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Semiparametrics

2 / 36



Semiparametric Inference
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A semiparametric model is a model of infinite dimension

Interest is in estimating a finite-dimensional parameter defined through the structure of

the model, e.g.

■ a relative risk

■ a coefficient of a particular regression variable

■ a mean response

Classical semiparametrics (1980/90s): the combination of parameter and model is

such that the “bias” is small relative to “variance” and estimation is possible at the

“parametric rate”
√
n.

Modern semiparametrics: what if the model is too “large” for a parametric rate?



Classical semiparametrics
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X1, . . . , Xn i.i.d. with density p ∈ P

We want to estimate χ(p), for χ:P → R.

META THEOREM

If P and χ are nice, then there exist Tn = Tn(X1, . . . , Xn), with

√
n
(

Tn − χ(p)
)

 N(0, σ2
p

)

.

Classical semiparametrics (1980/90s) was concerned with finding Tn with minimal σ2
p

General methods such as (semiparametric, penalized, sieved) maximum likelihood or

Bayes work well for many semiparametric models.



Example: symmetric location (Stein (1956), Stone (1975), Bickel (1981), ...)
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Error ε with symmetric density η, Fisher information Iη < ∞
Observe X = θ + ε

THEOREM

There exists Tn = Tn(X1, . . . , Xn) with, for all (θ, η),

√
n(Tn − θ) N(0, I−1

η )



Example: Cox model (Cox (1975), Tsiatis, Gill, Wellner,...)
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Covariate Z , ∼ f
Survival time T with conditional hazard λ(t)eθ

T z

Observe (Z, T )

THEOREM

There exists Tn = Tn(X1, . . . , Xn) with, for all (θ, λ, f),

√
n(Tn − θ) N

(

0, σ2
θ,λ,f

)

Maximum likelihood estimator and certain Bayes estimators attain minimal σ2
θ,λ,f .



Example: semiparametric regression
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Covariates (W,Z), density f
Error ε, such that ε| (W,Z) has density g(·|W,Z) with E(ε|W,Z) = 0
Outcome Y = θW + η(Z) + ε
Observe X = (W,Z, Y )

THEOREM

There exists Tn = Tn(X1, . . . , Xn) with, for all (θ, f, g, η) such that g and η are

sufficiently smooth, √
n(Tn − θ) N

(

0, σ2
θ,f,g,η

)



Example: missing data (Robins and Rotnitzky, ...)
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Covariate Z , ∼ f
Response Y , with Y |Z ∼ binomial

(

1, b(Z)
)

Missingness indicator A, with A|Z ∼ binomial
(

1, 1/a(Z)
)

Missing at random: Y ⊥⊥A|Z
Observe X = (Y A,A,Z) ∈ {0, 1} × {0, 1} × [0, 1]d

We wish to estimate mean response χ(a, b, f) =
∫

b f dν = EY .
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Covariate Z , ∼ f
Response Y , with Y |Z ∼ binomial

(

1, b(Z)
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Missingness indicator A, with A|Z ∼ binomial
(

1, 1/a(Z)
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Missing at random: Y ⊥⊥A|Z
Observe X = (Y A,A,Z) ∈ {0, 1} × {0, 1} × [0, 1]d

We wish to estimate mean response χ(a, b, f) =
∫

b f dν = EY .

Y is observed only if A = 1

Z is included to make the assumption Y ⊥⊥A|Z realistic
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Covariate Z , ∼ f
Response Y , with Y |Z ∼ binomial

(

1, b(Z)
)

Missingness indicator A, with A|Z ∼ binomial
(

1, 1/a(Z)
)

Missing at random: Y ⊥⊥A|Z
Observe X = (Y A,A,Z) ∈ {0, 1} × {0, 1} × [0, 1]d

We wish to estimate mean response χ(a, b, f) =
∫

b f dν = EY .

Y is observed only if A = 1

Z is included to make the assumption Y ⊥⊥A|Z realistic

THEOREM

There exists Tn = Tn(X1, . . . , Xn) with, for all (a, b, f) such that a and b are

sufficiently smooth,

√
n
(

Tn − χ(a, b, f)
)

 N
(

0, σ2
a,b,f

)



Classical semiparametrics — minimal variance
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X1, . . . , Xn i.i.d. with density p ∈ P

We want to estimate χ(p), for χ:P → R.

META THEOREM

If P and χ are nice, then there exist Tn = Tn(X1, . . . , Xn), with

√
n
(

Tn − χ(p)
)

 N(0, σ2
p

)

.

What is the minimal variance σ2
p?



First order tangent space and influence functions (Koshevnik and Levit (1976), Pfanzagl (1983),

vdV (1988).)
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Tangent set (at p): all score functions g = d
dt |t=0

log pt of

one-dimensional submodels t 7→ pt with p0 = p

all densities p



First order tangent space and influence functions (Koshevnik and Levit (1976), Pfanzagl (1983),

vdV (1988).)
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Tangent set (at p): all score functions g = d
dt |t=0

log pt of

one-dimensional submodels t 7→ pt with p0 = p

all densities p

Influence function of p 7→ χ(p) is map x 7→ χp(x) with for all t 7→ pt

d

dt
χ(pt)|t=0 = Pgχp



First order tangent space and influence functions (Koshevnik and Levit (1976), Pfanzagl (1983),

vdV (1988).)
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Tangent set (at p): all score functions g = d
dt |t=0

log pt of

one-dimensional submodels t 7→ pt with p0 = p

all densities p

Influence function of p 7→ χ(p) is map x 7→ χp(x) with for all t 7→ pt

d

dt
χ(pt)|t=0 = Pgχp

THEOREM If
√
n
(

Tn − χ(p)
)

 L, locally uniformly in p, then for some M

L = N
(

0, P (Πpχp)
2
)

∗M,

for Πp orthogonal projection onto closed linear span of tangent set.



Example: missing data
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Observe X = (Y A,A,Z)
Parameter p ↔ (a, b, f)

Likelihood f(Z)(1/a)(Z)A
(

1− 1/a(Z)
)1−A

b(Z)Y A
(

1− b(Z)
)(1−Y )A

Aa(Z)− 1

a(Z)(a− 1)(Z)
α(Z) a-score, at = a+ tα

A(Y − b(Z))

b(Z)(1− b)(Z)
β(Z) b-score, bt = b+ tβ

φ(Z) f -score, ft = f(1 + tφ),
∫

φf = 0



Example: missing data
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Observe X = (Y A,A,Z)
Parameter p ↔ (a, b, f)

Likelihood f(Z)(1/a)(Z)A
(

1− 1/a(Z)
)1−A

b(Z)Y A
(

1− b(Z)
)(1−Y )A

Aa(Z)− 1

a(Z)(a− 1)(Z)
α(Z) a-score, at = a+ tα

A(Y − b(Z))

b(Z)(1− b)(Z)
β(Z) b-score, bt = b+ tβ

φ(Z) f -score, ft = f(1 + tφ)

Parameter of interest χ(p) =
∫

bf = EY
Influence function χp(X) = Aa(Z)(Y − b(Z)) + b(Z)− χ(p)



Example: missing data
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Observe X = (Y A,A,Z)
Parameter p ↔ (a, b, f)

Likelihood f(Z)(1/a)(Z)A
(

1− 1/a(Z)
)1−A

b(Z)Y A
(

1− b(Z)
)(1−Y )A

Aa(Z)− 1

a(Z)(a− 1)(Z)
α(Z) a-score, at = a+ tα

A(Y − b(Z))

b(Z)(1− b)(Z)
β(Z) b-score, bt = b+ tβ

φ(Z) f -score, ft = f(1 + tφ)

Parameter of interest χ(p) =
∫

bf = EY
Influence function χp(X) = Aa(Z)(Y − b(Z)) + b(Z)− χ(p)

Epχp(X)[a-score] = 0

Epχp(X)[b-score] =
∂

∂t |t=0

∫
btf dν =

∫
βf dν

Epχp(X)[f -score] =
∂

∂t |t=0

∫
bft dν =

∫
bφf dν



Corrected plug-in estimators
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Heuristics — plug in and bias correction
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Estimate θ: = χ(p) ∈ R from iid X1, . . . , Xn ∼ p.

Given p̂ and “influence function” (x1, . . . , xm) 7→ χp(x1, . . . , xm) use

θ̂ = χ(p̂) + Unχp̂,

for

Unf =
(n−m)!

n!

∑

· · ·
∑

1≤i1 6=···6=im≤n

f(Xi1 , . . . , Xim)

(Classical semiparametrics: m = 1 and Un = Pn.)
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What is a good influence function?
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(Classical semiparametrics: m = 1 and Un = Pn.)

What is a good influence function that works with a general purpose p?



Heuristics — plug in and bias correction
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Estimate θ: = χ(p) ∈ R from iid X1, . . . , Xn ∼ p.

Given p̂ and “influence function” (x1, . . . , xm) 7→ χp(x1, . . . , xm) use

θ̂ = χ(p̂) + Unχp̂,

for

Unf =
(n−m)!

n!

∑

· · ·
∑

1≤i1 6=···6=im≤n

f(Xi1 , . . . , Xim)

(Classical semiparametrics: m = 1 and Un = Pn.)

What is a good influence function that works with a general purpose p?

χp = 0 gives plug-in χ(p̂). Not good!



Heuristics — plug in and bias correction
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If θ = χ(p) is estimated by θ̂n = χ(p̂) + Unχp̂, then

θ̂n − χ(p) =
[

χ(p̂n)− χ(p) + Pmχp̂n

]

+ (Un − Pn)χp̂n .



Heuristics — plug in and bias correction
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If θ = χ(p) is estimated by θ̂n = χ(p̂) + Unχp̂, then

θ̂n − χ(p) =
[

χ(p̂n)− χ(p) + Pmχp̂n

]

+ (Un − Pn)χp̂n .

Construct χp such that −Pmχp̂n “represents” the first m terms of the Tay-

lor expansion of χ(p̂n)− χ(p):

Pmχp = 0

dj

dtj |t=0
χ(pt) = − dj

dtj |t=0
Pmχpt , j = 1, . . . ,m

for “smooth” one-dimensional submodels t 7→ pt with p0 = p.
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If θ = χ(p) is estimated by θ̂n = χ(p̂) + Unχp̂, then

θ̂n − χ(p) =
[

χ(p̂n)− χ(p) + Pmχp̂n

]

+ (Un − Pn)χp̂n .

Construct χp such that −Pmχp̂n “represents” the first m terms of the Tay-

lor expansion of χ(p̂n)− χ(p):

Pmχp = 0

dj

dtj |t=0
χ(pt) = − dj

dtj |t=0
Pmχpt , j = 1, . . . ,m

for “smooth” one-dimensional submodels t 7→ pt with p0 = p.

This translates into inner products of influence function and scores.

Hasminskii and Ibragimov (1979), Nemirovski (2000) and others explored this in nonparametric models.



First-order estimator
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For m = 1 we find the influence function χp from classical semiparametrics.

META THEOREM

First-order estimator θ̂ = χ(p̂) + Unχp̂ satisfies

θ̂ − χ(p) = (Un − P )χp̂ +
[

χ(p̂)− χ(p)− (P̂ − P )χp̂

]

= OP

( 1√
n

)

+OP

(

‖p̂− p‖2
)

(Worst case scenario for bias)



Example: missing data
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Observe X = (Y A,A,Z)
Parameter p ↔ (a, b, f)

First-order estimator θ̂ = χ(p̂) + Unχp̂ satisfies

θ̂ − χ(p) = (Un − P )χp̂ −
[

∫

(â− a)(b̂− b)
f

a

]

= OP

( 1√
n

)

+OP

(

‖â− a‖‖b̂− b‖
)

a b f no bias if
OP (n

−1/2) oP (1) − dim(a) < ∞
oP (1) OP (n

−1/2) − dim(b) < ∞
n−α/(2α+d) n−α/(2α+d) − α > d/2

· · · · · · − · · ·

If Z of high dimension, then bias of linear estimator dominates variance.



Higher-order tangent space and influence function
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Tangent space of order m (at p): all higher order score functions of one-dimensional

submodels t 7→ pt

g(x1, . . . , xm) =

dj

dtj |t=0

∏m
i=1 pt(xi)

∏m
i=1 p(xi)

, j = 1, . . . ,m

all densities p

(These are U -statistics)

Influence function of order m of p 7→ χ(p) is map (x1, . . . , xm) 7→ χp(x1, . . . , xm)
with for all submodels t 7→ pt

dj

dtj |t=0
χ(pt) =

dj

dtj |t=0
Pmχpg, j = 1, . . . ,m



Higher-order influence function — computation
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Influence function χp of parameter p 7→ χ(p) can be computed recursively from its

Hoeffding decomposition

Unχp = Unχ
(1)
p + 1

2Unχ
(2)
p + · · ·+ 1

m!
Unχ

(m)
p

■ χ
(1)
p is a first order influence function of p 7→ χ(p)

■ xj 7→ χ
(j)
p (x1, . . . , xj) is a first order influence function of

p 7→ χ
(j−1)
p (x1, . . . , xj−1) (j = 2, . . . ,m)

(Optimal version may need projection in tangent space)



Higher-order estimator
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Estimator θ̂ = χ(p̂) + Unχp̂ with χp an mth order influence function

θ̂ − χ(p) = (Un − Pn)χp̂ +
[

χ(p̂)− χ(p)− (P̂m − Pm)χp̂

]

= OP

( 1√
n

)

+OP

(

‖p̂− p‖m+1
)



Higher-order estimator
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Estimator θ̂ = χ(p̂) + Unχp̂ with χp an mth order influence function

θ̂ − χ(p) = (Un − Pn)χp̂ +
[

χ(p̂)− χ(p)− (P̂m − Pm)χp̂

]

= OP

( 1√
n

)

+OP

(

‖p̂− p‖m+1
)

Free lunch??
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Estimator θ̂ = χ(p̂) + Unχp̂ with χp an mth order influence function

θ̂ − χ(p) = (Un − Pn)χp̂ +
[

χ(p̂)− χ(p)− (P̂m − Pm)χp̂

]

= OP

( 1√
n

)

+OP

(

‖p̂− p‖m+1
)

Free lunch??

No! Higher order influence functions may not exist.



Higher-order estimator
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Estimator θ̂ = χ(p̂) + Unχp̂ with χp an mth order influence function

θ̂ − χ(p) = (Un − Pn)χp̂ +
[

χ(p̂)− χ(p)− (P̂m − Pm)χp̂

]

= OP

( 1√
n

)

+OP

(

‖p̂− p‖m+1
)

Free lunch??

No! Higher order influence functions may not exist.

Must use approximations (representing derivative in selected directions).

META META THEOREM

mth-order estimator θ̂ = χ(p̂) + Unχp̂ satisfies

θ̂ − χ(p) = (Un − Pn)χn,p̂ +OP

(

‖p̂− p‖m+1
)

+ approximation bias

One variance term and two bias terms.



Approximate functional
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Choose a map p 7→ p̃ of the model onto a “smaller” model and consider

χ̃(p) = χ(p̃) + Pχ
(1)
p̃

Definition of χ
(1)
p suggests

χ̃(p)− χ(p) = O
(

‖p̃− p‖2
)

Choose p 7→ p̃ such that, for any path t 7→ pt,

d

dt |t=0

(

χ(p̃t) + P0χ
(1)
p̃t

)

= 0

Then χ̃
(1)
p = χ

(1)
p̃ and χ̃ ought to have influence functions to any order.



Example: missing data — approximate functional
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Define χ̃(p): = χ(p̃), for p 7→ p̃ given by projection onto L ⊂ L2(g):

(a, b, g) 7→ (ã, b̃, g) ∈ L× L× {g}

THEOREM

For Πi,j = Πp(Zi, Zj) projection kernel on L ⊂ L2(g), Ỹ = A
(

Y − b̃(Z)
)

,

Ã = Aã(Z)− 1,

χ̃(1)
p (X) = Aã(Z)

(

Y − b̃(Z)
)

+ b̃(Z)− χ
(

p̃
)

χ̃(2)
p (X1, X2) = −2[Ỹ1Π1,2Ã2]

χ̃(3)
p (X1, X2, X3) = 6

[

Ỹ1Π1,2A2Π2,3Ã3 − Ỹ1Π1,3Ã3

]

χ̃(4)
p (X1, X2, X3, X4) = −24

[

Ỹ1Π1,2A2Π2,3A3Π3,4Ã4

− Ỹ1Π1,3A3Π3,4Ã4 − Ỹ1Π1,2A2Π2,4Ã4 + Ỹ1Π1,4Ã4

]

etc.



Projection kernel — von Mises calculus
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A projection Πg:L2(g) → L onto a finite-dimensional space can be represented as

Πgh(x) =

∫

h(y)Πg(x, y) g(y) dν(y)

y 7→ Πg(x, y) restricted to L works as Dirac kernel at x, because equivalent:

■ Πgh = h
■ h ∈ L
■ h(x) =

∫

h(y)Πg(x, y) dν(y) a.e. x

Representation would be exact if L = L2(g), i.e. Πg is the “Dirac kernel on the

diagonal”, but this does not exist.



Example: missing data – parametric rate – mth-order
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THEOREM

For supxΠp(x, x) . k,

Êpθ̂n − χ(p) = O
(

‖â− a‖r‖b̂− b‖r‖ĝ − g‖m−1
(m−1)r/(r−2)

)

+O
(∥

∥

∥
(I −Πp)(â− a)

∥

∥

∥

2

∥

∥

∥
(I −Πp)(b̂− b)

∥

∥

∥

2

)

,

v̂arpχ̂n ≤
m
∑

j=1

1
(

n
j

)cjkj−1.

If (α+ β)/2 ≥ d/4 obtain
√
n-rate by choosing

■ large enough order m.

■ L optimal for approximation in Hölder spaces, of dimension k = n/(log n)2.

■ â, b̂, ĝ that attain uniform minimax rates (log n/n)−δ/(2δ+d).

If (α+ β)/2 > d/4 obtain even efficiency
√
n
(

χ̂n − χ(p)− Pnχ
(1)
p

)

P→ 0.



Example: missing data – parametric rate – mth-order
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THEOREM

For supxΠp(x, x) . k,

Êpθ̂n − χ(p) = O
(

‖â− a‖r‖b̂− b‖r‖ĝ − g‖m−1
(m−1)r/(r−2)

)

+O
(∥

∥

∥
(I −Πp)(â− a)

∥

∥

∥

2

∥

∥

∥
(I −Πp)(b̂− b)

∥

∥

∥

2

)

,

v̂arpχ̂n ≤
m
∑

j=1

1
(

n
j

)cjkj−1.

If (α+ β)/2 ≥ d/4 obtain
√
n-rate by choosing

■ large enough order m.

■ L optimal for approximation in Hölder spaces, of dimension k = n/(log n)2.

■ â, b̂, ĝ that attain uniform minimax rates (log n/n)−δ/(2δ+d).

If (α+ β)/2 > d/4 obtain even efficiency
√
n
(

χ̂n − χ(p)− Pnχ
(1)
p

)

P→ 0.

Linear estimator (m = 1) works only if (α+ β)/2 ≥ d/2.



Example: missing data — lower smoothness — 3rd-order IF
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Leading part of 3rd-order part of 3rd-order influence function of χ̃ is

6Ã1Πp(Z1, Z2)A2Πp(Z2, Z3)Ỹ3.

Decompose, for k−1 = l−1 = 1 and kR ∼ lS ∼ k,

Πp =
R
∑

r=0

Π(kr−1,kr]
p , Πp =

S
∑

s=0

Π(ls−1,ls]
p

and replace preceding display by

6
∑∑

(r,s):r+s≤D
∨r=0∨s=0

Ã1Π
(kr−1,kr]
p (Z1, Z2)A2Π

(ls−1,ls]
p (Z2, Z3)Ỹ3.

kr ∼ n2r/α, r = 0, . . . , R,

ls ∼ n2s/β , s = 0, . . . , S.



Example: missing data — lower smoothness — higher order
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Replace

Ỹ1Π1,2A2Π2,3A3 × · · · ×Aj−1Πj−1,jÃj

by

j−2
∑

i=1

j!(−1)j−1 Ỹ1Π
(0,n]
1,2 A2 × · · · ×Ai−1Π

(0,n]
i−1,iAi×

×
[

∑∑

(r,s):r+s≤D
∨r=0∨s=0

Π
(kr−1,kr]
i,i+1 Ai+1Π

(ls−1,ls]
i+1,i+2

]

×

×Ai+2Π
(0,n]
i+2,i+3 × · · · ×Aj−1Π

(0,n]
j−1,jÃj .



Example: missing data — lower smoothness — higher order
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THEOREM

For supxΠ
(0,l]
p̂ (x, x) . l, the pruned mth order estimator satisfies (for r ≥ 2)

Êpχ̂n − χ(p) = O
(

‖â− a‖r‖b̂− b‖r‖ĝ − g‖m−1
mr
r−2

)

+O
(∥

∥

∥
(I −Π(0,k]

p )(â− a)
∥

∥

∥

2

∥

∥

∥
(I −Π(0,k]

p )(b̂− b)
∥

∥

∥

2

)

,

+O
(

R
∑

r=1

∥

∥

∥
(I −Π

(0,kr−1]
p̂ )(â− a)

∥

∥

∥

r

∥

∥

∥
(I −Π

(0,lD−r ]
p̂ )(b̂− b)

∥

∥

∥

r
‖ĝ − g‖ r

r−2

)

+O
(

R
∥

∥

∥
(I −Π

(0,n]
p̂ )(â− a)

∥

∥

∥

r

∥

∥

∥
(I −Π

(0,n]
p̂ )(b̂− b)

∥

∥

∥

r
‖ĝ − g‖2mr

r−2

)

,

v̂arpχ̂n .
1

n
+

k

n2
+

D2(
1

α
∨

1

β
)D

n
.

If φ > φ(α, β) obtain rate n−(2α+2β)/(2α+2β+d),

with sufficiently large m, suitable D and suitable initial estimators.

φ(α, β) = (α/d ∨ β/d)(d − 2α − 2β)/(d + 2α + 2β)



Lower Bounds
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Classical semiparametrics
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In classical semiparametrics the rate of estimation is
√
n.

The best limit distribution of
√
n
(

Tn − χ(p)
)

is normal, with variance equal to the

inverse efficient Fisher information.



Slow rates — testing argument (Le Cam)
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X1, X2, . . . , Xn i.i.d. sample from density p ∈ P .

THEOREM

If Pn and Qn are in the convex hulls of the sets of measures {Pn: p ∈ P, χ(p) ≤ 0}
and {Pn: p ∈ P, χ(p) ≥ εn}, and

ρ(Pn, Qn): =

∫

√

dPn

√

dQn ≫ 0

then the rate is not faster than εn.

Nontrivial details:

■ find the least favourable Pn and Qn.

■ compute their Hellinger affinity ρ(Pn, Qn).



Affinity bound (Birgé and Massart (1995), Robins and vdV (2008))
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■ Partition X = ∪k
j=1Xj .

■ Perturbation parameter λ = (λ1, . . . , λk) with prior π = π1 ⊗ · · · ⊗ πk.

■ Pλ and Qλ probability measures on X such that restrictions Pλ|Xj
and Qλ|Xj

depend on λj only and have equal mass pj .

THEOREM If npj(1 ∨ a ∨ b) . 1 and 0 . pλ . 1, then

ρ
(

∫

Pn
λ dπ(λ),

∫

Qn
λ dπ(λ)

)

≥ 1− Cn2(max
j

pj)(b
2 + ab)− Cnd.

p =

∫
pλ dπ(λ)

q =

∫
qλ dπ(λ)

a = max
j

sup
λ

∫
Xj

(pλ − p)2

pλ

dν

pj
,

b = max
j

sup
λ

∫
Xj

(qλ − pλ)2

pλ

dν

pj
,

d = max
j

sup
λ

∫
Xj

(q − p)2

pλ

dν

pj
.



Example: missing data

32 / 36

Covariate Z , ∼ f
Response Y , with Y |Z ∼ binomial

(

1, b(Z)
)

Missingness indicator A, with A|Z ∼ binomial
(

1, 1/a(Z)
)

Missing at random: Y ⊥⊥A|Z
Observe X = (Y A,A,Z) ∈ {0, 1} × {0, 1} × [0, 1]d

We wish to estimate mean response χ(a, b, f) =
∫

b f dν = EY .

THEOREM

If a, b, and g belong to Hölder classes Cα[0, 1]d, Cβ [0, 1]d, Cγ [0, 1]d, then the rate

of estimation is not faster than n−(α+β)/(2α+2β+d).



Perturbations

33 / 36

■ H:Rd → R, C∞, support ⊂ [0, 1/2]d,
∫

H dν = 0.

■ k ∼ n2d/(2α+2β+d).

■ Xj = {0, 1} × {0, 1} × Zj , for Zj disjoint translates of k−1/d[0, 1/2]d.

■ π uniform on Λ:= {0, 1}k.

For λ = (λ1, . . . , λk) ∈ Λ:

aλ(z) = 2 +
(1

k

)α/d
k

∑

j=1

λjH
(

(z − zj)k
1/d

)

,

bλ(z) =
1

2
+
(1

k

)β/d
k

∑

j=1

λjH
(

(z − zj)k
1/d

)

.



Perturbations–2

34 / 36

■ α ≤ β: pλ ↔ (aλ, 1/2, 1/2) and qλ ↔ (aλ, bλ, 1/2).
■ α ≥ β: pλ ↔ (2, bλ, 1/2) and qλ ↔ (aλ, bλ, 1/2).

This leads to comparing the functional χ(a, b, g) on two mixtures, where

■ the first mixture
∫

Pn
λ dπ(λ) perturbs only the coarsest of the two parameters a

and b.

■ the second mixture
∫

Qn
λ dπ(λ) perturbs both parameters.

(The third parameter g is always taken 1/2. )



Concluding remarks
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Outlook
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Adaptation to α and β.

Implementation.

Prior parameter clases defined by sparsity.

Other models, e.g. semiparametric regression.
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