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Questions



Missing data

Outcome Y , observed if A = 1, unobserved if A = 0.

Covariate Z such that

Y ⊥⊥A|Z (missing at random)

Observe sample of (Y A,A,Z) satisfying

• Y |Z ∼ binomial
(

1, b(Z)
)

• A|Z ∼ binomial
(

1, a(Z)
)

[propensity score]

• Z ∼ F

We wish to estimate

EY =

∫

b dF



Missing data

Outcome Y , observed if A = 1, unobserved if A = 0.

Covariate Z such that

Y ⊥⊥A|Z (missing at random)

Observe sample of (Y A,A,Z) satisfying

• Y |Z ∼ binomial
(

1, b(Z)
)

• A|Z ∼ binomial
(

1, a(Z)
)

[propensity score]

• Z ∼ F

We wish to estimate
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Assume a, b smooth, > 0 and < 1
Sometimes: assume F smooth, density f > 0
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Treatment indicator A
Outcome Y 0 if not treated

Outcome Y 1 if treated

Causal effect EY 1 − EY 0

Covariate Z such that

Y 0, Y 1⊥⊥A|Z (no unmeasured confounders)

Y : =

{

Y 0, if A = 0

Y 1, if A = 1

Observe sample from (Y ,A, Z), equivalently (Y 1A, Y 0(1−A), A, Z)

We wish to estimate EY 1 from (Y 1A,A,Z)
and EY 0 from (Y 0(1−A), A, Z)



Semiparametric regression

Outcome Y , covariates X and Z, error e

Y = θX + b(Z) + e

Observe sample of (Y ,X,Z) satisfying

• e ∼ a such that E(e|X,Z) = 0
• (X,Z) ∼ F

We wish to estimate θ
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Preliminary estimators

Observe X = (Y A,A,Z)
Parameter (a, b, f)

• Y ⊥⊥A|Z
• Z ∼ F
• a(Z) = E(A|Z)
• b(Z) = E(Y |Z)

• a and b can be estimated by any nonparametric regression estimator

• f can be estimated by any nonparametric density estimator,

(and so can f/a ∝ f(·|A = 1))

If a, b, f or f/a are Hölder smooth of orders α, β, γ on [0, 1]d,

estimation errors will be of order

n−δ/(2δ+d), δ ∈ {α, β, γ}.



Preliminary estimators

Observe X = (Y A,A,Z)
Parameter (a, b, f)

• Y ⊥⊥A|Z
• Z ∼ F
• a(Z) = E(A|Z)
• b(Z) = E(Y |Z)

• a and b can be estimated by any nonparametric regression estimator

• f can be estimated by any nonparametric density estimator,

(and so can f/a ∝ f(·|A = 1))

If a, b, f or f/a are Hölder smooth of orders α, β, γ on [0, 1]d,

estimation errors will be of order

n−δ/(2δ+d), δ ∈ {α, β, γ}.

Plug-in estimator
∫

b̂ dF̂ has rate n−β∧γ/(2β∧γ+d) ≫ n−1/2
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Likelihood

Observe X = (Y A,A,Z)
Parameter (a, b, f)

• Y ⊥⊥A|Z
• Z ∼ F
• a(Z) = E(A|Z)
• b(Z) = E(Y |Z)

Likelihood

(a, b, f) 7→
[

f(Z)

]

×
[

a(Z)A
(

1− a(Z)
)1−A

]

×
[

b(Z)Y A
(

1− b(Z)
)(1−Y )A

]

Factorizes over f, a, b

When using independent priors, posterior factorizes too

Is that good?



Horvitz-Thompson estimator

Assume a known and consider

T a =
1

n

n
∑

i=1

Y iAi

a(Zi)

• Y ⊥⊥A|Z
• Z ∼ F
• a(Z) = E(A|Z)
• b(Z) = E(Y |Z)

Thm ET a = EY = θ =
∫

b dF and

√
n(T a − θ) N(0, σ2

a)
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Horvitz-Thompson estimator

Assume a known and consider

T a =
1

n

n
∑

i=1

Y iAi

a(Zi)

• Y ⊥⊥A|Z
• Z ∼ F
• a(Z) = E(A|Z)
• b(Z) = E(Y |Z)

Thm ET a = EY = θ =
∫

b dF and

√
n(T a − θ) N(0, σ2

a)

True for any b or f (unlike nonparametric plug-in
∫

b̂ dF̂ )

Crucially utilizes a

Independent priors on a and b would not involve a to estimate θ

Is there a Bayesian analogue?



Horvitz-Thompson estimator (2)

Assume a known, but is estimated by fitting a correct parametric model.

T â =
1

n

n
∑

i=1

Y iAi

â(Zi)

Thm

√
n(T a − θ) N(0, σ2

a),√
n(T â − θ) N(0, τ2a ),

for

τ2a < σ2
a



Horvitz-Thompson estimator (2)

Assume a known, but is estimated by fitting a correct parametric model.

T â =
1

n

n
∑

i=1

Y iAi

â(Zi)

Thm

√
n(T a − θ) N(0, σ2

a),√
n(T â − θ) N(0, τ2a ),

for

τ2a < σ2
a

Is there a Bayesian analogue?

Not with independent priors on a and b
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Dependent priors

Is it reasonable to model a and b dependent?

a(z) = P(A = 1|Z = z) b(z) = E(Y |Z = z)

Chris Sims in blog discussion with Larry Wasserman, Jamie Robins:

Likelihood
∏

i

φi α
Ai
i

(

1− αi

)1−Ai βY iAi
i (1− βi)

(1−Y i)Ai

(φi = f(Zi), αi = a(Zi), βi = b(Zi))



Double robustness [many authors, 1980s, 90s; Klaassen, 1987; Robins; vdV 1998]

Estimate a and b nonparametrically (with external data), and set

T =

∫

b̂ dF̂ +
1

n

n
∑

i=1

χâ,b̂,f̂ (X i),

for

χa,b,f (X) =
A

a(Z)

(

Y − b(Z)
)

+ b(Z)−
∫

b dF

Thm If a ∈ Cα[0, 1]d and b ∈ Cβ [0, 1]d for

α

2α+ d
+

β

2β + d
>

1

2
,

then √
n(T − θ) N(0, τ2),

for minimal variance

τ2 < τ2a < σ2
a



Double robustness (2)

Estimate a and b nonparametrically, and set

T =

∫

b̂ dF̂ +
1

n

n
∑

i=1

χâ,b̂,f̂ (Xi),

for

χa,b,f (X) =
A

a(Z)
(Y − b(Z)) + b(Z)−

∫

b dF

Thm √
n
(

T − θ +

∫

(â− a)(b̂− b)
dF

â

)

 N(0, τ2)



Double robustness (2)

Estimate a and b nonparametrically, and set

T =

∫

b̂ dF̂ +
1

n

n
∑

i=1

χâ,b̂,f̂ (Xi),

for

χa,b,f (X) =
A

a(Z)
(Y − b(Z)) + b(Z)−

∫

b dF

Thm √
n
(

T − θ +

∫

(â− a)(b̂− b)
dF

â

)

 N(0, τ2)

a b f no bias if
OP (n

−1/2) oP (1) − dim(a) < ∞
oP (1) OP (n

−1/2) − dim(b) < ∞
n−δ/(2δ+d) n−δ/(2δ+d) − α = β = δ > d/2
n−α/(2α+d) n−β/(2β+d) − α

2α+d + β
2β+d > 1/2



Double robustness (2)

Estimate a and b nonparametrically, and set

T =

∫

b̂ dF̂ +
1

n

n
∑

i=1

χâ,b̂,f̂ (Xi),

for

χa,b,f (X) =
A

a(Z)
(Y − b(Z)) + b(Z)−

∫

b dF

Thm √
n
(

T − θ +

∫

(â− a)(b̂− b)
dF

â

)

 N(0, τ2)

Is there a Bayesian analogue?



Double robustness (3) [Robins, Li, Tchetgen, vdV, 2017]

Estimate a, b and f/a nonparametrically, at optimal rates

T =

∫

b̂ dF̂ + Unχ̃â,b̂,f̂ ,

for a higher order influence function (x1, . . . , xk) 7→ χ̃a,b,f (x1, . . . , xk)

Thm If a ∈ Cα[0, 1]d, b ∈ Cβ[0, 1]d, f/a ∈ Cγ [0, 1]d,

√
n(T − θ) N(0, τ2), if α+ β > d/2

T − θ = OP (n
−(2α+2β)/(2α+2β+d)), otherwise

This is optimal

(provided γ not too small)
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In high-dimensional models the quality of estimation

is determined by bias-variance trade-off

Non-principled methods (e.g. estimating equations)

can make explicit bias corrections,

as opposed to Bayesian or other likelihood-based inference



Bias-variance trade-off

In high-dimensional models the quality of estimation

is determined by bias-variance trade-off

Non-principled methods (e.g. estimating equations)

can make explicit bias corrections,

as opposed to Bayesian or other likelihood-based inference

True?

Or can one use clever priors?

Should one?



Results



Bernstein-von Mises

Given priors on a, b, F consider posterior distribution on θ =
∫

b dF .

We say the Bernstein-von Mises theorem holds if, under (a0, b0, F 0),

d
(

L
(√

n(θ − θ̂n)|X1, . . . , Xn), N(0, i−2
0 )

)

P→ 0,

for estimators θ̂n = θ̂n(X1, . . . , Xn) such that

√
n(θ̂n − θ0) N(0, i−2

0 ).

The classical result uses the total variation distance d.

Here we use the weak distance (sufficient for justifying credible intervals).
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Scores, influence function, and information

[Koshevnik and Levit (1976), Pfanzagl (1983), vdV (1991)]

We wish to estimate θ = χ(p), from sample from density p ∈ P
Tangent cone (at p) to P: all score functions

g =
d

dt |t=0
log pt

of 1-dimensional submodels t 7→ pt with p0 = p

Influence function is χp ∈ closed span of tangent cone with, ∀ t 7→ pt

d

dt
χ(pt)|t=0 = Epg(X)χp(X)

• θ̂n is asymptotically efficient for θ = χ(p) if and only if

θ̂n = θ0 +
1

n

n∑

i=1

χp(Xi) + oP0
(n−1/2).

• Minimal asymptotic variance is

i−2

0 = Epχp
2(X).



Scores, influence function, and information — Missing data

Observe X = (Y A,A,Z)
Parameter p = p(a,b,f)

• Y ⊥⊥A|Z
• Z ∼ F
• a(Z) = E(A|Z)
• b(Z) = E(Y |Z)

Likelihood f(Z) a(Z)A
(

1− a(Z)
)1−A

b(Z)Y A
(

1− b(Z)
)(1−Y )A

For given directions (α, β, φ), and Ψ(t) = 1/(1 + e−t)

• a-score: (A− a(Z))α(Z) at = Ψ
(

Ψ−1(a) + tα
)

• b-score:
A(Y − b(Z))

b(Z)(1− b)(Z)
β(Z) bt = Ψ

(

Ψ−1(b) + tβ
)

• f -score: φ(Z)−
∫

φdF f t ∝ elog f+tφ

θ =
∫

b dF has Influence function

χa,b,F (X) =
A

a(Z)

(

Y − b(Z)
)

+ b(Z)−
∫

b dF



Scores, influence function, and information — Missing data

Least favourable direction (at (a, b, f))

ξ: = (αlf , βlf , φlf ) =
(

0,
1

a
, b−

∫

b dF
)

gives submodels (at, bt, f t) with score the efficient influence function:

∂

∂t |t=0
log pat,bt,f t(X) = χa,b,F (X).



Priors

(1) Put prior on η: = (ηa, ηb, ηf ) and set

a = Ψ(ηa), b = Ψ(ηb), f ∝ eη
f

(2) Put prior on η: = (ηa, ηb)⊥⊥F ∼ DP and set

a = Ψ(ηa), b = Ψ(ηb)

(3) Put prior on w⊥⊥F ∼ DP⊥⊥λ ∼ N(0, σ2
n), estimate a, and set

b(z) = Ψ
(

w(z) +
λ

â(z)

)

(4) Put prior on w⊥⊥ a⊥⊥F ∼ DP⊥⊥λ ∼ N(0, σ2
n), and set

b(z) = Ψ
(

w(z) +
λ

a(z)

)



Numerical results [Ray and Szabó, 2019]

Simulation results for causal effect in Gaussian response model

independent priors bias corrected with dependent priors

posterior of θ; black line: posterior mean, red line: true value
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Simulation results for causal effect in Gaussian response model



BvM (1) — general prior

Prior on η: = (ηa, ηb, ηf )

Thm Assume ∃Hn with Π(η ∈ Hn|X1 . . . Xn) →P0 1,

sup
b,f :η∈Hn

‖b− b0‖L2(F0) + ‖f − f0‖1 → 0

sup
b:η∈Hn

∣

∣Gn[b− b0]
∣

∣ →P0 0

sup
b,f :η∈Hn

∣

∣

∣

√
n

∫

(b− b0)(f − f0) dz
∣

∣

∣
→ 0

Then BvM theorem holds if ∀t
∫

Hn

∏n
i=1 pη−tξ0/

√
n(X i) dΠ(η)

∫

Hn

∏n
i=1 pη(X i) dΠ(η)

→P0 1

Modelled after Castillo (2012) and Castillo & Rousseau (2015)



BvM (2) — with Dirichlet prior

Prior on η: = (ηa, ηb)⊥⊥F ∼ DP

Thm Assume ∃Ha,b
n with Π(η ∈ Ha,b

n |X1, . . . , Xn) →P0 1,

sup
b:η∈Ha,b

n

‖b− b0‖L2(F0) → 0

sup
b:η∈Ha,b

n

|Gn[b− b0]| →P0 0

Then BvM theorem holds if ∀t
∫

Ha,b
n

∏n
i=1pη−tξ̃0/

√
n(Xi) dΠ(η)

∫

Ha,b
n

∏n
i=1pη(Xi) dΠ(η)

→P0 1



BvM (3) — with propensity score-dependent prior and Dirichlet prior

Prior on w⊥⊥F ∼ DP⊥⊥λ ∼ N(0, σ2
n), estimate â with rate ρn

b(z) = Ψ
(

w(z) +
λ

â(z)

)

Thm Assume ∃Hb
n and numbers un, ε

b
n → 0,

Π
(

(w, λ):w + (λ+ tn−1/2)/â ∈ Hb
n|X1, . . . , Xn

)

→P0 1

Π
(

λ: |λ| ≤ unσ
2
n

√
n|X1, . . . , Xn

)

→P0 1

sup
b:ηb∈Hb

n

‖b− b0‖L2(F0) ≤ εbn

sup
b:ηb∈Hb

n

∣

∣Gn[b− b0]
∣

∣ →P0 0

Then BvM theorem holds if nσ2
n → ∞ and

√
nρnε

b
n → 0

Random λ makes prior “vague” in least favorable direction



*** Exponential BVM for Dirichlet

Fn|Z1, . . . , Zn ∼ DP(ν + nFn), Fn =
1

n

n
∑

i=1

δZi

Thm If supg∈Gn
|Fng − F0g| →P 0, νGn = O(1), F0G

2+δ
n = O(1),

then, for small |t|,

sup
g∈Gn

∣

∣

∣
E
[

et
√
n(Fng−Fng)|Z1, . . . , Zn

]

− et
2F0(g−F0g)2/2

∣

∣

∣

P→ 0



Independent Gaussian process priors

W b⊥⊥W f Riemann-Liouville (β̄) and (γ̄)

b(z) = Ψ(W b
z), f(z) ∝ eW

f
z

Cor If a0 ∈ Cα, b0 ∈ Cβ, f0 ∈ Cγ with

α, β >
d

2
,

d

2
< β̄ < α+ β − d

2
, γ̄ < γ + β − d

2

and
β ∧ β̄

2β̄ + d
+

γ ∧ γ̄

2γ̄ + d
>

1

2
,

then BvM theorem holds

Example: if β = β̄, γ = γ̄, then need α, β > d/2 and γ large enough

No double robustness, f important



Independent Gaussian process prior with Dirichlet

W b ∼ Riemann-Liouville(β̄)⊥⊥F ∼ DP

b(z) = Ψ(W b
z)

Cor If a0 ∈ Cα, b0 ∈ Cβ, and

α, β >
d

2
,

d

2
< β̄ < α+ β − d

2
,

then BvM theorem holds

Example: if β = β̄, then need α, β > d/2

No condition on f , no double robustness, undersmooth b



Gaussian process prior with propensity score and Dirichlet

W b⊥⊥λ ∼ N(0, σ2
n), estimate a with rate ρn

b(z) = Ψ
(

W b
z +

λ

â(z)

)

Cor If a0 ∈ Cα and b0 ∈ Cβ , and

( n

log n

)− β∧β̄
2β̄+d ≪ σn . 1, β ∧ β̄ >

d

2
,

√
nρn

( n

logn

)− β∧β̄
2β̄+d → 0,

then BvM theorem holds

Example: if β = β̄ and â optimal, then need β > d/2 and

α

2α+ d
+

β

2β + d
>

1

2

No condition on f , half of double robustness:

smoothness of b can compensate low smoothness of a



Regularity conditions?

• b ∈ Cβ for β > d/2 needed for “regularity condition”

sup
b:ηb∈Hb
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∣
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∣
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Regularity conditions?
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Regularity conditions?

• b ∈ Cβ for β > d/2 needed for “regularity condition”

sup
b:ηb∈Hb

n

∣

∣Gn[b− b0]
∣

∣ →P0 0

• a ∈ Cα and b ∈ Cβ for α, β > d/2 needed for prior:

b(z) = Ψ
(

W b
z +

λ

W a
z

)

, W b⊥⊥W a⊥⊥λ ∼ N(0, σ2
n).

This prevents double robustness

Is this an artefact of the proof?
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