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Salt Lakes: Lake Eyre Australia
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Equations for salt transport

� Conservation of the fluidum (groundwater)

φ
∂ρ
∂ t
� � ��� ρ ����� ��� �

t � x � y � z ��� � � ! Ω "
� Conservation of salt dissolved in groundwater

φ
∂ � ρω �

∂ t
� � ��� ρω � # ρ $ � ω �%� ����

t � x � y � z ��� � � ! Ω "� Darcy’s law with gravitation

µ
κ
� � � p # ρg & z � '(� �

t � x � y � z ��� � � ! Ω "
� Equation of state ρ � ρ )(* αω.
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Initial- and boundary conditions

+ ρ ,,, t -/.10 ρr in Ω ,

+ 2 0 3 E 4 z at z 0 5 and for t 6 5 ,
(E is the evaporation rate)

+ ρ 0 ρm at z 0 5 and for t 6 5 .
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Dimensionless equations

Introducing the scales7 8:9 ;
uc < uc

8:9 = ρm > ρr ? gκ
µ <

t
8:9

t @ A E < B
x < y < z C 8D9 B x < y < z C φ @1A E E <

gives for = t < x < y < z ?�F G H I Ω

(P-I)

JKKKKL KKKKM
∂S
∂ t N Ra = 7 OQP

S ? 9 R S <P OS7 9 T <7 N P P > S U z
9 V <

with

Ra
9 = ρm > ρr ? gκ

µE
9 uc

E W
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Dimensionless initial- and boundary
conditions

(IBC)

XYYYYYYYYYYZ YYYYYYYYYY[
S \\\ t ](^`_ a in Ω b
c _ d eRa f z at z _ a and for t g a b
S _ e at z _ a and for t g a�h
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Ground-state solution

The ground-state is characterized by the uniform
upflow i j i k lDj m n

Ra o z p
and the growing boundary layer (z q r )
S
j

S sut z p t v lDj nw%xzy z x|{~}�� z
m

tw��
t �
� nw x�{�}�� z � tw��

t �
We restrict the analysis to the equilibrium case only,
i.e. �����

t � � S sut z p t v j x y z �
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Numerical solutions I (Ra � �/� )
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Numerical solutions II (Ra � �/� )
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Analysis of perturbation equations

The stability analysis is based on the expansion

S � S ��� s �� � � ��� � �
P � P� � p �

Substitution in (P-I) yields (in Ω and for all t � � )� � � � � (1)� � � p � s   z � ¡ � (2)

∂ s
∂ t
� ∂ s

∂ z
� Ra w

∂S �
∂ z

� Ra � ¢ � s � ∆s £ (3)

(1)–(2) give for s and w the linear relation

∆w � ∆ ¤ s � ∆ ¤ ¥D� ∂xx � ∂yy £ (4)
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Methods

¦ Method of linearised stability

¦ Energy method (1966, D.D. Joseph)

¦ Nonmodal analysis (1993, D.S. Henningson et
al.)
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The method of linearised stability

We disregard the nonlinear term Ra § ¨ª© s in (3) and
consider the linear evolution problem in Ω and for
t « ¬ ®¯ ®° ∂ s

∂ t ± ∂ s
∂ z ² Ra w

∂S ³
∂ z ´ ∆s µ

∆w ´ ∆ ¶ s ·
Furthermore we assume¸

s µ w ¹ ´ ¸ s º z »¼µ w º z »½¹�¾ σ t ¿ iaxx ¿ iayy ·
Substitution gives

(P-II)

¯ ° º D À ² D ± a À ± σ » s ´ ± Ra ¾ÂÁ zw µº D À ± a À » w ´ ± a À s µ
with D ´ ÃÃ z

and a À ´ a Àx ² a Ày .
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Neutral stability

Proposition 1. Let a Ä Å and Ra Ä Å be given.
Furthermore, rewrite (P-II) in an eigenvalue problem
for σ , i.e. ÆÇÉÈ(Ê D ËÍÌ D Î a ËÍÌ Ra ÏÂÐ zw Ñ σs ÒÊ D Ë Î a ËÔÓ w Ñ Î a Ë s Õ
Then σ Ö × for each a Ä Å and Ra Ä Å .
Theorem 1. Given σ Ö × , let Ra Ø Ê a Ù σ Ó , for each
a Ä Å , denote the smallest positive eigenvalue of
problem (P-II). Then

Ra Ø Ê a Ù σ ÓÛÚ Ra Ø Ê a Ù½Å Ó if and only if σ Ú Å Õ
Sufficient: σ Ü Å
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Stabilitycurves
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The energy method

Aim: êê
t ë�ë s ë�ëíìì î ï ð/ñ stability

We assume x ò y-periodicity óõô analysis is restricted
to the periodicity cellö ð ÷âø x ò y ò z ù�ú ë x ë î π û ax ò ë y ë î π û ay ò z ü ïþý
Multiply (3) by s and integrate over

ö
:êê

t ÿ� � s ì ð ó � ë � s ë ì � Ra � sw ��� z î ï �
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Maximization problem

�
Ra

	 
����
s � w ����� � sw ��� z

� ���
s
��� �

with

� 	  "! s � w #%$ x � y-periodic with respect to & �
s 	 w 	 ' at z 	 ' �)( � and ∆w 	 ∆ * s +

After some tedious algebra we find the following
sixth order eigenvalue problem for w:

! D �-,
a
� #/. w , a

�
Ra0 1 ! D �-,

a
� # ! ��� zw #32

2 ��� z ! D �4,
a
� # w 5 	 ' 6 (5)
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Comparison of eigenvalues

Proposition 2. Let a 7 8 be given. Let RaL 9 a :
be the eigenvalue of the linearised approach and
RaE 9 a : be the eigenvalue from the energy method
with differential constraint. Then, for each a 7 8 ,

RaE 9 a :%; RaL 9 a :%<
Proof. From the linearised problem it follows that

=
RaL 9 a : > ?A@ s B w BDCFE z

? @ 9 Ds B :�GIH a G s G B
Clearly, 9 s BKJ w BL:%M N , which implies

=
RaL 9 a : ; OQP�RS

s Tw U�V�W ? @ sw C�E z

?F@ 9 Ds :QGIH a G s G > =
RaE 9 a : <
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Nonmodal stability theory

Starting point is the linearised perturbation equation

(P-III)

XYZ Y[ ∂ s
∂ t \ ] Ra ^ a s _
s `` t acb \ s b _

with

] Ra ^ a \ D dIe D f a dIe a d Ra gFh z hjia _
a \ f D dIe a d k

Again we consider the energyll
t mnjopo s oqo dd \ rs] Ra ^ a s _ s t%u λ opo s oqo dd _

with

λ \ v�w�xs y�z rs] Ra ^ a s _ s tr s _ s t k (6)
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Euler–Lagrange equation for (6) reads{|~}�� Ra � a � � �Ra � a � s � λ s � (7)

with

� �Ra � a � D �4� D � a � � a � Ra ���a }�� � z � �%�
Proposition 3 (Neutral stability). Let λ � � .
Then, for each a � � , eigenvalue problem (7) for
Ra is equivalent to eigenvalue problem (5) (energy
method).

As a consequence, the stability curves coincide.
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Asymptotic bounds for ��� s � t ��������
Proposition 4 (Initial energy growth). Let � a ��� Ra �3�% ¡£¢

and let � s �K� λ �3� , λ � ¤ ¥ , be the corresponding
eigenpair of problem (7). Further, let

s � z � t �§¦ ¨ t © Ra ª�« a ª s �¬� z �
be the formal solution of (ACP) � with s  t ®c¯ ¦ s � .
Then °q°

s � t � °p°�±±°p°
s ��¥²� °p° ±± ¦ ³µ´ ¶ λ � t ´ · � t ± �%¸

Proof. We have°q°
s � t � °p° ±± ¦ ¹¬¨ t © Ra ªº« a ª s � �L¨ t © Ra ª�« a ª s ��» ¦

¦ ¹¼¨ t ½¾© Ra ª�« a ªÀ¿ © ÁRa ª�« a ªÃÂ s ��� s � » ¦¦ °p°
s � °p° ±± ´ ÄÅ�sÆ Ra ª�Ç a ª ´ Æ ÈRa ª Ç a ª � s � � s ��É t ´ · � t ± �£¦¦ °q°

s � °q° ±± ´ ¶ λ � °p° s � °p° ±± t ´ · � t ± �%¸
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Proposition 5. Under the same conditions of Pro-
position 4 we have

ÊqËpÌ
t Í Î Ït ÊpÐ�Ñ ÒpÒ s Ó t Ô ÒqÒ�ÕÕÒpÒ s Ó�Ö²Ô ÒpÒ ÕÕ × Ø σ ÙÛÚQÜ Ý

where σ ÙÛÚQÜ is the largest eigenvalue of operatorÞ
Ra ß a.
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Conclusion: in the linear regime there exist
perturbations for which the energy grow in time,
whereas the linearised theory predicts stability, i.e.
all growthrates σ lie in the stable halfspace.

Contradiction ?

We can write the solution of (ACP) formally as

s à z á t â§ã
i

Ai ä σitsi à z â%å
Operator æ Ra ç a is non-normal, i.e. the eigenfunctions
are not orthogonal:

à si á s j â£ã è�é sis j êã ë á i êã j å
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Discussion

ì The nonlinear term never plays a role in the
analysis

ì Energy methods depend on the choice of the
norm

ì Determination of the “threshold” amplitude of the
perturbations
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