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Appendix A: Homogenisation of the Zig-Zag sampler

In this section, we derive the convergence of the Zig-Zag sampler. First, we would like to obtain the
limit process by formal argument using the series of equations (14). From the first equation of (14) we
get Loug(t,y,v) =0, i.e. ug(t,y,v) lies in the null space of L regarding ¢ and yg as fixed constants.
On the other hand, by Proposition 4.2, £ is an ergodic operator as a process of (yr,v). Therefore, u
is independent of (yr,v) and is a function of yk and ¢ (see Section 4.4 of Pavliotis and Stuart (2008)).
From this fact, the second equation of (14) becomes Poisson’s equation of u;:

(Lour)(t,y,v) = =(Ag' (UV)K) T dyuo(t, yK). (A1)

Note that Ly does not affect either yx or 0y, uo(, yk). Therefore, the solution of u; is a linear combi-
nation of yo(yL,v) = £, 1y whose existence is guaranteed by Theorem 4.2. Indeed, the solution has an
expression

i (t,9,v) = (A" (Ux0)x) T dygto (1, yK) = X (¥, v) T Byt (2, yK) (A.2)

where the integration constant is omitted here. If we take the expected value with respect to u for the
third equation of (14), then the term Lyu, vanishes since L is an extended generator of a u-invariant
Markov process by Lemma 4.1. We obtain formally

du()
?(I’yK) :ﬂ(-Elul(t’y’ V))
On the other hand

{Cli = Vi(UI—l(—,.AI_(l)’K)i

d
—1 .
bi = vi(U AL yL)i = L = (A UVR) yan + Zai 1(bi 2 0)(Fi —id)uy.

i=1
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By (21), we have

d d d
D (Fi—id)(a; 1(b; 2 0)) == Y a; = Y a;l(h; =0)
i=1 i=1 i=1

and

d
_ (17)
Dai=yR(AL (UVK) = —yE Lox.

i=1

By p-reversibility of ;, we have

d
p(Liur) = p((AL (UV)K) T Oyur) + Zﬂ(ul(ﬁ —id)(a; 1(b; > 0)))
i=1
(1 T T
= —u((Lox) Oyur) + u(yg (Lox)ui).
Thus, by the expression (A.2), the differential equation is

dug (19) 1

E(t,)’K) =5 (tr (Y 3§KM0(I,YK)) -y Y 3y1<“0(t,y1<)) :

For a k X k matrix A and k X k symmetric matrix B, tr(AB) = tr((A + AT)B)/2. Thus, the above
differential equation can also be expressed as

dug

dr
This differential equation corresponds to the Ornstein—Uhlenbeck process (18). See Section 3.4 of
Pavliotis (2014) for the relationship between the process and the Kolmogorov backward equation.

These formal arguments imply that the process of (yr,v) moves rapidly on the order of €, and the

process of yk converges to the Ornstein—Uhlenbeck process on the order of e~!. We will confirm these
observations in two steps. First we show the convergence of the fast dynamics (yr,v) where yg is
almost a constant process in this dynamics.

1
(t,yx) = 3 (tr (Q 6§Ku0(t,y1<)) -y Y aYKMO(tayK)) :

Theorem A.1 (Faster dynamics). Let &y(t) = (yo(t),vo(t)) be the Markov process that has the ex-
tended generator (11) regarding that yx is a fixed constant. The e-time scaled Markov process &€ (et)
of (10) converges to Markov process &y(t) in the Skorokhod topology where the initial distribution of
both of the processes is the stationary distribution Ng(0,17) ® U({-1,+1}9).

Proof. Let££(¢) = (yE(1),vE(t)) =€ (et) be the e-time scaled Markov process of (10) corresponding
to the extended generator

d
LEF () = (AU, f(y,v) +€ D i (UT(A) ")) (Fi =id) £ (3,v).
i=1

Without loss of generality, we can assume &£ (0) = &y(0). Throughout in this proof we treat £y(0) as a
fixed constant. Since the velocity process vE (¢) satisfies |v€ (¢)] = Vd, we have a local uniform bound

yf(t)=yo(t)+6/0(AE)_IUVE(S)dS = yE(0) = yo(0)| < Vd [|e (AS)"Ir.
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Since ||e(A€)7!|| < ||AI_(l |+ ||A]j1 || for € € (0, 1], it is bounded. Thus the Markov process is bounded on
any finite interval [0, 7']. By a similar argument, y((¢) is also bounded on any finite interval. Therefore
we can apply Theorem IX.3.27 of Jacod and Shiryaev (2003), which is the limit theorem for bounded
processes.

Jumps of £F is generated from v and the compensator of the random measure associated to the
process v€ is defined by

d t
Lm@vie=Y [ as e onmo. @ -0 s
R24 —Jo

where
A£(€) =€ i(UT(AS) ' y))s

Write v, for the compensator corresponding to &p. Since each jump size is always 2,

a>?2 = /Rz[1|§|2l{|§|>a}vf(d§):o = (3.29).

Similarly, condition (ii), i.e., 3.28 and condition 3.24 are satisfied. Let
t
be(€)i= (L5 0@, B = [ b(EE (9,
0

b(&) = (Loid)(&). Bl := fo b(&o(s))ds

where, id is the identity function. Then, by Dynkin’s formula, ££ (1) —££ (0) — B;€ and &y(1) —£0(0) — B
are local martingales. We have

be(§) =

d
e(A)'Uv, € Z(Vi(UT(AG)_IY)i)+(Fi - id)V) —e0
i1

d

(0, Aﬂl(UV)L), Z(Vi(UII.AilyL)i)+(Fi - id)V) =b(¢)

i=1
locally uniformly in & = (y, v). Thus

B =Bjo&f —e00 = [Sup—]
where Bj o £F is the process B; replacing &y by £ . Similarly,
C/ :=/ vy, (dv), C)€ =/ VO E(dv) = Cl€—Cloéf —c 00
R4 R
= [y3-D]

where Ezl o &€ is the process 5,’ replacing & by £€. The same convergence holds by replacing v®2 by

g where g : R9 — R is a continuous bounded function which is 0 around 0 € R?. This yields [07,1-D].
Other regularity conditions (i), (iv) and (v) can easily be verified.



Finally we check the condition (iii), uniqueness of the corresponding martingale problem of (23).
Since the process has a bounded velocity, it is non-explosive. Also, there exists a solution and the solu-
tion has pathwise uniqueness as in Section IV.9 of Ikeda and Watanabe (1989). On the other hand, by
state augmentation technique, by Theorem 2.3 of Kurtz (2011), any solution of the martingale problem
has a modification with sample paths in Dpa,pa [0, o). It implies the uniqueness of the martingale
problem. Thus the claim follows. O

Our next task is to demonstrate the convergence of the slower dynamics, which corresponds to The-
orem 3.2. Let || X|ly =E[supy<; <7 |X(0)I]].

Proof of Theorem 3.2. Let
&M =€, f () =yR(e),

Let k(&) = (yL,v). We prove the convergence of the process z€. For this purpose, it is easier to work
on another process Z¢ defined by

Zf(t)=z€(0)+/0 (=L + L) (x o k) (&5 (5))ds + e (x 0 6) (&5 (1)) (A3)

which has a decomposition Z€ — 7€ (0) = M€ + A€ where M€ is a local martingale defined by

Me(1)=¢ {()( 0 i) (£5 (1) = (x 0 1) (¢4 (0)) — €™ /0 L (xox)(&y (S))dS} (A.4)

and A€ is a predictable process defined by

a0 = [ £ico 0 onas (AS)

We show that the gap between z€ and Z€ is negligible. Since the function ¢ (y,v) = yx does not
depend on yp. nor v, we have

L) = L () Z - Lox(yLv).

From this equation, we have

-0 = [Tz =" [ Lo )

Observe that (Lo x) (k(£)) = Lo(x o k) (&) where, in the right-hand side, £ operate to y o «(yk, yL, V)
regarding yk as a constant. The difference between z€ and Z€ is

T
sup 120 =20 < [ (£ =€ Lo= Lotro e drre sup Lo x(e ).

0<t<T <t<T

The first term in the right-hand side converges in probability to 0 by Lemma A.2 below and by
Lebesgue’s dominated convergence theorem. The convergence of the second term will be described
in Lemma A.5. Thus supy<, <7 |2€ (¢) = Z€ (¢)] — 0 in probability.

Now we focus on Z€. We apply Theorem XI.3.48 if Jacod and Shiryaev (2003) to z€ and check the
convergence to the Ornstein—Uhlenbeck process. Conditions (i-v) are satisfied since the limit process is



Supplement to Scaling of PDMC for Anisotropic Targets 5

the Ornstein—Uhlenbeck process. Conditions (vi) [Sup-,Bl’OC] and [y]’OC-D] will be checked in Lemmas
A.3 and A.4. Now we would like to check the condition (vi) [§}oc-D]. Jumps of 7€ (¢) are generated
from € (y o «) (§ﬂf (7)) and the compensator of the random measure associated to the process is

d t
(v )= [ wmer=Y) [asE o) o ng o @)
x i=1

for i : R4 x R? — R where

A£(€) = i(UT(A) )4, Ji(&) = (F7 —id) (x 0 k) (€).

On the other hand the Ornstein—Uhlenbeck process has no jump, that is, the jump component cor-
responding to the limit process is v = 0. The class of functions considered in [d1oc-D] are bounded
continuous functions which are zero around the origin. Therefore, it is sufficient to show the following
convergence for the indicator function §,(v,y) = 1(|v| > a) for a > 0:

64 * v llz — O.
We have

2
M) =040 = 60 vlly < [San <],

| -0

since |J;| < | x| +|Fix| has any order of moments, and A is on the order of e~!. A similar arguments
shows the condition 1X.3.49. Therefore, 7€ converges to the Ornstein—Uhlenbeck process.

From this fact, z¢ converges to the same limit process by Lemma VI1.3.30 of Jacod and Shiryaev
(2003) which completes the proof. O

16a(£)] S(

a
Furthermore, by stationarity, we have

(|ef,~<g>>|)2

d
a2 vely <7 3 B |5 @)
i=1

Lemma A.2. Let f : R? xRY — R be a differentiable function. For each & = (y,v), we have
(6/)(&) = (L =€ Lo~ L) f(E) —em00

pointwise, where we operate Ly to f(yx, YL, V) regarding yx as a fixed constant. Also,

d
6N <2 [UF AL y| (£ +IFi £
i=1

Proof. Observe that

a;:= Vi(UE,.AﬁlyK)i, bi:= Vi(U]I./\El)’L)i

d
= 6N©O = ((@+€e by - (bi) — ail (b > 0)) (7 - i) £ (£).
i=1
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Thus the first claim is a direct consequence of
(a+e'b)—€ by —al(b>0)#0

— sgn(a+ e'b) # sgn(e_lb) = |a| > € Yb].
Also, from this relation, we have

(a+€ D)y —€e'by—al(b>0)|<|a+e b <2/l
This proves the second claim.
Lemma A.3. Forany T >0,

Ce =Clllz —e—00

where C€ is the predictable quadratic variation of M€ in (A.4), and C(t) =t Q.

Proof. The martingale M € is a purely discontinuous martingale driven by the random measure associ-
ated to the jump of € y o K(fﬁf (+)). The random measure has the corresponding compensator v; defined

in (A.6). Therefore, the predictable quadratic variation of the martingale M€ is

t d
CE 0= [ me oD me@ =€ Y 0iUTAY D (T =i (L)
i=1

by Theorem I1.1.33 of Jacod and Shiryaev (2003). This predictable quadratic variation corresponds to
the second modified characteristics defined in equation (IX.3.25) of Jacod and Shiryaev (2003). See

also Definition I1.2.16 and Proposition I1.2.17. We set

Ci 0= [ mlxteg (o))ds

where m(yr,v) is as in (20). Since |(a + b)* — a™| < |b|, we have

d
6°(&) :=m* (&) —m(xk(&)| < € Z|Vi(U1—(r,.AI_(1yK)i| (IFix (L, v+ [x (L. ). (A7)

i=1
Thus we have

e -cell, <TENs< e opn ) o,

Let

Lemma 4.5

mO(yL7V) 3=m(}’L,V) -Q, e ﬂ(mo) =0.
For &£ (1) = £€ (et), we have

-2

CE) - C(1) = € /0 mo(k(E€ (1))dr.
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Therefore, by Lemma C.9, for any S > 0 we have

A

S
s el < B 5] [ motetesona |+ Sam

S
e EH /0 mo(k(Eo(1)))dr

by Proposition A.l1 where &y(¢) is the process introduced in the proposition. By Proposition 4.2, the
process &y is ergodic regarding that yx is a fixed constant. Thus as § — oo, the right-hand side converges
to 0. Thus our claim holds. O

For the Ornstein—Uhlenbeck process (18), let
t
A(t) = Y/ X (t)dt.
0
Lemma A4. ForanyT >0, for the process 7€ defined in (A.3) and A€ defined in (A.5), we have
A€ —=AoZly —e—00.
Proof. Let
t
500,9) = (L)) =Yy = (A<= 40290 = [ a5 ()ar

As in the proof of Lemma A.3, by Lemma C.9, for any S > 0 we have

S
s [ atamal

by Proposition A.l1 where &y(¢) is the process introduced in the proposition. By Proposition 4.2, the
process & is ergodic regarding that yx is a fixed constant. Thus as § — oo, the right-hand side converges
to 0 since u(8§) = 0 by Lemma 4.5. Since the gap between 7€ and z€ is negligible, the claim follows. [J

lim 7°1 |A€ = A0z |y <B
€ >

Lemma A.5. ForanyT,5 >0, and for k(¢) = (yL,Vv),

P(s sup |y o k(&5 (1)) >6) —¢00.
0<t<T

Proof. By Proposition 4.2, there exists a constant cq such that | y| = |AI_<l (Uxo)x| < coexp(|yL|?/16 1?).
Thus it is sufficient to show that the event

{ sup |y§(r>|>4la<e>}

O<t<e~!T

is negligible where d(€) = llog(e‘lcalé). On the other hand, there exists ¢; > 0 such that |(y[)’| =
Ie_lAil(Uv)L| < € ¢y Therefore, for h = h(e) = CIIZZ € 6(e) we have

Iyf (1) = y{ ()] £216(e)
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if |# — s| < h. From this fact, we have

{ sup ()] > 415(6)} U {Iy€ (nh(e))| > 216(e)} -
O<t<e”'T n=l,...[Te"'/h(e)]
Since the process is stationary, and the stationary distribution of yE is NVj(0, I;), we have

P( sup  |yf (1) >4l(5(6)) < [Te ' /h(e)] P (lyf (0)] > 216(e))

0<t<e™ T

< [T /h(e)] ) P(Iyf (0)] > 25(e)

lelL
<[Te ' /h(e)] 12 D(-265(€))

where ®(x) is the cumulative distribution function of the normal distribution. Since ®(—x) < ¢(x) (x >
1), the above probability is dominated above by

[Te ' /h(e)] 1 2 ®(-28(€)) = [Te /ey 218(€)] 1 2 21) 2 exp(-26(e)?).

Since exp(—268(€)?) is on the order of €2, the right-hand side is on the order of §(¢)~'. Thus the
probability converges to 0. O

A.l. Proof of Theorem 3.3

For A€ (y,v) = (v;(UT (A€)7y);)+, we derive that
T d
E[N;]:/ DB [AF (v (1), vE (1)) de
0 5=

d
=T ) E[af (3.v)]
i=1

where (y,v) is distributed according to the joint distribution N (0,1;) ® U({-1,+1}4). As the law
of A7 (y,v) + A5 (y, Fi(v)) = [(UT(A€)~1y);| is equivalent to that of /96 |Z|ng%f where Z ~
N (0, 1), we conclude that

d
- g M E[AE (rov) +25 (0 Fi ()]
i=1

d
:ZZ Igl_fl_ L
25N Y V2

Given that (2€)~' =UT(A€)"2U = €20y, + O(1), the result follows.
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Appendix B: Averaging of the bouncy particle sampler

B.1. First convergence regime of the bouncy particle sampler

Let £€(t) = (yE(t),vE(¢)) be the e-time scaled Markov process of (12) corresponding to the extended
generator

LE=e (A) )Ty +e (WT(AS) 1Y) (B¢ —id) +€ p (R—id).
First we prove the convergence £ — & in Skorokhod topology where &y(z) = (yo(¢),vo(?)) is the
Markov process with extended generator (23). We assume that &y(0) = ££ (0).

Proposition B.1 (Fast convergence regime). As € — 0, the Markov process £E starting from (x,v) €
R9 x R? converges to another Markov process of (23) in Skorokhod topology.

Proof. We assume that ££ (0) = £y(0) and consider the initial points as fixed constants. By Lemma
VI1.3.31, without loss of generality, we can assume that p = 0, since the refreshment jump occurs in the
time interval [0,7] with probability 1 — exp(—epT'), which converges to 0 for € — 0. The reflection
jump does not change the size of the velocity variable, that is, [vE (¢)| = |[vo(0)|. Therefore, we have a
local uniform bound

t
yi (1) =yo(0) +e€ /0 (A)™vE()ds = [yE(0) = yo(0) <€ l(A) I Ivo(0)] £
< (elIAL T+ IALMD vo(0)] 7.
A similar inequality holds for &y. In particular, the Markov processes are bounded on any finite interval
[0,T]. Therefore, we can apply Theorem 1X.3.27 of Jacod and Shiryaev (2003), which is the limit
theorem for bounded processes.

By Dynkin’s formula, for 4 € C' (R4 x R¥), the compensator associated to the jumps of £€ is char-
acterised by

/ h(E)VE (dé) = / A€(£5(s)) (0, (BE (yE (5)) — id)ve (s))ds
RAxRd 0

where
(&) =€ (VT (A)Ty)s.

Write v; for the compensator associated to the jumps of &j. Since each jump size is bounded above by
2|vo(0)], we have
a>2|v(0)] = /Rd V12 1y sayvE ({0} xdv) =0 = (3.29).
Similarly, condition (ii), i.e., 3.28 and condition 3.24 are satisfied. We have
be(&) 1= (e(A) v, € Ay (B () —id))

— o (047w ) (0. 0T AT YL (B () i) ) =: b(€)
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locally uniformly in & = (y,v). Let

t t
Bl = / be (S (s)ds. Bl / b(£o(s))ds.
0 0
Then
B~ Bl o£f — 00 — [Sup—p}]

where By o £F is the process B; replacing & by ££. Similarly,

C/ :=/ vy ({0 xdv) = (/€ ::/ VB2 E ({0} x dv) — 0 C) 0 &€
R4 R4
= [y;-D]

where 5,’ o &€ is the process G replacing & by ££. The same convergence holds by replacing v®2 by
g where g : RY — R is a continuous bounded function which is 0 around 0 € R¥. This yields [67.1-D].
Other regularity conditions (i), (iv) and (v) can easily be verified.

The argument used in Theorem A.1 is used to establish both the uniqueness of the corresponding
martingale problem in equation (23) and condition (iii). O

B.2. Reparametrisation and expansion of the generator
We contemplate the reparametrisation of (y,v) in order to facilitate the analysis. Let

x=0kvk.@,B), (=(zex)=(z,€YK VK @, f5)

and let Y, m be projections such that

) D {=(ex) -5 x=(kvkp) (B.1)

where a and S are as in (24). Let IT be the two-dimensional hyperplane spanned by yy,(0) and vy (0).
The processes yi (f) and v (f) remain on the hyperplane until the next refreshment jump. Let y €
{—1,+1} be the orientation of the hyperplane I1. When IT and 7y are fixed, then (y,v) and ¢ have a
one-to-one correspondence. Since IT and y are fixed between the refreshment jump times, we focus on
the variable £. Let r = y/8/a.

We are now going to rewrite the generator L€ using the reparametrisation. With the reparametrisa-
tion 7 : (y,v) — ¢ we have the correspondences

Y =A%)y b = lal? v = Ak
CTA)e e (P zrvgA s
Bf(€) = BEL) =8N
Rf(£) = R =RHE).

The operator B s given as the pullback of the reflection

g = (Zae’x) [ (_Zy b(Z, e),x).
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Let n(v) =v/|v| for a vector v # 0. The refresh operator R is given as the jump from ¢ to £ as follows,
where v* = (vie,vi) ~ N (0, 14):

*

Z Z
e n(w")
_ YK * _ YK
(= - = ‘
L K, (B.2)
e 2 2|VL| 2
B I w1 = ((v)) Tw)

where z* =n(v{) Ty, w*=(1-n(v{) n(v{)") yL.
The generator £€ now becomes
LS (zex) =€ a0, f(z.e.x) + (ALv) Ty f (2. .%)
+ (e_la'l/2 Z+ VIZAIZIyK)Jr(ge —id) f(z,e,x) +p (ﬁ —id)(z,e,x).
As € — 0 we formally obtain the first order expansion
€ LEf(z,e,x) —e0 Hf(z,e,x).

We treat H defined in Section 4.2 of the manuscriptt26} as an operator on the space of (z, ¢, x) with a
fixed x. Furthermore, the formal approximation of the gap £ € — e ' H gives the second order expansion

L1 £(2) =vig Ay £ () + (VAR YK) 1(z> 0)(8° —id) £ (£)

~ — (B.3)
+a'?2,08° () +p (R=id) f(0)
where, the operator a8 is formally defined by
R € _ R0

The expansion gives L€ = e 'H+ L] +o(e).

Proposition B.2. For each { = (z, e, x), and for the projection  defined in (B.1), if |yL|* = B/a + 2> #
0, we have

(60)(¢) = (L =€ H = LY ({) — =00
pointwise. Also, if 0 < € < 1, |(0¢) ()| is uniformly integrable.

Proof. We prepare temporary notation
A—l / 1/2 A A=l B
a (l[{ K )K)a (L )L) a <y | K )Kl’ bLl

Since x is treated as a constant for H, we have H = 0. From this, we have an expression

(69)() = |(a+€e'b) (B —id) - b (8°) | ().
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Also, since x is not affected by the reflection B°, we have gozﬁ({ ) =¢({). This gives an inequality

(S| < 1((a+€ D)y — € by —al(b > 0)(8€ - By ()| (B.5)
+lal(b>0)(B€ - 8%y (2)| (B.6)
+b, (e—l (B€ - B°) - a@o) zﬁ({)‘ . (B.7)

As in the proof of Lemma A.2, the quantity (B.5) converges to 0. Also, (B.6) converges to O since
v€ — 19, Now we focus on (B.7). The original parametrisation (y,v) = 7~ suits to the estimate of
the term. Let v€ := B€ (y)v. With the notation, we have

vE =y — ﬂ 61\;)’K N
€2A2+ B2\ yL
ove =— ﬂ Ail)’K _ a _2€A2(ea+b) fA]ZIyK .
€2A? + B2 0 €2A2 + B2 (62A2 +B2)2 L

We define
J(y,v) = om(y,v) =ux.
Then we can rewrite the deviation of B€ at e =0 by the original parametrisation as follows:

e (B =B () =" W3, vE) —d(3,9°)) = (8,) (3, V<) IV© (B.8)

for some 0 < «k < €. This term converges to 6§0w(§) = (0,4)(y,v°)dv° when € — 0 which shows the
convergence of (B.7). This completes the proof of the first claim of the proposition.
Now we quantify |(6) ()| by using the decomposition (B.5-B.7). We have

1BF(y.)| < sup [Py < Iyl+ v+ P+ PP =1y" = (B.5)+(B.6) <4lal y.

v I<v]
Next we quantify (B.7) by using (B.8). By construction,
0 0
Ik 0
0 2vL
0 2lyLl* vi —2(y{vLyL

O (y,v) = = 10,0 (y,v)] < k+2[v] +4[yL[|v].

Thus the proof will be completed if b dv* is uniformly integrable. Since |a| < A|vk]|, |b| < Blvp|, with
some algebra, we have

max {€ |a|,|b|, |ea+b|} < |v|Ve2A? + B2

b (ea+Db) eab 4 €2A%b (eA +b)

= |b(dv)k| =2 -~ A <8y A,
153V )x] ‘ A2+ B2 @A+ B2 (2A2+ B2)? i
abB €A% b B(eA+D) 5
b(Ove) | =1|-2 + <6|v|” A.
6@Vl ‘ A2+ B2 (2A2 + B2)? i

Thus the bound can be obtained. O
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B.3. Slower dynamics of the bouncy particle sampler

Let u = ug + euy + o(€) be the solution of the backward Kolmogorov equation corresponds to the
extended generator £€ = e 'H + L + 0(€). The expansion gives

Sy Mo = (B.9)
dr Hu, Zg—.ﬁluo

From the first equation on the right hand side, ug is situated within the null space of H. As H serves as
the generator for an ergodic Markov process on the space of (z, e), the function within the null space
is a constant function with respect to (z, e), that is, ug = ug(x,1). Refer to Section 4.4 of Pavliotis and
Stuart (2008). Let u(dz,de) = N (0, 1) ® U(S) be the invariant probability measure corresponding to
H. In equation (B.9), we can find an ordinary differential equation by taking the expected value with
respect to u. Since u(Huy) = 0, the resulting equation is:

du()

d—(x, 1) =/ (Liuo)(z,e,x,t)u(dz,de) =: Lug(x, 1), (B.10)
! RxS

where we consider £ as an operator for functions of x. Observe that 8° f(x) = f(x). We can express
AB using the notation in the proof of Proposition B.2:

B f(x) = | (V") gBvg +2(0) T (0VO)Lda +2(IyL IV — ) yL) T (0vO)Ldp | f ().

The last part of the right-hand side is 0 since |y |*vy — (yE vp)yL and (0v0)p o« yp are orthogonal. We
get

0B°f(x) = —2M&Ag] e f(x) — 4 (vL A - yL)T L “T‘A—Klzy“) Baf (%)
Iyl Iyl Iycl
=B AR ) ~ 40T 090
Using the expression (B.3), we can write the operator £ as:
LF() = [VEA By = (@) YEAL By AT vk +p (R = id)] £(2) (B.11)

where c(a, B) is the integral of (vEyL)2 /|yL|? defined in (29). Here the refresh operator R* is

x= (K@ f) X = (kv VR P (P + 2% ),

where vi ~ N (0, Ix), v ~N(0,1L),z ~ N(0,1) and u ~ Be((I — 1)/2,1/2). Here, u corresponds to
1- (n(vi)Tn(yL))2 in the notation in (B.2).

The Markov process X(t) = (yk(t),vk(t),a(t),B(t)) corresponding to L is described as follows.
Note that the behaviour of a(t) is characterised by that of vk (¢) between the refreshment jumps. Let
Ty =0, and T, T3, . . . be jump times of the Poisson process N, with E[N;] = p‘lt. Foreachi=0,1,...,
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let
yk (1) = Aglvk (1)
vt ==2c(a(0),B(T) Ag'yk (1)
5 5 (B.12)
a(1) =a(Ti) + vk (T)|” = vk ()|
B(1) =pB(T)

for T; <t < T;4. At the refreshment time 7;, yx (7;) = yk (T;—) and other variables are refreshed by the
operator R*. Processes £€ and X € are defined by

(0 (1) 5 £50) = (2 (1), (1), X< (1)~ X (1) = (k0. v (D), @€ (1), B (1))

Next we prove the slower dynamics of BPS, which corresponds to Theorem 3.4. The theorem states
that as € — 0, the process X € converges to X in Skorokhod topology.

Proof of Theorem 3.4. We apply Theorem IX.3.39 of Jacod and Shiryaev (2003). First we check three
conditions in (vi) of Theorem IX.3.39. Let

t
{b‘(é) = LU () _EE /ot PrE NG (B.13)

b(x) = L id(x) B! -—/0 b(X(s))ds.

Lemma B.3 shows [Sup-Biqc], that is, supy<, <7 |B;€ — Bf o X¢| — 0 in probability. Also, let

(&)= (T (A)TNL((BS ~id)(€) +p RIW () — ¢ () *1(6)
c(x) =p R*[(-—x)®?](x)

G = / € (£€(s))ds
Ot

(oA =/ c(X(s))ds.
0

=

Lemma B.4 shows the condition [d},.-D], that is, C‘t’ €— ézl o X€ — 0 in probability. For a smooth and
bounded function g : R — R, such that g(x) = 0 around x = 0, and for 1€ (¢) = (vT(A€)~!y),, set

J)(©E)  =2°(&) g((B ~id)y(£) +p REW () - ¥ (©))(€)
o) =pR(g(--x)(x)

grvE = /O (J<g) (€ (5))ds

- t
* Vi = * d
gxv /O (*9) (x(5))ds

There is a constant a, b > 0 such that g(x) < a 1(|x| > b). Thus g(x) < a(|x|/b)* and

|

[(B€ —id)y(&)]?
2

A°(8) 5

g

2 (©g(BE - iy (¢))|| <aB
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The right-hand side converges to 0 as in (B.14). On the other hand, observe that

h(€)=p R(gW() -~ Y (E))(E) = /R . h(z,e,x)pu(dz,de) = (Jg)(x).

By Lemma C.9, for any 0 < §,7, and for 6 = h(£) — (J*g) (¥ (£)), we have

1 T . 1 eSS . B 1 S .
]E”—/O S(£€(1))dt '3/0 8(¢ (t))dt]_EHE/o 6(¢ (et))dt]

T
by integrability of ¢. Since &€ (er) weakly converges to £(f) by Proposition B.1, the right-hand side

converges to
1 S
E [ — / 0(&(2))dr ] .
S Jo
However, since the process is ergodic as a process of (z, ¢), it converges to 0 by the law of large numbers
as S — +oo. This proves [d1o.-D], and hence condition (vi).

Other conditions are easy to check. Hence the claim. O

<E

Lemma B.3. Forany T > 0, we have supg; < |B;€ — (B’ 0 X€);| — e_0 0 in probability, where B’€
and B’ are defined in (B.13).

Proof. Let b°(&) = £1y(&). By Proposition B.2 together with stationarity of the process £€, we have

sup —e-00

0<t<T

/0 (b€ — b (£€ (s))ds

in probability. On the other hand, by the weak law of large numbers,

T
0_po € N
E /0 B~ boy)(é (s))ds] 0

as in the previous proof. Thus the claim follows. O
Lemma B.4. Forany T > 0, we have (M€ )(T) — C(T) — 0.
Proof. We use the same notation as in the proof of Proposition B.2. Let
c(©=p RIWO) =vENIE).  cf @) =0T (A) W) B -8 ()]%.
CO=pRI-0P1W = [ clzenutdzdo.
RxS
We have
T
1) = [ (erep)e s
The contribution of ¢ is negligible since

Elleg (&)1 < e E[(e v (AS) ' )22 E[|le7' (8¢ - 8% ¢ (&)1]'/2. (B.14)

and the both expectations in the right-hand side is on the order of O(1). Also, as in the proof of Lemma
B.3, by the weak law of large numbers, the claim follows. O
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B.4. Proof of Theorem 3.5

For 1€ (y,v) = (vT(A€)~!y), + p, as in the Zig-Zag sampler case, we derive that

T
E[N7] =/0 E[2° (€ (0).ve )] dt =T E[2°(y.v)].

where (y, v) is distributed according to the joint standard normal distribution. The property A€ (y,v) +
A€ (y,—v) = |[vT (A€)~1y| + 2p simplifies our calculation, and we have

BINF] = 3 B () + 45, -0)]

T
=S E [T (A v+ 2
r en-1/2712 T . en—1
<5 (B|IA9)7222] +20) = 3 (diag((A) ™) +20)
where Z is normally distributed. Since A€ = diag(Ax, € AL), as € approaches zero, we obtain the limit
€1 _ Z Ta€-1 Z T -1
€EINfl1=e S E[WTA)I+20| —eo 3 EB|bi(A) ]
Since we assumed that Ay = I}, the above limit is

2 B[ i =5 EIX] B[V

where X = |vp| and ¥ = (vp/|vL])T yL ~ N(0,1) are independent. Given that X and |Y| are the y-
distributed with / and 1 degrees of freedom, respectively, and that the expectation of y-distribution
with k degree of freedom is

T'((k+1)/2)
v [(k/2)

the result follows.

Appendix C: Technical results

C.1. Proof of Proposition 4.8

Let 7; be the i-th reflection jump time of (z(), e(¢)) fori > 1, and let 79 = 0, z(0) = z¢. Let

n—1
Wp =Ty +2 Z (=D + (=)™ 20, 6, =arctanw, (n=1,2,...). (C.1)

m=1

Figure 1 illustrates the relation of the variables when a = 8 = 1. In this case, z(¢) is the distance from
the tangency point on a line segment to the process yy (7).

Lemma C.1. Assume that @ =8 =1. Then

72(th—) =wy (neN) (C2)
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Figure 1: Relation among w,,, 7, and 6, when a = 5 = 1.

are independent and identically distributed and P(w,, > x) = exp(=x2/2) for x > 0. Also,
arccos(e(t,) Te(1-1)) =26, (n=1,2,...).

In particular,

arccos(e(1,) Te(0)) =2 Z O (n=1,2,...).
k=1

Proof. The process z is completely determined by the stopping times. In particular, we have

2(on) = {—z(rn_1—>+<rn ~Tue)  n22

70+ T n=1.
since 7’(t) =1 fort # 1, (n=1,2,...) and z(1,;) = —z(7,—). See Figure 2. Therefore, by inductive
argument, we have z(1,—) = w,. Since w, denotes the time elapsed between the moment when z(¢)

hits zero at time ¢ = 7,,_| + z(#,,—1) and the subsequent jump, and z(¢) represents the intensity function,
we can draw the following conclusion:

P(w, > x) =exp (_/x y dy) = exp(—x2/2).
0

Thus the first claim follows. For the second claim, at the jump time 7,

2
(27) = e(ma)Te(tu-) = b(e(t-), (7 =) Te(Ty-) = T
1+ z(1,—)2
Therefore
T T l1-w? 1-tanf?
e(tn) e(tu-1) =e(1) e(1y—) = = = 0s20,,.

l+w? 1+tan6?

Thus the second claim follows. The last claim follows from the fact that the process yy (t) keeps its
orientation. O

Let P; be the Markov semigroup of H.
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Lemma C.2. Assume that @ = 8= 1. There is a coupling of measures P ((zo, €0), ") and P((zg, eg), )
such that the first hitting time Tp,, of

Do={(z,e,2" ") € Rx ) :2=2" =0}
is finite with positive probability.

Proof. Let (z(¢),e(t)) and (z*(¢), e*(¢)) be the realisation of the coupling. The process z is completely
determined by the stopping times. In particular, as described in Figure 2,

t te |0,
z(t)={ 20 €l0.m) = z(¢) =0, where £ =79+ 271

t—(20+27’1) t€[T1,T2)

Similarly, z*(£*) =0, where §* =z + 277

Figure 2: Path of z(f) whena=8=1

We begin by defining Q as the maximal coupling of ¢ and &*. Using this coupling, we construct
a coupling of Markov processes, denoted by P, by taking (£,£%) ~ Q along with the conditionally
independent realisations of stopping times given & and £*. From this construction, we obtain

P(Tp, <o0) 2 P(£=¢)=Q(£=¢") =1L - LE)lrv.

The left-hand side equals to O if and only if the laws of £ and &* are mutually singular. However, since
71 has a positive probability density on [(—zg)+, o), it follows that the random variable £ has a positive
probability density on [|zo[, ), and similarly, £ has a positive probability density on [|z;], e). Thus,
the laws of £ and &* cannot be mutually singular, implying that the stopping time Tp, is finite with
positive probability." O

Lemma C.3. Assume that @ == 1. If eg + e, # 0, there is a coupling of measures P;((0, eo),) and
P ((0,ep),-) such that the first hitting time Tp of

D={(z,e,z",¢") € (RxS)?: (z,e) = (z",e")}

is finite with positive probability.
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Proof. The process z starting from z(0) = O satisfies

t te[0,7))
z2(1) =4t -27 te[r,n) = z(6)=0, where £=2(1p —11) € [12,73). (C.3)
t=2(mp 1) t€[12,713)

Similarly, z*(£*) = 0 for £* =2(7; — 7/). Let € = arccos((e(*))Teo) be the angle between the initial
tangency points of two Markov processes. Without loss of generality, we can assume that € € (0, 7).
By Lemma C.1, the angle of e(¢) and e*(&¢*) from e(0) are twice of

0=01+62, 0"=07+60,+¢€/2
where 6,, is defined in (C.1), and 6}, is as in (C.1), replacing 7; by T; Thus

(£.0)=(£7.0") = (2(8),e(&) = (7 (£).€"(§)) = Tp < 0.

As in the previous lemma, the proof will be completed if we can show that the laws of (£,6) and
(¢*,6%) are not mutually singular.

By (C.1) and (C.2),
(£/2) = w1 + wo, 6 = arctan w; + arctan wy,
(£7/2) = v} + w3, 6" = arctan w] +arctan w’ + €/2

where w, = z(t,—) and wj}, = z*(1;—). Both (w,), and (wj},), are independent and identically
distributed with positive probability density on R,. Thus, conditioned on ¢ and &%, the variables
x =wi/(w) +wy) and x* = w]/(w] + w}) are independent and identically distributed and have pos-
itive probability distribution function on the interval [0, 1].

For given ¢ the map

f(x) =arctan(x&/2) + arctan((1 — x)&/2) (C4)

is symmetric about x = 1/2, and it is monotone increasing in the interval [0, 1/2] since f’(s) =

(£/2)/(1+ (x€/2)*) = (£/2)/(1 + ((1 = x)&/2)*) > 0. Thus
arctan&/2 = f(0) < f(x) < f(1/2) =2arctan& /4.

Therefore 8 = f(x) has a positive probability density function on [arctan&/2,2 arctan & /4], and 6* =
€ + f(x*) has a positive probability density function on [€/2 + arctan&/2,€/2 + 2 arctan & /4]. These
measures are not mutually singular if

€/2 +arctan&/2 < 2arctan & /4.

The function g(§) = 2arctan& /4 — arctan¢/2 is a monotone increasing function and sup, g, g(¢) =
n/2. Thus if € < 7, then the laws of 6 and 6* given £ = £* are not mutually singular if we take & = £*
large enough. Thus Tp is finite with a positive probability. O

Lemma C.4. Assume that « = B=1. If e + €* =0, there is a coupling of measures P;((0, ep),-) and
P:((0, ey), ") such that the first hitting time Tp of

Dy={(z,e,z",¢") € (Rx S :(z,e)=(z%€e%),e+e* £0}

is finite with positive probability.
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Proof. Let 6, and w,, as in (C.1), and let 6;, and w}, be the same replacing 7, by 7. Then

£:=2(1y —11) = 2w +w2), £ =277 =20 =3 2(€) =77 (€) =O.

Let Q be maximal coupling of the laws of & and &*. Then Q(& = &*) > 0. The coupling of Markov
processes, denoted by P, is constructed by (£, &) ~ Q together with the conditionally independent real-
isations of stopping times given & and &£*. The variable x = w1 /(w; + w>) has a continuous probability
density function on [0, 1] under P given ¢ and &*.

On the other hand, by Lemma C.1,

arccos (&) Te(0) =260, + 26y, arccose*(£%)"e*(0) = 267,
if é::'f* T % *
= arccose(€) e (€) =2(01 + 6, —6)) + .
Since the arctangent function is a subadditive function on R, we have

C.1
E=8" = 01+0,-0] < )arctanwl +arctan w — arctan wj

= arctan(x£/2) +arctan((1 — x)&/2) — arctan(&/2) > 0
= e(&)+e* () #0

where we used the fact that f(x) defined in (C.4) is monotone increasing. Thus & = &* = (z(£), e(£),z"(£),e*(£)) €
Dy. Hence IP’(TD(/) <o) >Q(¢£=¢")>0. O

Proof of Proposition 4.8. Let w(z) = (z(¢), e(t),z"(t), e*(¢)) and let () be the filtration. We assume
a = B =1. This is always possible by state scaling and time scaling. Without loss of generality, we can
assume that the process z is counter clockwise and all angles in this proof will be measured in this
orientation.

We use the couplings in Lemmas C.2, C.3, and C.4, as described in equation (C.5). Specifically, we
first use the coupling in Lemma C.3 for (z,e) € R X S until it hits Dy. If it is in (D), we then use
Lemma C.2 until it hits D). Finally, from Dy until it reaches D, we use the coupling in Lemma C.4:

Lemma C.3 . , Lemma C.4 Lemma C.2
(z,e) = Do (iffe+te'=0 = D)) = D (C.5)

By Markov property, the constructed probability measure satisfies P(7p < co) > 0. Hence, by modify-

ing the processes so that they are coincides after t = Tp, we can show that there exists 7 > 0 such that
0<P(Tp <T)=1-|Pr((z,e),-) — Pr((z*,e*),")|ITv. Therefore, the claim follows. O

C.2. Two dimensional analysis of the Zig-Zag sampler
Let ¢4 (x) = exp(—ax?/2) and define functions E,, and E , as follows:
Eot)= [ eatty. Ea= [ eatity

for @ € R. Note that e (x)’ = —axeq(x) and E o (+00) = E (0) = v/r/2a for @ > 0. Suppose for the
function /& : R — R, h(x)ey(x) is integrable. For x € I = (0,0) or (—o0,0), and for a differentiable
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function f: I = R,

FO) —axf)=h(r) = (eal®) () =ealx) h(x)
= f@)=ealn)! (C+ /O ea<y>h(y>dy)

where C is a constant. We denote the solution by F'(«, &) (x), which is indeterminate up to the constant
C e R. We write f =, g if f(x) — g(x) = Ceq(x)™! for some C € R.

Lemma C.5. Let a # 8 and a,B # 0. Then F(a,af + bg) =4 aF(a, f) + bF(a,g) for a,b € R and
N(0,a™"-integrable functions f and g. Moreover,

Fla,1) =g eq(x) 'Eq(x), F(a.x)=q-a'
and
F(a,x?) =q - 'x+a7'F(a,1).

Also,

Fla.xF(B.1)) =a a%ﬁwm, 1) = F(B.1)). F(a,xep()™) =g ———ep(x)".

a-p
Lemma C.6. For0< < a,

I(a,p) = /0°° Eg(x)eq(x)dx = (aB)”'? arctan\/g
I(a,-p) = /°° E_g(x)eq(x)dx = (aB) "1/ arctanh\/g
0

I(-B,a) = /°° E, (x)e_g(x)dx = (a,B)_l/2 arctanh \/E
0 a
Proof. We have

I(@.B) = /O /0 Ly exyep(y)ea(x)drdy

0 /4
= (aﬁ)_l/z‘/o /0 1{tan03\/[%} exp(—r2/2)d9 rdr

= (a/,B)_l/2 arctan\/E
a

-1/2 1/2

where we consider variable transformation x = « rsin . Under the same transfor-

mation, we have

rcos6,y=p8"

I(@,~p) = /O /0 Ly exre_p(y)ea () dxdy

o pr/4
=(ap)™'? /0 /0 U an 0 <y/p7ay XP(=((c0s0)? = (sin6)*)r/2)d0 r dr.
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Since sinf < cos 6 when 0 < 8 < /4, we have

/arctan VB a 1

o -1/2
I(a,—p) = (af) A (cos0)2 — (sin 9)2d9

dx

Bla
- [ p-

1-—x2

where we consider variable transformation x = tan 8. Therefore

(arctanhz)’ = ! = I(a,-p) = (aB)~'/? arctanh\/E
1-72 @

where arctanh z = (log(1 + z) — log(1 — z))/2. Finally, we have

T(-p.a) = /0 /O | xyy€a(3)ep (x)dxdy = I(a, ~B).

O
Let 71, 9> be operations such that
Fif(xij)=fx=i. ), Fof (i j)=f(xi—j) (x€R,i,je{-1+1}).
Proposition C.7. Let g:{0,1} - R, and let
@l )) = e Bl ) =
for p,q € R such that |p| # |q|. Consider an equation
Gf(x.i,))=g)i-j
forxelandi,je{-1,+1} where
Gf(xi,j)=f"(x,i,)) +x {ix a(i,j) (F1-1d)f(x,1,)) + j+ B, ]) (F2 —id) f(x,i, /)}.
A solution is given by f(x,—,—) =xgo+ C and
f+-)=fx,—-)+F(p/(p—q).1)(g1—go) C6)
f—4)=f(x. = =)+ F(q/(qg = p). 1)(81 - go)
and
Fet 4 21 f (=) 4 D (Flal g = p) D = F(p/ (0 =) D81 =80)  (€)
for CeR.

Proof. We solve the equation G f (x, i, j) = g(x, i, j) by solving four equations corresponding to (i, j) €
{~1,+1}? sequentially. For the simplest case,

(i’j):(_’_) == fl:go == f(x’_,—):x80+c~
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For the cases where one of i or j is positive, we have
(i,j):(+,—) == f’—XCL’fIg]—)CO,’ﬁf == fE(lF(a’gl_xaﬂf)’
)=+ = [f'-xpf=s1-xBFaf = [f=pF(B.&1-xBF2f).

Observe that 71 f and F,f in the right-hand side of the above are xgo + C. By Lemma C.5, (C.6)
follows. Finally,

()= = f—x f=g0-x(aFif+BFof) = f=1 F(l.g —x(aFif +BFf)).

Thus,
_ p q
f(-x’+9+) =1 gOF(]’]) - —F(l,xf(x,—,+)) - _F(]’xf(x»"'»_))
p+q q+p
=1 goF (1,1) - goF (1,x%) - CF(1,x)
- (g —go)F(l,xF(L,l))
pP+q /Y
_— (gl—go)F(l,xF(L,l)).
q+tp 2}
This proves (C.7) by Lemma C.5. O

If x > 0 and if i| sin 8| + j| cos 8] # O, then

iy |sind| x _ (vixsinf),

vy =1 sgn(sin6) i ) x= — = :
£ i alij) x i |sinf|+j|cos@| v;sinf+vycosd

vy = J sgn(cosf)

p :=|sind|

— i+ B, J) X == - = :
q :=|cos0| J+ B, ) i|sinf|+j|cos@| visinf+v,cosf

J+ |cosf| x _ (vaxcosf),

For x > 0, the solution y (x,v) of (4) corresponds to the case where

. —vicos@+vysingd —ig+jp )
g(li—jl)= - = — ~— sgn(sin 6 cos b).
v1sinf +vycosé ip+jq

The generator Ly is ergodic, and so the solution y(x,v) of the Poisson equation is unique up to a
constant. Therefore, y(x,v) = —y(—x,—v) + C for some C € R since —y(—x,—v) is also a solution.
However this implies y(0,v) = —x(0,—v) + C = y(0,v) + 2C and C = 0. Therefore,

x(x,v) =—x(=x,-v). (C.8)

By (C.8) of y, we have

Q= Z /wx(x,m,vzw(x)dx(vlcose—vzsine). (C.9)

vi,me{-1,+1}

A solution F(a, 1) is determined up to a constant times e,!. However we need to fix the constant so
that y (x,v) is N (0, 1)-integrable and it satisfies (C.8) and continuity at x = 0. In particular, y (0,+,—) =
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—x(0,—,+) and x(0,—,—) = —x (0, +,+). After some calculation, for x > 0 we set

2 () (Ea(x) - Ei-q(0) 1%") ifa <0

Flah= —e7 ' (X)E o (x) if 1 <a.

fora ¢ [0,1] and C = —F(a, 1)(0) (g1 —go)/2(1 —a) where C is the constant in Proposition C.7. Here,
we consider the equivalent relation in (C.7) as an equation. We have

F(a,)¢(x)dx = — X

— 1-

/°° 1 |10-a,0)=E_ 0% —2  ifa<o0
_ a

0 V2 |-I(1 -, ) ifl <a.

Proposition C.8. For 6 £nn/4 (n=0,...,7), the value of Q is expressed as (5).

Proof. We evaluate the integrals

1= [ oo
where we omit C in Proposition C.7 since it will be cancelled out in the integral in (C.9). Assume x > 0.

First we consider p < g, that is, | sin6| < |cos 8| case. In this case, g/(q —p) > 1 and p/(p —q) <0
and by Lemma C.5, we have

J(-o) = \/%30

1 1 _
J(+,-)= Ego + E(gl - £0) (1 +Eq/(q-p) (0)2%)

1 1
J(=+)=—go— —(g1 - 80!

V2 V2

1 1 p—gq ( — 26])
J(+,+) = + - 21-E; /(g-p)(0)"—],
(+,+) mgo \/Epﬂl(gl 20) a/(qg-p)(0) »

where I =1(q/(q - p),p/(p — q)) = (arctanh/p/q)(q — p)/4/Pq. By (C.9), we have

Q= o) [ xlnii)ews

i,je{-+}

where 6(i, j) =vjcos8 — vy sind = (ig — jp) sgn(cos 8 sin ). Therefore,

_ NV P—q
Q—\/z_ﬂ(gl go)1{6(+, )= 6(=+) 25(+,+)p+q}

1 — _
+ = (@1 =0 Eg/ap (0)? ]% {5(+, -)- %5(# +>}

_ 8 (P+d)  Nm(pP+¢?)
V2r (p+q)*(q - p) p(p+q)?
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Thus

8 arctanh +/| tan 0| V2r
= e :
V27 (|sin 6] + | cos@])2+/[sinfcos@]  |sind|(|sinf] +|cosb])?

When ¢ < p, similar calculation yields

8 arctanh+/1/|tan 6| V2r
+

V27 (|sin6] + | cos 6])2/[sinfcos§] | cosB](|sind]+|cosb])2’

Hence the expression (5) follows. O]

C.3. Local law of large numbers

Lemma C.9. Let & be a stationary process with the stationary distribution u. For any T > 0 and
u-integrable function f,

S
<E 'é/o F(&(1))dt +;y(|fl)-

1 t
RO

E[ sup

0<t<T

Proof. Let [x] be the integer part of x > 0. We consider dividing a closed interval with length 7" into
[T/S] short intervals with length S and a remainder interval with length 7 — S [T/S]. Applying this
decomposition, we have

[T/S]

3

i=1

+

iS
/( FE)dr

i-1)S

T
’ /0 FE()dr

/ FE)
T-S[T/S]

By stationarity, applying above decomposition, we have

ol

Thus the claim follows from [x] < x. O

+S u(lfD.

S
/O FE@)dr

/ FEW)
0

E[ sup
0<t<T
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