(Z)
)(1−Y )A

A− p(Z)

p(Z)(1 − p)(Z)
π(Z) p-score, pt = p+ tπ

A(Y − b(Z))

b(Z)(1 − b)(Z)
β(Z) b-score, bt = b+ tβ

φ(Z) f -score, ft = f(1 + tφ)

Parameter of interest χ(η) =
∫

bf = EY

Influence function χ̇η(X) =
A(Y − b(Z))

p(Z)
+ b(Z) − χ(η)
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one-step estimator

Tangent space (at η): all score functions g = d
dt |t=0

log pηt

of one-dimensional submodels t 7→ pηt

Influence function of η 7→ χ(η) is map x 7→ χ̇η(x)

with for all submodels t 7→ pηt

d

dt
χ(ηt)|t=0 = Eηg(X1)χ̇η(X1)

One-step estimator θ̂ = χ(η̂) + Unχ̇η̂ satisfies

θ̂ − χ(η) = (Un − Eη)χ̇η̂ +
[

χ(η̂) − χ(η) − (Eη̂ − Eη)χ̇η̂(X1)
]

= OP

( 1√
n

)

+OP

(

‖η̂ − η‖2
)
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example: missing data

Observe X = (Y A,A,Z)
Parameter η = (b, p, f)

Parameter of interest χ(η) =
∫

bf = EY

One-step estimator θ̂ = χ(η̂) + Unχ̇η̂ satisfies

θ̂ − χ(η) = (Un − Eη)χ̇η̂ +
[

∫

(p

p̂
− 1

)

(b̂− b)f
]

= OP

( 1√
n

)

+OP

(

‖p̂− p‖‖b̂− b‖
)
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example: missing data

Observe X = (Y A,A,Z)
Parameter η = (b, p, f)

Parameter of interest χ(η) =
∫

bf = EY

One-step estimator θ̂ = χ(η̂) + Unχ̇η̂ satisfies

θ̂ − χ(η) = (Un − Eη)χ̇η̂ +
[

∫

(p

p̂
− 1

)

(b̂− b)f
]

= OP

( 1√
n

)

+OP

(

‖p̂− p‖‖b̂− b‖
)

b p f nobiasif

OP (n−1/2) oP (1) − dim(b) <∞
oP (1) OP (n−1/2) − dim(p) <∞

n−α/(2α+d) n−α/(2α+d) − α > d/2
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conclusion (linear)

If using linear estimating equation with high-dimensional
covariate:
• Bias dominates
• Rate θ̂ − θ ≫ n−1/2

• Linear equation suboptimal
• Confidence interval based on zero-mean normality fails
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conclusion (linear)

If using linear estimating equation with high-dimensional
covariate:
• Bias dominates
• Rate θ̂ − θ ≫ n−1/2

• Linear equation suboptimal
• Confidence interval based on zero-mean normality fails

REMEDY
Higher order estimating equation
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3. HIGHER ORDER ESTIMATING EQUATIONS
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one-step estimator

Parameter η
Initial estimator η̂
Parameter of interest θ = χ(η)

Estimator θ̂ = χ(η̂) + Unχ̇η̂

Influence function (x1, . . . , xk) 7→ χ̇η(x1, . . . , xk)

Good influence functions have “correct” inner products with
(higher order) score functions
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tangent space

Parameter η
Initial estimator η̂
Parameter of interest θ = χ(η)

Estimator θ̂ = χ(η̂) + Unχ̇η̂

Influence function (x1, . . . , xk) 7→ χ̇η(x1, . . . , xk)

Good influence functions have “correct” inner products with
(higher order) score functions

Tangent space of order k: all higher order score functions
dj

dtj |t=0

∏k
i=1 pηt

(xi)
∏k

i=1 pη(xi)
j = 1, . . . , k, any path t 7→ ηt
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influence function

Parameter η
Initial estimator η̂
Parameter of interest θ = χ(η)

Estimator θ̂ = χ(η̂) + Unχ̇η̂

Influence function (x1, . . . , xk) 7→ χ̇η(x1, . . . , xk)

Good influence functions have “correct” inner products with
(higher order) score functions

Influence function should satisfy
dj

dtj |t=0
χ(ηt) =

dj

dtj |t=0
Eηt

χ̇η j = 1, . . . , k, any path t 7→ ηt
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one-step estimator

Parameter η
Initial estimator η̂
Parameter of interest θ = χ(η)

Estimator θ̂ = χ(η̂) + Unχ̇η̂

Influence function (x1, . . . , xk) 7→ χ̇η(x1, . . . , xk)

Good influence functions have “correct” inner products with
(higher order) score functions

Influence function should satisfy
dj

dtj |t=0
χ(ηt) =

dj

dtj |t=0
Eηt

χ̇h j = 1, . . . , k, any path t 7→ ηt

Expect θ̂ − θ = (Un − Eη)χ̇η̂ + OP

(

‖η̂ − η‖k+1
)
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influence function-computation

Parameter η
Initial estimator η̂
Parameter of interest θ = χ(η)

Estimator θ̂ = χ(η̂) + Unχ̇η̂

Influence function (x1, . . . , xk) 7→ χ̇η(x1, . . . , xk)

Hoeffding decomposition χ̇η = χ̇
(1)
η + 1

2 χ̇
(2)
η + · · · + 1

k! χ̇
(k)
η

χ̇
(1)
η is first order influence function of η 7→ χ(η)

xj 7→ χ̇
(j)
η (x1, . . . , xj) is first order influence function of

η 7→ χ̇
(j−1)
η (x1, . . . , xj−1) (j = 2, . . . , k)

(Optimal version may need projection in tangent space)
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influence function

Parameter η
Initial estimator η̂
Parameter of interest θ = χ(η)

Estimator θ̂ = χ(η̂) + Unχ̇η̂

Influence function (x1, . . . , xk) 7→ χ̇η(x1, . . . , xk)
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influence function

Parameter η
Initial estimator η̂
Parameter of interest θ = χ(η)

Estimator θ̂ = χ(η̂) + Unχ̇η̂

Influence function (x1, . . . , xk) 7→ χ̇η(x1, . . . , xk)

EXACT ONES MAY NOT EXIST

If they did, we would have bias reduction without increasing
variance
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influence function

Parameter η
Initial estimator η̂
Parameter of interest θ = χ(η)

Estimator θ̂ = χ(η̂) + Unχ̇η̂

Influence function (x1, . . . , xk) 7→ χ̇η(x1, . . . , xk)

EXACT ONES EXIST ON SUBMODELS OF dim <∞

Approximate ideal χ̇η by χ̇η,m
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influence function

Parameter η
Initial estimator η̂
Parameter of interest θ = χ(η)

Estimator θ̂ = χ(η̂) + Unχ̇η̂

Influence function (x1, . . . , xk) 7→ χ̇η(x1, . . . , xk)

EXACT ONES EXIST ON SUBMODELS OF dim <∞

Approximate ideal χ̇η by χ̇η,m

Optimal k and submodel determined by trade-off between
three terms

θ̂−θ = (Un−Eη)χ̇η̂,m +OP

(

‖η̂−η‖k+1
)

+approximation biasm

OP ((Un − Eη)χ̇η̂,m) ≫ 1/
√
n
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example: missing data

Observe X = (Y A,A,Z)
Parameter η = (b, p, f)

Parameter of interest χ(η) =
∫

bf = EY

χ̇
(1)
b,p,f (X) =

A(Y − b(Z))

p(Z)
+ b(Z) − χ(η)

χ̇
(2)
b,p,f (X1, X2) =

[

−A1(Y1 − b(Z1))

p(Z1)
(A2 − p(Z2))

−(A1 − p(Z1))

p(Z1)

A2(Y2 − b(Z2))

p(Z2)

]

Kf
m(Z1, Z2)

Kf
m projection kernel on L2(f)
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projection kernel

L ⊂ L2(f), dim(L) = m <∞
Km : L2(f) → L, projection Kml = l if l ∈ L, Kml = 0 if l ⊥ L

Kmh(x) =
∫

h(y)Km(x, y) f(y) dy

e.g. Km(x, y) =
∑m

i=1 ei(x)ei(y), e1, e2, . . . orthonormal
basis

Km works as Dirac kernel on L: Kmh = h iff h ∈ L iff

h(x) =
∫

h(y)Km(x, y) f(y) dy
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example: missing data

Observe X = (Y A,A,Z)
Parameter η = (b, p, f)

Parameter of interest χ(η) =
∫

bf = EY

χ̇
(1)
b,p,f (X) =

A(Y − b(Z))

p(Z)
+ b(Z) − χ(η)

χ̇
(2)
b,p,f (X1, X2) =

[

−A1(Y1 − b(Z1))

p(Z1)
(A2 − p(Z2))

−(A1 − p(Z1))

p(Z1)

A2(Y2 − b(Z2))

p(Z2)

]

Kf
m(Z1, Z2)
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example: missing data

Observe X = (Y A,A,Z)
Parameter η = (b, p, f)

Parameter of interest χ(η) =
∫

bf = EY

χ̇
(1)
b,p,f (X) =

A(Y − b(Z))

p(Z)
+ b(Z) − χ(η)

χ̇
(2)
b,p,f (X1, X2) =

[

−A1(Y1 − b(Z1))

p(Z1)
(A2 − p(Z2))

−(A1 − p(Z1))

p(Z1)

A2(Y2 − b(Z2))

p(Z2)

]

Kf
m(Z1, Z2)

VARIANCE O(m/n2 ∨ 1/n)

BIAS O
(

‖b̂− b‖‖p̂− p‖‖f̂ − f‖
)

APPROXIMATION BIAS O
(

‖b− πmb‖‖p− πmp‖
)
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example: missing data

Observe X = (Y A,A,Z)
Parameter η = (b, p, f)

Parameter of interest χ(η) =
∫

bf = EY

WHEN USING χ̇
(k)
η

VARIANCE O(mk−1/nk ∨ 1/n)

BIAS O
(

‖b̂− b‖‖p̂− p‖‖p̂− p+ f̂ − f‖k−1
)

APPROXIMATION BIAS O
(

‖b− πmb‖‖p− πmp‖
)

Higher Order Estimating Equations for Causal Inference – p. 29/34



example: missing data

Observe X = (Y A,A,Z)
Parameter η = (b, p, f)

Parameter of interest χ(η) =
∫

bf = EY

WHEN USING χ̇
(k)
η

VARIANCE O(mk−1/nk ∨ 1/n)

BIAS O
(

‖b̂− b‖‖p̂− p‖‖p̂− p+ f̂ − f‖k−1
)

APPROXIMATION BIAS O
(

‖b− πmb‖‖p− πmp‖
)

α m k
≥ 5 n 1

[2.5, 5) n 2

[· · · , 2.5) n15α/(2α+10) 3 dim(Z) = 10
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confidence intervals

Confidence intervals can be based on (conditional)
asymptotic normality of θ̂ − θ
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confidence intervals-monte carlo

regularity length*100 coverage truncation
p,b f k=1 k=2 k=3 k=1 k=2 k=3 k=2 k=3

6 2 2.64 3.09 3.60 89 91 88 1 1

5 2 2.64 3.18 3.34 85 90 90 1 1

3 6 2.56 3.41 3.81 39 88 93 1 1

3 4 2.97 3.34 3.36 43 89 94 1 1

3 2 2.95 3.30 3.45 51 89 91 1 1

2.5 4 3.29 3.72 3.75 13 83 87 1 1

2.5 2 2.91 3.39 3.34 16 86 91 1.05 1

1.25 4 3.11 9.08 7.56 0 82 77 1.33 1.20

1.25 2 3.23 8.69 7.40 0 84 76 1.33 1.20

3.125 0.625 2.50 4.08 4.24 53 86 85 1.12 1

Regularity relative to dim(Z) = 10, Nominal coverage 90 %
Sample size 1000, Kernel based on Daubechies 6Higher Order Estimating Equations for Causal Inference – p. 31/34



4. CONCLUDING REMARKS
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adaptation

If true parameter η cannot be assumed regular, consistent
estimation of χ(η) is impossible

Rate of precision depends on assumed regularity level
(higher precision with higher regularity)
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adaptation

If true parameter η cannot be assumed regular, consistent
estimation of χ(η) is impossible

Rate of precision depends on assumed regularity level
(higher precision with higher regularity)

ESTIMATION Adaptation to regularity possible
(single procedure gives best rate for range of regularity
levels, e.g. cross validation)

CONFIDENCE INTERVALS Adaptation severely limited
(length of interval depends on a lowest level of regularity)
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