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Causal Inference 

only estimable under conditions Causal effect 
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LEM If Y,Y'1Alz
,

then

Ey
:

-Ey= Ez (Elyla=,z) -ElyIA=o,z))

proof Ey" = EzEly" (z)

= Ez Elga .

A =a
,
z) Cassumption)

= EzElyIAza , z) Consistency)

Ineed also that conditioning on SA =a,23 makes sense :

positivity : PLA =alz) zo) B
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Sensitivity Analysis

Two approaches 
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Bayesian Sensitivity Analysis

Both approaches add an unidentiable

"sensitivity parameter"

Causal effect is identifiable only given the
sensitivity parameter.

Bayesian approach puts a prior on this parameter

and obtains a posterior of the causal effect

As usual except
&

· posterior does not contractto point and

· priors matter



Two approaches to model failure of y%:1 Alz

· Assume 7 K with Y ,%°1Alz, l

· Model Alz
, ya ,
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McCandless, Gustafson, Levy,   2007
McCandless, Gustafson, Levy, Richardson,   2010, 2011
-

A betablockers

logit P(y=1/A,z, 4) = Bo +B,A + xU+pTz Y 1-year mortality
R unmeasured

logit P(U= /A,z) = Lo
+ A + 3TZ z covariates

14

7, %
°HA/z

,
u => logit P(y*/A=a ,z,H) =Pot ,a+<U+qz

Il causal effect" Pr

get posterior of Bi by Gibbs sampling with U missing :

repeat Bo
,
Bi ,X, % , 20 , Ji 1

DATA, l

UI DATA
, Bo,B ,

<
, 4 , Go, 21



Dorie, Harada, Bohme Carnegie, Hill,  2016

y (A ,
z
,
H ~ N(f(A , z) +x, 4, 22)

PLA=IlE , H) = (zp+ x24)
nHZ
,
Un Bernoulli (i)

prior onf : BART

y, yoHA1z , U =· Ey" = EEly(Aa,z, 4) =Ef(a ,z)+El

Ey' -Eyo = Ef( ,z) - Eflo,z) .

get posterior of Ey'-Ego from posterior off by
Gibbs sampling with U missing



Chipman, George, 
McCulloch, 1998.

Nonparametric Bayes (1): BART
Bayesian Additive Regression Tree

f(z) = g(z;T,, M) + g(z; T2 ,M) +
- . + g(z; [m ,

Mm)

z,a
z

Mi

zg(z ;T ,MD
zzb Mz My

Mr,
M2

T-tree z
,
4 b

M = (a,b, ,Mi ,M2. "( Mz My
M2

->z
,C a

PRIOR

& Node at level h is split with probability 0 .95/4th)2

· Splitting variable z; and value a, b,<- chosen uniformly
· Leaf values M,M2,

·
- - No

, 0Ym)·

+ empirical Bayes



Two approaches to model failure of y%:1 Alz

· Assume 7 K with Y ,%°1Alz, l
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Robins, Rotnitzky, Scharfstein, 2000
Scharfstein, Daniels, Robins, 2003
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Robins, Rotnitzky, Scharfstein, 2000
Scharfstein, Daniels, Robins, 2003

&

FOCUS ON Y"
-

go ANALOGOUS

legit P(Atly' , z) = y(z)+ q(y(z) sensitivity model

P(ye . (E) = P((E) outcome

-------------------------------

P(A= (z) = Tz) propensity score

P(ye - (A= 1
, z) = P, ( . (z) observed outcome

------ -------------------------

P(y= - (A=0 , z) = P(
. (z) unobserved outcome

O

CEM ·#q7 bijections (n , P) (t
,
P)> <(A ,AYz)

·q(y(z)
dp

, (y(z)
J

· Poly(z) - e

f



Prior Modelling

Strategy 1

Strategy 2

Full Data (A
, Y' ,z) Observed Data LA

,AY , z)

Sensitivity Model logit P(A=1 /z, y") = y(z)+q(yz)

T(z)=P(A= (E) Pl . 1z)=2(g(A=i, z) P( . (z)= G(y'(z)

Z
Prior on P T , P , q ,

independent

Ey = EzE(y'z) = Ez Sy [(l - π(t))dPo(y(z) +π(z)dP(y(z)]
[ <ef(y(z)dP

, (y(z)

Prior On pE
, y , P , q independent

I

Ey = EzE(y'z) = Ez
.

SydPly(z)



Strategy 1

Strategy 2

Findings

Both strategies : posterior of Eyl -> Go
-

even If IDATA -> 0

: posterior ofa prior ofa

: posterior ofa depends on DATA

&



Ferguson, 1973
Lo, 1983

Nonparametric Bayes (2): Dirichlet process

P ~ DP(a) Es IP(A)
, -iPCAN) -Dirichletla(X), ... ,a) ClewAi

= PrWidd, Wi=), el
ji

A

PROP If P-DP1a) , X,
--XnIP Ap ,

then PIX , --YunDP(a+NIPh)

-> . ELPIX, --Xu)= Prential + a
lat
- In-

+(a)
·In (P-Pn)(X. An > Po

& empirical measure

Using DP(c) prior is Bayesian equivalent of

estimating a distribution by In (= MLE)



Special Case: No Covariates

Strategy 1

Strategy 2

givena

Data ObservedDataAA-1 (4)= n +q(y)

He Beta(x
, B) 1 P

,
~DP(a) 1q

I

q-U[a ,] 1 PrDP(a) &

THM For both strategies , Bernstein-von Mises :

(0- IDATA, No,
& ↑
Eg

! ↑
efficient ("doublerobust / estimator of EU



Strategy 1

Strategy 2

Proofs

He Beta(x
, B) 1 P

,
~DP(a) 1q

P
, is

law of data -> conjugacy of TJP

~ Uta ,] 1 PrDP(a) &

PrDp(a) => dP
, ly) < Fen+qui &Ply]

=> Pr "NCRM"



Kingman, 1975Nonparametric Bayes (3): NCRM
Completely Random Measure

Normalised C R M 

I If FLA) --LECA) C= WAi
a intensity measure v = vd+r

I VW
,

(let
,
Nirvd

,
Wr

,
) ~ Poisson (v)

g =
a;

P = Et)

THM 17 v (dy ,
ds) = ste-sblylds daly) , then for Donsher class 5

↑ (p-1Pn) /Y , --- In - Po in 1915)

empirical measure &
Brownian bridge

b bounded below

Pob+PFF < c

* + + t



Kingman, 1975Nonparametric Bayes (3): NCRM
Completely Random Measure

Normalised C R M 

I If FLA) --LECA) C= WAi
a intensity measure v = vd+r

I VatWo
,

Calt
,
(luvd

,
Wr

,
) ~ Poisson (v)

g =

P = Et)

THM 17 v (dy ,
ds) = st-te-sblylds daly) , then for Donsher class 5

/P-IPh-rKly-I l in P

↑T . ↑ Gaussian processempirical measure empirical measure
#distinct distinct values
values b bounded below

Pob+PFF < c

* + + t



James, Lijoi, Prunster, 2009

I

oof

PROP If P-NCRM ,
y:-y"/phdp , then Ply-yn-mixture of NCRMs

v = udPly: Yu , I has
n
,
x
+ Vi

vdx(t
,
s) < sYn-e-X(x+bigr) as

↑distinct value multiplicityFor
· Show Th(xgn/4 In)↳
·Show discrete part dominates

lif wo latter is not true (



Special Case: No Covariates

Strategy 1

Strategy 2

9-prior

Data ObservedDataAA -1(y)= n +q(y)
3

He Beta(x
, B) 1 P

,
~DP(a) 1q

~ Uta ,] 1 PrDP(a) &

tHM Strategy 1 : gIDATA-9 - & LA
,AYl)

2

Strategy 2 : &IDATA-q1H = In

This works through in posterior of Ey



Special Case: No Covariates

Strategy 1

Strategy 2

computation

Observed Data (A,Ay')Data IS(yA=1) , p = ((y) , logit P(A=1(y)= n +q(y)3

He Beta(x
, B) 1 P

,
~DP(a) 1q

Explicit Dirichlet posterior

~ Uta ,] 1 PrDP(a) &

Posterior by Gibbs sampling missing outcomes



Setting where sensitivity model is not centered at truth
-

sensitivity function q(y) =c logy ,yel,0

EY'

↑

&

I
&



Special Case: Survival Outcome 

Strategy 2

Full Data (A
, Y' ,z) Observed Data LA

,AY , z)

y- (0, a)
P( . (z) = 2(4

" (E) logit P(A=1 1z
, y") = y(z)+q(y(z)

pE-DP(a) # y(z) =JE , gutt I Plzl-Bayesian
Cox



Hjort, 1990

Kim, Lee, 2003 

Nonparametric Bayes (4): Cox Model

Cox model Nt(z) = eBttMt)
= PCTstIzp,1) =e-e

*ENE)

Prior model Bri
,
~Beta process

S

Patamodel T, .. tulp , X ,Z z
ind

Cox (B, x)~

Using Beta process prior is Bayesian equivalent
of
using

the Cox estimator (= MLE)

S

THM in (p-ox) /T : Tnzi--Zu us No
, Tox)

In (x-&x) /T, -The En 1 Box



q(y(z)

logit Plazily , z)= yz+is (z) Nylz) =eP
=

X(y)

&

B

j

Ey



Ray, vdV, 2017

Special Case: Binary Outcome

Strategy 2

Full Data (A
, Y' ,z) Observed Data LA

,AY , z)

ge20 ,3

P(z) =P(y'= 11z) , logit P(A=1 /z, y") = y(z)+q(y(z)

PEDp(a) I logItPlyElEl-GP Hy-GP
·

or 'Double Robust ↑ ↑
Gaussian
process

CONJECTURE

& 10 -
n
,g) IDATAn , qu No , c)

⑨ GIDATAn depends on DATA



Conclusion
Even though sensitivity parameter is

not identified , In a Bayesian setting

part of it can be learned from data,

even with nonparametric modelling,

depending on prior parameterization.



extra slides ->



Setting where sensitivity model is centered at truth

sensitivity function q(y) =c logy ,yel,0

Ey'

↑

&



GibbsSampling
With Strategy 2 the pp(a) prior is placed on P=Cly).
Posterior given ( := 1 - -n) is DPla+ :) ·

we observe (y : A:=1) but not (4: Aito).

-> Generate (U!: Aito) using

app(y) ae-q(y)dP, (y)
and current posterior draws of parameters (9

,
P
. ) .

-> Repeat



Future Research : General Outcome

Challenge : nonparametric prior on 61y1z)

2
.g. · Dependent Dirichlet

· BART + Gaussian error

Challenge ; double robustness ( Os
S

"debiased machine learning")
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