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INVERSE PROBLEMS

Yn = ur+ %W W white noise (or regression)
ur solution to a PDE that depends on parameter f

“inverse” us — f not differentiable
“nonlinear” f — uf nonlinear (e.g. %AU{ = fur)
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2 . 2 2
Regularisation f= argtrcmn[H Yo — ug[|” + A"pen(f )]
Bayesian Regularisation f ~ prior

— posterior distribution f| Y,
— posterior mean E(f|Y})

Lem If f ~ Gaussian with RKHS H, then

posterior mode = argmin[” Y, — ug|® + 02| f|I&
F

Posterior f| Y, also has spread — uncertainty quantification



INVERSE PROBLEMS — EXAMPLES

» Schrodinger (icki 2020) %Au = fu
» Heat with absorption [kekkonen2022) Oy tr — lAu = fu
P X-ray transform [Monard Nickl Paternain 2019, 2021] log u(x, v) = f7* f(x + tv) dt
» Divergence/Darcy [abraham Nicki 2019, Bohr 2022~ V - (fV ) =
Oruy — vAv+u~Vu—|—Vp:0,
» Navier-Stokes (icki Titi2023) { V- u = 0,

u(0,) =f
| t I. 2015
saac et a “‘.r"a g""\.\hﬂ X ,n, A 0
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3 draws from prior

A.M. Stuart, 2010. Inverse problems: a Bayesian perspective
R. Nickl, 2023. Bayesian non-linear statistical inverse problems



NONPARAMETRIC BAYESIAN INFERENCE

> f~1Tl prior distribution 1
» Yo|f ~pnr likelihood
> flY, posterior distribution M,(-| Y,)

Bayes rule: dl,(f| Yy) o< ppr(Yn) dM(f)

Computation
» MCMC (e.g. preconditioned Crank-Nicolson)
» Distributed posterior

Frequentist Bayesian theory

» Contraction rate
Fastest e, | 0 so that Eg M, (f:||[f — o] S enl Ya) — 17

» Uncertainty quantification
If M, (Ca(Ya)| Ya) = 0.95, then Pg (fo € Co(Yn)) > 07



CONTRACTION RATE

Fastest £, | 0 so that Eg M, (f:||f — || S en| Vi) — 17
» Depends on combination of prior and f;
» Good prior gives contraction at minimax rate

» Hierarchical prior or prior with data-based bandwidth gives
adaptive contraction rate

Benchmark rate for (inverse) curve fitting:
A function f of d variables with bounded derivatives of
order (3 is estimable based on n observations at rate

B/(2B+d+2p)

Eppgi=n"

A good prior gives a posterior such that

VB: Ve Fg: EgNy(f:|If —foll SenplYa) =1



CONTRACTION IN GAUSSIAN REGRESSION

Centered small ball exponent
For Gaussian process W in Banach space:

$o(e) = —log P(|W] <e).

Decentering function
For Gaussian process in Banach space with RKHS H and
given fy:

D(s;fy) = inf h||
(¢: fo) hEH:”Ip%HQII [z

Thm  Contraction rate with prior f ~ W for nonparametric
regression Y, = f + %W is e, if

do(en) + D(en; fo) S ”E%



EXAMPLE: INTEGRATED BROWNIAN MOTION
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0, 1, 2 and 3 times

integrated Brownian motion

x = (I'"B)x = [§ Bs ds

x = (I°B)x

x — (I°B)x



EXAMPLE: INTEGRATED BROWNIAN MOTION
k times integrated Brownian motion, as map in C[0,1] has
> H = HE o, 1]
> po(e) =< (1/e)%k+1) relative to uniform norm
> D(c; fo) =< (1/e)Pk+2=28)/8 if £, € CP[0,1]

g:vﬁx‘rhwﬂ'!\

THY

WM”\/“\M” N(IW| <) = e
0.0 0.2 0.4 0.6 0.8 1.0

Thm  Contraction rate n~(?A(k+1/2))/(2k+2) i £, € CJ[0,1]

k+1/2 < B — prior too rough, ¢o(c) dominates
k+1/2 = B — prior optimal
k+1/2 > 8 — prior too smooth, D(g; fy) dominates




LENGTH SCALE - ADAPTATION

Priors can be made to adapt to unknown smoothness by changing
the length scale: use prior x — W, for f instead of x — W

SOy WY

/7'>>1‘

Length scale 7 can be data-based by (W;. ~ ;)
» Full Bayes: ordinary Bayes with 7 ~ prior and f|7 ~ I,

» Empirical Bayes: 7 = argmax/p,,f(Y,,) dn.(f)

“Thm”  Optimal contraction rate attained if
fo € CP[0,1]9 and B < prior smoothness +1/2



EXAMPLE: SQUARE EXPONENTIAL PRIOR

cov(Wy, W,) = e i

do(c) = (Io 1)1+d/2

Thm  If 79 ~ T(a, b),
> if fy € CP[0,1]9, then contraction rate nearly n=?/(28+d)
> if f is analytic, then contraction rate nearly n~—1/2



UNCERTAINTY QUANTIFICATION

If M, (Ca(Yn)| Ya) > 0.95, then Pg (fo € Gy(Y,)) > 07
» Spread of posterior should indicate “remaining uncertainty”
» Visualisation through draws from the posterior

» Credible sets are “Bayesian confidence sets” (7)

A good prior gives a posterior with credible sets of high coverage



UNCERTAINTY QUANTIFICATION with GAUSSIAN
PRIORS

Two very different cases:

> Fixed length scale
Credible sets cover if and only if prior undersmoothes truth

» Data-driven length scale
Credible sets cover “most but not all truths”



FIXED LENGTH SCALE: COVERAGE REQUIRES
UNDERSMOOTHING

> f(x) =225 fiei(x)

» Truth:
< fo,i =< i~1728
[o= : == = = = » Prior:

fi i N(O, i12)

Top to bottom:

increasing «

Black: truth

Green: bands
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DATA-DRIVEN LENGTH SCALE: TRICKED BY
INCONVENIENT TRUTHS

Prior on length scale 7 gives adaptive recovery:
faster contraction for smoother f

Theory implies that data-driven posteriors must be tricked by
some inconvenient truths and sometimes be misleading
in their uncertainty quantification

» Estimation: VB: Vf € Fg: rate epp
» Uncertainty: Vf e U@JT':{}:Pf(f S C,,(Yn)) > 0.95

Inconvenient truths will not be covered.
Example for series prior:
fioreo s 0,0, 0, oy ity ooy s 0,0, 0,0, Foys oy fi, O,

(Lengths of zero runs 0, 0, . . ., 0 are increasing)




CONVENIENT TRUTHS for SERIES PRIORS

Def =73 32, fie satisfies the polished tail condition if

]

1000N 00
» f2>0001) f2,  Vlarge N.
i=N =N

Polished tail sequences are “generic”

Non-polished tail series are “rare”

“Thm”  Slighly enlarged credible sets of posteriors with
data-driven length scale cover convenient truths



CONVENIENT TRUTHS for SERIES PRIORS - details

Def f= Z?il f;e; satisfies the polished tail condition if

1000N 00
Z f2 > 0.001 it V large N.
i=N =N

1

“Everything” is polished tail...:

P For the topologist  [Gin¢Nicki 2010]

Non polished tail sequences are meagre in a natural topology
» For the minimax expert:

Intersecting the usual models with polished tail sequences

decreases the minimax risk by at most a logarithmic factor
» For the Bayesian:

Every f from a prior f; "4 N(0, ci—®~1/2)

is polished tail

“Thm” If fy polished tail, M large, a set by FB or EB, then
Pfo(fo € Co(Yn, an)) — 1 for Cy(Yn, 7) credible ball.



INVERSE PROBLEMS

In direct nonparametric problems, as regression or density
estimation, the prior regularises the parameter

» Contraction rates known for many priors
» Credible sets are less studied

Yn=ur+ %W W white noise (or regression)

ur solution to a PDE that depends on parameter f

In inverse problems the prior must regularise both the parameter
and the inverse map ur +— f

» Much remains to be studied



LINEAR FOR NONLINEAR

Yn = ur+ %W W white noise (or regression)
Lus = c(f, uf), on O C RY,
Assume
ur =g, on C 00
f=-e(Luf)

» Recover Lus from Y, = K(Luf) + %W K=r"1

» Recover f from Luf

EXAMPLE Aur = 2fur c(f, ur) = 2fus
L=A fngu:::e(AUf)



LINEAR PROBLEM

Yn = ur + %W,
~ Lg =0,
g solves -
g§=28,
LKu = u,
K solves =
Ku =0,

> Uf:K,CUf—i-é'

W white noise

on O C RY,

onl C 00
on O C RY,
onl C 900

> Vo= Yo—&=KLus+ LW

=

(or regression)

v = Lur f=-e(Lur)=r¢e(v)
L) f,(ve-|Y,) based on Y, = Kv + an
Ma(f €| Y,) based on Y, = ur + LW




CONNECTING LINEAR AND NONLINEAR

Yn=KLur+ g+ %W W white noise (or regression)

v = Lur f=e(Lus)=e(v)
(L) I=In(V € \N/,,) based on Y, = Kv + %W
(N) Ny(f €+ Yy) based on Y, = ur + %W

Prop Iffl,(v e V,|Y,) = 1and e:(V,,| - ||) = Lo is Lipschitz,
then contraction rate for (L) is also contraction rate for (N)



CONNECTING LINEAR AND NONLINEAR

Yn=KLur+ g+ %W W white noise (or regression)

v = Lur f=e(Lus)=e(v)
(L) ﬁn(V € \N’,,) based on Y, = Kv + %W
(N) Ny(f €+ Yy) based on Y, = ur + %W

Prop Iffl,(v e V,|Y,) = 1and e:(V,,| - ||) = Lo is Lipschitz,
then contraction rate for (L) is also contraction rate for (N)

Co(Yn):={f: Lur € Co(Yn — &)} = {e(v):v € Co(Yn — B)}

Prop
> Credible and confidence levels of C,(Y,) are those of C,(Y;)

» If e: V|, — Ly uniformly LiBschNitz at v, € (.:,,(Y,,) C Vp, then
diameters of C,(Y},) and C,(Y,) are of same order



CONNECTING LINEAR AND NONLINEAR

v = Lur f=-e(Lur)=e(v)

(L) M,(ve-|Y,) based on Y, = Kv + %W
( M

”(f € | Yn) based on Yn = ur + %W

» Connection works for every prior on f
» Effective use of linearity easier with “standard” priors on Luy

» Need good results for linear problems



LINEAR INVERSE PROBLEM

Y, = Kv + %W W white noise,  K: Lp(0) = L»(O) linear

(hi)ien orthonormal basis of Ly(0), O C RY
Iv][gs: = > ieN Vi2"2s/d

‘Assume |Kv]l2 < [|v|g-r ‘

Galerkin projection
GCsv 5 v el
1Q
K1Qky £ QKkv eKlin(er,...,e)

Thm  If 3j, < ne2 and 0, > €qjf V jn” with
N(v: ||Kv — Kvoll2 < 5) 2 e,
ﬂ(v: ||K_lenKv —vi2 > nn) < e_4"5%,

then EVOI'I,,(V: llv —voll2 < 7nl SN/,,) —1



LINEAR INVERSE PROBLEM

Y, = Kv + %W W white noise,  K: Ly(O) — Ly(O) linear

(hi)ien orthonormal basis of Ly(©), O c RY
IVI1Zs: = Ssen v7 %5/,

| Assume [|Kv||> < [|v][g-»

v="3envihi, vt N(0,im 172/

Thm
_ aAB—=¢ o
> If vp € GP, then By, M, (v:|lv — vollgs S 0 20#2%9| Y,,) — 1,
for 5 € [—p,a A B)

> If also sup; i*/?||Khils < oo, some u > d/2 —a A B, then
Ey,Mn(v: |Kv — Kvgllow < €| Ya) = 1, Ve >0



LINEAR INVERSE PROBLEM - EIGEN PRIOR

Y, = Kv+ %W W white noise,  K: Lo(0) = L»(O) linear

(hi)ien eigen basis of KT K, eigenvalues K2 = j=2p/d

V=3 ey Vihi,  vila I N(0, iT1m2e/d)
« ~ prior or « = EB — MLE

CN-n(Y/n) ={viflv =102 < rfn,v}

Thm
B—=6 =
> If vo € GP, then E, My (v: [lv — vollgs S 0 2%73| Y,) — 1

> If also sup; i/ Khi||e < oo, some u > d/2 — f3, then
Ev,Mn(v: |Kv — Kvollow < €| Yn) = 1, Ve >0

> If vy polished tail, then P, (vo € C,,(\N/n)) —1



EXAMPLE — SCHRODINGER

ITAup = f uy on O = (0,1)¢,
ur = g, onl C 90
EZA, e(V):#_"_g

Eigenbasis h;, _;,(x) = 29/2 Hfl:l sin(ijmx;), Rir.ig = 5002

Thm IfAUfOEGfB,ﬁ>d/2, ug >2c0 >0, at2>a/:
) __aNB )
» [,-contraction rate n~ 2a+4+d for a-regular prior on Auf

__B _
» [,-contraction rate n 28+4+d Iog2 n for HB/EB-prior

» coverage for a-regular prior with a < 5 —1/logn



EXAMPLE — SCHRODINGER

1

5A
n=10*
n = 10°
n =108
n =10

ur =

uf

fo,
&,

on O =(0,1),
on 00

eigen prior, eigen prior

f=e(Aur):=

AUf

2f

eigen prior, spline prior
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EXAMPLE — SCHRODINGER

%AUf = fuy, on O =(0,1)2, f=e(Auf): = Aur
_ 2f
ur =g, on 00

Lower credible band  Upper credible band 1o = fil

38

8/8/0/o}
C1E108

88100
| |_|SIS

i%%%%%%%%gggé;as:::ﬂ:ﬁﬁren:nl

fo(x,y) = 2x(x — 1)y(y — 1)(2 + sin(3 + 7x) sin(7y)

g(x,y) =3+ xy2 + 2y sin(27x) + x cos(37y)



OTHER EXAMPLES

1
%u — EAU = fu, on (0,1) x (0,1];
Heat with absorption u=g, on 8(0,1)7 x [0, 1];
u = ug, n (0,1)¢ x {0}
5:%*%& e(v) = va+gr

e numerical

) uf = fuy, on (0,1),
Exponentiated Volterra
ur =g, at 0
Lu=1U, e(v) = o5 Kv(x) = [; v(s)ds
V- (fVur) = h, on O,
Darcy
ur = g, on 00
L=A




EXAMPLE — HEAT WITH ABSORPTION - details

0 1

—u—sAu=fu on (0,1) x (0,1];
u=g, on 8(0, 1)d X [07 1]1
u = up, on (0, 1)d x {0}
L=2 1A e(v)= g
Eigenbasis h;, i &, ik X S A
g 1eigok Kiy...ig,k > 2[4+ k272

Thm  Assume Lug € G, B>d+1, up, > 9 >0, a>a+1
) _ alAp )
» [,-contraction rate n~ 2a+4+d%1 for a-regular prior on Lus

B8 .
> L,-contraction rate n~ 2F74rai log? n for HB/EB-prior

» coverage for a-regular prior with o < 8 —1/logn



EXAMPLE — EXPONENTIATED VOLTERRA - details

{u} = fur, on (0,1),

ur =g, at 0
Lu=1, e(v) = iz Kv(x) = [; v(s)ds
Thm

» L,-contraction for vy = uj implies same Ly-contraction at fy

» coverage and Lp-diameter of credible sets preserved



EXAMPLE — DARCY - details

V- (fVur) = h, on O,
ur =g, on 00
L=A

For d > 1 there is no explicit solution map e: Aur — f, but for
given boundary conditions, if Auf 4 || Vug|[? > co > 0, then

If = foll,0) S llus — ug | H2(0)

Our method can be implemented together with a numerical
implementation of the map e: Aus — f



DISTRIBUTED POSTERIOR DISTRIBUTION

To speed up computations:
» Divide data in m batches Y,Sj) of size n/m
» On each batch j compute a posterior distribution

» Compute law of f = m =1 fj, for ;j-ijl‘j I'In/m(~| Y,Sj))

Thm

» For prior with fixed length scale contraction rates are retained
provided prior variance is cut by 1/m

» For prior with data-driven length scale adaptation and
coverage are retained when using spatially defined batches

(nm) | (1000,5) | (5000,10) | (10000, 100)
Benchmark | 14.84s (5.23s) | 633.8s (241.2s) | 4741s (1069s)
Random | 2.37s (1.14s) 24.7s (5.1s) 22.0s (6.1s)
Spatial 2.55s (1.11s) 25.2s (5.4s) 22.6s (5.85)




DISTRIBUTED POSTERIOR DISTRIBUTION -
ADAPTIVE BANDWIDTH
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DISTRIBUTED POSTERIOR DISTRIBUTION - FIXED
BANDWIDTH

N?ndislribmed Method ; Method 1 i Method 2 v Method 3
o
b
£ 0.5 0.5 05
g
8 o 0 0
& "
S.05 -0.5 -05
0 05 1 0 05 1 0 05 1
1 1 1
o
b
Los 0.5 0.5
& v
g o 0 0 7
b
< .05 -05 05
o 05 1 0 0.5 1 0 05 4
o 1 1
]
1
Los 0.5
g
g o 0
=]
.05 05
0 05 1 0 05 1 0 05 1
Method 1: random data split
# black: f

Method 2: spatial data split

Methods 3,4: spatial data split + smoothing color: posterior mean + bands



DISCUSSION

Our idea is to isolate a linear operator L so that, for a nice e,

f = e(Lur)

Statistical problem becomes linear
Nonlinear inversion becomes deterministic

» Is this is always possible?

» Numerical methods to compute e may be expensive?
> Works best if a standard prior is placed on uf?

» Good posterior behaviour of smooth functionals?

Inverse problems in general:

» Uncertainty quantification?
» Boundary conditions?
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