DeflatedlCCG methodappliedto problemswith extremecontrastsn the
coeficients

C. Vuik* J.Frank'

Abstract

A DeflatedICCG methodis appliedto problemswith extremecontrastsn the coeficients, suchasthoseencounteredn
resenoir simulation. Two choicesfor thedeflationvectorsareconsidered Thefirst oneis basedon the physicsof the problem,
whereaghe secondneis algebraicandis very suitablefor parallelcomputing.Theoreticalandnumericalresultsarepresented.
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1 Intr oduction

For an oil compayy it is importantto know the fluid pressurehistoryin the subsurfacen orderto predictthe presencef oil
andnaturalgasin reserwirs. A mathematicamodelfor this predictionis given by a time-dependendiffusion equation. This
equationis discretizedy thefinite elemenimethodleadingto alarge sparsesystemof linearequationslt is well known thatthe
permeabilitycoeficient candiffer by ordersof magnitudebetweervariouslayersin the earths crust[2]. This leadsto a large
conditionnumberof the symmetricandpositive definitecoeficient matrix. WhenlCCG is usedto solve thesystemoneobseres
abadcorvemgencebehaior andclassicakerminationcriteriaareno longerreliable.

We simplify the problemconsiderablytaking carethatits characteristiqpropertiesare presered. Assumethatwe have to
solve the stationarylineardiffusionequation:

—div(cOp) =00nQ,

with boundaryconditionsp = f ondQP (Dirichlet) andg{% =gonadQN (Neumann)wheredQ = dQP UaQN. Thefluid pressure
andpermeabilityaredenotedoy p ando respectiely. ThedomainQ consistsof a numberof subdomaingn eachof which o is
constantTwo valuesfor o areconsideredo™ = 1 for high-permeabilitysubdomaingndo’ = € for low-permeabilitysubdomains
(e.g.the permeabilitiegatio for shaleandsandstones is of theorder10~7 see[3]). Thesubdomaingredenotedy thedisjoint
setsQj, i € {1,...,k}, which aresuchthat: U}‘:lQi = Q andneighboringsetshave a differentpermeabilitycoeficient (when
QiNQ; # 0theng; # O'j).

Definition 1.1 Thehigh-permeabilitsubdomaingrenumberedirst: Q;, i € {1, ..., k"}. Furthermorehefirstk® high-permeability
subdomaingresuchthatQ;NaQP =0, i € {1,...,k5}. |

In this paperwe prove thatthe numberof small eigervaluesof the IC preconditionednatrix is equalto k® the numberof
high-permeabilitayersthat are not connectedo a Dirichlet boundary Theseeigervaluesleadto the high conditionnumber
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It appearghat a DeflatedICCG methodcan be usedto overcomethe adwerseeffect of the eigervalueson the corvergence
behaior andthe terminationcriterion. We have to solve the systemAx = b with A € R™". We definethe projectionP by
P=1-AZ(ZTAZ)71ZT, Z ¢ R™™ Sincex = (I —P")x+ PTx andsince(l — PT)x = Z(ZTAZ)~1ZTAx= Z2(ZTAZ)=1ZTb
caneasilybe computedwe needonly computePx. BecauséAPT = PA, we cansolve the deflatedsystemPAx = Pb[3]. We
considertwo differentchoicesof the deflationvectorsZ.

2 Physicaldeflation vectors

As afirst choicewe takethenumberof deflationvectorsequalto thenumberof smalleigervaluesof thelC preconditionednatrix.
On physicalagumentsve choosahe deflationvectorsasfollows: thevalueof the deflationvectoris 1 in onehigh-permeability
layerandO in all theotherhigh-permeabilityayers.In thelow-permeabilityayersthe deflationvectoris anapproximatesolution
of thediffusionproblem[4].

We assumehatthefinite elementdiscretizatioris consistentwhich meanshatthe discretizatiorerroris zerofor a constant
function. The subdomaing); areapproximatedy polygonsand eachelementis containedin only one polygon. Finally we
assumehatthe off-diagonalelementf A arenon-positive. Usingtheseassumptionsve prove thefollowing theorem.

Theorem 2.1 Thedeflationvectorsz, 1< i< k®aresud that||L=TL=tAz]||; = O(g),i € {1,...,k5}.

From this result one can prove that the ’small’ eigenspacef L~TL~'A is 'nearly’ a subspacef the spar{z, ..., zs}. This
suggestghat the corvergenceof DICCG is independendf the ratio of the high and low permeability This is confirmedby
numericalexperiments.

For our numericalexperimentwe choosean oil flow problem. We considera 9 layer problem. Five sandstondayersare
separatedby 4 shalelayers. The layersvary in thicknessandorientation. The IC preconditionednatrix of this problemhas4
smalleigervalues.The (D)ICCG resultsaregivenin Tablel. Thereis alargeimprovementin the numberof iterationsandCPU
time. We alsoinvestigatethe effect of the jump in permeabilities We usea grid with 19665nodalpoints,takethe permeability
in the sandstondayersequalto 1 andvary the permeabilityin the shalelayers. The resultsin Table 2 confirm thatbiccG is
independenof thevalueof agp e

nodal ICCG DICCG

points | iterations| CPU || iterations| CPU | CPUconstruction
2760 a7 1.19 10 0.37 0.12
19665 83 19.1 20 6.22 1.29
148185 189 350 44 108 12.7

Tablel1: Numberof iterationsand CPUtime for the 9 layerproblem

Gshale ICCG DICCG

>‘min iterations >‘min iterations
103 | 1.5.10°2 26 6.9-10°° 20
1074 | 2.0-10°3 39 8.7-10°2 19
105 | 22.10* 59 7.7-10°2 20
106 | 22.10°° 73 7.8-10°2 20
107 | 2.3-10°¢ 82 7.7-10°2 20

Table2: Thesmallesthonzeroeigervalueandthe numberof iterationsfor the 9 layerproblem

3 Coarsegrid deflation vectors

As asecondchoicewe takethe numberof deflationvectorsequalto the numberof layers.Now the deflationvectorsarechosen
equalto 1 in onelayerandO in all otherlayers. We defineB asthe subdomairblock-Jacobisubmatrixof A. Let Z(B) bethe
vectorcontainingtherow sumsof B andA* = B— diag(X(B)). Thefollowing theoremis provenin [1].
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Theorem 3.1 Let A besymmetricand positivedefinitethen

A(AY) < Ai(PA) < Ai(A*) + Ama(PC), wherC = A— A'.

An(A)
Ami1(A)
We have alsoprovena preconditioneadrersionof thistheorem An interpretatiorof this resultis: subdomairdeflationeffectively
decoupleghe original systeminto a set of independeniNeumannproblemson the subdomainswith corvergencegoverned
by the “worst conditioned” Neumannproblem. This implies that the effective condition numberof the Deflated,Block IC
preconditionednatrix is independendf thejumpsin the permeabilities.

To illustratethis we considera smalldiffusionproblemwith two layersin 1D. The permeabilitycoeficient of the sandlayer
is equalto 1 andwe vary the permeabilitycoeficient (€) of the shalelayer. Theresultsfor a diagonalpreconditionearegiven
in Table3. Dueto the diagonalpreconditioninghe smallestnonzerceigervalueof D~1A* is independenobf . As expectedthe
samepropertyholdsfor D~1PA. The smallesteigervalueof D—1A, however, decreaseproportionalto €. This leadsto a large
conditionnumberandslow corvergenceof the conjugategradientmethodwhenit is appliedto D~1Ax= D~1b.

Moreoverthe effectiveconditionnumberKegs ¢ of PA is boundedoy

€ AM(D7IA) k(D7IA) A3(D7IPA)  Kerf(D7IPA)
1 1.9-1072 107 29.10°1 6.5
1072 | 3.3-10* 6-1C° 2.9-101 6.8
1074 | 3.3-10°% 6-1C° 2.9-101 6.8

Table3: Conditionnumbersof DA andD~1PA

This Block IC preconditioneiand deflationarevery suitablefor parallelcomputing. To shaw this we presentsometiming
resultsonthe CrayT3E for adiffusionproblemwith permeabilitycoeficientequalto 1. Theresultsfor a480x 480grid aregiven
in Table4. It appearghatthe numberof iterationsdecreasesrhenthe numberof blocksincreasesThis leadsto an efficiengy

largerthan1. To explain this we notethatwhenthe numberof blocksincreasesmore small eigervaluesare projectedto zero
which acceleratethe corvergence.

p 1 4 9 16 25 36 64
iterations| 485 322 352 379 317 410 318
time 710 120 59 36 20 18 8
speedup| - 5 12 20 36 39 89

Table4: Speedupf theiterative methodusinga 480 x 480grid

4 Conclusions

DeflatedICCG is an efficient methodfor problemswith large jumpsin the coeficients. Furthermorédt canalsobe usedasan
efficient paralleliterative methodfor diffusionproblemswith a smoothlyvarying coeficient.
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