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Semiparametrics

2/36



Semiparametric Inference

A is a model of infinite dimension

Interest is in estimating a finite-dimensional parameter defined through the structure of
the model, e.g.

H a relative risk

B a coefficient of a particular regression variable

B a mean response

(1980/90s): the combination of parameter and model is
such that the “bias” is small relative to “variance” and estimation is possible at the
“parametric rate” \/n.

: what if the model is too “large” for a parametric rate?
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Classical semiparametrics

X1,...,X,, iid. with density p € P

We want to estimate x(p), for x: P — R.

META THEOREM
If P and x are nice, then there exist T,, = T,,( X1, ..., X}), with

\/ﬁ(Tn — X(p)) ~ N(0, O}%)

(1980/90s) was concerned with finding 7}, with minimal o>

General methods such as (semiparametric, penalized, sieved) maximum likelihood or
Bayes work well for many semiparametric models.
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Example: symmetric location (stein (1956), stone (1975), Bickel (1981), ...

Error € with symmetric density 7), Fisher information /,, < oo
Observe X =0 + ¢

THEOREM
There exists T;, = Ty, (X1, ..., X,) with, for all (6, 7),

vn(T, — 0) ~ N(0,1, ")
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Example: Cox model (Cox (1975), Tsiatis, Gill, Wellner,...)

Covariate Z, ~ f

Survival time 1" with conditional hazard )\(t)eGTZ

Observe (Z,T)

THEOREM

There exists T, = T, (X1, ..., X,,) with, for all (6, A, f),

V(T — 0) ~ N(0,05 5 ¢)

Maximum likelihood estimator and certain Bayes estimators attain minimal 03 A -
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Example: semiparametric regression

Covariates (W, Z), density f

Error €, such that | (W, Z) has density g(-| W, Z) with E(e| W, Z) = 0
Outcome Y = OW +n(Z) + ¢

Observe X = (W, Z,Y)

THEOREM
There exists T,, = T, (X1, ..., X,) with, for all (8, f,g,n) such that g and 7 are
sufficiently smooth,

V(T — 6) ~ N (0,04 fam)
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Example: m|SSing data (Robins and Rotnitzkyj, ...)

Covariate Z, ~ f

Response Y, with Y| Z ~ binomial (1,b(Z))

Missingness indicator A, with A| Z ~ binomial (1,1/a(Z))
Missing at random:

Observe X = (YA, A,Z) € {0,1} x {0,1} x [0,1]¢

We wish to
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Example: m|SSing data (Robins and Rotnitzkyj, ...)

Covariate Z, ~ f

Response Y, with Y| Z ~ binomial (1,b(Z))

Missingness indicator A, with A| Z ~ binomial (1,1/a(Z))
Missing at random:

Observe X = (YA, A,Z) € {0,1} x {0,1} x [0,1]¢

We wish to

Y isobservedonlyif A = 1
Z is included to make the assumption realistic

THEOREM
There exists T,, = T,(X1,...,X,) with, for all (a,b, f) such that a and b are
sufficiently smooth,

\/E(Tn i X(av b, f)) N N(07 O-c21,,b,f)
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Classical semiparametrics — minimal variance

X1,...,X,, iid. with density p € P

We want to estimate x(p), for x: P — R.

META THEOREM

If P and x are nice, then there exist T,, = T,,( X1, ..., X}), with

\/ﬁ(Tn — X(p)) ~ N(0, O}%)

What is the minimal variance o2?

p
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First order tangent space and influence functions (coshevnik and Levit (1976), Ptanzagi (1983),

vdV (1988).)

(at p): all score functions g = %ItIO log p; of

one-dimensional submodels ¢ — p; with pg = p
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First order tangent space and influence functions (coshevnik and Levit (1976), Ptanzagi (1983),

vdV (1988).)

(at p): all score functions g = %ItIO log p; of

one-dimensional submodels ¢ — p; with pg = p

of p — x(p) is map & — x,(x) with for all £ — py

d
£X( )|t:O:P Xp

THEOREM If v/n (T}, — x(p)) ~» L, locally uniformly in p, then for some M

L = N(0,P(Iyx,)°) * M,

for 11,, orthogonal projection onto closed linear span of tangent set.
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Example: missing data

Observe X = (YA, A, 7)
Parameter p <> (a, b, f)

Likelihood f(Z)(1/a)(2)*(1 — 1/a(2))"*b(2)Y4(1 — b(Z))(l—Y)A

Aa(Z) —

1
Wz
b(Z)(1 —b)(Z)B(Z) b-score, by = b+ tf3

H(2) f-score, fy = f(1 +1tp), [of =0

a(Z) a-score, a; = a + ta
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Example: missing data

Observe X = (YA, A, 7)
Parameter p <> (a, b, f)

Likelihood f(Z)(1/a)(2)*(1 — 1/a(2))"*b(2)Y4(1 — b(Z))(l—Y)A

Aa(Z) —1

w2
b(Z)(1 —b)(Z)B(Z) b-score, by = b+ 13

¢(Z) f-score, fi = f(1 +t¢)

x(p) = [bf =EY
Xp(X) = Aa(Z)(Y = b(2)) +b(Z) — x(p)

a(Z) a-score, a; = a + to
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Example: missing data

Observe X = (YA, A, 7)
Parameter p <> (a, b, f)

Likelihood f(Z)(1/a)(2)*(1 — 1/a(2))"*b(2)Y4(1 — b(Z))(l—Y)A

Aa(Z) — 1
a(Z)(a—1)(2)

A(Y — b(Z)) -SCore =
21— b(z) P e b = b

¢(Z) f-score, fi = f(1 +t¢)

x(p) = [bf =EY
Xp(X) = Aa(Z)(Y = b(2)) +b(Z) — x(p)

a(Z) a-score, a; = a + to

0

Epxp(X)[f-score] = %|t_o/bft dv = /b¢f dv 12/36

Epxp (X)[a-score]

Epxp (X)[b-score]



Corrected plug-in estimators
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Heuristics — plug in and bias correction

Estimate 0: = x(p) € R fromiid X1, ..., X,, ~ p.

Given p and “influence function” (21, ..., Zm) — Xp(Z1,...,Tm) use

for

U= PSS K X)

1<iy 7 Fim<n

(Classical semiparametrics: m = 1 andU,, = P,,.)
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Heuristics — plug in and bias correction

Estimate 0: = x(p) € R fromiid X1, ..., X,, ~ p.

Given p and “influence function” (21, ..., Zm) — Xp(Z1,...,Tm) use

for

U,f = (”;!’m)! > (XL X)

1<iy 7 Fim<n

(Classical semiparametrics: m = 1 andU,, = P,,.)

What is a good influence function that works with a

Xp = 0 gives x(p). Not good!
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Heuristics — plug in and bias correction

If @ = x(p) is estimated by , then
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Heuristics — plug in and bias correction

If @ = x(p) is estimated by , then

O — x(0) = [x(Pn) — X(@) + P"™xp,] + (Un — P™)x5,.

Construct x,, such that —P"™ x, “represents” the first m terms of the Tay-
lor expansion of x (pn) — x(p):

&’ d’ 5 o
@H:()X(pt) — _d— Xpt7 J=1,...,M

for “smooth” one-dimensional submodels ¢ —> p; with pg = p.
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Heuristics — plug in and bias correction

If @ = x(p) is estimated by , then

O — x(0) = [x(Pn) — X(@) + P"™xp,] + (Un — P™)x5,.

Construct x,, such that —P"™ x, “represents” the first m terms of the Tay-
lor expansion of x (pn) — x(p):

P"xp =0

&’ d’ .
@H:()X(pt) S P Xpt s J = 17 ceey 1M

for “smooth” one-dimensional submodels ¢ —> p; with pg = p.

Hasminskii and Ibragimov (1979), Nemirovski (2000) and others explored this in nonparametric models.
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First-order estimator

For m = 1 we find the influence function x,, from classical semiparametrics.

META THEOREM
satisfies

A

—x(») = (Un — P)xp + [x(B) — x(p) — (P — P)xp]
= Op(%) ain OP( )

(Worst case scenario for bias)
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Example: missing data

Observe X = (YA, A, 7)
Parameter p <> (a, b, f)

0 = x(p) + Uy, x; satisfies

= x(0) = (Ua — Py [ [ (6= )b )L

a
1
=0r( =) + Or( )
a b f no bias if
Op(n~—1?) op(1) — dim(a) < oo
0p(1) Op(n_1/2) — dim(b) < 0
n—a/(2a—|—d) n—a/(Qa—}—d) . a > d/?
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Higher-order tangent space and influence function

(at p): all higher order score functions of one-dimensional
submodels ¢ — p;

5
B Ej‘”t:o H?ll Pt (xl)

: 17=1,....m
L2 p(xi)
(These are U -statistics)
of p—= x(p)ismap (z1,...,Tm) — Xp(T1, ..., Tm)

with for all submodels ¢ — p;

d’ d’

— = — Pm , ) — ]_7 N’

- |t20x(pt) e’ X090
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Higher-order influence function — computation

Influence function X, of parameter p — X(p) can be computed recursively from its

1 m
UnXp a UnXZ(gl) + %Unxg) + -+ WU”/XZ(? )

| XZ(,l) is a first order influence function of p — x(p)

m Xz(f)(azl, ..., xj) is afirst order influence function of

1 .
Z)F+:X%7 )Ct17°'°7xj—l) (] ::27°"7Tn)

(Optimal version may need projection in tangent space)

19/ 36



Higher-order estimator

Estimator with X, an mth order influence function

—x(®) = (Up, — P")xp + [x(B) — x(p) — (P™ — P™)x;]

ZOP(%)—FOP( )
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Higher-order estimator

Estimator with X, an mth order influence function

—x(®) = (Up, — P")xp + [x(B) — x(p) — (P™ — P™)x;]

:op(%) +Op( )

Free lunch??
Higher order influence functions may not exist.

Must use approximations (representing derivative in selected directions).

META META THEOREM
0 = x(p) + Uy, x; satisfies

0 — x(p) = (Up — P")Xxnp + Op(|p — p|™ ") + approximation bias

One variance term and two bias terms.
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Approximate functional

Choose a map p — p of the model onto a “smaller” model and consider

(p) = x(B) + Px5’

Definition of X}(}) suggests

x() — x(p) = O(llp — pll*)
Choose p — p such that, for any path ¢ — py,

4]
dt |t=0
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Example: missing data — approximate functional

Define x(p): = x(p), for p — p given by projection onto L C La(g):

(a,b,9) — (@,b,g) € L x L x {g}

THEOREM - -
For IT; ; = IL,(Z;, Z;) projection kernel on L C Lo(g), Y = A(Y — b(Z)),

~

A= Aa(z) -1,

W(X) = Aa(2)(Y - H2)) +5(2) - x(5)
>~<2(92)(X1,X2) = —2[Y1I1; 5 As]
551(93) (X1, X2, X3) =6 {3711_[1,21421_12,3213 - f/11_11,31213}
)21(94)(X1,X2,X3,X4) = —24 {371H1,2A2H2,3A3H3,4A4

— Y111 3 A5Tl3 4 Ay — Y1111 2 Aollo 4 Ag + 1711_[1,41214}

etc. 22 /36




Projection kernel — von Mises calculus

A projection I1,: L2(g) — L onto a finite-dimensional space can be represented as

I1,h(z) = / L) 6l )

mh=h
u heL
= [ h(y),(z,y) dv(y) ae. x

Representation would be exact if L = La(g), i.e. IL, is the “Dirac kernel on the
diagonal”, but this does not exist.
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Example: missing data — parametric rate — mth-order

THEOREM
For sup, IL,(z, x) S K,

By — x(0) = O(lla— all 15~ bll- 13— gl 7y, o 2>)

+0(

N e ]

obtain /n-rate by choosing

B large enough order m.

B [ optimal for approximation in Holder spaces, of dimension k = n/(logn)?.

B 4, b, § that attain uniform minimax rates (logn/n)~0/(20+d),

obtain even efficiency v/n(Xn — X(p) — anz(,l)) ENI)
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Example: missing data — parametric rate — mth-order

THEOREM
For sup, IL,(z, x) S K,

By — x(0) = O(lla— all 15~ bll- 13— gl 7y, o 2>)

+0(

N e ]

obtain /n-rate by choosing

B large enough order m.

B [ optimal for approximation in Holder spaces, of dimension k = n/(logn)?.

B 4, b, § that attain uniform minimax rates (logn/n)~0/(20+d),

obtain even efficiency v/n(Xn — X(p) — anz(,l)) ENI)

Linear estimator (m = 1) works only if (o« + 3)/2 > d /2.
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Example: missing data — lower smoothness — 3rd-order IF

Leading part of 3rd-order part of 3rd-order influence function of x is
6 AL, (21, Zo) AsIl,(Zo, Z3)Y3.

Decompose, fork_1 =[l_1 =1land kr ~ lg ~ k,

R S
el ol 5 _ ls—1,ls
S
r=0 EE

and replace preceding display by

6 > Y A2l Zy, Z5) Aol Z,, Z5) Y.

(r,s):r+s<D
Vr=0Vs=0

kTNnZT/O‘, r=0,...,R,

l8~n28/5, s=0,...,5. 25/ 36




Example: missing data — lower smoothness — higher order

Replace

)Y

YiIT; 9 Aollp 3 A3 X - -+ X Aj—lﬂj—l,jlej

S 1Y TR Ay x x4 TEOT A x

1—1,2
(kr 1k5r] (s 1a ]
X [ ZZ G AL 5 | X
(r,s)ir+s<D
Vr=0Vs=0
(0,7] (O] %
X Aigolli g5 X -+ x Aj T A,
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Example: missing data — lower smoothness — higher order

THEOREM i
For sup,, Hz(3 ’ ](x, x) < [, the pruned mth order estimator satisfies (for r > 2)

&xn—x@w:o@a—ﬂmw—MMM—gmzﬁ

Fo(Ju-me -l ju-me-vl,)

+0(ZH —®* 1) (a — a)

(1 — 1" (b — b)

7
r—2

0,lp_», 7 A
(J—H]g NG - b) T

r

+ O(RH(I -~ 1) (@ - a)||

A 2
115 = gll%s, ),

1 k D2eveD
varpXn ~ + 3 + :

n

obtain rate :
with sufficiently large m, suitable D and suitable initial estimators.

$(a, B) = (a/dV B/d)(d — 2o — 28)/(d + 20 + 2)
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Lower Bounds
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Classical semiparametrics

In classical semiparametrics the rate of estimation is /7.

The best limit distribution of v/n (T}, — x(p)) is normal, with variance equal to the
inverse efficient Fisher information.
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Slow rates — testing argument (e cam

X1,Xo,..., X, iid. sample from density p € P.

THEOREM
If P, and (), are in the convex hulls of the sets of measures { P":p € P, x(p) < 0}
and {P":p € P,x(p) > €}, and

(P, Qr): = / VdP,\/dQ,, >0

then the rate is not faster than ¢,,.

Nontrivial details:
B find the P,, and @),,.
B compute their P( Py, Qn).
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Affin ity bound (Birgé and Massart (1995), Robins and vdV (2008))

B Partition X = U?ZlXj.

Perturbation parameter A = (A1, ..., A\x) withpriorm =7 ® « - - ® 7.

Py and @ probability measures on X" such that restrictions Py |y, and Q) x;
depend on A; only and have equal mass p;.

THEOREM Ifnp;(1VaVbd) Sland0 S py S 1, then

p(/ Py dﬂ()\),/QS\L dw()\)) > 1 — Cn?(max p;)(b* + ab) — Cnd.

J

/ (px — p)? @7
X

a — max sup

J A ; DX pj
= dm (A
p /p>\ m(A) / (gx —pA)Q dv
b = max sup e
q:/qA dm(X) TN P Pj
(g — p)* dv

d = max sup/ .
J A XJ DX Py
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Example: missing data

Covariate Z, ~ f

Response Y, with Y| Z ~ binomial (1,b(Z))

Missingness indicator A, with A| Z ~ binomial (1,1/a(Z))
Missing at random:

Observe X = (YA, A,Z) € {0,1} x {0,1} x [0,1]¢

We wish to

THEOREM

If @, b, and g belong to C[0,1]¢, CP[0,1]¢, C7[0,1]%, then the rate
of estimation is not faster than n—(@+8)/(20+28+d)
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Perturbations

H:RY 5 R, C*°, support C [} 1/2]d, fHdV = 0.

Lk ~ n2d/(2oz—|—2ﬁ—|—d)

X; ={0,1} x {0,1} x Z;, for Z; disjoint translates of k~1/4[0, 1/2]¢.

7 uniform on A: = {0, 1}*.

For A = (A1,..., p) € A:

ax(z)

=24 (l)a/di)\jﬂ((z - zj)k’l/d),
k)
1 /1\B/dg
BCE (E) Z;AJH((Z — zj)kY/9).
-

EERSSE
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Perturbations—2

B o< pye(an1/2,1/2)and gy < (ax, br, 1/2).
B a>p3 pyo(2,0y,1/2)and gy < (ax, by, 1/2).

This leads to comparing the functional x(a, b, g) on two mixtures, where

W the first mixture [ P dm(\) perturbs only the of the two parameters a
and b.
B the second mixture [ Q% dm(\) perturbs parameters.

(The third parameter g is always taken 1/2. )
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Concluding remarks
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Outlook

Adaptation to o and (5.

Implementation.

Prior parameter clases defined by sparsity.
Other models, e.g. semiparametric regression.
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