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Appendix A: Homogenisation of the Zig-Zag sampler

In this section, we derive the convergence of the Zig-Zag sampler. First, we would like to obtain the
limit process by formal argument using the series of equations (14). From the first equation of (14) we
get L0D0 (C, H, E) = 0, i.e. D0 (C, H, E) lies in the null space of L0 regarding C and HK as fixed constants.
On the other hand, by Proposition 4.2, L0 is an ergodic operator as a process of (HL, E). Therefore, D0
is independent of (HL, E) and is a function of HK and C (see Section 4.4 of Pavliotis and Stuart (2008)).
From this fact, the second equation of (14) becomes Poisson’s equation of D1:

(L0D1) (C, H, E) = −(Λ−1
K (*E)K)

>mHKD0 (C, HK). (A.1)

Note that L0 does not affect either HK or mHKD0 (C, HK). Therefore, the solution of D1 is a linear combi-
nation of j0 (HL, E) = L−1

0 E whose existence is guaranteed by Theorem 4.2. Indeed, the solution has an
expression

D1 (C, H, E) = −(Λ−1
K (*j0)K)>mHKD0 (C, HK) = j(HL, E)>mHKD0 (C, HK) (A.2)

where the integration constant is omitted here. If we take the expected value with respect to ` for the
third equation of (14), then the term L0D2 vanishes since L0 is an extended generator of a `-invariant
Markov process by Lemma 4.1. We obtain formally

dD0

dC
(C, HK) = `(L1D1 (C, H, E)).

On the other hand{
08 := E8 (*>K, ·Λ

−1
K HK)8

18 := E8 (*>L, ·Λ
−1
L HL)8

=⇒ L1D1 = (Λ−1
K (*E)K)

>mHKD1 +
3∑
8=1

08 1(18 ≥ 0) (F8 − id)D1.
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By (21), we have

3∑
8=1

(F8 − id) (08 1(18 ≥ 0)) = −
3∑
8=1

08 −
3∑
8=1

081(18 = 0)

and

3∑
8=1

08 = H
>
K (Λ

−1
K (*E)K)

(17)
= −H>KL0j.

By `-reversibility of F8 , we have

`(L1D1) = `((Λ−1
K (*E)K)

>mHKD1) +
3∑
8=1

`(D1 (F8 − id) (08 1(18 > 0)))

(17)
= −`((L0j)>mHKD1) + `(H>K (L0j)D1).

Thus, by the expression (A.2), the differential equation is

dD0

dC
(C, HK)

(19)
=

1
2

(
tr

(
Υ m2

HK
D0 (C, HK)

)
− H>KΥ

> mHKD0 (C, HK)
)
.

For a : × : matrix � and : × : symmetric matrix �, tr(��) = tr((� + �>)�)/2. Thus, the above
differential equation can also be expressed as

dD0

dC
(C, HK) =

1
2

(
tr

(
Ω m2

HK
D0 (C, HK)

)
− H>KΥ

> mHKD0 (C, HK)
)
.

This differential equation corresponds to the Ornstein–Uhlenbeck process (18). See Section 3.4 of
Pavliotis (2014) for the relationship between the process and the Kolmogorov backward equation.

These formal arguments imply that the process of (HL, E) moves rapidly on the order of n , and the
process of HK converges to the Ornstein–Uhlenbeck process on the order of n−1. We will confirm these
observations in two steps. First we show the convergence of the fast dynamics (HL, E) where HK is
almost a constant process in this dynamics.

Theorem A.1 (Faster dynamics). Let b0 (C) = (H0 (C), E0 (C)) be the Markov process that has the ex-
tended generator (11) regarding that HK is a fixed constant. The n-time scaled Markov process b n (nC)
of (10) converges to Markov process b0 (C) in the Skorokhod topology where the initial distribution of
both of the processes is the stationary distribution N3 (0, �3) ⊗ U({−1,+1}3).

Proof. Let b n∗ (C) = (Hn∗ (C), E n∗ (C)) = b n (nC) be the n-time scaled Markov process of (10) corresponding
to the extended generator

L n∗ 5 (H, E) = n ((Λn )−1*E)>mH 5 (H, E) + n
3∑
8=1

(E8 (*> (Λn )−1H)8)+ (F8 − id) 5 (H, E).

Without loss of generality, we can assume b n∗ (0) = b0 (0). Throughout in this proof we treat b0 (0) as a
fixed constant. Since the velocity process E n∗ (C) satisfies |E n∗ (C) | =

√
3, we have a local uniform bound

Hn∗ (C) = H0 (C) + n
∫ C

0
(Λn )−1*E n∗ (B)dB =⇒ |Hn∗ (C) − H0 (0) | ≤

√
3 ‖n (Λn )−1‖C.
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Since ‖n (Λn )−1‖ ≤ ‖Λ−1
K ‖ + ‖Λ

−1
L ‖ for n ∈ (0,1], it is bounded. Thus the Markov process is bounded on

any finite interval [0,)]. By a similar argument, H0 (C) is also bounded on any finite interval. Therefore
we can apply Theorem IX.3.27 of Jacod and Shiryaev (2003), which is the limit theorem for bounded
processes.

Jumps of b n∗ is generated from E and the compensator of the random measure associated to the
process an is defined by∫

R23
ℎ(b)anC (db) =

3∑
8=1

∫ C

0
_n8 (b

n
∗ (B))ℎ(0, (�8 − id) (E n∗ (B)))dB

where

_n8 (b) = n (E8 (*
> (Λn )−1H)8)+.

Write aC for the compensator corresponding to b0. Since each jump size is always 2,

0 > 2 =⇒
∫
R23
|b |21{ |b |>0}anC (db) = 0 =⇒ (3.29).

Similarly, condition (ii), i.e., 3.28 and condition 3.24 are satisfied. Let

1n (b) := (L n∗ id) (b), �′nC :=
∫ C

0
1n (b n∗ (B))dB,

1(b) := (L0 id) (b), �′C :=
∫ C

0
1(b0 (B))dB

where, id is the identity function. Then, by Dynkin’s formula, b n∗ (C)−b n∗ (0)−�′nC and b0 (C)−b0 (0)−�′C
are local martingales. We have

1n (b) =
(
n (Λn )−1*E, n

3∑
8=1

(E8 (*> (Λn )−1H)8)+ (�8 − id)E
)
−→n→0((

0,Λ−1
L (*E)L

)
,

3∑
8=1

(E8 (*>L, ·Λ
−1
L HL)8)+ (�8 − id)E

)
= 1(b)

locally uniformly in b = (H, E). Thus

�′nC − �′C ◦ b n∗ −→n→0 0 =⇒ [Sup−V′7]

where �′C ◦ b n∗ is the process �′C replacing b0 by b n∗ . Similarly,

�̃ ′C :=
∫
R3
E⊗2aC (dE), �̃ ′nC =

∫
R3
E⊗2anC (dE) =⇒ �̃ ′nC − �̃ ′C ◦ b n∗ −→n→0 0

=⇒ [W′7−D]

where �̃ ′C ◦ b n∗ is the process �̃ ′C replacing b0 by b n∗ . The same convergence holds by replacing E⊗2 by
6 where 6 : R3→ R is a continuous bounded function which is 0 around 0 ∈ R3 . This yields [X7,1-D].
Other regularity conditions (i), (iv) and (v) can easily be verified.



4

Finally we check the condition (iii), uniqueness of the corresponding martingale problem of (23).
Since the process has a bounded velocity, it is non-explosive. Also, there exists a solution and the solu-
tion has pathwise uniqueness as in Section IV.9 of Ikeda and Watanabe (1989). On the other hand, by
state augmentation technique, by Theorem 2.3 of Kurtz (2011), any solution of the martingale problem
has a modification with sample paths in DR3×R3 [0,∞). It implies the uniqueness of the martingale
problem. Thus the claim follows.

Our next task is to demonstrate the convergence of the slower dynamics, which corresponds to The-
orem 3.2. Let |||- |||) = E[sup0≤C≤) |- (C) |].

Proof of Theorem 3.2. Let

b n
♯
(C) = b n (n−1C), In (C) = HnK (n

−1C).

Let ^(b) = (HL, E). We prove the convergence of the process In . For this purpose, it is easier to work
on another process Ĩn defined by

Ĩn (C) = In (0) +
∫ C

0
(−L n + L1) (j ◦ ^) (b n♯ (B))dB + n (j ◦ ^) (b

n
♯
(C)) (A.3)

which has a decomposition Ĩn − Ĩn (0) = " n + �n where " n is a local martingale defined by

" n (C) = n
{
(j ◦ ^) (b n

♯
(C)) − (j ◦ ^) (b n

♯
(0)) − n−1

∫ C

0
L n (j ◦ ^) (b n

♯
(B))dB

}
(A.4)

and �n is a predictable process defined by

�n (C) =
∫ C

0
L1 (j ◦ ^) (b n♯ (B))dB. (A.5)

We show that the gap between In and Ĩn is negligible. Since the function k(H, E) = HK does not
depend on HL nor E, we have

L nk(H, E) = L1k(H, E)
(17)
= −L0j(HL, E).

From this equation, we have

In (C) − In (0) = n−1
∫ C

0
(L nk) (b n

♯
(B))dB = −n−1

∫ C

0
(L0j) (^(b n♯ (B)))dB.

Observe that (L0j) (^(b)) = L0 (j ◦ ^) (b) where, in the right-hand side, L0 operate to j ◦ ^(HK, HL, E)
regarding HK as a constant. The difference between In and Ĩn is

sup
0≤C≤)

|In (C) − Ĩn (C) | ≤
∫ )

0

���(L n − n−1L0 − L1) (j ◦ ^) (b (C))
���dC + n sup

0≤C≤)
|j ◦ ^(b n

♯
(C)) |.

The first term in the right-hand side converges in probability to 0 by Lemma A.2 below and by
Lebesgue’s dominated convergence theorem. The convergence of the second term will be described
in Lemma A.5. Thus sup0≤C≤) |In (C) − Ĩn (C) | −→ 0 in probability.

Now we focus on Ĩn . We apply Theorem XI.3.48 if Jacod and Shiryaev (2003) to Ĩn and check the
convergence to the Ornstein–Uhlenbeck process. Conditions (i-v) are satisfied since the limit process is
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the Ornstein–Uhlenbeck process. Conditions (vi) [Sup-V′loc] and [W′loc-D] will be checked in Lemmas
A.3 and A.4. Now we would like to check the condition (vi) [Xloc-D]. Jumps of Ĩn (C) are generated
from n (j ◦ ^) (b n

♯
(C)) and the compensator of the random measure associated to the process is

(ℎ ∗ an ) (C) :=
∫
R3×R3

ℎ(b)anC (db) :=
3∑
8=1

∫ C

0
_n8 (b

n
♯
(B)) ℎ(0, n �8 (b n♯ (B))))dB. (A.6)

for ℎ : R3 ×R3→ R where

_n8 (b) := (E8 (*> (Λn )−1H)8)+, �8 (b) := (F8 − id) (j ◦ ^) (b).

On the other hand the Ornstein–Uhlenbeck process has no jump, that is, the jump component cor-
responding to the limit process is a ≡ 0. The class of functions considered in [Xloc-D] are bounded
continuous functions which are zero around the origin. Therefore, it is sufficient to show the following
convergence for the indicator function X0 (E, H) = 1( |E | > 0) for 0 > 0:

|||X0 ∗ an |||) −→ 0.

We have

|X0 (b) | ≤
(
|E |
0

)2

=: X0,2 (b) =⇒ |||X0 ∗ an |||) ≤
������X0,2 ∗ an ������) .

Furthermore, by stationarity, we have

������X0,2 ∗ an ������) ≤ ) 3∑
8=1

E

[�����_n8 (b) ( |n �8 (b)) |0

)2
�����
]
−→ 0

since |�8 | ≤ |j | + |F8j | has any order of moments, and _n
8

is on the order of n−1. A similar arguments
shows the condition IX.3.49. Therefore, Ĩn converges to the Ornstein–Uhlenbeck process.

From this fact, In converges to the same limit process by Lemma VI.3.30 of Jacod and Shiryaev
(2003) which completes the proof.

Lemma A.2. Let 5 : R3 ×R3→ R be a differentiable function. For each b = (H, E), we have

(X 5 ) (b) := (L n − n−1L0 − L1) 5 (b) −→n→0 0

pointwise, where we operate L0 to 5 (HK, HL, E) regarding HK as a fixed constant. Also,

| (X 5 ) (b) | ≤ 2
3∑
8=1

���(*>K, ·Λ−1
K HK)

��� ( | 5 (b) | + |F8 5 (b) |).
Proof. Observe that

08 := E8 (*>K, ·Λ
−1
K HK)8 , 18 := E8 (*>L, ·Λ

−1
L HL)8

=⇒ (X 5 ) (b) =
3∑
8=1

(
(08 + n−118)+ − n−1 (18)+ − 081(18 > 0)

)
(F8 − id) 5 (b).
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Thus the first claim is a direct consequence of

(0 + n−11)+ − n−11+ − 0 1(1 > 0) ≠ 0

⇐⇒ sgn(0 + n−11) ≠ sgn(n−11) =⇒ |0 | > n−1 |1 |.

Also, from this relation, we have���(0 + n−11)+ − n−11+ − 0 1(1 > 0)
��� ≤ |0 + n−11 | ≤ 2|0 |.

This proves the second claim.

Lemma A.3. For any ) > 0,

|||� n −� |||) −→n→0 0

where � n is the predictable quadratic variation of " n in (A.4), and � (C) = C Ω.

Proof. The martingale " n is a purely discontinuous martingale driven by the random measure associ-
ated to the jump of n j ◦ ^(b n

♯
(·)). The random measure has the corresponding compensator anC defined

in (A.6). Therefore, the predictable quadratic variation of the martingale " n is

� n (C) =
∫ C

0
< n (b n

♯
(B))dB, < n (b) = n

3∑
8=1

(E8 (*> (Λn )−1H)8)+ ((F8 − id)j(HL, E))⊗2

by Theorem II.1.33 of Jacod and Shiryaev (2003). This predictable quadratic variation corresponds to
the second modified characteristics defined in equation (IX.3.25) of Jacod and Shiryaev (2003). See
also Definition II.2.16 and Proposition II.2.17. We set

� n0 (C) :=
∫ C

0
<(^(b n

♯
(B)))dB

where <(HL, E) is as in (20). Since | (0 + 1)+ − 0+ | ≤ |1 |, we have

Xn (b) := |< n (b) −<(^(b)) | ≤ n

3∑
8=1

|E8 (*>K, ·Λ
−1
K HK)8 | ( |F8j(HL, E) | + |j(HL, E) |)2. (A.7)

Thus we have ������� n −� n0 ������
)
≤ ) E [|Xn (b n (0)) |]

(�.7)
−→ 0.

Let

<0 (HL, E) :=<(HL, E) −Ω,
Lemma 4.5
=⇒ `(<0) = 0.

For b n∗ (C) = b n (nC), we have

� n0 (C) −� (C) = n
2

∫ n −2C

0
<0 (^(b n∗ (C)))dC.
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Therefore, by Lemma C.9, for any ( > 0 we have

)−1 ������� n0 −�������
)
≤ E

[
1
(

����∫ (

0
<0 (^(b n∗ (C)))dC

����] + (

n−2)
`( |<0 |)

−→n→0 E

[
1
(

����∫ (

0
<0 (^(b0 (C)))dC

����]
by Proposition A.1 where b0 (C) is the process introduced in the proposition. By Proposition 4.2, the
process b0 is ergodic regarding that HK is a fixed constant. Thus as (→∞, the right-hand side converges
to 0. Thus our claim holds.

For the Ornstein–Uhlenbeck process (18), let

�(C) = Υ
∫ C

0
- (C)dC.

Lemma A.4. For any ) > 0, for the process Ĩn defined in (A.3) and �n defined in (A.5), we have

|||�n − � ◦ Ĩn |||) −→n→0 0.

Proof. Let

X(H, E) := (L1j) (H, E) −Υ HK =⇒ (�n − � ◦ In ) (C) =
∫ C

0
X(b n

♯
(C))dC.

As in the proof of Lemma A.3, by Lemma C.9, for any ( > 0 we have

lim
n→0

)−1 |||�n − � ◦ In |||) ≤ E
[

1
(

∫ (

0
X(b0 (C))dC

]
by Proposition A.1 where b0 (C) is the process introduced in the proposition. By Proposition 4.2, the
process b0 is ergodic regarding that HK is a fixed constant. Thus as (→∞, the right-hand side converges
to 0 since `(X) = 0 by Lemma 4.5. Since the gap between Ĩn and In is negligible, the claim follows.

Lemma A.5. For any ), X > 0, and for ^(b) = (HL, E),

P

(
n sup

0≤C≤)
|j ◦ ^(b n

♯
(C)) | > X

)
−→n→0 0.

Proof. By Proposition 4.2, there exists a constant 20 such that |j | = |Λ−1
K (*j0)K | ≤ 20 exp( |HL |2/16 ;2).

Thus it is sufficient to show that the event{
sup

0≤C<n −1)

|HnL (C) | > 4;X(n)
}

is negligible where X(n) =
√

log(n−12−1
0 X). On the other hand, there exists 21 > 0 such that | (HnL )

′ | =
|n−1Λ−1

L (*E)L | ≤ n
−121. Therefore, for ℎ = ℎ(n) = 2−1

1 2; n X(n) we have

|HnL (C) − H
n
L (B) | ≤ 2;X(n)
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if |C − B | ≤ ℎ. From this fact, we have{
sup

0≤C<n −1)

|HnL (C) | > 4;X(n)
}
⊂

⋃
==1,..., [) n −1/ℎ (n ) ]

{��HnL (=ℎ(n))�� > 2;X(n)
}
.

Since the process is stationary, and the stationary distribution of HnL is N; (0, �;), we have

P

(
sup

0≤C<n −1)

|HnL (C) | > 4;X(n)
)
≤ [)n−1/ℎ(n)] P

(
|HnL (0) | > 2;X(n)

)
≤ [)n−1/ℎ(n)]

∑
;∈L
P

(
|Hn; (0) | > 2X(n)

)
≤ [)n−1/ℎ(n)] ; 2 Φ(−2X(n))

whereΦ(G) is the cumulative distribution function of the normal distribution. SinceΦ(−G) ≤ q(G) (G ≥
1), the above probability is dominated above by

[)n−1/ℎ(n)] ; 2 Φ(−2X(n)) = [)n−2/2−1
1 2;X(n)] ; 2 (2c)−1/2 exp(−2X(n)2).

Since exp(−2X(n)2) is on the order of n2, the right-hand side is on the order of X(n)−1. Thus the
probability converges to 0.

A.1. Proof of Theorem 3.3

For _n
8
(H, E) = (E8 (*> (Λn )−1H)8)+, we derive that

E[# n) ] =
∫ )

0

3∑
8=1

E
[
_n8 (H

n (C), E n (C)))
]

dC

= )

3∑
8=1

E
[
_n8 (H, E)

]
where (H, E) is distributed according to the joint distribution N(0, �3) ⊗ U({−1,+1}3). As the law
of _n

8
(H, E) + _n

8
(H, �8 (E)) = | (*> (Λn )−1H)8 | is equivalent to that of

√
\ n
8,8
|/ |

√
Σn
8,8
|/ | where / ∼

N(0,1), we conclude that

E[# n) ] =
)

2

3∑
8=1

E
[
_n8 (H, E) + _

n
8 (H, �8 (E))

]
=
)

2

3∑
8=1

√
\ n
8,8
E [|/ |]

=
)

2

3∑
8=1

√
\ n
8,8

1
√

2c
.

Given that (Σn )−1 =*> (Λn )−2* = n−2ΘL +$ (1), the result follows.



Supplement to Scaling of PDMC for Anisotropic Targets 9

Appendix B: Averaging of the bouncy particle sampler

B.1. First convergence regime of the bouncy particle sampler

Let b n∗ (C) = (Hn∗ (C), E n∗ (C)) be the n-time scaled Markov process of (12) corresponding to the extended
generator

L n∗ = n ((Λn )−1E)>mH + n (E> (Λn )−1H)+ (B n − id) + n d (R − id).

First we prove the convergence b n∗ −→ b0 in Skorokhod topology where b0 (C) = (H0 (C), E0 (C)) is the
Markov process with extended generator (23). We assume that b0 (0) = b n∗ (0).

Proposition B.1 (Fast convergence regime). As n→ 0, the Markov process b n∗ starting from (G, E) ∈
R3 ×R3 converges to another Markov process of (23) in Skorokhod topology.

Proof. We assume that b n∗ (0) = b0 (0) and consider the initial points as fixed constants. By Lemma
VI.3.31, without loss of generality, we can assume that d = 0, since the refreshment jump occurs in the
time interval [0,)] with probability 1 − exp(−n d)), which converges to 0 for n → 0. The reflection
jump does not change the size of the velocity variable, that is, |E n∗ (C) | = |E0 (0) |. Therefore, we have a
local uniform bound

Hn∗ (C) = H0 (0) + n
∫ C

0
(Λn )−1E n∗ (B)dB =⇒ |Hn∗ (C) − H0 (0) | ≤ n ‖(Λn )−1‖ |E0 (0) | C

≤ (n ‖Λ−1
K ‖ + ‖Λ

−1
L ‖) |E0 (0) | C.

A similar inequality holds for b0. In particular, the Markov processes are bounded on any finite interval
[0,)]. Therefore, we can apply Theorem IX.3.27 of Jacod and Shiryaev (2003), which is the limit
theorem for bounded processes.

By Dynkin’s formula, for ℎ ∈ �1 (R3 × R3), the compensator associated to the jumps of b n∗ is char-
acterised by ∫

R3×R3
ℎ(b)anC (db) :=

∫ C

0
_n (b n∗ (B)) ℎ(0, (B n (Hn∗ (B)) − id)E n∗ (B))dB

where

_n (b) = n (E> (Λn )−1H)+.

Write aC for the compensator associated to the jumps of b0. Since each jump size is bounded above by
2|E0 (0) |, we have

0 > 2|E0 (0) | =⇒
∫
R3
|E |2 1{ |E |>0}anC ({0} × dE) = 0 =⇒ (3.29).

Similarly, condition (ii), i.e., 3.28 and condition 3.24 are satisfied. We have

1n (b) :=
(
n (Λn )−1E, n (E> (Λn )−1H)+ (�n (H) − id)E

)
−→n→0

((
0,Λ−1

L EL

)
,

(
0, (E>LΛ

−1
L HL)+ (�0 (H) − id)EL

))
=: 1(b)
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locally uniformly in b = (H, E). Let

�′nC :=
∫ C

0
1n (b n∗ (B))dB, �′C :=

∫ C

0
1(b0 (B))dB.

Then

�′nC − �′C ◦ b n∗ −→n→0 0 =⇒ [Sup−V′7]

where �′C ◦ b n∗ is the process �′C replacing b by b n∗ . Similarly,

�̃ ′C :=
∫
R3
E⊗2aC ({0} × dE) =⇒ �̃ ′nC :=

∫
R3
E⊗2anC ({0} × dE) −→n→0 �̃

′
C ◦ b n∗

=⇒ [W′7−D]

where �̃ ′C ◦ b n∗ is the process �̃C replacing b by b n∗ . The same convergence holds by replacing E⊗2 by
6 where 6 : R3→ R is a continuous bounded function which is 0 around 0 ∈ R3 . This yields [X7,1-D].
Other regularity conditions (i), (iv) and (v) can easily be verified.

The argument used in Theorem A.1 is used to establish both the uniqueness of the corresponding
martingale problem in equation (23) and condition (iii).

B.2. Reparametrisation and expansion of the generator

We contemplate the reparametrisation of (H, E) in order to facilitate the analysis. Let

G = (HK, EK, U, V), Z = (I, 4, G) = (I, 4, HK, EK, U, V)

and let k, c be projections such that

(H, E) c−→ Z = (I, 4, G)
k
−→ G = (HK, EK, U, V) (B.1)

where U and V are as in (24). Let Π be the two-dimensional hyperplane spanned by HL (0) and EL (0).
The processes HL (C) and EL (C) remain on the hyperplane until the next refreshment jump. Let W ∈
{−1,+1} be the orientation of the hyperplane Π. When Π and W are fixed, then (H, E) and Z have a
one-to-one correspondence. Since Π and W are fixed between the refreshment jump times, we focus on
the variable Z . Let A =

√
V/U.

We are now going to rewrite the generator L n using the reparametrisation. With the reparametrisa-
tion c : (H, E) ↦→ Z we have the correspondences

H′ = (Λn )−1E ↦→ I′ = n−1U1/2, H′K = Λ
−1
K EK

(E> (Λn )−1H)+ ↦→ (n−1U1/2 I + E>KΛ
−1
K HK)+

B n 5 (b) ↦→ B̃ n 5 (Z) := B n ( 5 ) (c−1Z)
R 5 (b) ↦→ R̃ 5 (Z) := R( 5 ) (c−1Z).

The operator B̃0 is given as the pullback of the reflection

Z = (I, 4, G) ↦→ (−I, 1(I, 4), G).
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Let =(E) = E/|E | for a vector E ≠ 0. The refresh operator R̃ is given as the jump from Z to Z∗ as follows,
where E∗ = (E∗K, E

∗
L) ∼ N (0, �3):

Z =

©­­­­­­­«

I

4

HK
EL
U

V

ª®®®®®®®¬
↦→ Z∗ =

©­­­­­­­«

I∗

=(F∗)
HK
E∗K
|E∗L |

2

|E∗L |
2 |F∗ |2 − ((E∗L)

>F∗)2

ª®®®®®®®¬
where I∗ = =(E∗L)

>HL, F∗ = (1 − =(E∗L) =(E
∗
L)
>) HL.

(B.2)

The generator L n now becomes

L n 5 (I, 4, G) = n−1U1/2mI 5 (I, 4, G) + (Λ−1
K EK)>mHK 5 (I, 4, G)

+ (n−1U1/2 I + E>KΛ
−1
K HK)+ (B̃ n − id) 5 (I, 4, G) + d (R̃ − id) (I, 4, G).

As n→ 0 we formally obtain the first order expansion

n L n 5 (I, 4, G) −→n→0 � 5 (I, 4, G).

We treat � defined in Section 4.2 of the manuscript(26) as an operator on the space of (I, 4, G) with a
fixed G. Furthermore, the formal approximation of the gap L n − n−1� gives the second order expansion

L1 5 (Z) = E>KΛ
−1
K mHK 5 (Z) + (E>KΛ

−1
K HK) 1(I > 0) (B̃0 − id) 5 (Z)

+ U1/2I+mB̃0 5 (Z) + d (R̃ − id) 5 (Z)
(B.3)

where, the operator mB̃0 is formally defined by

mB̃0 5 (Z) = lim
n→0

B̃ n 5 (Z) − B̃0 5 (Z)
n

. (B.4)

The expansion gives L n = n−1� + L1 + >(n).

Proposition B.2. For each Z = (I, 4, G), and for the projection k defined in (B.1), if |HL |2 = V/U + I2 ≠

0, we have

(Xk) (Z) := (L n − n−1� − L1)k(Z) −→n→0 0

pointwise. Also, if 0 ≤ n ≤ 1, | (Xk) (Z) | is uniformly integrable.

Proof. We prepare temporary notation

0 = (E>KΛ
−1
K HK), 1 = (E>L HL) = U1/2I, � = |Λ−1

K HK |, � = |HL |.

Since G is treated as a constant for �, we have � k = 0. From this, we have an expression

(Xk) (Z) =
[
(0 + n−11)+ (B̃ n − id) − 1+ (mB̃0)

]
k(Z).
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Also, since G is not affected by the reflection B̃0, we have B̃0k(Z) = k(Z). This gives an inequality

| (Xk) (Z) | ≤ |((0 + n−11)+ − n−11+ − 01(1 > 0)) (B̃ n − B̃0)k(Z) | (B.5)

+ |01(1 > 0) (B̃ n − B̃0)k(Z) | (B.6)

+ 1+
���(n−1 (B̃ n − B̃0) − mB̃0

)
k(Z)

��� . (B.7)

As in the proof of Lemma A.2, the quantity (B.5) converges to 0. Also, (B.6) converges to 0 since
E n → E0. Now we focus on (B.7). The original parametrisation (H, E) = c−1Z suits to the estimate of
the term. Let E n := �n (H)E. With the notation, we have

E n = E − 2
n0 + 1

n2�2 + �2

(
nΛ−1

K HK
HL

)
=⇒

mE n = −2
n0 + 1

n2�2 + �2

(
Λ−1

K HK
0

)
− 2

(
0

n2�2 + �2 −
2n �2 (n0 + 1)
(n2�2 + �2)2

) (
nΛ−1

K HK
HL

)
.

We define

k̃(H, E) := (k ◦ c) (H, E) = G.

Then we can rewrite the deviation of B̃ n at n = 0 by the original parametrisation as follows:

n−1 (B̃ n − B̃0)k(Z) = n−1 (k̃(H, E n ) − k̃(H, E0)) = (mE k̃) (H, E^ )mE^ (B.8)

for some 0 ≤ ^ ≤ n . This term converges to mB̃0k(Z) = (mE k̃) (H, E0)mE0 when n→ 0 which shows the
convergence of (B.7). This completes the proof of the first claim of the proposition.

Now we quantify | (Xk) (Z) | by using the decomposition (B.5-B.7). We have

|B̃ n k̃(H, E) | ≤ sup
|E∗ | ≤ |E |

|k̃(H, E∗) | ≤ |H | + |E | + |E |2 + |H |2 |E |2 =: k∗ =⇒ (�.5) + (�.6) ≤ 4|0 | k∗.

Next we quantify (B.7) by using (B.8). By construction,

mE k̃(H, E) =
©­­­«

0 0
�K 0
0 2EL
0 2|HL |2 EL − 2(H>LEL)HL

ª®®®¬ =⇒ |mE k̃(H, E) | ≤ : + 2|E | + 4|HL |2 |E |.

Thus the proof will be completed if 1 mE^ is uniformly integrable. Since |0 | ≤ �|EK |, |1 | ≤ � |EL |, with
some algebra, we have

max {n |0 |, |1 |, |n0 + 1 |} ≤ |E |
√
n2�2 + �2

=⇒ |1(mE n )K | =
����2 1 (n0 + 1)n2�2 + �2 − 2

n0 1

n2�2 + �2 + 4
n2�21 (n � + 1)
(n2�2 + �2)2

���� � ≤ 8|E |2 �,

|1(mE n )L | =
����−2

0 1 �

n2�2 + �2 + 4
n �2 1 �(n � + 1)
(n2�2 + �2)2

���� ≤ 6|E |2 �.

Thus the bound can be obtained.
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B.3. Slower dynamics of the bouncy particle sampler

Let D = D0 + nD1 + >(n) be the solution of the backward Kolmogorov equation corresponds to the
extended generator L n = n−1� + L1 + >(n). The expansion gives

dD
dC
= L n D =⇒


�D0 = 0

�D1 =
dD0

dC
− L1D0

. (B.9)

From the first equation on the right hand side, D0 is situated within the null space of �. As � serves as
the generator for an ergodic Markov process on the space of (I, 4), the function within the null space
is a constant function with respect to (I, 4), that is, D0 = D0 (G, C). Refer to Section 4.4 of Pavliotis and
Stuart (2008). Let `(dI,d4) =N(0,1) ⊗ U(S) be the invariant probability measure corresponding to
�. In equation (B.9), we can find an ordinary differential equation by taking the expected value with
respect to `. Since `(�D1) = 0, the resulting equation is:

dD0

dC
(G, C) =

∫
R×S
(L1D0) (I, 4, G, C)`(dI,d4) =: LD0 (G, C), (B.10)

where we consider L as an operator for functions of G. Observe that B̃0 5 (G) = 5 (G). We can express
mB̃0 using the notation in the proof of Proposition B.2:

mB̃0 5 (G) =
[
(mE0)>KmEK + 2(E0

L)
> (mE0)LmU + 2( |HL |2E0

L − (H
>
LE

0
L)HL)> (mE0)LmV

]
5 (G).

The last part of the right-hand side is 0 since |HL |2EL − (H>LEL)HL and (mE0)L ∝ HL are orthogonal. We
get

mB̃0 5 (G) = −2
(ELHL)2

|HL |2
H>KΛ

−1
K mEK 5 (G) − 4

(
EL − 2

E>L HL

|HL |2
HL

)>
HL
(E>KΛ

−1
K HK)
|HL |2

mU 5 (G)

= − (ELHL)2

|HL |2
{
2H>KΛ

−1
K mEK 5 (G) − 4(E>KΛ

−1
K HK)mU 5 (G)

}
.

Using the expression (B.3), we can write the operator L as:

L 5 (G) =
[
E>KΛ

−1
K mHK − 2(U, V) (2H>KΛ

−1
K mEK − 4H>KΛ

−1
K EKmU) + d (R∗ − id)

]
5 (G) (B.11)

where 2(U, V) is the integral of (E>L HL)2/|HL |2 defined in (29). Here the refresh operator R∗ is

G = (HK, EK, U, V) ↦→ G∗ = (HK, E
∗
K, |E

∗
K |

2, |E∗L |
2 (A2 + I2) D),

where E∗K ∼ N(0, �K), E
∗
L ∼ N(0, �L), I ∼ N(0,1) and D ∼ B4((; − 1)/2,1/2). Here, D corresponds to

1 − (=(E∗L)
>=(HL))2 in the notation in (B.2).

The Markov process - (C) = (HK (C), EK (C), U(C), V(C)) corresponding to L is described as follows.
Note that the behaviour of U(C) is characterised by that of EK (C) between the refreshment jumps. Let
)0 = 0, and )1,)2, . . . be jump times of the Poisson process #C with E[#C ] = d−1C. For each 8 = 0,1, . . .,
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let 
H′K (C) = Λ−1

K EK (C)
E′K (C) = −2 2(U(C), V()8)) Λ−1

K HK (C)
U(C) = U()8) + |EK ()8) |2 − |EK (C) |2

V(C) = V()8)

(B.12)

for )8 ≤ C < )8+1. At the refreshment time )8 , HK ()8) = HK ()8−) and other variables are refreshed by the
operator R∗. Processes b n and - n are defined by

(Hn (C), E n (C)) c−→ b n (C) = (In (C), 4n (C), - n (C))
k
−→ - n (C) = (HnK (C), E

n
K (C), U

n (C), Vn (C)).

Next we prove the slower dynamics of BPS, which corresponds to Theorem 3.4. The theorem states
that as n→ 0, the process - n converges to - in Skorokhod topology.

Proof of Theorem 3.4. We apply Theorem IX.3.39 of Jacod and Shiryaev (2003). First we check three
conditions in (vi) of Theorem IX.3.39. Let

{
1n (b) := L nk(b)
1(G) := L id(G)

=⇒


�′nC :=

∫ C

0
1n (b n (B))dB

�′C :=
∫ C

0
1(- (B))dB.

(B.13)

Lemma B.3 shows [Sup-Vloc], that is, sup0≤C≤) |�′nC − �′C ◦ - n | −→ 0 in probability. Also, let{
2n (b) = (E> (Λn )−1H)+ ((B̃ n − id)k)⊗2 (b) + d R̃ [(k(·) − k(b))⊗2] (b)
2(G) = d R̃∗ [(· − G)⊗2] (G)

=⇒


�̃ ′nC =

∫ C

0
2n (b n (B))dB

�̃ ′C =

∫ C

0
2(- (B))dB.

Lemma B.4 shows the condition [Xloc-D], that is, �̃ ′nC − �̃ ′C ◦ - n −→ 0 in probability. For a smooth and
bounded function 6 : R3→ R+ such that 6(G) = 0 around G = 0, and for _n (b) = (E> (Λn )−1H)+, set{

(� n 6) (b) = _n (b) 6((B̃ n − id)k(b)) + d R̃ (6(k(·) − k(b))) (b)
(�∗6) (G) = d R̃∗ (6(· − G)) (G)

=⇒


6 ∗ anC =

∫ C

0
(� n 6) (b n (B))dB

6 ∗ aC =

∫ C

0
(�∗6) (G(B))dB.

There is a constant 0, 1 > 0 such that 6(G) ≤ 0 1( |G | > 1). Thus 6(G) ≤ 0( |G |/1)2 and

E
[���_n (b)6((B̃ n − id)k(b))

���] ≤ 0 E [�����_n (b) | (B̃ n − id)k(b) |2

12

�����
]
.



Supplement to Scaling of PDMC for Anisotropic Targets 15

The right-hand side converges to 0 as in (B.14). On the other hand, observe that

ℎ(b) := d R̃ (6(k(·) − k(b))) (b) =⇒
∫
R×S

ℎ(I, 4, G)`(dI,d4) = (�∗6) (G).

By Lemma C.9, for any 0 ≤ (,) , and for X = ℎ(b) − (�∗6) (k(b)), we have

E

[���� 1
)

∫ )

0
X(b n (C))dC

����] ≤ E [���� 1
n (

∫ n (

0
X(b n (C))dC

����] = E [����1( ∫ (

0
X(b n (nC))dC

����]
by integrability of X. Since b n (nC) weakly converges to b (C) by Proposition B.1, the right-hand side
converges to

E

[����1( ∫ (

0
X(b (C))dC

����] .
However, since the process is ergodic as a process of (I, 4), it converges to 0 by the law of large numbers
as (→+∞. This proves [Xloc-D], and hence condition (vi).

Other conditions are easy to check. Hence the claim.

Lemma B.3. For any ) > 0, we have sup0≤C≤) |�′nC − (�′ ◦ - n )C | −→n→0 0 in probability, where �′n

and �′ are defined in (B.13).

Proof. Let 10 (b) = L1k(b). By Proposition B.2 together with stationarity of the process b n , we have

sup
0≤C≤)

����∫ C

0
(1n − 10) (b n (B))dB

���� −→n→0 0

in probability. On the other hand, by the weak law of large numbers,

E

[∫ )

0
(10 − 1 ◦ k) (b n (B))dB

]
−→ 0

as in the previous proof. Thus the claim follows.

Lemma B.4. For any ) > 0, we have 〈" n 〉()) −� ()) → 0.

Proof. We use the same notation as in the proof of Proposition B.2. Let

2(b) = d R[(k(·) − k(b))⊗2] (b), 2n1 (b) = (E
> (Λn )−1H)+ [(B n − B0)k(b)]⊗2.

2∗ (G) = d R̃∗ [(· − G)⊗2] (G) =
∫
R×S

2(I, 4, G)`(dI,d4).

We have

〈" n 〉()) =
∫ )

0
(2 + 2n1 ) (b

n (B))dB.

The contribution of 2n
1

is negligible since

E[|2n1 (b) |] ≤ n E[(n E
> (Λn )−1H)2]1/2 E[|n−1 (B n − B0)q(b) |4]1/2. (B.14)

and the both expectations in the right-hand side is on the order of$ (1). Also, as in the proof of Lemma
B.3, by the weak law of large numbers, the claim follows.
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B.4. Proof of Theorem 3.5

For _n (H, E) = (E> (Λn )−1H)+ + d, as in the Zig-Zag sampler case, we derive that

E[# n) ] =
∫ )

0
E [_n (Hn (C), E n (C)))] dC = ) E [_n (H, E)] .

where (H, E) is distributed according to the joint standard normal distribution. The property _n (H, E) +
_n (H,−E) = |E> (Λn )−1H | + 2d simplifies our calculation, and we have

E[# n) ] =
)

2
E [_n (H, E) + _n (H,−E)]

=
)

2
E

[
|E> (Λn )−1H | + 2d

]
≤ )

2

(
E

[
| (Λn )−1/2/ |2

]
+ 2d

)
=
)

2
(diag((Λn )−1) + 2d)

where / is normally distributed. Since Λn = diag(ΛK, n ΛL), as n approaches zero, we obtain the limit

n E[# n) ] = n
)

2
E

[
|E> (Λn )−1H | + 2d

]
−→n→0

)

2
E

[
|E>L (ΛL)−1HL |

]
.

Since we assumed that ΛL = �; , the above limit is

)

2
E

[
|E>L HL |

]
=
)

2
E [-] E [|. |]

where - = |EL | and . = (EL/|EL |)> HL ∼ N(0,1) are independent. Given that - and |. | are the j-
distributed with ; and 1 degrees of freedom, respectively, and that the expectation of j-distribution
with : degree of freedom is

√
2
Γ((: + 1)/2)
Γ(:/2)

the result follows.

Appendix C: Technical results

C.1. Proof of Proposition 4.8

Let g8 be the 8-th reflection jump time of (I(C), 4(C)) for 8 ≥ 1, and let g0 = 0, I(0) = I0. Let

l= = g= + 2
=−1∑
<=1

(−1)<g=−< + (−1)=+1I0, \= = arctanl= (= = 1,2, . . .). (C.1)

Figure 1 illustrates the relation of the variables when U = V = 1. In this case, I(C) is the distance from
the tangency point on a line segment to the process HL (C).

Lemma C.1. Assume that U = V = 1. Then

I(g=−) = l= (= ∈ N) (C.2)
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O

e(τn)

e(τn−1)

θn

θn

ωn

ωn

Figure 1: Relation among l=, g= and \= when U = V = 1.

are independent and identically distributed and P(F= > G) = exp(−G2/2) for G > 0. Also,

arccos(4(g=)>4(g=−1)) = 2\= (= = 1,2, . . .).

In particular,

arccos(4(g=)>4(0)) = 2
=∑
:=1

\: (= = 1,2, . . .).

Proof. The process I is completely determined by the stopping times. In particular, we have

I(g=−) =
{
−I(g=−1−) + (g= − g=−1) = ≥ 2
I0 + g1 = = 1.

since I′(C) = 1 for C ≠ g= (= = 1,2, . . .) and I(g=) = −I(g=−). See Figure 2. Therefore, by inductive
argument, we have I(g=−) = l=. Since F= denotes the time elapsed between the moment when I(C)
hits zero at time C = g=−1 + I(C=−1) and the subsequent jump, and I(C)+ represents the intensity function,
we can draw the following conclusion:

P(F= > G) = exp
(
−

∫ G

0
H dH

)
= exp(−G2/2).

Thus the first claim follows. For the second claim, at the jump time g=,

(27) =⇒ 4(g=)>4(g=−) = 1(I(g=−), 4(g=−))>4(g=−) =
1 − I(g=−)2

1 + I(g=−)2
.

Therefore

4(g=)>4(g=−1) = 4(g=)>4(g=−) =
1 −l2

=

1 +l2
=

=
1 − tan \2

=

1 + tan \2
=

= cos 2\=.

Thus the second claim follows. The last claim follows from the fact that the process HL (C) keeps its
orientation.

Let %C be the Markov semigroup of �.
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Lemma C.2. Assume that U = V = 1. There is a coupling of measures %C ((I0, 40), ·) and %C ((I∗0, 4
∗
0), ·)

such that the first hitting time )�0 of

�0 = {(I, 4, I∗, 4∗) ∈ (R × S)2 : I = I∗ = 0}

is finite with positive probability.

Proof. Let (I(C), 4(C)) and (I∗ (C), 4∗ (C)) be the realisation of the coupling. The process I is completely
determined by the stopping times. In particular, as described in Figure 2,

I(C) =
{
C + I0 C ∈ [0, g1)
C − (I0 + 2g1) C ∈ [g1, g2)

=⇒ I(b) = 0, where b = I0 + 2g1

Similarly, I∗ (b∗) = 0, where b∗ = I∗0 + 2g∗1 .

t

z

z0

τ1 τ2 τ3

Figure 2: Path of I(C) when U = V = 1

We begin by defining Q as the maximal coupling of b and b∗. Using this coupling, we construct
a coupling of Markov processes, denoted by P, by taking (b, b∗) ∼ Q along with the conditionally
independent realisations of stopping times given b and b∗. From this construction, we obtain

P
(
)�0 <∞

)
≥ P(b = b∗) =Q(b = b∗) = 1 − ‖L(b) − L(b∗)‖TV.

The left-hand side equals to 0 if and only if the laws of b and b∗ are mutually singular. However, since
g1 has a positive probability density on [(−I0)+,∞), it follows that the random variable b has a positive
probability density on [|I0 |,∞), and similarly, b∗ has a positive probability density on [|I∗0 |,∞). Thus,
the laws of b and b∗ cannot be mutually singular, implying that the stopping time )�0 is finite with
positive probability."

Lemma C.3. Assume that U = V = 1. If 40 + 4∗0 ≠ 0, there is a coupling of measures %C ((0, 40), ·) and
%C ((0, 4∗0), ·) such that the first hitting time )� of

� = {(I, 4, I∗, 4∗) ∈ (R × S)2 : (I, 4) = (I∗, 4∗)}

is finite with positive probability.
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Proof. The process I starting from I(0) = 0 satisfies

I(C) =


C C ∈ [0, g1)
C − 2g1 C ∈ [g1, g2)
C − 2(g2 − g1) C ∈ [g2, g3)

=⇒ I(b) = 0, where b = 2(g2 − g1) ∈ [g2, g3). (C.3)

Similarly, I∗ (b∗) = 0 for b∗ = 2(g∗2 − g
∗
1 ). Let n = arccos((4∗0)

>40) be the angle between the initial
tangency points of two Markov processes. Without loss of generality, we can assume that n ∈ (0, c).
By Lemma C.1, the angle of 4(b) and 4∗ (b∗) from 4(0) are twice of

\ = \1 + \2, \∗ = \∗1 + \
∗
2 + n/2

where \= is defined in (C.1), and \∗= is as in (C.1), replacing g9 by g∗
9
. Thus

(b, \) = (b∗, \∗) =⇒ (I(b), 4(b)) = (I∗ (b), 4∗ (b)) =⇒ )� <∞.

As in the previous lemma, the proof will be completed if we can show that the laws of (b, \) and
(b∗, \∗) are not mutually singular.

By (C.1) and (C.2),{
(b/2) = l1 +l2,

(b∗/2) = l∗1 +l
∗
2,

{
\ = arctanl1 + arctanl2,

\∗ = arctanl∗1 + arctanl∗2 + n/2

where l= = I(g=−) and l∗= = I
∗ (g∗=−). Both (F=)= and (F∗=)= are independent and identically

distributed with positive probability density on R+. Thus, conditioned on b and b∗, the variables
G = l1/(l1 + l2) and G∗ = l∗1/(l

∗
1 + l

∗
2) are independent and identically distributed and have pos-

itive probability distribution function on the interval [0,1].
For given b the map

5 (G) = arctan(Gb/2) + arctan((1 − G)b/2) (C.4)

is symmetric about G = 1/2, and it is monotone increasing in the interval [0,1/2] since 5 ′(B) =
(b/2)/(1 + (Gb/2)2) − (b/2)/(1 + ((1 − G)b/2)2) > 0. Thus

arctan b/2 = 5 (0) ≤ 5 (G) ≤ 5 (1/2) = 2 arctan b/4.

Therefore \ = 5 (G) has a positive probability density function on [arctan b/2,2 arctan b/4], and \∗ =
n + 5 (G∗) has a positive probability density function on [n/2 + arctan b/2, n/2 + 2 arctan b/4]. These
measures are not mutually singular if

n/2 + arctan b/2 < 2 arctan b/4.

The function 6(b) = 2 arctan b/4 − arctan b/2 is a monotone increasing function and supb ∈R+ 6(b) =
c/2. Thus if n < c, then the laws of \ and \∗ given b = b∗ are not mutually singular if we take b = b∗

large enough. Thus )� is finite with a positive probability.

Lemma C.4. Assume that U = V = 1. If 4 + 4∗ = 0, there is a coupling of measures %C ((0, 40), ·) and
%C ((0, 4∗0), ·) such that the first hitting time )� of

� ′0 = {(I, 4, I
∗, 4∗) ∈ (R × S)2 : (I, 4) = (I∗, 4∗), 4 + 4∗ ≠ 0}

is finite with positive probability.
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Proof. Let \= and l= as in (C.1), and let \∗= and l∗= be the same replacing g= by g∗=. Then

b := 2(g2 − g1) = 2(l1 +l2), b∗ := 2g∗1 = 2l1
(�.3)
=⇒ I(b) = I∗ (b∗) = 0.

Let Q be maximal coupling of the laws of b and b∗. Then Q(b = b∗) > 0. The coupling of Markov
processes, denoted by P, is constructed by (b, b∗) ∼Q together with the conditionally independent real-
isations of stopping times given b and b∗. The variable G = l1/(l1 +l2) has a continuous probability
density function on [0,1] under P given b and b∗.

On the other hand, by Lemma C.1,

arccos 4(b)>4(0) = 2\2 + 2\1, arccos 4∗ (b∗)>4∗ (0) = 2\∗1,

if b=b ∗
=⇒ arccos 4(b)>4∗ (b) = 2(\1 + \2 − \∗1) + c.

Since the arctangent function is a subadditive function on R+, we have

b = b∗ =⇒ \1 + \2 − \∗1
(�.1)
= arctanl1 + arctanl2 − arctanl∗1
= arctan(Gb/2) + arctan((1 − G)b/2) − arctan(b/2) > 0

=⇒ 4(b) + 4∗ (b) ≠ 0

where we used the fact that 5 (G) defined in (C.4) is monotone increasing. Thus b = b∗ =⇒ (I(b), 4(b), I∗ (b), 4∗ (b)) ∈
� ′0. Hence P()�′0 <∞) ≥ Q(b = b

∗) > 0.

Proof of Proposition 4.8. Let F(C) = (I(C), 4(C), I∗ (C), 4∗ (C)) and let (FC ) be the filtration. We assume
U = V = 1. This is always possible by state scaling and time scaling. Without loss of generality, we can
assume that the process I is counter clockwise and all angles in this proof will be measured in this
orientation.

We use the couplings in Lemmas C.2, C.3, and C.4, as described in equation (C.5). Specifically, we
first use the coupling in Lemma C.3 for (I, 4) ∈ R × S until it hits �0. If it is in (� ′0)

2 , we then use
Lemma C.2 until it hits � ′0. Finally, from �0 until it reaches �, we use the coupling in Lemma C.4:

(I, 4) Lemma �.3
=⇒ �0 (if 4 + 4′ = 0

Lemma �.4
=⇒ � ′0)

Lemma �.2
=⇒ � (C.5)

By Markov property, the constructed probability measure satisfies P()� <∞) > 0. Hence, by modify-
ing the processes so that they are coincides after C = )� , we can show that there exists ) > 0 such that
0 < P()� < )) = 1 − ‖%) ((I, 4), ·) − %) ((I∗, 4∗), ·)‖TV. Therefore, the claim follows.

C.2. Two dimensional analysis of the Zig-Zag sampler

Let 4U (G) = exp(−UG2/2) and define functions �U and �U as follows:

�U (G) =
∫ G

0
4U (H)dH, �U (G) =

∫ ∞

G

4U (H)dH

for U ∈ R. Note that 4U (G) ′ = −UG4U (G) and �U (+∞) = �U (0) =
√
c/2U for U > 0. Suppose for the

function ℎ : R→ R, ℎ(G)4U (G) is integrable. For G ∈ � = (0,∞) or (−∞,0), and for a differentiable
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function 5 : �→ R,

5 ′(G) − UG 5 (G) = ℎ(G) =⇒ (4U (G) 5 (G)) ′ = 4U (G) ℎ(G)

=⇒ 5 (G) = 4U (G)−1
(
� +

∫ G

0
4U (H) ℎ(H)dH

)
where � is a constant. We denote the solution by � (U, ℎ) (G), which is indeterminate up to the constant
� ∈ R. We write 5 ≡0 6 if 5 (G) − 6(G) =�4U (G)−1 for some � ∈ R.

Lemma C.5. Let U ≠ V and U, V ≠ 0. Then � (U, 0 5 + 16) ≡U 0� (U, 5 ) + 1� (U, 6) for 0, 1 ∈ R and
N(0, U−1)-integrable functions 5 and 6. Moreover,

� (U,1) ≡U 4U (G)−1�U (G), � (U, G) ≡U −U−1

and

� (U, G2) ≡U −U−1G + U−1� (U,1).

Also,

� (U, G� (V,1)) ≡U
1

U − V (� (U,1) − � (V,1)), � (U, G4V (G)
−1) ≡U −

1
U − V 4V (G)

−1.

Lemma C.6. For 0 < V < U,

� (U, V) =
∫ ∞

0
�V (G)4U (G)dG = (UV)−1/2 arctan

√
V

U

� (U,−V) =
∫ ∞

0
�−V (G)4U (G)dG = (UV)−1/2 arctanh

√
V

U

� (−V, U) =
∫ ∞

0
�U (G)4−V (G)dG = (UV)−1/2 arctanh

√
V

U
.

Proof. We have

� (U, V) =
∫ ∞

0

∫ ∞

0
1{H≤G }4V (H)4U (G)dGdH

= (UV)−1/2
∫ ∞

0

∫ c/4

0
1{tan \≤

√
V/U} exp(−A2/2)d\ A dA

= (UV)−1/2 arctan

√
V

U

where we consider variable transformation G = U−1/2A cos \, H = V−1/2A sin \. Under the same transfor-
mation, we have

� (U,−V) =
∫ ∞

0

∫ ∞

0
1{H≤G }4−V (H)4U (G)dGdH

= (UV)−1/2
∫ ∞

0

∫ c/4

0
1{tan \≤

√
V/U} exp(−((cos \)2 − (sin \)2)A2/2)d\ A dA.
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Since sin \ < cos \ when 0 < \ < c/4, we have

� (U,−V) = (UV)−1/2
∫ arctan

√
V/U

0

1
(cos \)2 − (sin \)2

d\

= (UV)−1/2
∫ √V/U

0

1
1 − G2 dG

where we consider variable transformation G = tan \. Therefore

(arctanh I) ′ = 1
1 − I2 =⇒ � (U,−V) = (UV)−1/2 arctanh

√
V

U

where arctanh I = (log(1 + I) − log(1 − I))/2. Finally, we have

� (−V, U) =
∫ ∞

0

∫ ∞

0
1{G≤H }4U (H)4−V (G)dGdH = � (U,−V).

Let F1,F2 be operations such that

F1 5 (G, 8, 9) = 5 (G,−8, 9), F2 5 (G, 8, 9) = 5 (G, 8,− 9) (G ∈ R, 8, 9 ∈ {−1,+1}).

Proposition C.7. Let 6 : {0,1} → R, and let

U(8, 9) = ?

8? + 9@ , V(8, 9) =
@

8? + 9@

for ?, @ ∈ R such that |? | ≠ |@ |. Consider an equation

G 5 (G, 8, 9) = 6 |8− 9 |

for G ∈ � and 8, 9 ∈ {−1,+1} where

G 5 (G, 8, 9) = 5 ′(G, 8, 9) + G {8+ U(8, 9) (F1 − id) 5 (G, 8, 9) + 9+ V(8, 9) (F2 − id) 5 (G, 8, 9)} .

A solution is given by 5 (G,−,−) = G60 +� and

5 (G,+,−) = 5 (G,−,−) + � (?/(? − @),1) (61 − 60),

5 (G,−,+) = 5 (G,−,−) + � (@/(@ − ?),1) (61 − 60)
(C.6)

and

5 (G,+,+) ≡1 5 (G,−,−) +
? − @
? + @ (� (@/(@ − ?),1) − � (?/(? − @),1)) (61 − 60) (C.7)

for � ∈ R.

Proof. We solve the equation G 5 (G, 8, 9) = 6(G, 8, 9) by solving four equations corresponding to (8, 9) ∈
{−1,+1}2 sequentially. For the simplest case,

(8, 9) = (−,−) =⇒ 5 ′ = 60 =⇒ 5 (G,−,−) = G 60 +�.
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For the cases where one of 8 or 9 is positive, we have

(8, 9) = (+,−) =⇒ 5 ′ − GU 5 = 61 − GU F1 5 =⇒ 5 ≡U � (U, 61 − GUF1 5 ),

(8, 9) = (−,+) =⇒ 5 ′ − GV 5 = 61 − GV F2 5 =⇒ 5 ≡V � (V, 61 − GVF2 5 ).

Observe that F1 5 and F2 5 in the right-hand side of the above are G60 + �. By Lemma C.5, (C.6)
follows. Finally,

(8, 9) = (+,+) ⇒ 5 ′ − G 5 = 60 − G(UF1 5 + VF2 5 ) ⇒ 5 ≡1 � (1, 6 − G(UF1 5 + VF2 5 )).

Thus,

5 (G,+,+) ≡1 60� (1,1) −
?

? + @ � (1, G 5 (G,−,+)) −
@

@ + ? � (1, G 5 (G,+,−))

≡1 60� (1,1) − 60� (1, G2) −�� (1, G)

− ?

? + @ (61 − 60)�
(
1, G�

(
@

@ − ? ,1
))

− @

@ + ? (61 − 60)�
(
1, G�

(
?

? − @ ,1
))
.

This proves (C.7) by Lemma C.5.

If G ≥ 0 and if 8 | sin \ | + 9 | cos \ | ≠ 0, then


E1 := 8 sgn(sin \)
E2 := 9 sgn(cos \)
? := | sin \ |
@ := | cos \ |

=⇒


8+ U(8, 9) G =

8+ | sin \ | G
8 | sin \ | + 9 | cos \ | =

(E1G sin \)+
E1 sin \ + E2 cos \

9+ V(8, 9) G =
9+ | cos \ | G

8 | sin \ | + 9 | cos \ | =
(E2G cos \)+

E1 sin \ + E2 cos \

For G ≥ 0, the solution j(G, E) of (4) corresponds to the case where

6( |8 − 9 |) = −E1 cos \ + E2 sin \
E1 sin \ + E2 cos \

=
−8@ + 9 ?
8? + 9@ sgn(sin \ cos \).

The generator L0 is ergodic, and so the solution j(G, E) of the Poisson equation is unique up to a
constant. Therefore, j(G, E) = −j(−G,−E) + � for some � ∈ R since −j(−G,−E) is also a solution.
However this implies j(0, E) = −j(0,−E) +� = j(0, E) + 2� and � = 0. Therefore,

j(G, E) = −j(−G,−E). (C.8)

By (C.8) of j, we have

Ω =
∑

E1 ,E2∈{−1,+1}

∫ ∞

0
j(G, E1, E2)q(G)dG (E1 cos \ − E2 sin \). (C.9)

A solution � (U,1) is determined up to a constant times 4−1
U . However we need to fix the constant so

that j(G, E) isN(0,1)-integrable and it satisfies (C.8) and continuity at G = 0. In particular, j(0,+,−) =
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−j(0,−,+) and j(0,−,−) = −j(0,+,+). After some calculation, for G ≥ 0 we set

� (U,1) =
4
−1
U (G) (�U (G) − �1−U (0)

1 − U
U
) if U < 0

−4−1
U (G)�U (G) if 1 < U.

for U ∉ [0,1] and� = −� (U,1) (0) (61−60)/2(1−U) where� is the constant in Proposition C.7. Here,
we consider the equivalent relation in (C.7) as an equation. We have∫ ∞

0
� (U,1)q(G)dG = 1

√
2c
×

� (1 − U, U) − �1−U (0)2
1 − U
U

if U < 0

−� (1 − U, U) if 1 < U.

Proposition C.8. For \ ≠ =c/4 (= = 0, . . . ,7), the value of Ω is expressed as (5).

Proof. We evaluate the integrals

� (8, 9) =
∫ ∞

0
j(G, 8, 9)q(G)dG

where we omit� in Proposition C.7 since it will be cancelled out in the integral in (C.9). Assume G > 0.
First we consider ? < @, that is, | sin \ | < | cos \ | case. In this case, @/(@ − ?) > 1 and ?/(? − @) < 0
and by Lemma C.5, we have

� (−,−) = 1
√

2c
60

� (+,−) = 1
√

2c
60 +

1
√

2c
(61 − 60)

(
� + �@/(@−?) (0)2

@

?

)
� (−,+) = 1

√
2c
60 −

1
√

2c
(61 − 60)�

� (+,+) = 1
√

2c
60 +

1
√

2c

? − @
? + @ (61 − 60)

(
−2� − �@/(@−?) (0)2

@

?

)
,

where � = � (@/(@ − ?), ?/(? − @)) = (arctanh
√
?/@) (@ − ?)/√?@. By (C.9), we have

Ω =
∑

8, 9∈{−,+}
X(8, 9)

∫ ∞

0
j(G, 8, 9)q(G)dG

where X(8, 9) = E1 cos \ − E2 sin \ = (8@ − 9 ?) sgn(cos \ sin \). Therefore,

Ω =
1
√

2c
(61 − 60)�

{
X(+,−) − X(−,+) − 2X(+,+) ? − @

? + @

}
+ 1
√

2c
(61 − 60)�@/(@−?) (0)2

@

?

{
X(+,−) − ? − @

? + @ X(+,+)
}

=
8
√

2c

(?2 + @2)2

(? + @)2 (@ − ?)
� +
√

2c(?2 + @2)2

?(? + @)2
.
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Thus

Ω =
8
√

2c

arctanh
√
| tan \ |

( | sin \ | + | cos \ |)2
√
| sin \ cos \ |

+
√

2c
| sin \ | ( | sin \ | + | cos \ |)2

.

When @ < ?, similar calculation yields

Ω =
8
√

2c

arctanh
√

1/| tan \ |
( | sin \ | + | cos \ |)2

√
| sin \ cos \ |

+
√

2c
| cos \ | ( | sin \ | + | cos \ |)2

.

Hence the expression (5) follows.

C.3. Local law of large numbers

Lemma C.9. Let b be a stationary process with the stationary distribution `. For any ) > 0 and
`-integrable function 5 ,

E

[
sup

0≤C≤)

���� 1
)

∫ C

0
5 (b (C))dC

����] ≤ E [����1( ∫ (

0
5 (b (C))dC

����] + () `( | 5 |).

Proof. Let [G] be the integer part of G > 0. We consider dividing a closed interval with length ) into
[)/(] short intervals with length ( and a remainder interval with length ) − ( [)/(]. Applying this
decomposition, we have����∫ )

0
5 (b (C))dC

���� ≤ [) /( ]∑
8=1

����∫ 8(

(8−1)(
5 (b (C))dC

���� + ����∫
) −( [) /( ]

5 (b (C))dC
����

By stationarity, applying above decomposition, we have

E

[
sup

0≤C≤)

����∫ C

0
5 (b (C))dC

����] ≤ [
)

(

]
E

[����∫ (

0
5 (b (C))dC

����] + ( `( | 5 |).
Thus the claim follows from [G] ≤ G.
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