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There are some people who live in a dream world,
and there are some who face reality;

and then there are those who turn one into the other.

Desiderius Erasmus





SUMMARY

D ERMAL wounds are a significant global problem; although the treatment of these
wounds has improved considerably over the last few decades, a treatment still does

not result in a complete regeneration of the injured tissue. Instead, the final outcome
of the healing process is scar tissue. The material properties of scar tissue are different
from the material properties of uninjured dermal tissue and, therefore, the presence of
scar tissue might result in complications such as a restriction in the movement of the
affected skin. Subsequently, this might cause, for instance, a reduction in the radius of
movement of a limb that is covered by this scar tissue.

In addition, the restoration of dermal wounds also gets perturbed many times dur-
ing the initial period post-wounding and this might result in the development of, for
instance, contractures and hypertrophic scar tissue. Unfortunately, the causal pathways
that lead to the formation of contractures and hypertrophic scar tissue are unknown at
present. Furthermore, even in the absence of complications, it is very difficult to influ-
ence the material properties of developing scar tissue. A better understanding of the
mechanisms underlying the (aberrant) healing of dermal wounds will probably improve
the treatment of dermal wounds, and will, consequently, reduce the probability of the
occurrence of sequelae, such that the newly generated tissue in a recovered wounded
area is more akin to the original tissue. Therefore, a lot of resources have been allocated
to research the mechanisms with in vivo and in vitro experiments. This has resulted
in the production of much knowledge about these mechanisms. However, there is still
much that remains understood incompletely. This is partly due to the intrinsic complex-
ity of the wound healing process, but it is also a consequence of the fact that it is very
difficult to study the interactions between different components of the wound healing
cascade with experimental studies.

A way to deal with this latter issue, is to use mathematical models. With these models
it is possible to simulate components of the wound healing cascade and to investigate
the interactions between these components. The results obtained with these models
might aid in disentangling which components of the wound healing cascade influence
the material properties of the scar tissue. Furthermore, these results might aid in provid-
ing insights into which components of the wound healing response are disrupted dur-
ing the formation of contractures and hypertrophic scar tissue. For these reasons several
mathematical models were developed during this investigation.

In Chapter 3 a hybrid model is presented that was used to study wound contraction
and the development of the distribution of the collagen bundles in relatively small, deep
dermal wounds. In this model cells are modeled as discrete, inelastic spheres while the
other components are modeled as continuous entities. After obtaining baseline simula-
tion results, the impact of macrophage depletion and the application of a transforming
growth factor-β receptor antagonist on both the degree of wound contraction and over-
all distribution of the collagen bundles were investigated. Depletion of the macrophages
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during the execution of the wound healing cascade results in a delayed healing of a
wound. Furthermore, the depletion of the macrophages hardly influences the geomet-
rical distribution of the collagen bundles in the recovering wounded area. However, the
depletion does result in an increase of the final surface area of the recovered wounded
area. The imitation of the application of a transforming growth factor-β receptor antag-
onist also results in an increase of the surface area of the recovering wounded area. In
addition, the application of the antagonist results in a more uniform distribution of the
collagen bundles in the recovered wounded area.

In Chapter 4 a continuum hypothesis-based model is presented that was used to
investigate how certain components of the wound environment and the wound heal-
ing response might influence the contraction of the wound and the development of the
geometrical distribution of collagen bundles in relatively large wounds. In this model
all components are modeled as continuous entities. The dermis is modeled as an or-
thotropic continuous solid with bulk mechanical properties that are locally dependent
on both the local concentration and the local geometrical distribution of the collagen
bundles. The simulation results show that the distribution of the collagen bundles influ-
ences the evolution over time of both the shape of the recovering wounded area and the
degree of overall contraction of the wounded area. Interestingly, these effects are solely
a consequence of alterations in the initial overall distribution of the collagen bundles,
and not a consequence of alterations in the evolution over time of the different cell den-
sities and concentrations of the modeled constituents. In addition, the evolution over
time of the shape of the wound is also influenced by the orientation of the collagen bun-
dles relative to the wound while this relative orientation does not influence the evolution
over time of the relative surface area of the wound. Furthermore, the simulation results
show that ultimately the majority of the collagen molecules ends up permanently ori-
ented toward the center of the wound and in the plane that runs parallel to the surface of
the skin when the dependence of the direction of deposition / reorientation of collagen
molecules on the direction of movement of cells is included into the model. If this de-
pendence is not included, then this will result ultimately in newly generated tissue with
a collagen bundle-distribution that is exactly equal to the collagen-bundle distribution
of the surrounding uninjured tissue.

In Chapter 5 a continuum hypothesis-based model is presented that was used to in-
vestigate in more detail which elements of the healing response might have a substantial
influence on the contraction of burns. That is, a factorial design combined with a re-
gression analysis were used to quantify the individual contributions of variations in the
values for certain parameters of the model to the dispersion in the surface area of heal-
ing burns. Solely a portion of the dermal layer was included explicitly into the model.
The dermal layer is modeled as an isotropic compressible neo-Hookean solid. Wound
contraction is caused in the model by temporary pulling forces. These pulling forces are
generated by myofibroblasts which are present in the recovering wounded area. Based
on the outcomes of the sensitivity analysis it was concluded that most of the variability
in the evolution of the surface area of healing burns over time might be attributed to
variability in the apoptosis rate of myofibroblasts and, to a lesser extent, the secretion
rate of collagen molecules.
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In Chapter 6 a continuum hypothesis-based model is presented that was used to in-
vestigate what might cause the formation of hypertrophic scar tissue. All components
of the model are modeled as continuous entities. Solely a portion of the dermal layer
of the skin is modeled explicitly and this portion is modeled as an isotropic compress-
ible neo-Hookean solid. In the model pulling forces are generated by the myofibroblasts
that are present in the recovering wounded area. These pulling forces are responsible
for both the compaction and the increased thickness of the recovering wounded area. A
comparison between the outcomes of the computer simulations obtained in this study
and clinical measurements shows that a relatively high apoptosis rate of myofibroblasts
results in scar tissue that behaves like normal scar tissue with respect to the evolution
of the thickness of the tissue over time, while a relatively low apoptosis rate results in
scar tissue that behaves like hypertrophic scar tissue with respect to the evolution of the
thickness of the tissue over time. Interestingly, this result is in agreement with the sug-
gestion put forward that the disruption of apoptosis (i.e., a low apoptosis rate) during
wound healing might be an important factor in the development of pathological scar-
ring.

In Chapter 7 a continuum hypothesis-based model is presented that was used for
the simulation of contracture formation in skin grafts that cover excised burns in or-
der to obtain suggestions regarding the ideal length of splinting therapy and when to
start with this therapy such that the therapy is effective optimally. All components of the
model are modeled as continuous entities. Solely a portion of the dermal layer is mod-
eled explicitly and this portion is modeled as an isotropic morphoelastic solid. In the
model pulling forces are generated by the myofibroblasts which are present in the skin
graft. These pulling forces are responsible for the compaction of the skin graft. Based
on the simulation results obtained with the presented model it is suggested that the op-
timal point in time to start with splinting therapy is directly after placement of the skin
graft on its recipient bed. Furthermore, the simulation results suggest that it is desirable
to continue with splinting therapy until the concentration of the signaling molecules in
the grafted area has become negligible such that the formation of contractures can be
prevented.





SAMENVATTING

D ERMALE wonden zijn een significant globaal probleem; alhoewel de behandeling
van deze wonden de afgelopen decennia aanzienlijk verbeterd is, leidt een behan-

deling nog steeds niet tot een volledige regeneratie van het verwonde weefsel. In plaats
daarvan is de uiteindelijke uitkomst van het genezingsproces littekenweefsel. De mate-
riaaleigenschappen van littekenweefsel verschillen van de materiaaleigenschappen van
onbeschadigd dermaal weefsel en zodoende kan de aanwezigheid van littekenweefsel
leiden tot complicaties zoals een beperking in de beweegbaarheid van de aangedane
huid. Vervolgens kan dit bijvoorbeeld leiden tot een afname in de bewegingsradius van
een ledemaat die wordt bedekt door dit littekenweefsel.

Daarnaast raakt de genezing van dermale wonden ook vaak verstoord gedurende de
initiële periode na verwonding, en dit kan leiden tot de ontwikkeling van bijvoorbeeld
contracturen en hypertrofisch littekenweefsel. Helaas zijn de causale paden die leiden
tot de ontwikkeling van contracturen en hypertrofisch littekenweefsel op dit moment
niet bekend. Verder is het moeilijk, zelfs wanneer geen complicaties optreden, om de
materiaaleigenschappen van ontwikkelend littekenweefsel te beïnvloeden. Een beter
begrip van de mechanismen die ten grondslag liggen aan de (afwijkende) genezing van
dermale wonden zal de behandeling van dermale wonden waarschijnlijk verbeteren, en
zal zodoende de kans op het ontstaan van sequels verkleinen zodat het nieuw gegene-
reerde weefsel meer lijkt op het oorspronkelijke weefsel. Zodoende dat veel middelen
zijn ingezet om deze mechanismen te onderzoeken met in vivo en in vitro experimen-
ten. Dit heeft geresulteerd in de productie van veel kennis over deze mechanismen. Ech-
ter, er is nog steeds veel niet volledig bekend. Dit wordt gedeeltelijk veroorzaakt door de
intrinsieke complexiteit van het wondgenezingsproces, maar het is ook een gevolg van
het feit dat het erg moeilijk is om de interacties tussen verschillende componenten van
het wondgenezingsproces te onderzoeken met behulp van experimenteel onderzoek.

Door gebruik te maken van wiskundige modellen kan met dit laatstgenoemde pro-
bleem omgegaan worden. Met deze modellen is het mogelijk om componenten van het
wondgenezingsproces te simuleren en de interactie tussen deze componenten te onder-
zoeken. De resultaten die met deze modellen verkregen worden, kunnen wellicht helpen
bij het ontrafelen van welke componenten van het wondgenezingsproces de materiaal-
eigenschappen van het littekenweefsel beïnvloeden. Verder kunnen deze resultaten wel-
licht helpen bij het verkrijgen van inzichten in welke componenten van het wondgene-
zingsproces verstoord raken gedurende de vorming van contracturen en hypertrofisch
littekenweefsel. Om deze redenen zijn een aantal wiskundige modellen ontwikkeld ge-
durende dit onderzoek.

In Hoofdstuk 3 wordt een hybride model gepresenteerd dat is gebruikt om wondcon-
tractie en de ontwikkeling van de distributie van de collageenbundels in relatief kleine,
diepe dermale wonden te onderzoeken. In dit model worden cellen gemodelleerd als
discrete, inelastische bollen terwijl de andere componenten worden gemodelleerd als
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continue objecten. Nadat referentiesimulaties zijn verkregen, is de invloed onderzocht
van decimatie van de macrofagen en de toepassing van een transforming growth factor-
β receptor antagonist, op zowel de mate van wondcontractie als de distributie van de
collageenbundels. Decimatie van de macrofagen gedurende de uitvoering van het wond-
genezingsproces resulteert in een vertraagde genezing van een wond. Verder beïnvloedt
de decimatie van de macrofagen de geometrische distributie van de collageenbundels
in het herstellende wondgebied nauwlijks. Echter, de decimatie resulteert wel in een
toename van het uiteindelijke oppervlak van het herstelde wondgebied. Het nabootsen
van de toepassing van een transforming growth factor-β receptor antagonist leidt ook
tot een toename van het oppervlak van het herstellende wondgebied. Daarnaast leidt de
toepassing van de antagonist tot een meer uniforme verdeling van de collageenbundels
in het herstelde wondgebied.

In Hoofdstuk 4 wordt een model dat is gebaseerd op de continuïteitsaanname, ge-
presenteerd dat is gebruikt om te onderzoeken hoe bepaalde componenten van de won-
domgeving en het wondgenezingsproces de contractie van de wond en de ontwikkeling
van de geometrische distributie van de collageenbundels in relatief grote wonden, wel-
licht beïnvloeden. In dit model worden alle componenten gemodelleerd als continue
objecten. De dermis wordt gemodelleerd als een orthotroop, continu vast lichaam met
bulk mechanische eigenschappen die lokaal afhankelijk zijn van zowel de lokale con-
centratie als de lokale geometrische distributie van de collageenbundels. De simulatie-
resultaten laten zien dat de distributie van de collageenbundels de evolutie over de tijd
van zowel de vorm van het herstellende wondgebied als de mate van contractie van het
wondgebied, beïnvloeden. Het is interessant om te observeren dat deze effecten enkel
het gevolg zijn van veranderingen in de initiële, globale distributie van de collageenbun-
dels, en niet een gevolg van veranderingen in de evolutie over de tijd van de celdicht-
heden en de concentraties van de gemodelleerde componenten. Daarnaast wordt de
evolutie van de vorm van de wond over de tijd ook beïnvloed door de relatieve oriëntatie
van de collageenbundels ten opzichte van de wond terwijl deze relatieve oriëntatie de
evolutie over tijd van het relatieve wondoppervlak niet beïnvloedt. Bovendien laten de
simulatieresultaten zien dat uiteindelijk het merendeel van de collageenmoleculen per-
manent georiënteerd ligt in de richting van het middelpunt van de wond en in het vlak
dat evenwijdig loopt aan het huidoppervlak wanneer de richting van afzetting / reori-
ëntatie van collageenmoleculen afhankelijk is van de bewegingsrichting van cellen. Als
deze afhankelijkheid niet wordt opgenomen in het model, dan leidt dit uiteindelijk tot
nieuw gegenereerd weefsel met een collageenbundeldistributie die exact gelijk is aan de
collageenbundeldistributie van het omringende ongedeerde weefsel.

In Hoofdstuk 5 wordt een model dat is gebaseerd op de continuïteitsaanname, ge-
presenteerd dat is gebruikt om gedetailleerder te onderzoeken welke elementen van het
genezingsproces een substantiële invloed hebben op de contractie van brandwonden.
Dat wil zeggen, een factorieel ontwerp in combinatie met een regressie analyse zijn ge-
bruikt om de afzonderlijke contributies van variaties in de waardes van bepaalde para-
meters van het model op de dispersie in het oppervlak van genezende brandwonden te
kwantificeren. Slechts een deel van de dermale laag is expliciet opgenomen in het model.
De dermale laag wordt gemodelleerd als een isotroop, samendrukbaar neo-Hookeaans
vast lichaam. Wondcontractie wordt veroorzaakt in het model door tijdelijke trekkrach-
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ten. Deze trekkrachten worden gegenereerd door myofibroblasten die aanwezig zijn in
het herstellende wondgebied. Op basis van de uitkomsten van de gevoeligheidsanalyse
wordt er geconcludeerd dat het merendeel van de variatie in de evolutie van het op-
pervlak van genezende brandwonden over tijd wellicht toegeschreven kan worden aan
variatie in de apoptosesnelheid van myofibroblasten, en in mindere mate de secretie-
snelheid van collageenmoleculen.

In Hoofdstuk 6 wordt een model dat is gebaseerd op de continuïteitsaanname, ge-
presenteerd dat is gebruikt om te onderzoeken wat de vorming van hypertrofisch litte-
kenweefsel wellicht veroorzaakt. Alle componenten van het model worden gemodel-
leerd als continue objecten. Slechts een deel van de dermale laag van de huid wordt
expliciet gemodelleerd en dit deel wordt gemodelleerd als een isotroop, samendrukbaar
neo-Hookeaans vast lichaam. In het model worden trekkrachten gegenereerd door de
myofibroblasten die aanwezig zijn in het herstellende wondgebied. Deze trekkrachten
zijn verantwoordelijk voor zowel de contractie als de toegenomen dikte van het herstel-
lende wondgebied. Een vergelijking tussen de uitkomsten van de computersimulaties
die zijn verkregen in deze studie, en klinische metingen laat zien dat een relatief hoge
apoptosesnelheid van myofibroblasten resulteert in littekenweefsel dat zich gedraagt als
normaal littekenweefsel met betrekking tot de evolutie van de dikte van het weefsel over
de tijd, terwijl een relatief lage apoptosesnelheid resulteert in littekenweefsel dat zich ge-
draagt als hypertrofisch littekenweefsel met betrekking tot de evolutie van de dikte van
het weefsel over de tijd. Het is interessant dat dit resultaat in overeenstemming is met de
suggestie dat de ontregeling van apoptose (ofwel een lage apoptosesnelheid) gedurende
wondgenezing wellicht een belangrijke rol speelt bij pathologische littekenvorming.

In Hoofdstuk 7 wordt een model dat is gebaseerd op de continuïteitsaanname, ge-
presenteerd dat is gebruikt voor de simulatie van contractuurvorming in huidtransplan-
taten die zijn geplaatst over uitgesneden brandwonden om zo aanwijzingen te verkrijgen
met betrekking tot de ideale lengte en het ideale tijdstip om te starten met spalkthera-
pie zodat de therapie optimaal effectief is. Alle componenten van het model worden
gemodelleerd als continue objecten. Slechts een deel van de dermale laag wordt expli-
ciet gemodelleerd en dit deel wordt gemodelleerd als een isotroop, morfoelastisch vast
lichaam. In het model worden trekkrachten gegenereerd door de myofibroblasten die
aanwezig zijn in het huidtransplantaat. Deze trekkrachten zijn verantwoordelijk voor de
contractie van het huidtransplantaat. Op basis van de simulatieresultaten verkregen met
het gepresenteerde model wordt er voorgesteld dat het ideale tijdstip om te starten met
spalktherapie direct na de plaatsing van het huidtransplantaat is. Bovendien suggereren
de simulatieresultaten dat het gewenst is om door te gaan met spalktherapie totdat de
concentratie van de signaalmoleculen in het getranspanteerde gebied verwaarloosbaar
klein is geworden zodat de vorming van contracturen voorkomen kan worden.
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1
GENERAL INTRODUCTION

In this chapter a broad overview of the anatomy and physiology of skin tissue is presented.
Subsequently, an overview of dermal wound healing is presented. It is assumed that the
wounds extend deep into the dermal layer of the skin and are left to heal by secondary in-
tention (i.e., the wounds are left open and close naturally). Furthermore, it is assumed that
the healing process proceeds without complications and hence results in the formation of
normal scar tissue. Thereafter, the motivation behind the study is presented. Finally, the
chapter is concluded with an outline of the thesis.

1.1. THE ANATOMY AND PHYSIOLOGY OF SKIN TISSUE

S KIN tissue is a complex living material that performs many different functions such
as assisting in maintaining homeostasis and protecting the body against potentially

lethal environmental factors. In order to perform these functions the components of
skin tissue are replaced and repaired continuously. In addition, a complex biomechani-
cal cross-talk takes place between different components of the tissue, and between com-
ponents of the tissue and other elements of the human body such as the circulatory sys-
tem and the nervous system, such that these functions are performed accurately. In this
section a short description of some important anatomical structures and some impor-
tant physiological properties of human skin tissue is presented. More details on these
subjects can be found, for instance, in the books edited by Burns et al. [4].

The skin of an adult human with an average posture has a surface area of approxi-
mately two square meters and is between one and two millimeters thick in most places
[35, 40]. Skin tissue consists of two primary, functionally independent layers: the epi-
dermis and the dermis. Underneath the dermis lies the hypodermis (i.e., the subcutis)
which is separated from the rest of the body by a vestigial layer of striated muscle. See
Figure 1.1 for a broad graphical overview of the composition and the organization of skin
tissue.

Parts of this chapter are based on content of the article “A mathematical model for the simulation of the for-
mation and the subsequent regression of hypertrophic scar tissue after dermal wounding” [23].

1
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Figure 1.1: A graphical overview of the composition and the organization of human skin tissue [32]

1.1.1. THE EPIDERMIS

T HE epidermis is the outermost layer of skin tissue and is in general less than 0.1 mil-
limeters thick [42]. It is an avascular, terminally keratinized stratified squamous ep-

ithelium, which is nourished through diffusion of nutrients that leave the vascular space
in the upper layer of the underlying dermis [35]. The undersurface contains downward
ridge-like projections known as rete ridges that interlock with upward-projecting dermal
mesenchymal cones from the papillary dermis. Between the epidermis and the papillary
dermis lies a thin sheet of protein fibers which is known as the basement membrane.
Through this membrane the epidermis is anchored down to the underlying dermis.

The epidermal layer consists mainly of cells. Melanocytes, Langerhans cells (i.e., epi-
dermal dendritic cells) and Merkel cells constitute a small portion of the total amount of
cells that are present in the epidermis. The majority of the remainder of the cells that
constitute the cell population of the epidermis are keratinocytes. Keratinocytes move
progressively from their attachment to the basement membrane toward the surface of
the skin and form several well-defined layers due to a gradual differentiation from pro-
liferating basal keratinocytes into terminally differentiated corneocytes during their as-
cend. While they move slowly toward the surface of the skin, the keratinocytes synthesize
water-repellent keratin proteins and lipids. These molecules are major components of
the physical barrier that protects the body against potentially damaging environmen-
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tal factors such as pathogens and oxidative stresses [43]. Furthermore, these molecules
play a crucial role in maintaining homeostasis. Besides synthesizing keratin proteins and
lipids, the keratinocytes also secrete various types of signaling molecule (i.e., cytokines
and growth factors) that stimulate processes such as the proliferation of cells, the active
attraction of motile cells through chemotaxis and the initiation of the inflammatory re-
sponse after dermal wounding [60]. Finally, the corneocytes are shed from the surface
during the desquamation process [35]. During this process the corneocytes lose their
cohesion and separate from the surface one by one. Due to the gradual ascend of the
keratinocytes and the desquamation process, the entire epidermis is replaced by new
cells over a period of approximately one month.

1.1.2. THE DERMIS

T HE dermis is the skin layer between the epidermis and the hypodermis [35]. Its thick-
ness varies, being greatest in the palms and the soles (approximately 5 millimeters)

and least in the eyelids (approximately 0.5 millimeters). The dermal layer consists of
fibers (i.e., protein bundles), extrafibrillar matrix components and different types of cell
such as fibroblasts, endothelial cells, dermal dendritic cells, resident T lymphocytes,
mast cells, Schwann cells, pericytes and mesenchymal stem cells. It should be noted
that, although the dermis consists of many different cell types, the dermis is actually
largely acellular. Together with the basement membrane, the fibers and the extrafibrillar
matrix components form the extracellular matrix (ECM). The ECM occupies most of the
dermal layer and serves many different functions such as resisting mechanical forces
and regulating the intercellular communication between cells. The dermis is divided
into two layers. The first layer is the superficial area adjacent to the epidermis called
the papillary dermis. This layer consists of a loosely organized, randomly directed finely
woven mesh of protein bundles, numerous capillary loops, lymph vessels and nerve end-
ings. The second layer is the deep thicker layer known as the reticular dermis. This layer
is less vascularized and consists of a basket weave-like pattern of thick, dense protein
bundles.

Fibroblasts are the most common cell type found in the dermis. They form a het-
erogeneous population that displays distinct and characteristic transcriptional patterns
related to the anterior-posterior, proximal-distal and dermal versus non-dermal division
of the body [49, 50]. The population of dermal fibroblasts can be divided furthermore
in two distinct subpopulations based on both their physical location and their pheno-
type: papillary fibroblasts and reticular fibroblasts. The main function of fibroblasts is
to maintain the structural integrity of the dermis by continuously secreting the precur-
sors of the components of the ECM. Furthermore, the fibroblasts secrete several other
molecules besides these precursors such as various types of signaling molecule [60]. Fi-
broblasts are not fully differentiated or specialized which implies that these cells can
differentiate further. One important example of further differentiation is the differenti-
ation of fibroblasts into myofibroblasts [53]. A myofibroblasts is a modulated fibroblast
that is, amongst other things, characterized by the presence of a certain isoform of actin
in its cytoskeleton. This isoform is similar to the one observed in the cytoskeleton of
vascular smooth muscle cells.

The ECM consists of four major classes of extracellular matrix components, namely
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collagen bundles, elastic fibers, non-collagenous glycoproteins such as fibronectins, and
proteoglycan-glycosaminoglycan complexes like the decorin-dermatan sulphate com-
plex [19, 46]. The collagen bundles consist of individual collagen proteins. At least thir-
teen different types of collagen are expressed in human tissue [51]. Taken together, these
thirteen types of collagen account for 90% to 95% of the dry weight of the dermis [29].
The main types of collagen found in the dermis are types I, III and V. Type I collagen, the
most abundant type overall, is the predominant type of collagen in the reticular dermis
and accounts for approximately 80% of the total dry weight of the collagen molecules.
Type III collagen accounts for about 10% to 15% of the total dry weight of the collagen
molecules found in the adult human dermis and is the predominant type of collagen in
the papillary dermis. Type V collagen represents less than 5% of the total dry weight of
the collagen molecules. Type I collagen associates with type III collagen to form an in-
terconnected network of collagen bundles. Within the dermis type V collagen is located
primarily on the surface of the collagen bundles. The primary function of type V colla-
gen is the regulation of the diameter of the collagen bundles. The network as a whole
provides most of the tensile strength to the dermal tissue [45]. In addition, the collagen
bundles facilitate together with glycoproteins the migration of cells such as endothelial
cells and fibroblasts, by providing scaffolding and contact guidance [37].

Many processes and proteins play a role in the synthesis, cross-linking and degrada-
tion of collagen molecules. An important example of a group of proteins that is involved
in the degradation of collagen molecules is the group of metalloproteinases (MMPs)
[30, 39]. MMPs are secreted by a variety of cell types such as fibroblasts, endothelial cells
and leukocytes, and the group as a whole is capable of breaking down every type of col-
lagen found in human tissue. In addition, MMPs are capable of cleaving many signaling
molecules and their receptors [34, 52].

Within the dermal layer lies an extensive blood vessel network consisting of both a
superficial and a deep arteriovenous plexus, and numerous arteriovenous anastomoses
that connect the two plexuses [35]. The superficial plexus is located at the boundary be-
tween the papillary dermis and the reticular dermis. The deep plexus is located at the
boundary between the dermis and the subcutaneous adipose tissue. Besides the blood
vessel network, the dermis also contains several skin appendages such as hair follicles,
pilosebaceous apparatuses and sweat glands. These appendages are derived from in-
vaginated epidermal tissue and are often found projecting deep into the dermis.

1.2. DERMAL WOUND HEALING

D ERMAL wounds may cause a variety of potentially lethal pathological conditions and
therefore the speedy and effective restoration of the integrity of affected skin is cru-

cial. In order to accomplish this, humans have evolved sophisticated processes for the
healing of wounds. In the case of deep dermal wounds that are created after birth and
are left to heal by secondary intention (i.e., the wounds are left open and close naturally),
the final outcome of the execution of the restoration processes is usually a thin, flat scar
when the restoration of the wounded area proceeds without complications [16, 56]. The
processes that bring about the formation of this type of scar are often divided up in four
sequential, partially overlapping phases: haemostasis, inflammation, proliferation and
maturation / remodeling [11, 43].
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1.2.1. HAEMOSTATIC PHASE

N EAR instantly after the disruption of blood vessels due to injury the wound healing
cascade is set in motion. Wound healing starts with haemostasis. Haemostasis is

the process that causes a bleeding to stop. If the lining of blood vessels is broken due
to wounding, then the nearby uninjured blood vessels constrict in order to minimize
the loss of blood [3]. In addition, nearby platelets are activated, and due to that these
platelets adhere to the site of injury and to each other [12]. This results in the plugging
of the injury. The platelets have receptors on their outer cell membrane that bind the
protease thrombin present in the serum of blood. As a consequence of the action of
thrombin the soluble protein fibrinogen which is also present in the serum of blood, is
converted into the insoluble protein fibrin at the site of injury. Fibrin forms bundles
in the extracellular space that are bound to the platelets. Under the influence of the
coagulation factor X I I I these bundles are cross-linked to form a firm provisional fibrin-
based ECM.

While bleeding stops, activated platelets also start releasing the contents of differ-
ent types of granule into the extracellular space. These granules contain several chem-
ical substances such as fibronectins that adhere to the provisional ECM [18] and vari-
ous types of signaling molecule that influence the behavior of, for instance, leukocytes,
fibroblasts and endothelial cells by stimulating amongst other things chemotaxis, cell
differentiation and cell division [2, 60].

During the healing of a wound the fibrin-based ECM is broken down by the pro-
tease plasmin [5]. Plasmin is released by the liver into the blood stream as the zymogen
plasminogen. During the formation of a blood clot plasminogen molecules become en-
trapped within the clot and under the influence of tissue plasminogen activator (tPA)
and other proteases these plasminogen molecules are converted into active plasmin
molecules. tPA is released into the blood stream very slowly by the damaged endothe-
lium of the blood vessels in order to accomplish that the fibrin mesh is broken down
slowly.

1.2.2. INFLAMMATORY PHASE

T HE initial vasoconstriction of the nearby blood vessels is reversed quickly after injury
and is succeeded by vasodilatation and increased permeability of the walls of these

vessels [3, 37]. These changes are brought about by the complex and highly regulated
interplay between the nervous system and various signaling molecules. Effectively, this
results in the leakage of plasma from the intravascular space into the extravascular space
and the transmigration of various types of leukocyte, such as polymorphonuclear leuko-
cytes (PMNs), monocytes (i.e., immature cells that can differentiate into macrophages)
and T lymphocytes, from the intravascular space into the extravascular space. The trans-
migration marks the start of the inflammatory phase and is mediated through the pres-
ence of a variety of chemoattractants in the wounded area (which are in part present
here due to the release of the contents of the aforementioned granules) [26, 48].

Early in the wound healing cascade, macrophages and neutrophils are the domi-
nant types of leukocyte in the injured area (with neutrophils arriving first) [7, 10]. The
macrophages in the wounded area can display two different functional phenotypes: M1
macrophages and M2 macrophages [33]. Whether a monocyte differentiates into a M1
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macrophage or a M2 macrophage depends on the types of molecule it encounters in
the recovering wounded area [7]. During normal wound repair the macrophages that
are present early in the healing process mainly display a M1 phenotype [6]. At day 5
after wounding, the dominating phenotype in the wounded area has become the M2
macrophage [31]. After activation, the neutrophils and the M1 macrophages start clean-
ing the wounded area by removing bacteria and debris through phagocytosis and the
release of different types of MMP. The M2 macrophages suppress further inflammatory
responses, but also remove debris, and stimulate angiogenesis [7]. Furthermore, this lat-
ter cell type stimulates a successful completion of the immune response. Besides clean-
ing the wounded area, both macrophages and neutrophils also secrete various signaling
molecules. These signaling molecules are very important for successful completion of
the wound healing cascade because of the fact that they affect, for instance, both fibrob-
lasts and keratinocytes in various processes such as protein production, cell division and
cell migration [28, 60]. T lymphocytes become the dominant type of leukocyte in the
wounded area during the later stages of the wound healing cascade [10]. T lymphocytes
are the main effectors of the cell-mediated immune response, and are major sources of
signaling molecules that regulate important processes such as the proliferation and the
cell differentiation of various cell types present in wounded area [37].

1.2.3. PROLIFERATIVE PHASE

S OON after the initiation of the inflammatory phase, the proliferative phase of the
wound healing cascade commences [11]. The subprocesses that take place during

the proliferative phase are reepithelialization, angiogenesis, fibroplasia and wound con-
traction [37, 28, 48]. Reepithelialization encompasses the subprocesses that bring about
the restoration of the epidermis and angiogenesis comprises a sequence of subprocesses
through which new capillaries in the wounded area are formed from preexisting blood
vessels. Due to the restoration of the epidermis, a crucial part of the protective physi-
cal barrier is restored. The renewed presence of blood vessels in the injured area is very
important since it improves the delivery of nutrients and oxygen to the reconstituting
dermal tissue, and contributes to the enhancement of the influx of leukocytes and other
cell types by providing both more and more proximate locations for these cells to infil-
trate the wounded area.

Fibroplasia encompasses the subprocesses that cause the restoration of the presence
of fibroblasts and the production of a new ECM in the injured area. Traditionally, it was
thought that the repopulation of the wounded area by fibroblasts is realized through the
active migration of nearby fibroblasts into the evolving ECM, and through the cell divi-
sion of fibroblasts that are present in this matrix [26]. However, experimental evidence
gathered over the last 20 years suggests that this repopulating population of fibroblasts
probably accrues from a variety of sources. Besides containing fibroblasts that originate
from nearby, uninjured tissue, the population might consist of differentiated cells of the
epidermis and the inner lining of blood vessels, differentiated bone marrow- and tissue-
derived mesenchymal stem cells, differentiated pericytes and differentiated fibrocytes
[1, 13, 21, 25, 38, 44]. Taken together, the heterogeneous population of fibroblasts is re-
sponsible for the adjustment of other wound healing processes through the release of
various signaling molecules, and is the main producer of the constituents of the new
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collagen-rich ECM that replaces the provisional fibrin-based ECM [2, 3, 60]. Further-
more, cells from the population of fibroblasts can differentiate into myofibroblasts [53].
Fibroblast differentiation is stimulated by transforming growth factor β (TGF-β) [8], but
stimulation by this growth factor will only be effective in the presence of fibronectin and
sufficient mechanical stiffness [47, 58]. Like fibroblasts, myofibroblasts are responsible
for both the production of constituents of the new collagen-rich ECM and the release of
MMPs. During the final stages of the wound healing cascade, myofibroblasts undergo
apoptosis and only a few fibroblasts remain to finish the remodeling of the ECM [9]. De-
differentiation of myofibroblasts back to fibroblasts has not been demonstrated clearly
in vivo [25].

Wound contraction is the process that causes the circumferential inward movement
of surrounding uninjured skin tissue toward the injured area [43]. The amount of con-
traction is dependent on the size, shape, depth, and anatomical location of the wound
[3, 28, 37]. Due to the contraction of the wounded area, the exposed surface area of the
wound is decreased relatively fast without the production of new wound-covering tis-
sue. For instance, due to wound contraction, typical full-thickness wounds in humans
may undergo a reduction in wound surface area of up to 40% over a period of several
weeks, while rapid wound contraction in rats may even be responsible for up to 90% of
the closure of a wounded area [28, 36]. Given that the production of mature scar tissue
of sufficient quality takes longer and fast closure of the wounded area is necessary so
that the influx of, for instance, bacteria is minimized as much as possible, it is advan-
tageous in general that the surface area of a wound reduces as consequence of wound
contraction.

1.2.4. REMODELING PHASE

W ITH the onset of the proliferative phase, the remodeling of the evolving ECM also
commences [3, 11]. However, contrary to the proliferative phase, which is rela-

tively short under normal circumstances, the remodeling of the ECM takes place over a
much longer period of time. The subprocesses that underlie the remodeling process are
active mostly during the first year post-wounding, but they remain active thereafter [28].
During remodeling the nature of the ECM changes as a consequence of alterations in
the balances between the production and the breakdown of various constituents of the
ECM [37]. For instance, the total amount of collagen and the relative levels of fibronectin,
proteoglycans, and type III collagen decrease over time, while the relative levels of type
I collagen increase over time. Furthermore, the ECM also changes as a consequence
of adjustments in the way that the collagen molecules are aligned and interconnected.
The initial mesh of newly formed, delicate collagen bundles is transformed slowly into
a mesh consisting of thicker, extensively cross-linked collagen bundles that are oriented
more parallel to the surface of the skin compared to the collagen bundles of uninjured
dermal tissue [54, 59]. These alterations are brought about by present fibroblasts and
certain types of molecule, such as particular types of MMP, which are released by these
fibroblasts [37]. Finally, the cell densities of various cells such as the cell densities of
endothelial cells and (myo)fibroblasts, decrease over time during the remodeling of the
scar tissue. Taken together, these alterations result effectively in relatively acellular, thin
and flat scar tissue of gradually increasing strength [16].
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1.3. STUDY MOTIVATION

D ERMAL wounds are a significant global problem. This can be illustrated clearly by
presenting some figures related to a particular type of wound, namely burns. Every

year approximately 250,000 citizens of the United Kingdom get injured due to burning
while about half a million citizens of the United States require medical treatment as a
result of thermal injury each year [14, 17]. In the United Kingdom and the United States
the majority of these injuries are minor and do not require specialized care. However, a
small portion of the injuries are extensive and as a consequence roughly 13,000 individ-
uals in the United Kingdom and approximately 40,000 individuals in the United States
are admitted to a hospital or burn center for treatment each year. While this number
has decreased by about 50% over the last two decades due to effective prevention strate-
gies and advances in therapy strategies, it is in general still very difficult to prevent the
development of sequelae [22].

For example, even in the absence of complications, if skin tissue gets damaged after
birth, then the restoration of deep dermal wounds does not result in scar-free healing
(i.e., healing that results in a complete regeneration of the injured tissue). Instead the fi-
nal outcome of the restoration processes is relatively acellular, thin and flat scar tissue in
which the collagen bundles are oriented more parallel to the surface of the skin [54, 59].
Given that the behavior of dermal tissues in response to mechanical forces is influenced
strongly by the geometrical distribution of the collagen bundles [20, 61], the abnormal
distribution of collagen bundles in scar tissue might result in complications such as a
restriction in the movement of the affected skin. Subsequently, this might cause, for in-
stance, a reduction in the radius of movement of a limb that is covered by this scar tissue.

In addition, the restoration of dermal wounds also gets perturbed many times dur-
ing the initial period post-wounding and this might result in the development of, for
instance, hypertrophic scar tissue [41, 56]. There are many factors that influence the
properties of hypertrophic scar tissue, but in general the growing tissue becomes firm
and thick and has a dark red appearance. After the initial expansion phase, the hyper-
trophy of the tissue usually regresses gradually over an extended period of time, and
ultimately the outcome of the perturbed restoration process is ordinarily a relatively flat
and inflexible scar [16].

Severe burns are usually not treated by letting these wounds heal by secondary in-
tention. Instead the treatment of burns usually consists of the following two subparts.
First most of the burnt skin is excised surgically and thereafter the newly created wound
is covered by a skin graft. The use of a skin graft to cover a newly created wound has
two widely recognized benefits compared to the situation where these wounds are left
to heal by secondary intention; in general it reduces both the overall contraction of the
wounded area and the development of hypertrophic scar tissue in these areas [57]. How-
ever, many times skin grafts still contract considerably after placement on their recipient
bed and this may result then in substantial shrinkage of the grafts and hence the devel-
opment of contractures in these tissues [24]. The development of contractures is a seri-
ous complication that has a significant impact on an affected person’s quality of life, and
often requires substantial further corrective surgery [27].

Unfortunately, the causal pathways that lead to the formation of contractures and
hypertrophic scar tissue are unknown at present [15, 25, 55]. Furthermore, it is very dif-
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ficult to alter the distribution of collagen bundles and the degree of wound contraction
during healing. A better understanding of the mechanisms underlying the (aberrant)
healing of dermal wounds will probably improve the treatment of dermal wounds, and
will, consequently, reduce the probability of the occurrence of sequelae, such that the
newly generated tissue in the recovered wounded area is more akin to the original tis-
sue. Therefore, a lot of resources have been allocated to research the mechanisms with
in vivo and in vitro experiments. This has resulted in the production of much knowl-
edge about these mechanisms [3, 4, 15, 25, 28, 37, 55]. However, there is still much that
remains understood incompletely. This is partly due to the intrinsic complexity of the
wound healing process, but it is also a consequence of the fact that it is very difficult to
study the interactions between different components of the wound healing cascade with
experimental studies.

A way to deal with this latter issue, is to use mathematical models. With these models
it is possible to simulate components of the wound healing cascade and to investigate
the interactions between these components. The results obtained with these models
might aid in disentangling which components of the wound healing cascade influence,
for instance, the degree of wound contraction and the geometrical distribution of col-
lagen bundles in scar tissue. Furthermore, these results might aid in providing insights
into which components of the wound healing response are disrupted during the for-
mation of contractures and hypertrophic scar tissue. Subsequently, this might help the
design of better treatment plans that can reduce, for instance, the probability of hyper-
trophic scar tissue formation. In addition, these insights might help the design of treat-
ment plans that are better capable of guiding the degree of wound contraction and the
overall geometrical distribution of the collagen bundles. For these reasons several math-
ematical models were developed during this investigation.

1.4. OUTLINE OF THE THESIS

B EFORE presenting the models and the obtained results, the background of the mod-
els is presented in Chapter 2. Subsequently, three models are presented that were

developed to investigate the impact of various components of the wound healing re-
sponse on the degree of wound contraction and the development of the geometrical
distribution of the collagen bundles in evolving scar tissue.

In Chapter 3 a hybrid model is presented that was used to study wound contrac-
tion and the development of the distribution of the collagen bundles in relatively small
wounds. In this model cells are modeled as discrete inelastic spheres while the other
components are modeled as continuous variables. A tensorial approach was used for
the representation of the collagen bundles. After obtaining baseline simulation results,
the impact of macrophage depletion and the application of a TGF-β receptor antagonist
on both the degree of wound contraction and overall distribution of the collagen bundles
were investigated with this model.

In Chapter 4 a continuum hypothesis-based model is presented that was used to
study wound contraction and the development of the distribution of the collagen bun-
dles in relatively large wounds. In this model all components are modeled as contin-
uous variables. Furthermore, the bulk mechanical properties of the involved dermal
tissues such as the Young’s moduli and the Poisson ratios depend locally on the local
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concentration and the local geometrical distribution of the collagen bundles. Using this
model, the impact on the contraction of the wounded area of the distribution of the
collagen bundles and the position of the wound relative to the dominant direction of
the collagen bundles, were investigated. In addition, the impact of the movement of
the (myo)fibroblasts on the development of the geometrical distribution of the collagen
bundles in the recovering injured area was investigated with this model.

In Chapter 5 a continuum hypothesis-based model is presented that was used to
study the contraction of burns more rigorously. That is, a factorial design combined with
a regression analysis were used to quantify the individual contributions of variations in
the values for certain parameters of the model to the dispersion in the surface area of
healing burns. Furthermore, a probabilistic analysis was used to investigate in more
detail the effect of variability in the values for certain parameters of the model on certain
aspects of the healing process.

In order to help with gaining more insight into what might cause the formation of
hypertrophic scar tissue, a mechano-chemical continuum hypothesis-based model was
developed. The model and the results obtained with the model are presented in Chapter
6. Furthermore, the implications of the obtained results are discussed at the end of the
chapter.

In Chapter 7 a morphoelastic continuum hypothesis-based model is presented that
was used to study the formation of contractures in skin grafts that cover excised burns.
Based on the insights obtained with the model, suggestions are presented regarding how
splinting therapy, which is the main therapy for the prevention of contracture formation
in current usage, should be applied such that the therapy is effective optimally. In addi-
tion, some alternative ideas on how to diminish the degree of contracture formation are
put forward that are not based on a mechanical intervention.

Finally, the thesis is concluded in Chapter 8 with an overview of the most important
conclusions that were drawn from the results obtained with the models, and an overview
of recommendations for future research in Chapter 9.
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2
THE STORY BEHIND THE

DEVELOPED MODELS

In this chapter a description of previously developed mathematical frameworks and mod-
els that served as basis for the models that were developed in this study, is presented. Fur-
thermore, reasons for the development of the new models that are presented in the sub-
sequent chapters, are provided, and a description is given of how these new models differ
from the models that have been developed previously.

2.1. INTRODUCTION

F OR approximately the last 25 years the mathematical modeling of processes involved
in the healing of dermal wounds has been an active area of research. Over these years

a large number of models has been developed for the investigation of different compo-
nents of the wound healing cascade. Focusing on the types of mathematical framework
used for the development of these models, surveys such as those compiled by Sher-
ratt and Dallon [34], Buganza Tepole and Kuhl [4], Valero et al. [42] and Jorgensen and
Sanders [17] indicate that the majority of the models can be placed into one of three cat-
egories: continuum hypothesis-based models, discrete cell-based models and hybrid
models. In this latter type of model components of the continuum hypothesis-based
framework are combined with components of the discrete cell-based framework. Fur-
thermore, the continuum hypothesis-based models are often divided in three subcate-
gories: (bio)chemical models, mechanical models and mechano-(bio)chemical models.
The models in the first subcategory are based on the conservation of mass, those in the
second subcategory are based in principle on the conservation of linear momentum,
and those in the third subcategory are based in principle on the conservation of both

Parts of this chapter are based on content of the articles “A biomechanical mathematical model for the colla-
gen bundle distribution-dependent contraction and subsequent retraction of healing dermal wounds” [20], “A
mathematical model for the simulation of the contraction of burns” [19] and “Biomedical implications from a
morphoelastic continuum model for the simulation of contracture formation in skin grafts that cover excised
burns” [18].
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mass and linear momentum. Particular previously developed mechano-(bio)chemical
continuum hypothesis-based models and hybrid models served as basis for the mod-
els developed during this investigation. A short overview of these models is presented
here. Descriptions of other mathematical models developed over the last 25 years can be
found, for instance, in the aforementioned surveys [4, 17, 34, 42]. Furthermore, reasons
for the development of the new models that are presented in the subsequent chapters,
are provided, and a description is given of how these new models differ from the models
that have been developed previously.

2.2. MECHANICS

I N order to help with gaining more insight into the mechanisms underlying wound
contraction, Tranquillo and Murray [37] formulated the first mathematical framework

for the modeling of the mechanical component of the wound healing response in der-
mal tissues. This framework is based on the continuum hypothesis and the conserva-
tion of both mass and linear momentum. Using this framework Tranquillo and Mur-
ray developed several models. First, a basic model was developed. With respect to the
constituents of the recovering dermal tissue, the following components were selected as
primary model components in this basic model: fibroblasts and the extracellular matrix
(ECM). The dermal tissues were modeled as isotropic linear viscoelastic solids.

Next, the basic model was extended in several different ways after the addition of a
signaling molecule to the basic model. Here it was assumed that the concentration pro-
file of the signaling molecule is static (i.e., the concentration of the signaling molecule at
a certain location within the dermal tissue does not change over time). The first exten-
sion to the basic model was to let the the traction force generated by the fibroblasts vary
with the local concentration of the signaling molecule. The second extension was to let
the maximum cell density of the fibroblasts vary with the local concentration of the sig-
naling molecule. The third extension was to incorporate the directed movement of the
fibroblasts up the gradient of the signaling molecule and the final extension was to in-
clude the production of ECM molecules into the model. Due to the fact that fibroblasts
produce isotropic stresses in the models, Tranquillo and Murray were able to replicate
the experimental data on wound contraction in rats that were collected by McGrath and
Simon [23] with all different extensions to the basic model.

Subsequently, the basic model developed by Tranquillo and Murray was extended
by Olsen et al. [28]. In this model, all of the aforementioned extensions to the basic
model developed by Tranquillo and Murray were included. However, the applied func-
tional forms for the inclusion of these extensions are different. Furthermore, the general
ECM was replaced by collagen molecules as a primary model variable, and the concen-
tration of the signaling molecule changes dynamically over time in the model developed
by Olsen et al. Over the years numerous studies have demonstrated that myofibroblasts
are present in the recovering wounded area [14]. Therefore, myofibroblasts were also
added as a primary model component to the model developed by Olsen et al. The der-
mal tissues were modeled again as isotropic linear viscoelastic solids. In the model both
fibroblasts and myofibroblasts produce isotropic stresses that work on the dermal tis-
sues. Due to this, Olsen et al. were also able to replicate the experimental data on wound
contraction that were collected by McGrath and Simon [23].
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In order to investigate the impact of the addition and the adaptation of various com-
ponents of the wound healing cascade on different aspects of the wound healing re-
sponse, the models developed by Tranquillo and Murray, and Olsen et al. served as ba-
sis for the development of new models in several more recent studies [9, 15, 26, 31, 32,
36, 38, 39, 43]. In this study it was decided to use the (bio)chemical components of the
model developed by Olsen et al. for the (bio)chemical components of the continuum
hypothesis-based models presented in Chapters 4 through 7. However, there are also
some differences between the models presented in this thesis and the model developed
by Olsen et al.

For instance, while in the model developed by Olsen et al. solely the fibroblasts are
actively motile, in the models presented here both fibroblasts and myofibroblasts are
actively motile. Thampatty and Wang [35] have demonstrated previously that both fi-
broblasts and myofibroblasts are actively motile. Therefore, it seems reasonable to in-
corporate this phenomenon into the models.

Furthermore, the random movement of cells is modeled by means of cell density-
dependent Fickian diffusion instead of linear Fickian diffusion in the models presented
in this thesis. Traditionally, linear diffusion is used to model the random dispersal of cells
in continuum hypothesis-based models [15, 26, 28, 43]. As is also mentioned by Olsen
et al. [28], this is the standard representation of random cell movement in mathematical
models. However, Hillen and Painter [13] point out that it is actually far more likely that
the random movement of cells depends on the density of these cells. They also show in
their study that this type of dependence can show up naturally during the derivation of a
Keller-Segel type of system. Hence it was assumed in the models presented in this thesis
that the random movement of the cells increases with an increasing cell density [13, 21].

Finally, the degradation of both signaling molecules and collagen molecules was in-
corporated into the models by means of proteolytic cleavage by a generic MMP instead
of by means of natural decay or very general enzymatic degradation which were used
in the model developed by Olsen et al. For this end, the phenomenological relationship
given in Equation (4.9) was used which is based on the deduction presented in the ac-
companying paragraph.

Additionally, the mechanical components of the models presented in Chapters 4
through 7 are also different. Traditionally, the dermis is treated as a linear (visco)elastic
solid in mechano-chemical continuum models for (certain aspects of) dermal wound
healing [15, 26, 28, 31, 32, 39, 40, 43]. However, the experimental data by Wang et al. [44]
and Nedelec et al. [27] that were used, respectively, in Chapter 5 and Chapter 6, indi-
cate that it is probably inappropriate to assume that the generated strains in the dermal
tissues are infinitesimally small. Therefore, it was decided to model the dermal tissues
as isotropic compressible neo-Hookean solids in the models presented in Chapter 5 and
Chapter 6. Although the models presented in these chapters are not the first models
within the context of the modeling of dermal wound healing where dermal tissues are
modeled as hyperelastic materials (See for example the studies by Valero et al. [38, 41]),
it is not a standard approach. Furthermore, these models are the first models wherein
an explicit description of the dynamics of a myofibroblast population is combined with
the modeling of dermal tissues as hyperelastic materials.

In the model presented in Chapter 4 the dermis is modeled as an orthotropic con-
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tinuous solid with bulk mechanical properties that are locally dependent on both the
local concentration and the local geometrical distribution of the collagen bundles (See
Section 2.4 for further details). Finally, in the model presented in Chapter 7 the dermis is
modeled as an isotropic morphoelastic solid (See Section 2.5 for further details).

2.3. GEOMETRICAL DISTRIBUTION OF COLLAGEN BUNDLES

A LTHOUGH the mathematical models developed by Olsen et al. [28] and Tranquillo
and Murray [37] contain functional descriptions of several components of the wound

healing cascade, they all lack a description of the geometrical distribution of the collagen
bundles. Consequently is is not possible to investigate, for instance, the bidirectional in-
teraction between the direction of movement of cells such as fibroblasts, and the way
that the collagen bundles are aligned and interconnected into sheets and bundles.

Barocas and Tranquillo [1] formulated the first framework that includes a description
of the dynamic regulation of the geometrical distribution of collagen bundles by fibrob-
lasts. This framework is also based on the continuum hypothesis and the conservation of
both mass and linear momentum. For the representation of the collagen bundles, Baro-
cas and Tranquillo used a tensorial approach. The ECM is modeled as an anisotropic,
biphasic medium consisting of a fibrillar network and an interstitial solution. The two
phases display intraphase viscoelasticity and interphase frictional drag due to the rela-
tive motion of the two phases. The fibrillar network orients the fibroblasts. This results
in anisotropic cell migration and anisotropic traction forces. Furthermore, the fibrillar
network is oriented by the inhomogeneous deformation of the network due to the trac-
tion forces generated by the fibroblasts. With the developed models that are based on the
framework, Barocas and Tranquillo were able to replicate qualitatively the alignment of
collagen bundles in tissue-equivalents (i.e., cell-populated collagen gels).

Subsequently, Olsen et al. [29, 30] also formulated a continuum hypothesis-based
framework that includes a description of the dynamic regulation of the geometrical dis-
tribution of either one type or two types of bundle. In this framework the fibroblasts
are oriented by the geometrical distribution of the bundles. Furthermore, the bundles
are oriented by the direction of movement of the fibroblasts and / or the stresses gen-
erated by the fibroblasts. However, compared to the framework developed by Barocas
and Tranquillo, the framework of Olsen et al. has a clear disadvantage. Olsen et al.
model the alignment of collagen bundles in their model by considering two orthogo-
nal configurations and assuming that the transition between these two configurations is
a dynamic and reversible process. The major disadvantage of this approach is that this
representation cannot provide an accurate representation of the collagen bundles when
this orientation is continuously distributed. The tensorial approach used by Barocas and
Tranquillo does not suffer from this drawback.

Dallon et al. [6, 8, 7, 22, 30] also developed a theoretical framework in order to study
the dynamic regulation of the distribution of collagen bundles. Given that wound heal-
ing is actually a process that involves the interplay between elements that vary widely in
nature and size, Dallon et al. developed a new approach to model aspects of the wound
healing cascade that is different from the approaches used by Barocas and Tranquillo [1]
and Olsen et al. [29, 30]. While in the latter approaches it is assumed that it is appropri-
ate to model all constituents of the skin as continuous entities, in the hybrid framework
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developed by Dallon et al. constituents of the skin are represented by models of a differ-
ent type. For instance, cells are modeled as discrete entities while collagen bundles and
signaling molecules are modeled as continuous entities. In the hybrid framework the
direction of movement of the cells is influenced by the local orientation of the collagen
bundles while the orientation of the bundles is in turn dependent on the polarity of the
cells in the vicinity.

More recently, the hybrid framework developed by Dallon et al. has been extended by
Cumming et al. [5]. Compared to the framework developed by Dallon et al., the frame-
work of Cumming et al. has two benefits. In the framework of Dallon et al. cells are
represented as discrete points. In the framework of Cumming et al. cells occupy a circu-
lar region of the domain of computation. Due to this the latter approach allows the in-
clusion of cell-cell interactions such as contact inhibition and collisions. Furthermore,
Cumming et al. used a tensorial approach for the representation of the collagen bun-
dles, similar to the approach used by Barocas and Tranquillo [1], while Dallon et al. use
a vector-based approach for the representation of the collagen bundles. The use of a
vector-based approach has two clear disadvantages. Firstly, the vector-based approach
does not provide any information about the degree of isotropy of collagen bundles at
individual material points within the dermal layer. Secondly, due to the use of a vector
representation, collagen bundles are treated basically as unidirectional entities. Given
that fiber alignment is actually bidirectional, this may lead to duality when one wishes
to determine the degree of alignment of the collagen bundles. These two disadvantages
are not present when a tensorial approach is used.

Given the elegance of the framework developed by Cumming et al., this framework
was chosen by Boon et al. [2] for the development of a new mathematical model. How-
ever, the modeling framework developed by Cumming et al. does not contain a mechan-
ical component. Consequently, it is not possible to investigate with this framework how
certain components of the wound healing cascade might influence the contraction of
wounds. Therefore, a mechanical component was added to the framework of Cumming
et al. by Boon et al. through the incorporation of a mechanical force balance into the
framework. In the study presented in Chapter 3 an extended version of the model de-
veloped by Boon et al., was used in order to investigate how certain components of the
wound healing response might influence the degree of wound contraction.

2.4. COLLAGEN DISTRIBUTION DEPENDENT MECHANICS

A LTHOUGH the frameworks discussed in the previous two sections are elegant, they
either do not contain a mechanical component at all, or they lack an incorporation

of the effect of the geometrical distribution of the collagen bundles on the bulk mechan-
ical behavior of the involved dermal tissues. Hence, it is not possible with the models
which are based on these frameworks, to investigate the direct influence of the compo-
sition and the topology of the constituents of the ECM on the behavior of dermal tissues
in response to mechanical forces such as wound contraction.

Recently, two models have been formulated that do incorporate the effect of the ge-
ometrical arrangement of constituents of the ECM on the bulk mechanical behavior of
the tissues these constituents are embedded in [41, 46]. Due to the organization of the
collagen molecules into interconnected sheets and bundles, the geometrical distribu-
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tion of the collagen bundles, in particular, has a huge impact on the response of dermal
tissues to mechanical forces [16]. Therefore, the bulk mechanical behavior is influenced
in the models by the geometrical distribution of the collagen bundles. However, each of
these two models has a serious limitation. Due to the fact that the model developed by
Yang et al. [46] uses a hybrid framework similar to the one developed by Dallon et al. [6],
the domain of computation, and hence the simulated wound, has to be small so that the
computation times and the computer memory requirements remain acceptable. Con-
sequently, they used a domain of computation of 4 mm2 and created circular wounds
with a radius of solely 400 µm. Because of the fact that the model developed by Valero et
al. [41] is a continuum hypothesis-based model, it is possible to simulate the healing of
deep dermal wounds that cover a large surface area with this model. However, this latter
model lacks a dynamic regulation of the geometrical distribution of the collagen bundles
(i.e., the geometrical distribution of the collagen bundles is static in this model). Given
that the proportion of the collagen bundles that runs parallel to the surface of the skin
increases considerably in general during the execution of the wound healing processes
[45], it is a limitation of the model developed by Valero et al. that the dynamic regulation
of the geometrical distribution of the collagen bundles is not included in this model.

Given the limitations associated with the models developed by Yang et al. and Valero
et al., it was decided to develop a new, fully continuum hypothesis-based model in or-
der to become able to investigate how certain components of the wound environment
and the wound healing response might influence the contraction of the wound and
the development of the geometrical distribution of collagen bundles in the recovering
wounded area. In this model the bulk mechanical behavior of the involved dermal tis-
sues is dependent on the geometrical distribution of the collagen bundles. That is, the
bulk mechanical properties of the tissues such as the Young’s moduli and the Poisson
ratios depend locally on the local concentration and the local geometrical distribution
of the collagen bundles. Furthermore, the dynamic change of the geometrical distribu-
tion of the collagen bundles was incorporated into this new model similar to how this
process has been incorporated into the model developed by Olsen et al. [29]. A tensorial
approach, similar to the one proposed by Barocas and Tranquillo [1] and Cumming et al.
[5], was used for the representation of the collagen bundles. A detailed derivation of the
model is presented in Chapter 4.

2.5. CONTRACTURE FORMATION

W ITH the frameworks discussed in the previous sections it is not straightforward to
investigate the formation of contractures unless artificial assumptions are added

to the resulting models. For instance, Olsen et al. [28] were able to simulate the perma-
nent contraction of a recovered injured area. However, in order to accomplish this the
collagen kinetics had to be removed from the model. Given that the production and the
breakdown of components of the ECM are actually key components of the wound heal-
ing response [24], removing the collagen kinetics from the model seriously reduces the
accuracy of the representation of reality.

Therefore, like in the models developed by Murphy et al. [25] and Bowden et al. [3],
a morphoelastic framework was applied in the model presented in Chapter 7 in order
to incorporate the formation of contractures in a more realistic way. More specifically
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the theory of morphoelasticity developed by Hall [12] was used in the model presented
in Chapter 7. Central to this theory is the assumption that the classical deformation
gradient tensor (i.e., F) can be decomposed into a product of two tensors (i.e., F = AZ)
[11, 12, 33]. The tensor Z can be thought of as the locally-defined deformation gradi-
ent tensor that describes how infinitesimal line segments in the fixed reference config-
uration are transformed into infinitesimal line segments in a hypothetical configuration
(i.e., a zero stress state [10]) wherein the internal stresses around all individual points
in the dermal layer are relieved. The tensor A can be thought of as the locally-defined
deformation gradient tensor that describes how infinitesimal line segments in the hy-
pothetical configuration are transformed into infinitesimal line segments in the current
configuration of the dermal layer.

Based on the decomposition of the classical deformation gradient tensor, Hall de-
rived several related evolution equations that describe mathematically the change over
time of the effective strain (i.e., the local measure for the difference between the current
configuration of the dermal layer and a hypothetical configuration of the dermal layer
where the tissue is mechanically relaxed). Hence, these equations basically give a math-
ematical description of the remodeling of the dermal layer over time. In this study it was
assumed that the effective strains are small. Consequently, the evolution equation that
describes the dynamic change of the infinitesimal effective strain over time (i.e., Equa-
tion (7.1c) in Chapter 7 and Equation (5.64) in the PhD thesis of Hall [12]) was used.
Furthermore, the general conservation equations for linear momentum and mass were
used to describe mathematically the dynamic change over time of, respectively, the lin-
ear momentum, and the cell densities and concentrations of the modeled constituents
of the dermal layer.

The derivation of the evolution equation that describes the dynamic change of the
infinitesimal effective strain over time, is rather lengthy and contains numerous sub-
tleties. Therefore, solely the finally derived equation is presented in this thesis. The full
derivation of the evolution equation can be found in the PhD thesis of Hall [12].
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3
IMPLICATIONS FROM A HYBRID

MODEL FOR THE SIMULATION OF

THE HEALING OF SMALL WOUNDS

A mechano-chemical hybrid model is presented for the simulation of the healing of small,
deep dermal wounds in order to investigate how certain components of the wound healing
response might influence the degree of wound contraction and the development of the ge-
ometrical distribution of collagen bundles in a recovered wounded area. Solely the dermal
layer of the skin is modeled explicitly and it is modeled as an anisotropic continuous linear
elastic solid. With respect to the constituents of the recovering dermal layer, the following
components were selected as primary model components: fibroblasts, macrophages, the
signaling molecule transforming growth factor-β, the signaling molecule platelet derived
growth factor, fibrin bundles, collagen bundles and the protease tissue plasminogen acti-
vator. The cells are modeled as discrete inelastic spheres. The signaling molecules and the
protease are modeled as continuous entities. For the representation of the collagen bun-
dles a tensorial approach was used. Wound contraction and the development of residual
forces are caused in the model by temporary pulling forces and permanent plastic forces.
The pulling forces are generated by fibroblasts and the plastic forces are caused by the re-
modeling of the extracellular matrix. The newly secreted collagen molecules are secreted
by the fibroblasts in their direction of movement.

With the model certain components of the healing response can be reproduced quite rea-
sonably. For instance, the amount of time it takes to restore the presence of a collagen-
rich extracellular matrix in the recovering wounded area and the time window during
which macrophages are present in the wounded area coincide quite nicely with in vivo
experimental observations. Furthermore, the initial compaction and subsequent partial
dilatation of the recovering wounded area can be reproduced as well as the development

Parts of this chapter are based on content of the article “A multi-agent cell-based model for wound contraction”
[4].
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of residual stresses within the dermal layer. In addition, it is possible to reproduce that the
majority of the collagen bundles ends up permanently oriented toward the center of the
wound, parallel to the surface of the skin.

In accordance with experimental observations, depletion of the macrophages in the model
during the execution of the wound healing cascade results in a delayed healing of a wound.
Furthermore, the depletion of the macrophages hardly influences the geometrical distri-
bution of the collagen bundles in the recovering wounded area. However, the depletion
does result in an increase of the final surface area of the recovered wounded area.

The application of a transforming growth factor-β receptor antagonist in the model also
results in an increase of the surface area of the recovering wounded area. In addition,
the application of the antagonist results in a more uniform distribution of the collagen
bundles in the recovered wounded area. These observations are also in accordance with
experimental observations.

3.1. INTRODUCTION

I N Section 3.2 a detailed description of the model is presented. Subsequently, a de-
scription of the applied numerical algorithm for obtaining computer simulations is

provided in Section 3.3. The simulation results are presented in Section 3.4. Finally, the
simulation results are discussed in Section 3.5.

3.2. DEVELOPMENT OF THE MATHEMATICAL MODEL

I N order to simulate wound contraction and the deposition of collagen bundles, the
following processes that take place after completion of the haemostatic phase of the

wound healing cascade were incorporated into the model [9]. Firstly, the gradual break-
down of the fibrin mesh which developed during the clotting of blood after injury, was
incorporated into the model. Secondly, the influx of monocytes from the intravascular
space into the extravascular space was included into the model. Thirdly, the restora-
tion of the presence of fibroblasts and a collagen-rich extracellular matrix (ECM) in the
injured area were incorporated. Fourthly, the initial compaction and subsequent (par-
tial) dilatation of the wounded area were included. Finally, the development of residual
stresses in the wounded area due to the remodeling of the ECM was incorporated into
the model.

Since wound contraction mainly takes place in the dermal layer of the skin, solely a
portion of this layer was included explicitly into the model. The dermis is modeled as an
anisotropic continuous linear elastic solid. With respect to the mechanical component
of the model, the displacement of the dermal layer (u) was selected as primary model
variable. In addition, the following constituents of the recovering dermal tissue were
selected as primary model variables: fibroblasts (N ), macrophages (MΦ), the signaling
molecules TGF-β (cβ) and platelet derived growth factor (cP ), fibrin bundles (Ω f ), colla-
gen bundles (Ωc ) and tissue plasminogen activator (ct ). Hence, in this model no distinc-
tion is made between M1 macrophages and M2 macrophages, and between fibroblasts
and myofibroblasts. The proportion of bound receptors on the outer cell membrane of
each individual fibroblast (i.e, ni

N with i ∈ {1, . . . ,TN (t )} where TN (t ) is the total num-
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ber of fibroblasts present at time t ) and the proportion of bound receptors on the outer
cell membrane of each individual macrophage (i.e., ni

MΦ with i ∈ {1, . . . ,TMΦ(t )} where
TMΦ(t ) is the total number of macrophages present at time t ) were also selected as pri-
mary model variables.

3.2.1. THE SIGNALING MOLECULES

T HE following general advection-diffusion-reaction equation was used to describe the
change over time of the concentration of a generic signaling molecule c mathemati-

cally:

∂zc

∂t
+∇· [zc v] =−∇· [−Dc∇zc ]+Sc . (3.1)

Here zc represents the concentration of the generic signaling molecule c, v represents
the displacement velocity of the dermal layer, Sc represents the chemical kinetics asso-
ciated with the generic signaling molecule, and −Dc∇zc represents the flux per unit area
due to diffusion. In the model the Fickian diffusion coefficient Dc may be a function of
space and time. In order to simplify notation zc has been replaced by c in the remainder
of the text of this chapter. Hence, zcβ has been replaced by cβ, zcP has been replaced by
cP , zct has been replaced by ct and so on.

PLATELET DERIVED GROWTH FACTOR (PDGF)
With respect to the signaling molecule PDGF it was assumed that the diffusion rate of
the molecules is constant over space and time. Furthermore, it was assumed that the
net change of the concentration of PDGF due to local chemical kinetics, such as the
secretion of the molecule and the proteolytic breakdown of the molecule, is equal to
zero (i.e., Sc = 0). Taken together, this results in

∂cP

∂t
+∇· [cP v] = DcP∆cP , (3.2)

where DcP is the Fickian diffusion coefficient of the PDGF molecules.

TRANSFORMING GROWTH FACTOR-β ( TGF-β)
With respect to the signaling molecule TGF-β it was assumed that the diffusion rate of
the molecules is linearly dependent on the local concentration of the fibrin molecules
[5]. Furthermore, the secretion of TGF-β by macrophages was included into the model
[37]. Taken together, this gives

∂cβ
∂t

+∇· [cβv
]=∇·

[
Dcβ

(
ρ f

)
∇cβ

]
+kcβ

TMΦ(t )∑
i=1

δ
(
x−xi

MΦ(t )
)

, (3.3)

with

Dcβ

(
ρ f

)
=

[
a I
ρρ

f
]

Dmin
cβ +

[
1−a I

ρρ
f
]

Dmax
cβ . (3.4)

Here Dmin
cβ and Dmax

cβ represent, respectively, the minimum and maximum diffusion rate

of the TGF-βmolecules, a I
ρ is a de-dimensionalization constant, ρ f is the concentration
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of the fibrin molecules, kcβ is the secretion rate of TGF-β molecules by macrophages,

xi
MΦ(t ) is the position of the cell center of macrophage i at time t within the domain of

computation, and δ(·) is the Dirac delta distribution.

3.2.2. THE EXTRACELLULAR MATRIX MOLECULES

T WO types of extracellular matrix molecule were incorporated explicitly into the model
as primary model variables. The first type of molecule is fibrin and the second type

of molecule is collagen. Both types of molecule form bundles in the extracellular space
and therefore both types of molecule are modeled as such. For the representation of the
bundles a tensorial approach similar to the one proposed by Barocas and Tranquillo [3]
and Cumming et al. [5] was used. The orientation of the bundles and the concentra-
tion of the molecules at location x and time t within the dermal layer are represented
together by the general symmetric tensor

Ωi (x, t ) =
∫ π/2

0

∫ π

0

[
p(θ,ϕ)

(
p(θ,ϕ)

)T
ρi (x,θ,ϕ, t )

]
dθdϕ, (3.5)

with i ∈ { f ,c}, (p(θ,ϕ))T = [sin(ϕ)cos(θ),sin(ϕ)sin(θ),cos(ϕ)] the unit vector in the di-
rection of azimuthal angle θ and polar angle ϕ, and ρi (x,θ,ϕ, t ) the concentration of
bundle type i at location x and time t with angle θ and angle ϕ. The concentration of
the molecules of type i at location x and time t (i.e., ρi (x, t )) can be recovered from the
above tensor by either adding its eigenvalues or determining its trace.

Due to the symmetry of the above tensor, the tensor is orthogonal diagonalizable.
Hence the tensor can be decomposed as a sum of weighed outer products of orthonor-
mal eigenvectors:

Ωi (x, t ) =
3∑

j=1
λi

j (x, t )

[
vi

j (x, t )
(
vi

j (x, t )
)T

]
. (3.6)

Here (λi
j ,vi

j ) are the eigenpairs of the tensor. These eigenpairs can be used to measure

the degree of anisotropy of the dermal layer and have been used for the graphical presen-
tation of the degree of anisotropy within the modeled portion of dermal layer in Section
3.4. The larger the difference between the different (positive, real) eigenvalues, the more
anisotropic the dermal layer. The eigenvector corresponding to the largest eigenvalue
provides the dominant direction of the bundles. If all eigenvalues are equal, then the
dermal layer is perfectly isotropic.

FIBRIN BUNDLES & TISSUE PLASMINOGEN ACTIVATOR ( TPA)
The breakdown of the provisional fibrin-based ECM was incorporated into the model. In
order to keep the model concise, it was assumed that the degradation rate of the fibrin
bundles is directly proportional to the the product of the concentration of tPA and the
concentration of the fibrin bundles themselves [5]. Hence, for j ,k ∈ {1,2,3},

∂Ω
f
j k

∂t
+∇·

[
Ω

f
j k v

]
=−δρ

[
ctΩ

f
j k

]
, (3.7)

where δρ is the degradation rate of the fibrin bundles.
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With respect to the release of the protease tPA, it was assumed that this release solely
takes place at the interface between injured and uninjured dermal tissue. Furthermore,
it was assumed that the diffusion rate of the protease tPA is linearly dependent on the
local concentration of the fibrin molecules [5]. Taken together, this results in

∂ct

∂t
+∇· [ct v] =∇·

[
Dct

(
ρ f

)
∇ct

]
+kctδΓt , (3.8)

with

Dct

(
ρ f

)
=

[
a I
ρρ

f
]

Dmin
ct

+
[

1−a I
ρρ

f
]

Dmax
ct

. (3.9)

Here Dmin
ct

and Dmax
ct

represent, respectively, the minimum and maximum diffusion rate
of tPA, and kct represents the secretion rate of the protease tPA by damaged endothelial
cells. Furthermore, the distribution δΓt :Ωx,t → R≥0, where Ωx,t is the domain of com-
putation in Eulerian coordinates at time t , is defined as

δΓt (x)

{
= 0 if x ∉ Γt ,

> 0 if x ∈ Γt ,
(3.10)

such that for any A ⊂Ωx,t ∫
A
δΓt (x)dΩx,t = µ(A∩Γt )

µ(Γt )
. (3.11)

Depending on whether the domain of computation is two- or three-dimensional, Γt

represents either the curve or the surface that describes the position of the interface
between injured and uninjured dermal tissue over time, and the measure µ : Γ→ R>0

represents either the length of the curve Γ or the surface area of the surface Γ.

COLLAGEN BUNDLES

As has been mentioned before, the restoration of a collagen-rich ECM in the injured area
was also incorporated. In the model the collagen molecules are secreted by the fibrob-
lasts in the direction of movement of the fibroblasts. It was assumed that the secreted
collagen molecules are attached to the ECM instantaneously. Hence, the active move-
ment of these molecules is equal to zero. Furthermore, it was assumed that the secre-
tion rate of collagen molecules by each individual fibroblast is dependent on the propor-
tion of the receptors on its outer cell membrane that is bound to the signaling molecule
TGF-β [5, 29]. Finally, it was assumed that the secretion rate of collagen molecules by
each individual fibroblast is also dependent on the local concentration of both the fibrin
molecules and the collagen molecules. Taken together, this results in

∂Ωc
j k

∂t
+∇·

[
Ωc

j k v
]
=

{
1−a I

ρ

[
ρ f +ρc

]}
×

TN (t )∑
i=1

{[
k I
ρ +

[
k I I
ρ −k I

ρ

]
ni

N

][
ri

N (t )
(
ri

N (t )
)T

]
j k
δ

(
x−xi

N (t )
)}

(3.12)
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for j ,k ∈ {1,2,3}, where ρc is the concentration of the collagen molecules, k I
ρ is the min-

imum secretion rate of collagen molecules by fibroblasts, k I I
ρ is the maximum secretion

rate of collagen molecules by fibroblasts, ri
N (t ) = [dxi

N (t ) − vd t ]/‖[dxi
N (t ) − vd t ]‖2 is

the direction of active movement of fibroblast i at time t (See also Equation (3.19)), and
xi

N (t ) is the position of the cell center of fibroblast i at time t .

3.2.3. THE CELLS

C ELLS are modeled as discrete, inelastic spheres with radius rc . Every individual cell
receives cues from its environment and these cues determine the behavior of the

cell. In this model the behavior of a cell can be influenced by the local gradient of the
concentration of one of the modeled signaling molecules, the proximity of nearby cells,
the proportion of the receptors on the outer cell membrane that is bound to one of the
modeled signaling molecules, the local geometrical distribution of the collagen bundles
and the concentration of both the fibrin bundles and the collagen bundles. These prop-
erties of the environment can affect both the speed and the direction of movement of the
individual cells. Depending on the cell type, the aforementioned properties can also af-
fect other behaviors of each cell. In the subsequent paragraphs this is described in more
detail per cell type.

MACROPHAGES

It was assumed that the receptors on the outer membrane of the macrophages selec-
tively bind to PDGF molecules. Furthermore, it was assumed that PDGF molecules can
unbind from these receptors, and it was assumed that the number of receptors on each
individual macrophage is fixed. The following ordinary differential equation (ODE) was
used to describe the change over time of the the proportion of the receptors that is bound
to PDGF molecules on the outer cell membrane of macrophage i [5]:

dni
MΦ

d t
=−γu

mni
MΦ+γb

mcP (xi
MΦ(t ), t )

[
1−ni

MΦ

]
. (3.13)

Here γu
m and γb

m represent, respectively, the receptor unbinding rate and the receptor
binding rate of the PDGF molecules.

It was assumed that the maximum speed of the biased movement of a macrophage
diminishes with an increase in the combined concentration of both ECM bundle types
[5]. Furthermore, it was assumed that the speed of biased movement is dependent on the
proportion of the receptors on the outer membrane that is bound to PDGF molecules.
In this study, a bell-shaped curve was used to describe the relationship between the pro-
portion of bound receptors and the speed of biased movement. This curve attains its
maximum value when half of the receptors are bound to PDGF molecules and the speed
of biased movement is equal to zero when either none or all of the receptors are bound
to PDGF molecules. Taken together, the speed of the biased movement of macrophage i
due to chemotaxis at time t is given by
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v i
MΦ(t ) = v

{
S

(
ni

MΦ(t )
)[

1−S
(
ni

MΦ(t )
)]}

×{
2−a I

ρ

[
ρ f

(
xi

MΦ(t ), t
)+ρc

(
xi

MΦ(t ), t
)]

2

}
, (3.14)

with

S(r ) = 1

2

[
1+ sin

([
r − 1

2

]
π

)]
, (3.15)

and v a fixed constant.
Deuel et al. [7] have demonstrated previously that monocytes migrate up the gra-

dient of PDGF molecules. In this study no distinction is made between monocytes and
macrophages. Hence, the direction of biased movement of a macrophage due to chemo-
taxis is determined in the model by the local gradient of the PDGF molecules. Further-
more, the random movement of macrophages was incorporated into the model, as well
as the displacement of macrophages due to collisions with other cells. In the model the
distance between the cell centers of all present cells is computed. If the distance be-
tween two cells is less than the sum of both cell radii, then these cells are displaced over
the line that connects the cell centers such that there is no overlap anymore between the
colliding cells [33]. Finally, the displacement of macrophages due to mechanical drag as
a result of local deformation of the dermal layer was also incorporated. Taken together,
the following stochastic differential equation (SDE) was obtained for the mathematical
description of the displacement of macrophage i at time t :

dxi
MΦ(t ) = v i

MΦ(t )

[ ∇cP
(
xi

MΦ(t ), t
)

γ+∥∥∇cP
(
xi

MΦ
(t ), t

)∥∥
2

]
d t+

v
(
xi

MΦ(t ), t
)

d t +vc (t )d t +
√

2DMΦdW(t ). (3.16)

Here the term vc (t )d t represents the displacement of a macrophage due to collisions
with other cells. Furthermore, W denotes a vector Wiener process where [W(t )−W(s)]
is normally distributed with zero mean and variance [t − s] (under the assumption that
t > s) [30], and DMΦ is the macrophage random motility coefficient. The constant γ is a
very small positive value that is added to the model to prevent the division by zero in the
case that the gradient of the PDGF molecules is equal to zero locally. In this study, γ is
set equal to 10−12 g/mm4.

As described in Chapter 1, monocytes transmigrate from the intravascular space
of small blood vessels in the vicinity of the injured area into the extravascular space
during the inflammatory phase of the wound healing cascade. After migration to the
ECM, these monocytes are stimulated by several types of molecule to differentiate into
macrophages. The transmigration process and the differentiation process are not mod-
eled explicitly. Solely the appearance of new macrophages in the extravascular space
(i.e., the domain of computation) is modeled explicitly. Hence, the appearance of new
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macrophages at the interface between the injured and the uninjured dermal tissue dur-
ing the early stages of the wound healing response was incorporated into the model.
The number of macrophages that enter the domain of computation per time step ∆t is
dependent on the concentration of the PDGF molecules at the interface between the in-
jured and the uninjured dermal tissue (i.e, Γt ). It was assumed that monocytes solely
transmigrate into the extravascular space when the average concentration of PDGF at
the interface (i.e., ĉP ) exceeds a lower limit βl

MΦ. If this lower limit is exceeded, then the
number of monocytes that transmigrate per time step is determined by drawing a sin-
gle sample from a Poisson distribution with an expected value of βMΦ[ĉPµ(Γt )]∆t . Here
βMΦ is a fixed constant and µ(Γt ) is the measure that has been introduced in Subsection
3.2.2.

The new macrophages enter the domain of computation at the interface between
the injured and the uninjured dermal tissue. The location on the interface where a
macrophage enters the domain of computation is random. If the interface is a curve,
then the position of a newly transmigrated macrophage can be determined by drawing
a single sample from a continuous uniform probability distribution with lower bound 0
and upper bound µ(Γt ). The value of this sample determines the location on the curve
where the macrophage enters the domain of computation. If the interface is a surface,
then the position of a newly transmigrated macrophage can be determined in two steps.
First, the surface is transformed into an unit square through an appropriate mapping
(assuming that such a mapping exists). Subsequently, two samples are drawn from a
continuous uniform probability distribution with lower bound 0 and upper bound 1.
The values of these samples provide together a random position on the unit square, and
hence the location on the surface that forms the interface where the macrophage enters
the domain of computation. All receptors on the outer membrane of the newly transmi-
grated macrophage are assumed to be unbound.

Finally, the apoptosis (i.e., the programmed cell death) of macrophages present in
the domain of computation was also incorporated into the model. Apoptosis is treated
as a stochastic process where it was assumed that the probability of apoptosis is mem-
oryless. Hence, the probability that a macrophage dies within a time interval ∆t does
not depend on the evolution of this cell before this time interval. Furthermore, it was
assumed that the life span of a macrophage depends on the local concentration of the
PDGF molecules. In this study, an exponential probability distribution with an expected
value of dMΦcP (xi

MΦ(t ), t ) was chosen to determine whether macrophage i dies or sur-
vives over a time interval ∆t . Here dMΦ is a fixed constant. That is, per macrophage
a single sample is drawn from the exponential probability distribution. If the value of
this sample is smaller than the size of the time interval ∆t , then the macrophage dies.
Otherwise, the macrophage stays alive during the time interval ∆t .

FIBROBLASTS

It was assumed that the receptors on the outer membrane of the fibroblasts selectively
bind to TGF-β molecules. Furthermore, it was assumed that TGF-β molecules can un-
bind from these receptors, and it was assumed that the amount of receptors on each
individual fibroblast is fixed. The following ODE was used to describe the change over
time of the proportion of the receptors that is bound to TGF-β molecules on the outer
cell membrane of fibroblast i :
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dni
N

d t
=−γu

f ni
N +γb

f cβ(xi
N (t ), t )

[
1−ni

N

]
. (3.17)

Here γu
f and γb

f represent, respectively, the receptor unbinding rate and the receptor

binding rate of the TGF-β molecules.
For the determination of the speed of the biased movement of fibroblast i due to

chemotaxis the following equation was used (See the text preceding Equation (3.14) for
more information about the derivation of this function):

v i
N (t ) = v

{
S

(
ni

N (t )
)[

1−S
(
ni

N (t )
)]}{

2−a I
ρ

[
ρ f

(
xi

N (t ), t
)+ρc

(
xi

N (t ), t
)]

2

}
. (3.18)

Postlethwaite et al. [27] have demonstrated that fibroblasts migrate up the gradient of
TGF-β molecules. Furthermore, Dickinson et al. [8] have demonstrated that the direc-
tion of migration is also influenced by the geometrical distribution of the collagen bun-
dles over space. Therefore, the direction of the biased movement of a fibroblast due to
chemotaxis and contact guidance is determined in the model by the local gradient of
the TGF-β molecules and the geometrical distribution of the collagen bundles. Further-
more, the random movement of fibroblasts and the displacement of fibroblasts due to
collisions with other cells were incorporated into the model. The latter was implemented
in the same way as how this has been implemented for macrophages. Finally, the dis-
placement of fibroblasts due to mechanical drag was also incorporated. Taken together,
the following SDE was obtained for the description of the displacement of fibroblast i at
time t :

dxi
N (t ) = v i

N (t )
{[

1−a I
ρρ

c
(
xi

N (t ), t
)]

I+
[

a I
ρρ

c
(
xi

N (t ), t
)]
Ω̂c

(
xi

N (t ), t
)}

×[ ∇cβ
(
xi

N (t ), t
)

γ+∥∥∇cβ
(
xi

N (t ), t
)∥∥

2

]
d t +v

(
xi

N (t ), t
)

d t +vc (t )d t +
√

2DN dW(t ). (3.19)

Here I is the second-order identity tensor, Ω̂c (x, t ) represents the tensor related to the
collagen bundles with rows normalized to a length of one, and DN is the fibroblast ran-
dom motility coefficient.

As described in Chapter 1, the population of fibroblasts that repopulate the wounded
area probably accrues from a variety of sources besides the nearby, uninjured tissue.
The population might also consist of differentiated cells of the epidermis and the inner
lining of nearby blood vessels, differentiated bone marrow- en tissue-derived mesenchy-
mal stem cells, differentiated pericytes and differentiated fibrocytes [1, 11, 15, 16, 22, 28].
Therefore, the appearance of new fibroblasts due to differentiation of cells, such as per-
icytes and fibrocytes, was incorporated into the model. The differentiation process is
not modeled explicitly. Solely the appearance of new fibroblasts in the domain of com-
putation is modeled explicitly. Given the variety of the sources that contribute probably
to the repopulating population of fibroblasts, it was assumed that new fibroblasts can
enter the domain of computation at all positions. Furthermore, it was assumed that the
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modeled portion of dermal layer has a maximum capacity su
N with respect to the num-

ber of fibroblasts it can contain. The number of new fibroblasts that enter the domain
of computation during a time interval ∆t is determined in the following way. First the
difference between the current number of fibroblasts present in the dermal layer and the
maximum capacity su

N is determined. Subsequently, a sample the size of this difference,
is drawn from an exponential probability distribution with an expected value of sN . The
number of fibroblasts that enter the domain of computation is determined finally by de-
termining the number of draws that exceeds ∆t . The location where a new fibroblasts
enters the domain of computation is completely random. That is, every position in the
domain of computation has an equal probability of being the location where a new fi-
broblast enters the domain of computation. All receptors on the outer membrane of a
new fibroblast are assumed to be unbound.

In the model new fibroblasts can also appear due to proliferation of fibroblasts that
are already present in the modeled portion of dermal layer. It was assumed that fi-
broblasts can proliferate solely when a certain proportion of the receptors on the outer
membrane of a fibroblast (i.e., p l

N ) has been bound to TGF-β molecules for a sufficient
amount of time pN . In addition, it was assumed that crowding can prevent a fibroblast
from proliferating. In the model this was implemented by preventing a fibroblast which
is ready to proliferate, from dividing when the minimum distance between the cell cen-
ter of this fibroblast and all other fibroblasts is less than 4 times the size of the radius
of a fibroblast. A new fibroblast appears at the position of the fibroblast that has just
proliferated. All TGF-β molecules unbind from the receptors of the fibroblast that has
just proliferated, and all receptors on the outer cell membrane of the new fibroblast are
unbound.

Finally, the apoptosis of fibroblasts present in the domain of computation was also
incorporated into the model. Again apoptosis is treated as a stochastic process where
it was assumed that the probability of apoptosis is memoryless. In this study, an expo-
nential probability distribution with an expected value of dN was chosen to determine
whether a fibroblast dies or survives over a time interval ∆t . Here dN is a fixed con-
stant. The actual implementation of the apoptosis mechanism in the model is done in
the same way as how this has been done for macrophages.

3.2.4. THE FORCE BALANCE

T HE following partial differential equation (PDE) was used to describe the force bal-
ance for the modeled portion of dermal layer:

−∇·σ= f. (3.20)

This equation is the reduced conservation equation for the linear momentum of the der-
mal layer in local form. It was assumed that the inertial forces that work on the dermal
layer are negligible and as a consequence the conservation equation for the linear mo-
mentum reduces to the above force balance equation [23, 24, 32, 35]. Within the above
equation, σ represents the Cauchy stress tensor and f represents the total body force
working on the dermal layer.

The dermis is modeled as a continuous linear elastic solid and therefore, the follow-
ing constitutive stress-strain relation was chosen [17]:
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σ= E

1+ν
{
ε+ tr(ε)

[ ν

1−2ν

]
I
}

. (3.21)

Here E is the Young’s modulus of the dermal tissues, ν is Poisson’s ratio and ε is the in-
finitesimal strain tensor. Furthermore,

ε= 1

2

[
∇u+ (∇u)T

]
. (3.22)

Finally, two additive (body) forces were incorporated into the model. The first type
of force is a temporary force (i.e., ft ). This temporary force represents the pulling force
of fibroblasts on their surroundings as they move around through the dermal layer. The
second type of force is a plastic force (i.e., fp ). This plastic force is a residual force that
remains after completion of the wound healing cascade. It is caused by the remodel-
ing of the ECM which results in a modification of the way that the collagen molecules
are interconnected. Due to this modification, the distances between collagen molecules
are changed permanently and this leads to the development of residual stresses in the
recovering dermal tissues. In the model the residual stresses are modeled phenomeno-
logically by treating them as point loading forces. For the actual incorporation of the two
types of force into the model, the general formalism proposed by Vermolen and Gefen
[34] was used.

THE TEMPORARY FORCES

In order to derive the incorporation of the pulling forces generated by a fibroblast i into
the model, the cell boundary Γi

N of fibroblast i was subdivided into either a set of line
segments, if the domain of computation is two-dimensional, or a set of equilateral trian-
gular surface segments, if the domain of computation is three-dimensional (where the
cell boundary is treated as either a polygon in the two-dimensional setting or a spherical
polyhedron in the three-dimensional setting). It was assumed that an inward directed
pulling force is generated at the midpoint (centroid) of every segment in the direction
perpendicular to the line segment (normal to the surface segment). Then the total tem-
porary force generated by all fibroblasts present in the modeled portion of dermal layer
at time t is given by

ft =
TN (t )∑
i=1

N i
S∑

j=1
P (x, t )n(x)δ(x−xi

j (t ))∆Γi , j
N . (3.23)

Here N i
S is the total number of segments on the cell boundary of fibroblast i , P (x, t ) is

the magnitude of the pulling force density that is generated at position x(t ) and time t
per unit length (per unit surface area), n(x) is the unit inward pointing normal vector at
position x, xi

j (t ) is the position of the midpoint (centroid) of segment j on fibroblast i at

time t , and ∆Γi , j
N is the length (surface area) of line segment j (surface segment j ). Pre-

suming that the magnitude of the pulling force density is integrable over the boundary
of a cell, and letting N i

S →∞ for all fibroblasts present in the modeled portion of dermal
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layer (i.e., letting∆Γi , j
N → 0 for all segments j ), the following integral was obtained in ad-

dition for the mathematical description of the temporary forces that are generated by all
fibroblasts together at time t :

ft =
TN (t )∑
i=1

∫
∂Ωi

N

P (x, t )n(x)δ(x−xi
s (t ))dΓi

N . (3.24)

Here xi
s (t ) represents a position on the cell boundary of fibroblast i at time t . In this

study the generated pulling force is assumed to be constant over space and time. Hence,
P (x, t ) = P0, where P0 is a constant.

THE PLASTIC FORCES

In order to incorporate the plastic forces into the model, an approach was used that is
similar to the approach that was used for the incorporation of the pulling forces. The
main difference is that the plastic forces are not generated at the boundary of a cell, but
at the boundary of a control surface, if the domain of computation is two-dimensional,
or a control volume, if the domain of computation is three-dimensional. The control
surfaces (volumes) are generated by subdividing the domain of computation into con-
trol surfaces (volumes). These surfaces (volumes) coincide with the elements of the con-
forming triangulation of the domain of computation that has been generated for the ap-
plication of the finite-element method (See Section 3.3). It was assumed that an inward
directed plastic force can be generated at the midpoint (centroid) of all edges (faces) of
every control surface (volume) in the direction perpendicular to the edge (normal to the
face). Then the total plastic force present in the modeled portion of dermal layer at time
t is given by

fp =
NE∑
i=1

N i
e∑

e=1
Q(τi )n(x)δ(x−xi

e (t ))∆Γi ,e
E . (3.25)

Here NE is the total number of control surfaces (volumes) in the triangulation, N i
e is the

total number of edges (faces) of control surface (volume) i , Q(τi ) is the magnitude of
the plastic force density that is generated at effective fibroblast exposure time τi per unit
length (per unit surface area) at an edge (face) of control surface (volume) i , n(x) is the
unit inward pointing normal vector at position x, xi

e (t ) is the position of the midpoint
(centroid) of edge (face) e of control surface (volume) i at time t , and ∆Γi ,e

E is the length
(surface area) of edge (face) e of control surface (volume) i .

The magnitude of the plastic force density that is generated at the boundary of con-
trol surface (volume) i is dependent on the effective fibroblast exposure time τi . In this
study, the change over time of τi is a function of the percentage of the area (volume) of
control surface (volume) i that is occupied by fibroblasts at time t , the concentration of
the signaling molecule TGF-β at the centroid of the control surface (volume) i at time
t , and the concentration of the collagen molecules at the centroid of the control surface
(volume) i at time t . Taken together, this results in
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dτi

d t
= kτcβ(xi

E (t ), t )
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1−a I
ρρ

c (xi
E (t ), t )
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E (t )∩
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∪ jΩ
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N (t )
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A
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Ωi

E (t )
)

 . (3.26)

Here kτ is the increment rate of the effective fibroblast exposure time, xi
E (t ) is the posi-

tion of the centroid of the control surface (volume) i at time t , Ωi
E (t ) is the region occu-

pied by control surface (volume) i at time t ,Ω j
N (t ) is the region occupied by fibroblast j

at time t , and A (·) denotes the area (volume). Finally, it was assumed in this study that
the magnitude of the plastic force density is related to the effective fibroblast exposure
time according to the following phenomenological relation:

Q(τ) =Q0
[
1−e−τ

]
. (3.27)

Here Q0 is the maximum of the magnitude of the plastic force density that can be gener-
ated per unit length (per unit surface area) at an edge (face) of a control surface (volume).

3.2.5. THE DOMAIN OF COMPUTATION

I T was assumed that u = 0 and ∂v/∂x = ∂w/∂x = 0 hold within the modeled portion
of dermal layer, with the y z-plane running parallel to the surface of the skin and

u = (u, v, w)T. Furthermore, it was assumed that the derivatives of the concentrations
of the modeled constituents of the dermal layer are equal to zero in the direction per-
pendicular to the surface of the skin. It was also presumed that all cells solely move
randomly in the direction parallel to the y z-plane and that the cell centers of all (newly
introduced) cells in the model lie in a plane parallel to the y z-plane. In addition, it was
assumed that the plastic forces work solely in the direction parallel to the y z-plane. Fi-
nally, it was presumed that a fibroblast generates pulling forces solely at the intersection
of its cell boundary, and the plane that passes through the cell center of the fibroblast
and that runs parallel to the y z-plane. Taken together, these assumptions imply that the
calculations can be performed on an arbitrary, infinitely thin slice of dermal layer ori-
ented parallel to the surface of the skin. Using Lagrangian coordinates X = (X ,Y , Z )T,
the following domain of computationΩX was used therefore in this study:

ΩX ∈ {X = 0 mm, −5 mm ≤ Y ≤ 5 mm, −5 mm ≤ Z ≤ 5 mm}. (3.28)

3.2.6. THE INITIAL CONDITIONS AND THE BOUNDARY CONDITIONS

T HE initial conditions give a description of the positions of the cells and the concen-
trations of the modeled constituents of the dermal layer at the onset of the inflam-

matory phase of the wound healing cascade. In addition, initial conditions are provided
for the displacement field at the onset of the inflammatory phase and the proportion
of the receptors on the outer cell membrane of each cell that is bound by a signaling
molecule. For the mathematical description of the shape of the wounded area, the fol-
lowing general function was used:
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Figure 3.1: A graphical representation of the initial conditions. Depicted are the initial shape of the wounded
area and, in color scale, the initial concentration of the collagen molecules (g/mm3). The scale along both axes
is in millimeters. The black circles mark the initial positions of the fibroblasts present in the modeled portion
of dermal layer

w (X) = 1

16

[
1+ tanh

(
s1 −X

2

)][
1+ tanh

(
s1 +X

2

)]
×[

1+ tanh

(
s2 −Y

2

)][
1+ tanh

(
s2 +Y

2

)]
. (3.29)

The values for the parameters s1 and s2 determine, respectively, the positions of the ver-
tical segments of the wound boundary and the positions of the horizontal segments of
the wound boundary. In this study s1 = s2 = 2 mm.

In the model PDGF molecules are present initially in the wounded area due to the
early secretion of this signaling molecule by platelets that got trapped in the developing
fibrin clot during coagulation. Using the general function for the shape of the wounded
area, the following initial condition was used for the PDGF molecules:
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cP (X,0) = w (X)cw . (3.30)

Here cw represents the maximum initial concentration of the signaling molecule in the
wounded area. Furthermore, it was assumed that there are no TGF-βmolecules and tPA
molecules present at the onset of the inflammatory phase. Hence,

cβ(X,0) = 0, (3.31)

ct (X,0) = 0. (3.32)

It was assumed that the geometrical distribution of the formed fibrin bundles is uniform
throughout the wounded area. Therefore, the following initial condition was used for the
fibrin bundles:

Ω f (X,0) =
[

w(X)

3a I
ρ

]
I. (3.33)

In uninjured skin, the majority of the collagen bundles of the dermal layer run parallel to
the surface of the skin, while only a small portion of the fibers are oriented out-of-plane
[2, 13]. In this study, it was assumed that all collagen bundles are oriented parallel to the
surface of the skin. Within the plane that runs parallel to the surface of the skin, it was
assumed that the geometrical distribution of the collagen bundles is uniform. Hence,
the following initial condition was used for the collagen bundles:

Ωc (X,0) =
[

1−w(X)

2a I
ρ

]0 0 0
0 1 0
0 0 1

 . (3.34)

At the onset of the inflammatory phase, there are no macrophages present in the domain
of computation. Hence, TMΦ(0) = 0. Furthermore, it was presumed that there are 500
fibroblasts present in the portion of the dermal layer that is uninjured while there are
no fibroblasts present in the wounded area. Hence, TN (0) = 500. The initial position of
the present fibroblasts in the unwounded dermis is random. Finally, all receptors on the
outer cell membrane of all fibroblasts present initially in the domain of computation are
unbound. Hence,

ni
N (0) = 0 ∀i ∈ {1, . . . ,TN (0)} . (3.35)

With respect to the initial condition for the displacement field, it was assumed that
the displacements of the dermal tissue at the onset of the inflammatory phase are negli-
gible. Hence,

u(x,0) = 0 ∀x ∈Ωx,0. (3.36)

In addition, it was assumed that the remodeling of the ECM has not yet begun at the
onset of the inflammatory phase. Hence the effective fibroblast exposure time initially
satisfies
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τi (0) = 0 ∀i ∈ {1, . . . , NE } . (3.37)

See Figure 3.1 for a graphical representation of initial conditions that have been used in
this study.

With respect to the boundary conditions for the modeled constituents of the dermal,
the following Robin boundary conditions were used for all time t and for all x ∈ ∂Ωx,t ,
where ∂Ωx,t is the boundary of the domain of computation in Eulerian coordinates:

n · [DcP ∇cP (x, t )
] =−κcP (x, t ), (3.38)

n ·
[

Dcβ

(
ρ f (x, t )

)
∇cβ(x, t )

]
=−κcβ(x, t ), (3.39)

n ·
[

Dct

(
ρ f (x, t )

)
∇ct (x, t )

]
=−κct (x, t ). (3.40)

Here κ is a constant that determines the rate with which the molecules leave the domain
of computation on the boundary, and n is the unit outward pointing normal vector to
the boundary. Finally, the following Dirichlet boundary condition was used for the me-
chanical component of the model for all time t and for all x ∈ ∂Ωx,t :

u(x, t ) = 0. (3.41)

3.2.7. THE (RANGES OF THE) VALUES FOR THE PARAMETERS
Table 3.1 provides an overview of the (ranges of the) values for the parameters of the
model. Unfortunately, accurate estimates for the values for many of the parameters of
the model are, to the best of my knowledge, at present not available in the literature. A
few values were taken directly from previously conducted studies. Furthermore, some
values were estimated from results obtained in previously conducted studies. However,
the majority of the values were estimated in this study. These latter values were chosen
in such a way that a reasonable reproduction of the wound healing cascade in the case
of healing by secondary intention is generated.

Table 3.1: An overview of the (ranges of the) values for the parameters of the model. The last column contains
the references to the studies that were used for obtaining (estimates of) the values for the parameters. If (the
range of) the value for a parameter was estimated in this study, then this is indicated by the abbreviation TW

Parameter Value Dimensions Reference
DcP 10−2 mm2/h [12]
Dmin

cβ 1.06×10−2 mm2/h [5] & [23]

Dmax
cβ 1.06×10−1 mm2/h [5] & [23]

aI
ρ 104 mm3/g [24]

kcβ 2.5×10−14 g/(mm3 h) TW

δρ 1.5×1010 mm3/(g h) [5]
Dmin

ct
7,11×10−3 mm2/h [5] & [23]

Dmax
ct

1,41×10−1 mm2/h [5] & [23]
kct 5×10−14 g/(mm3 h) TW

Continued on the next page
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Table 3.1 – Continued from the previous page
Parameter Value Dimensions Reference

k I
ρ 5×10−8 g/(mm3 h) TW

k I I
ρ 10−7 g/(mm3 h) TW

rc 1.7×10−2 mm [26]
γu

m 1 1/h [5]
γb

m 5×1011 mm3/(g h) [5]
v 2.5×10−1 mm/h TW
DMΦ 3.33×10−4 mm2/h TW
βl

MΦ
3.33×10−12 g/mm3 TW

βMΦ (0−7.50)×1010 mm2/(g h) TW
dMΦ 7.2×1012 mm3/g TW
γu

f 1 1/h [5]

γb
f (1−5)×1011 mm3/(g h) [5]

DN 3.33×10−4 mm2/h TW
su

N 9×102 − TW
sN 4.8×10 − TW
pl

N 7.5×10−1 − TW
pN 4.8×10 h TW
dN 1.20×102 − TW
E 10×10−1 N/mm2 [20]
ν 4.9×10−1 − [20]
P0 2.08 N/mm4 TW
kτ 1011 mm3/(g h) TW
Q0 3.3×10−1 N/mm4 TW
cw 10−11 g/mm3 [24]
κ 1 1/mm TW

3.3. THE APPLIED NUMERICAL ALGORITHM

T HE system of mathematical relations presented in the Section 3.2 is a complex sys-
tem of equations that consists of various PDEs, SDEs, ODEs and stochastic pro-

cesses. Consequently, obtaining an approximation of the solution for the primary vari-
ables of the model is not straightforward. Here an overview is presented of the different
components that together form the core of the applied numerical algorithm.

For the kernel of the concrete expression of the algorithm, MATLAB was used [31].
Furthermore, the mesh generator developed by Persson and Strang was used for the
generation of a conforming triangulation of the domain of computation [25]. The re-
sulting mesh consisted of triangles that were gradually refined toward the boundary of
the wounded area (See Figure 3.1 for a graphical representation of the triangulation of
the domain of computation). A fixed time step ∆t of half an hour was chosen. This time
step was sufficiently small to obtain numerical stability.

Preceding the execution of the time-integration, the initial conditions for both the
signaling molecules and the extracellular matrix molecules were mapped to the nodes
of the generated mesh. Furthermore, the initial positions of the fibroblasts present in
the uninjured portion of dermal layer were determined. After that, the time-integration
was executed.
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Every time step the change in the position of the cell centers of all cells present in
the modeled portion of dermal layer due to chemotaxis, contact guidance and random
movement was determined first. For this end, the Euler-Maruyama method was applied
on the related portions of Equation (3.16) and Equation (3.19). In order to simulate the
random movement of each cell, two independent samples were drawn from a Gaussian
normal distribution with zero mean and variance ∆t for each cell. The values of these
samples provide the random displacement along both axes for each cell per time step.

Subsequently, new fibroblasts were added to the domain of computation at the posi-
tions of fibroblasts that were ready and able to proliferate, and fibroblasts that died due
to apoptosis, were removed from the domain of computation. Then, new macrophages
that transmigrated from the intravascular space to the extravascular space were added to
the domain of computation and present macrophages that died due to apoptosis, were
removed from the domain of computation. After that, differentiated cells such as differ-
entiated pericytes and differentiated fibrocytes, were added to the domain of computa-
tion as new fibroblasts. Next, the change in the position of every individual cell due to
collisions with other cells was determined and the positions of all cells were updated.
Finally, cells that left the domain of computation due to, for example, random move-
ment and collisions, were replaced by new cells. These latter new cells were placed on
the boundary of the domain of computation at a random position. See Subsection 3.2.3
for more details about the implementation of processes such as proliferation, transmi-
gration and apoptosis. Given that linear basis functions were used on the triangular ele-
ments of the triangulation, linear interpolation based on these basis functions was used
to map the approximation of the solution for the concentrations of the PDGF molecules
and the TGF-β molecules from the nodes of the mesh to the centers of the cells.

Next, the effective fibroblast exposure times of the elements in the triangulation were
updated by using an IMEX method on Equation (3.26). That is, the positions of the cell
centers of the fibroblasts were evaluated at the new point in time while the concentra-
tions of the collagen molecules and the TGF-βmolecules at the centroids of the elements
were evaluated at the previous point in time. Linear interpolation was used to map the
approximations of the solutions for the concentrations from the nodes of the mesh to
the centroids of the elements.

Subsequently, the displacement field at the new point in time was determined by
finding an approximate solution for the displacement field from Equation (3.20). For
the discretization of this equation, a moving-grid finite-element method was used [10].
Here, the positions of the nodes of the triangulation were taken at the previous point in
time, while the positions of the cell centers of the fibroblasts were evaluated at the new
point in time. In order to simplify matters and save computation time, all cell boundaries
were approximated by squares with a side length of

p
πrc mm. Consequently, Equation

(3.23) was used for the mathematical description of the temporary forces. Based on the
new displacement field, the position of the nodes of the triangulation, the position of the
boundary of the wound and the positions of the centers of the cells were updated. Linear
interpolation was used to map the approximation of the solution for the displacement
field from the nodes of the mesh on the boundary of the wound and onto the centers of
the cells.

After these steps, the approximations of the solutions for the concentrations of the
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PDGF molecules, the tPA molecules, the fibrin bundles and the TGF-β molecules were
determined consecutively from, respectively, Equation (3.2), Equation (3.8), Equation
(3.7) and Equation (3.3). For the discretization of these equations, the moving-grid finite-
element method was used together with either an IMEX method or the backward Euler
time-integration method. The new positions of the cell centers of the macrophages, the
new positions of the nodes of the triangulation and the new position of the boundary of
the wound were used here. Furthermore, approximations of the solutions for other pri-
mary model variables at the new point in time were used in these equations where pos-
sible. If these values were not yet available, then approximations at the previous point in
time were used.

Next, the proportion of the receptors on the outer membrane of each individual cell
that was bound to a signaling molecule was updated by using the backward Euler time-
integration method on Equation (3.13) and Equation (3.17). Hence, the approximations
of the solutions for the concentrations of the PDGF molecules and the TGF-β molecules
were taken at the new point in time. Linear interpolation was used to map the approx-
imations of the solutions for the concentrations of the PDGF molecules and the TGF-β
molecules from the nodes of the mesh to the centers of the cells.

Finally, the concentration and the orientation of the collagen bundles were updated
by using the moving-grid finite-element method together with the backward Euler time-
integration method on Equation (3.12). Hence, the approximation of the solution for the
concentration of the fibrin bundles, the approximations of the proportion of the recep-
tors on the outer membrane of the fibroblasts that were bound to a signaling molecule,
the approximation of the direction of active movement of the fibroblasts, and the posi-
tion of the cell centers of the fibroblasts were taken at the new point in time.

3.4. SIMULATION RESULTS

B ASELINE simulation results are presented in Figures 3.2 through 3.5. Looking at Fig-
ure 3.2, it can be observed that the fibrin bundles in the wounded area are broken

down gradually. The degradation of the fibrin bundles starts at the boundary of the
wounded area as a consequence of the fact that the tPA molecules are released at the
interface between the injured and the uninjured dermal tissue. Due to the slow diffusion
of the tPA molecules throughout the modeled portion of dermal layer, the concentration
of the tPA molecules rises gradually in the wounded area. This causes that the fibrin
bundles deeper into the wounded area are also broken down in the long run. As can be
observed in Figure 3.2, roughly all fibrin bundles in the wounded area have been broken
down after 12 days.

Due to the early secretion of PDGF molecules by platelets that got trapped in the
developing fibrin clot during coagulation, initially the concentration of this signaling
molecule is high in the wounded area. This can be observed in Figure 3.2. Subsequently,
the concentration of the PDGF molecules drops slowly over time due to diffusion. The
diffusion of the PDGF molecules results in the development of a nonzero gradient profile
for this signaling molecule. This causes a biased movement of macrophages present at
the boundary of the wounded area, toward the center of the wound. This biased move-
ment can be observed clearly in Figure 3.3. Furthermore, the diffusion of the PDGF
molecules also leads to a gradual diminishing of the concentration of this molecule at
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the interface between the uninjured and injured dermal tissue. Due to this, the concen-
tration of the PDGF molecules becomes so low at a certain point in time that the trans-
migration of macrophages from the intravascular space to the extravascular space stops.
This is also clearly visible in Figure 3.3. Subsequently, the number of macrophages drops
slowly toward zero due to apoptosis. After 12 days, no more macrophages are present in
the modeled portion of dermal layer.

The secretion of TGF-β molecules by macrophages results in a gradual rise of the
concentration of this molecule. Together with the diffusion of this molecule, this leads
to the development of a nonzero gradient profile for this signaling molecule. This can
be observed in Figure 3.2. Subsequently, this causes a biased movement of fibroblasts
present in the uninjured dermal tissue, toward the center of the wound. This biased
movement can be observed clearly in Figure 3.3. Due to the fact that the number of
macrophages drops slowly toward zero, the secretion of the TGF-β molecules gradually
drops as well and finally the concentration of the TGF-β molecules diminishes toward
zero as a consequence of the diffusion of the molecules. This leads to a reduction in the
biased movement of the fibroblasts and finally the distribution of the cell density of the
fibroblasts over the modeled portion of dermal layer becomes more or less uniform. This
can be observed in Figure 3.3.

As soon as the fibroblasts enter the injured dermal tissue, these cells start secreting
collagen molecules. As is clearly visible in Figure 3.2, this results in a gradual increase of
the concentration of the collagen molecules in the wounded area. Since the fibroblasts
are treated as discrete entities in the model, and since it was assumed that the secreted
collagen molecules attach to the ECM instantaneously, the concentration profiles of the
collagen molecules exhibit a discontinuous, spiky pattern over space for an extended pe-
riod of time. After approximately 50 days, the concentration of the collagen molecules
in the recovered wounded area has become more or less equal to the concentration of
this molecule in the surrounding uninjured dermal tissue. However, contrary to the sur-
rounding uninjured dermal tissue, the geometrical distribution of the new collagen bun-
dles in the recovered wounded area is no longer uniform in the plane. Due to the biased
movement of the fibroblasts toward the center of the wound during healing, the majority
of the new collagen bundles are secreted in the direction of the center of the wounded
area. This can be observed clearly in Figure 3.4.

Due to the gradually increasing cell density of the fibroblasts in the wounded area
during healing, the generated temporary (pulling) forces become relatively large in the
wounded area. Furthermore, the presence of fibroblasts in the wounded area causes the
development of residual (plastic) forces in the wounded area as a consequence of the
remodeling of the ECM. Taken together, this results in the development of a nonzero dis-
placement field in the modeled portion of dermal layer and compaction of the wounded
area (i.e., the inward movement of the interface between the injured and uninjured der-
mal tissue). These phenomena can be observed, respectively, in Figure 3.5 and Figure
3.3. As the cell density of the fibroblasts declines in the wounded area, the magnitude
of the displacement field also declines. However, due to the remodeling of the ECM and
hence the development of residual forces, the displacement field does not become ap-
proximately equal to zero throughout the modeled portion of dermal layer when the dis-
tribution of the cell density of the fibroblasts over the modeled portion of dermal layer
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Figure 3.6: The evolution over time of the total number of macrophages present in the modeled portion of
dermal layer for different values for the constant βMΦ related to the number of monocytes that transmi-
grate per time step. In these simulations the value for the receptor binding rate of the TGF-β molecules is
5×1011 mm3/(g h)). The values for the other parameters are equal to those depicted in Table 3.1. Each curve
represents a separate simulation

becomes more or less uniform. This can be observed clearly in Figure 3.5. Consequently,
this implies that the surface area of the recovered wounded area has diminished perma-
nently. This can also be observed in Figure 3.7.

3.4.1. MACROPHAGE DEPLETION

I N order to investigate the impact of macrophage depletion on the wound healing re-
sponse, the value for the constantβMΦ related to the number of monocytes that trans-

migrate per time step, was decreased in steps to zero over simulations. Decreasing the
value for this constant has a clear influence on the maximum of the total number of
macrophages that are present in the modeled portion of dermal layer. This can be ob-
served in Figure 3.6. Looking at Figure 3.8, it can be observed that a gradual reduction
in the total number of macrophages present in the wounded area results in a gradual
increase of the amount of time that is needed to restore the presence of a collagen-
rich ECM in the wounded area. If fewer macrophages are present in the wounded area,
then the concentration of the TGF-β molecules in the wounded area is lower. Conse-
quently, the proportion of the receptors on the outer cell membrane of the fibroblasts
that is bound to TGF-βmolecules is lower. This causes that the secretion rate of collagen
molecules is lower, which subsequently results in an increase of the amount of time that
is needed to restore the presence of a collagen-rich ECM. Interestingly, reducing the total
number of macrophages present in the wounded area hardly changes the final geometri-
cal distribution of the new collagen bundles in the recovered wounded area. Solely when
the total number of macrophages present in the wounded area is equal to zero during
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the entire simulation, the final distribution of the collagen bundles is far more uniform.
This can be observed in Figure 3.9. If the total number of macrophages is equal to zero
during the entire simulation, then no TGF-β molecules are secreted into the wounded
area. Consequently, the fibroblasts will not display a biased movement, which implies
subsequently that the orientation of the newly secreted collagen molecules will be ran-
dom. Furthermore, it is interesting to observe in Figure 3.7 that a decrease in the total
number of macrophages present in the wounded area has a positive effect on the fi-
nal surface area of the recovered wounded area. That is, the lower the total number of
macrophages, the higher the final surface area of the recovered wounded area. This latter
effect is caused by the fact that less residual forces are generated when the concentration
of the TGF-β molecules is lower.

3.4.2. APPLICATION OF A RECEPTOR ANTAGONIST

T HE effect of adding a TGF-β receptor antagonist that does not activate the signal
transduction pathways in fibroblasts, but competes with TGF-β molecules for bind-

ing to the receptors on the outer membrane of these cells, was mimicked by gradually
decreasing the receptor binding rate of the TGF-β molecules. As can be observed in
Figure 3.10, decreasing the binding rate has a clear impact on the maximum of the to-
tal number of fibroblasts present in the modeled portion of dermal layer. Due to the fact
that a reduction in the binding rate leads to a reduction in the proportion of the receptors
that is bound to TGF-βmolecules, fewer fibroblasts will become ready to proliferate and
this causes the observed reduction in the maximum of the total number of fibroblasts.
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mal layer for different values for the receptor binding rate of the TGF-β molecules. In these simulations the
value for the constant βMΦ is 7.50×1010 mm2/(g h). The values for the other parameters are equal to those
depicted in Table 3.1. Each curve represents a separate simulation
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Furthermore, it is interesting to observe in Figure 3.11 that a reduction in the binding
rate results in an increase of the final surface area of the recovered wounded area. This
is probably mainly caused by the fact that fewer fibroblasts are present in the wounded
area when the binding rate is lower. As a consequence, the build-up of residual forces
in the wounded area is smaller, which implies subsequently that final surface area of the
recovered wounded area is larger.

Looking at Figure 3.12, it can be observed that a reduction in the binding rate of
the TGF-β molecules also results in an increase of the amount of time that is needed to
restore the presence of a collagen-rich ECM in the wounded area. This latter effect is
caused by the fact that the reduction in the binding rate of the TGF-β molecules results
in both a reduction in the secretion rate of collagen molecules, and a reduction in the
total number of fibroblasts that are present in the wounded area. Finally, it is interesting
to observe in Figure 3.13 that an average binding rate results in the highest proportion of
the collagen bundles being secreted in the direction of the center of the wounded area
while both a relatively high and a relatively low binding rate result in a lower proportion
of the collagen bundles being secreted in the direction of the center of the wounded
area. Looking more closely at Figure 3.13, it can be observed that the proportion of the
collagen bundles that is secreted in the direction of the center of the wound is especially
lower when the binding rate is relatively low.

3.5. CONCLUSIONS

I N this chapter an extended version of the mechano-chemical hybrid model developed
by Boon et al. [4] has been presented in order to investigate how certain components

of the wound healing response might influence the degree of wound contraction and the
development of the geometrical distribution of newly formed collagen bundles in these
wounds. Looking at the baseline simulation results presented in Figures 3.2 through 3.5,
it can be observed that certain components of the healing response in the case small
wounds that heal by secondary intention without complications, can be reproduced
quite reasonably. For instance, the time window during which macrophages are present
in the wounded area and the amount of time it takes to restore the presence of a collagen-
rich ECM in the recovering wounded area coincide quite nicely with in vivo experimen-
tal observations [9, 19]. In addition, it is interesting to observe that, in accordance with
experimental observations, the majority of the newly secreted collagen bundles is ori-
ented toward the center of the wound [36]. Furthermore, the development of residual
stresses within the dermal layer can be reproduced, as well as the initial compaction and
subsequent partial dilatation of the recovering wounded area (if the transmigration of
monocytes into the extravascular space is sufficiently large (See Figure 3.7)).

One of the most important cell types involved in the healing of dermal wounds is the
macrophage [6]. Macrophages perform several important functions such as antigen-
presentation to T lymphocytes and phagocytosis of debris. Furthermore, this cell type
secretes many different signaling molecules that stimulate important processes such as
angiogenesis, collagen synthesis and cell differentiation [19]. Therefore, it is no surprise
that previously obtained experimental results demonstrated that a lack of properly func-
tioning macrophages in the recovering wounded area resulted in a delayed wound heal-
ing response [18, 21]. Interestingly, the simulation results depicted in Figure 3.8 also
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show that the depletion of macrophages results in a delayed wound healing response.
Furthermore, the simulation results presented in Figure 3.9 show that reducing the

total number of macrophages present in the wounded area hardly reduces the non-
uniformity of the geometrical distribution of the new collagen bundles in the recover-
ing wounded area at day 50. Solely when the total number of macrophages present in
the wounded area is equal to zero during the entire simulation, the distribution of the
collagen bundles in the recovering wounded area becomes approximately similar to the
distribution of the bundles in the surrounding uninjured dermal tissue. In addition, the
simulation results presented in Figure 3.7 show that a reduction in the total number of
macrophages results in an increase of the final surface area of the recovered wounded
area.

Finally, looking at the results presented in Figure 3.11 and Figure 3.13, related to the
imitation of the application of a TGF-β receptor antagonist, it is interesting to observe
that, in accordance with experimental results obtained by Huang et al. [14], the appli-
cation of such an antagonist resulted in an increase of the surface area of the recovering
wounded area and a more uniform distribution of the collagen bundles in the recovering
wounded area when sufficient amounts of antagonist are applied on the wounded area.
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4
IMPLICATIONS FROM A

CONTINUUM MODEL FOR THE

SIMULATION OF THE HEALING OF

LARGE WOUNDS

A continuum hypothesis-based model is presented for the simulation of the healing of
large wounds in order to investigate how certain components of the wound environment
and the wound healing response might influence the contraction of the wound and the de-
velopment of the geometrical distribution of collagen bundles in the recovering wounded
area. Since wound contraction mainly takes place in the dermal layer of the skin, solely a
portion of this layer was included explicitly into the model. This portion of dermal layer
is modeled as an orthotropic continuous solid with bulk mechanical properties that are
locally dependent on both the local concentration and the local geometrical distribution
of the collagen bundles. With respect to the constituents of the recovering dermal layer, the
following components were selected as primary model variables: fibroblasts, myofibrob-
lasts, a generic signaling molecule and collagen bundles. All components of the model are
modeled as continuous entities. For the representation of the collagen bundles a tenso-
rial approach was used. Wound contraction is caused in the model by temporary pulling
forces. These pulling forces are generated by myofibroblasts which are present in the re-
covering wounded area. With respect to the dynamic regulation of the geometrical distri-
bution of the collagen bundles, it was assumed that a portion of the collagen molecules
are deposited and reoriented in the direction of movement of the (myo)fibroblasts. The re-
mainder of the newly secreted collagen molecules are deposited by ratio in the direction of
the present collagen bundles.

This chapter is based on content of the articles “A biomechanical mathematical model for the collagen bundle
distribution-dependent contraction and subsequent retraction of healing dermal wounds” [16] and “A mathe-
matical model for the simulation of the contraction of burns” [15].
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With the developed model, it is possible to reproduce certain qualitative features of the
dermal wound healing response. Firstly, the restoration of the presence of fibroblasts in
the wounded area can be reproduced. Secondly, the initial expansion and subsequent re-
duction of the myofibroblast population in the wounded area during the execution of the
wound healing response can be reproduced. Thirdly, it is possible to reproduce the restora-
tion of a collagen-rich extracellular matrix in the recovering wounded area. Fourthly, the
contraction and the subsequent retraction of the wounded area can be reproduced. Fi-
nally, in accordance with experimental observations, it is also possible to reproduce the
permanent increase in the portion of the collagen bundles that runs parallel to the surface
of the skin as a consequence of the execution of the wound healing process.

Simulation results show that the distribution of the collagen bundles influences the evolu-
tion over time of both the shape of the recovering wounded area and the degree of overall
contraction of the wounded area. Interestingly, these effects are solely a consequence of al-
terations in the initial overall distribution of the collagen bundles, and not a consequence
of alterations in the evolution over time of the different cell densities and concentrations of
the modeled constituents. In addition, the evolution over time of the shape of the wound
is also influenced by the orientation of the collagen bundles relative to the wound while
this relative orientation does not influence the evolution over time of the relative surface
area of the wound.

Finally, the simulation results show that ultimately the majority of the collagen molecules
ends up permanently oriented toward the center of the wound and in the plane that runs
parallel to the surface of the skin when the dependence of the direction of deposition /
reorientation of collagen molecules on the direction of movement of cells is included into
the model. If this dependence is not included, then this will result ultimately in newly
generated tissue with a collagen bundle-distribution that is exactly equal to the collagen-
bundle distribution of the surrounding uninjured tissue.

4.1. INTRODUCTION

I N Section 4.2 a detailed description of the model is presented. In Section 4.3, a short
overview of the applied numerical algorithm for the generation of the computer sim-

ulations is presented. The simulation results are presented in Section 4.4. Finally, the
simulation results are discussed in Section 4.5.

4.2. DEVELOPMENT OF THE MATHEMATICAL MODEL

I N order to simulate the deposition of collagen bundles and the contraction process,
some of the subprocesses that take place during the proliferative phase and the re-

modeling phase of the wound healing cascade were included into the model [7]. With
respect to the subprocesses that are executed during the proliferative phase the follow-
ing subprocesses were selected: fibroplasia and wound contraction.

Since wound contraction mainly takes place in the dermal layer of the skin, solely a
portion of this layer was included explicitly into the model. The dermal layer is mod-
eled as an anisotropic continuous solid with bulk mechanical properties that are locally
dependent on both the local concentration and the local geometrical distribution of the
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collagen bundles. Due to the fact that the collagen bundles are represented by means of a
symmetric tensor, the dermal layer has material properties that differ locally along three
mutually-orthogonal twofold axes of rotational symmetry. These axes coincide with the
lines that pass through the individual material points of the dermal layer and run paral-
lel to the individual eigenvectors of the tensor that represents the collagen bundles (See
Subsection 4.2.3 for further details). Therefore, the dermal layer is actually modeled as
an orthotropic material [18]. In addition, it was assumed that it is appropriate to apply
the infinitesimal strain theory in this model. With respect to the mechanical component
of the model, the displacement of the dermal layer (u) was chosen as primary model
variable. Furthermore, the following four constituents of the dermal layer were selected
as primary model variables: fibroblasts (N ), myofibroblasts (M), collagen bundles (Ωρ)
and a generic signaling molecule (c).

The continuum hypothesis-based framework of Tranquillo and Murray [41] was used
as basis for the model. This framework consists of the following general set of conserva-
tion equations:

∂zi

∂t
+∇· [zi v] =−∇· Ji +Ri , (4.1a)

−∇·σ= f. (4.1b)

Equation (4.1a) is the mass conservation equation for the cell density / concentration of
constituent i of the dermal layer and Equation (4.1b) is the reduced conservation equa-
tion for the linear momentum of the dermal layer. It was assumed that the inertial forces
that work on the dermal layer are negligible, and therefore, the conservation equation
for the linear momentum of the dermal layer reduced to the above force balance equa-
tion. Within the above equations, zi represents the cell density / concentration of con-
stituent i , v represents the displacement velocity of the dermal layer, Ji represents the
flux associated with constituent i per unit area, Ri represents the (bio)chemical kinetics
associated with constituent i , σ represents the Cauchy stress tensor associated with the
dermal layer, and f represents the total body force working on the dermal layer. Given
the chosen primary model variables, i ∈ {N , M ,c,Ωρ

j k } holds with j ,k ∈ {1,2,3}. In the

remainder of the text of this chapter, zN has been replaced by N , zM has been replaced
by M , zc has been replaced by c, and zΩρj k

has been replaced byΩρ

j k .

4.2.1. THE CELLS

T HE random movement of both fibroblasts and myofibroblasts through the dermal
layer and the directed movement of both fibroblasts and myofibroblasts up the gra-

dient of the signaling molecule were incorporated into the model. The random move-
ment of the cells is modeled by means of cell density-dependent Fickian diffusion and
the directed movement of the cells is modeled by means of a simple model for chemo-
taxis [10]:
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JN =−DF F∇N +χF N∇c, (4.2)

JM =−DF F∇M +χF M∇c, (4.3)

where

F = N +M . (4.4)

The parameter DF is the cell density-dependent (myo)fibroblast random motility co-
efficient. The parameter χF is the chemotactic parameter that depends on both the
binding rate and the unbinding rate of the signaling molecule with its receptor, and the
concentration of this receptor on the cell surface of the (myo)fibroblasts. The signaling
molecule transforming growth factor-β (TGF-β) is a good example of a molecule that act
as a strong attracting stimulus for (myo)fibroblasts [35].

Furthermore, the proliferation of both fibroblasts and myofibroblasts were incorpo-
rated into the model by using two nearly identical adjusted logistic growth models. The
difference between the two growth models is that myofibroblasts solely divide in the
presence of the signaling molecule while fibroblasts also divide without the presence
of the signaling molecule. The actual proliferation rate of both cell types is dependent
on the concentration of the signaling molecule. Additionally, the cell differentiation of
fibroblasts into myofibroblasts under the influence of the signaling molecule was incor-
porated into the model. Examples of signaling molecules that can stimulate both the
up-regulation of the proliferation rate and the cell differentiation rate of fibroblasts into
myofibroblasts are certain members of the family of TGF-β molecules [48]. Finally, the
removal of (myo)fibroblasts from the dermal layer by means of apoptosis was also incor-
porated into the model. Taken together, the following was obtained:

RN = rF

[
1+ r max

F c

a I
c + c

]
[1−κF F ]N 1+q −kF cN −δN N , (4.5)

RM = rF

{[
1+ r max

F

]
c

a I
c + c

}
[1−κF F ]M 1+q +kF cN −δM M . (4.6)

Here rF is the proliferation rate, r max
F is the maximum factor with which the proliferation

rate can be enhanced due to the presence of the signaling molecule, a I
c is the concentra-

tion of the signaling molecule that causes the half-maximum enhancement of the prolif-
eration rate, κF F represents the reduction in the proliferation rate due to crowding, q is a
fixed constant, kF is the signaling molecule-dependent cell differentiation rate of fibrob-
lasts into myofibroblasts, δN is the apoptosis rate of fibroblasts and δM is the apoptosis
rate of myofibroblasts.

4.2.2. THE SIGNALING MOLECULES

I T was assumed that both fibroblasts and myofibroblasts secrete and consume the sig-
naling molecules. The functional form for these processes is based on chemical inter-

actions between the signaling molecules and receptors for these molecules on the cell
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surfaces of the (myo)fibroblasts. The derivation of the functional form (i.e., the first term
on the right hand side of Equation (4.8)) can be found in the appendix of the article by
Olsen et al. [30]. Furthermore, the removal of signaling molecules from the dermal layer
by means of proteolytic breakdown was incorporated into the model. Finally, it was as-
sumed that the signaling molecules diffuse through the dermal layer according to linear
Fickian diffusion. Taken together this results in

Jc =−Dc∇c, (4.7)

Rc = kc

[
c

a I I
c + c

][
N +ηM

]−δc g
(
F,c,Ωρ

)
c. (4.8)

Here Dc is the Fickian diffusion coefficient of the generic signaling molecule, kc is the
maximum net secretion rate of the signaling molecule, η is the ratio of myofibroblasts
to fibroblasts in the maximum net secretion rate of the signaling molecule, a I I

c is the
concentration of the signaling molecule that causes the half-maximum net secretion
rate of the signaling molecule, and δc is the proteolytic breakdown rate of the signaling
molecules.

The last term of Rc requires some more explanation. In the model the signaling
molecules are removed from the dermal layer by means of proteolytic breakdown by
a generic metalloproteinase (MMP) [24, 44]. It is known that MMPs are involved in
the breakdown of collagen-rich fibrils during the remodeling of the extracellular ma-
trix (ECM) and the maintenance of the ECM [4, 22, 29]. Furthermore, it is known that
(myo)fibroblasts are important producers of MMPs [22] and that the production of MMPs
can be reduced in the presence of signaling molecules like TGF-β [32]. Therefore, it
was assumed that the concentration of the generic MMP (i.e., g (F,c,Ωρ)) is proportional
to the cell density of the (myo)fibroblast population, the concentration of the collagen
bundles and the concentration of the signaling molecules according to the following for-
mula:

g
(
F,c,Ωρ

)∝ tr(Ωρ)F

1+a I I I
c c

. (4.9)

Here 1/[1+ a I I I
c c] represents the inhibition of the secretion of the generic MMP due to

the presence of the signaling molecule and tr(Ωρ) represents the concentration of the
collagen molecules.

4.2.3. THE COLLAGEN BUNDLES

F OR the representation of the collagen bundles a tensorial approach similar to the
one proposed by Barocas and Tranquillo [2] and Cumming et al. [5] was used. The

orientation of the bundles and the concentration of the molecules at location x and time
t within the dermal layer are represented together by the general symmetric tensor

Ωρ(x, t ) =
∫ π/2

0

∫ π

0

[
p(θ,ϕ)

(
p(θ,ϕ)

)T
ρ(x,θ,ϕ, t )

]
dθdϕ, (4.10)

with (p(θ,ϕ))T = [sin(ϕ)cos(θ),sin(ϕ)sin(θ),cos(ϕ)] the unit vector in the direction of
azimuthal angle θ and polar angle ϕ, and ρ(x,θ,ϕ, t ) the concentration of the collagen
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bundles at location x and time t with angle θ and angle ϕ. The concentration of the
collagen molecules at location x and time t can be recovered from the above tensor by
either adding its eigenvalues or determining its trace.

Due to the symmetry of the above tensor, the tensor is orthogonal diagonalizable.
Hence the tensor can be decomposed as a sum of weighed outer products of orthonor-
mal eigenvectors:

Ωρ(x, t ) =
3∑

i=1
λi (x, t )

[
qi (x, t )

(
qi (x, t )

)T
]

. (4.11)

Here (λi ,qi ) are the eigenpairs of the tensor. These eigenpairs can be used to measure
the degree of anisotropy of the dermal layer and have been used for the graphical presen-
tation of the degree of anisotropy within the modeled portion of dermal layer in Section
4.4. The larger the difference between the different (positive, real) eigenvalues, the more
anisotropic the dermal layer. The eigenvector corresponding to the largest eigenvalue
provides the dominant direction of the bundles. If all eigenvalues are equal, then the
dermal layer is perfectly isotropic. In the remainder of the text of this chapter all eigen-
values are ordered such that λ3 ≥λ2 ≥λ1.

It was assumed that the secreted collagen molecules are attached to the ECM instan-
taneously. Hence the flux associated with the ( j ,k)th entry of the tensorΩρ is

JΩρj k
= 0. (4.12)

Furthermore, the secretion of collagen molecules by both fibroblasts and myofibrob-
lasts was incorporated into the model. Similar to the mechanism proposed by Olsen et
al. [31], it was assumed that a portion of the collagen molecules is deposited and reori-
ented in the direction of movement of the (myo)fibroblasts. The remainder of the newly
secreted collagen molecules is deposited by ratio in the direction of the present colla-
gen bundles. The ratio of the amount of molecules that is deposited in the direction of
movement of the cells to the amount of molecules that is deposited in the direction of
the present collagen bundles is determined by the walking speed of the cells (i.e., the
magnitude of the cell fluxes). It was assumed that the secretion rate of the molecules is
enhanced in the presence of the signaling molecule. Examples of signaling molecules
that can up-regulate the secretion of collagen molecules by (myo)fibroblasts are certain
members of the family of TGF-βmolecules [48]. Finally, the proteolytic breakdown of the
collagen molecules was incorporated into the model analogously to how this has been
incorporated for the breakdown of the signaling molecules. This removal takes place by
ratio. Taken together, the following was obtained for the ( j ,k)th entry of the tensorΩρ :

RΩρj k
= kρ

{
1+

[
kmax
ρ c

a IV
c + c

]}{[
N

[
e−βρ‖JN ‖]+ηM

[
e−βρ‖JM ‖]][

Ω
ρ

j k

tr(Ωρ)

]
+

N

[
1−e−βρ‖JN ‖[

max
(‖JN‖ ,γ

)]2

][
JN (JN )T]

j k +ηM

[
1−e−βρ‖JM ‖[

max
(‖JM‖ ,γ

)]2

][
JM (JM )T]

j k

}
−

δρg
(
F,c,Ωρ

)
Ω
ρ

j k . (4.13)
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Here kρ is the collagen molecule secretion rate, kmax
ρ is the maximum factor with which

this rate can be enhanced due to the presence of the signaling molecule, a IV
c is the con-

centration of the signaling molecule that causes the half-maximum enhancement of the
secretion rate, βρ represents the sensitivity of (myo)fibroblasts to deposit and reorient
(newly secreted) collagen molecules in the direction of cell movement, η is the ratio of
myofibroblasts to fibroblasts in the maximum net secretion rate of collagen molecules,
and δρ is the proteolytic breakdown rate of the collagen molecules. The constant γ is a
small positive value that was added to the model to prevent the division by zero in the
case of no flux of either cell type. In this study, γ is set equal to 10−8 cells/(cm2 day).

4.2.4. THE FORCE BALANCE

G IVEN that the dermal layer is modeled as an orthotropic material, the following gen-
eral constitutive stress-strain relationship was used:

σ′ = C′ε′ (4.14)

with

C′ =



[−1+ν23ν32]E1
∆

−[ν21+ν23ν31]E1
∆

−[ν31+ν21ν32]E1
∆ 0 0 0

−[ν12+ν13ν32]E2
∆

[−1+ν13ν31]E2
∆

−[ν32+ν12ν31]E2
∆ 0 0 0

−[ν13+ν23ν12]E3
∆

−[ν23+ν13ν21]E3
∆

[−1+ν12ν21]E3
∆ 0 0 0

0 0 0 G23 0 0
0 0 0 0 G13 0
0 0 0 0 0 G12

 , (4.15)

∆= ν13ν21ν32 +ν23ν12ν31 +ν13ν31 +ν12ν21 +ν23ν32 −1 (4.16)

and

G j k = E j

2
[
1+ν j k

] . (4.17)

Here (σ′)T = [σ11,σ22,σ33,σ23,σ13,σ12], ν·· are the Poisson ratios, E· are the Young’s mod-
uli, G·· are the shear moduli, and (ε′)T = [ε11,ε22,ε33,2ε23,2ε13,2ε12] [19]. The axes of the
material coordinate system coincide locally with the principal axes of the sample (i.e.,
the axes of the material coordinate system run parallel to the eigenvectors of the tensor
Ωρ). In order to make the bulk material properties dependent on the local geometrical
arrangement of the collagen bundles, the following definitions are proposed for these
properties:

E j (x, t ) = Eλ j (x, t ), (4.18)

ν j k (x, t ) = ν
[
λ j (x, t )∑
l λl (x, t )

]
. (4.19)

Here E and ν are constants. Using these definitions has two nice consequences: the
symmetry of the elasticity tensor C′ is guaranteed and the positivity of the stored strain
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energy density in the dermal layer is guaranteed. The elasticity tensor is symmetric when
the equality

ν j k

E j
= νk j

Ek
(4.20)

holds for j ,k ∈ {1,2,3} and j 6= k [19]. The stored strain energy density is positive when
the elasticity tensor is positive definite. This is the case when the inequalities

E j > 0, G j k > 0, ∆< 0, and
E j

Ek
> ν2

j k (4.21)

hold [19]. Taken together the dynamics and the initial conditions of the modeled con-
stituents of the dermal layer imply λi (x, t ) > 0 for all x ∈Ωx,t , for all time t and i ∈ {1,2,3}
(with Ωx,t the domain of computation in Eulerian coordinates at time t ). Combined
with the proposed definitions for the bulk material properties of the dermal layer and
the values chosen for the constants E and ν, these are sufficient conditions to guarantee
that the above equalities and inequalities hold; checking this is straightforward. Hence,
the elasticity tensor is indeed symmetric, positive definite and consequently the stored
strain energy density in the system is always positive.

Notice furthermore that if the distribution of the collagen bundles is uniform (i.e.,
λ1 = λ2 = λ3), then all Poisson ratios are equal. Likewise, all Young’s moduli and shear
moduli are equal. This implies that the elasticity tensor becomes equal to the elasticity
tensor of an isotropic material [18]. This is a nice property because this is exactly what
you would expect given the uniformity of the distribution of the collagen bundles in the
dermal layer.

The tensors in Equation (4.14) need to be transformed so that they coincide with
the global coordinate system (i.e., the Eulerian coordinate system). Due to the made
assumptions with respect to the derivatives of the cell densities (See Subsection 4.2.5),
the chosen initial conditions for the distribution of the collagen bundles (See Equation
(4.35)), and the included dynamics for the production of collagen molecules (See Equa-
tion (4.13)), the first axis of the local material coordinate system always runs parallel to
the first axis of the global coordinate system. This implies that the following transforma-
tions can be used to transform the tensors from Equation (4.14):

σ′ = T1σ (4.22)

ε′ = T2ε (4.23)

T1C = C′T2, (4.24)

with

T1 =



1 0 0 0 0 0
0 m2 n2 −2nm 0 0
0 n2 m2 2nm 0 0
0 nm −nm m2 −n2 0 0
0 0 0 0 m n
0 0 0 0 −n m

 (4.25)
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and

T2 =



1 0 0 0 0 0
0 m2 n2 −nm 0 0
0 n2 m2 nm 0 0
0 2nm −2nm m2 −n2 0 0
0 0 0 0 m n
0 0 0 0 −n m

 . (4.26)

Hereσ= Cε, (σ)T = [σxx ,σy y ,σzz ,σy z ,σxz ,σx y ], (ε)T = [εxx ,εy y ,εzz ,2εy z ,2εxz ,2εx y ], m =
cos(ϕr ), n = sin(ϕr ) andϕr is the angle of the clockwise rotation that, respectively, aligns
the second and the third axis of the local material coordinate system (i.e., the second and
third eigenvector of the tensorΩρ) with the second and the third axis of the global coor-
dinate system. (Please note that the following holds: (T1(ϕr ))−1 = T1(−ϕr ). This equality
simplifies the calculation of the elasticity tensor C from Equation (4.24).) Furthermore,

ε= 1

2

[
∇u+ (∇u)T

]
. (4.27)

Finally, the generation of an isotropic stress by the myofibroblasts due to their pulling
on the ECM was incorporated into the model. This stress is proportional to the product
of the cell density of the myofibroblasts and a simple function of the concentration of
the collagen molecules [30]. No other forces were incorporated into the model. Taken
together, the following was obtained:

f =∇·ψ, (4.28)

ψ= ξM

{
tr(Ωρ)

R2
ρ + [tr(Ωρ)]2

}
I. (4.29)

Here ψ is the total generated stress by the myofibroblast population, ξ is the generated
stress per unit cell density and the inverse of the unit collagen molecule concentration,
and Rρ is a fixed constant.

4.2.5. THE DOMAIN OF COMPUTATION

I T was assumed that u = 0 and ∂v/∂x = ∂w/∂x = 0 hold within the modeled portion
of the dermal layer, with the y z-plane running parallel to the surface of the skin and

u = (u, v, w)T. Furthermore, it was assumed that the derivatives of the cell densities and
the concentrations of the modeled constituents of the dermal layer are equal to zero in
the direction perpendicular to the surface of the skin. Taken together, these assump-
tions imply that the calculations can be performed on an arbitrary, infinitely thin slice of
dermal layer oriented parallel to the surface of the skin, and that the results from these
calculations are valid for every infinitely thin slice oriented parallel to the surface of the
skin. Using Lagrangian coordinates (X = (X ,Y , Z )T), the domain of computation (ΩX) is
described mathematically by

ΩX ∈ {X = 0 cm,−10 cm ≤ Y ≤ 10 cm,−10 cm ≤ Z ≤ 10 cm}. (4.30)
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4.2.6. THE INITIAL CONDITIONS AND THE BOUNDARY CONDITIONS

(a) (b)

Figure 4.1: Graphical representations of the initial conditions. Depicted are in both subfigures, the initial shape
of the wound and, in color scale, the initial cell density of the fibroblasts (cells/cm3). In both subfigures the
scale along both axes is in centimeters. In Subfigure 4.1a, the white dots mark the material points where the
evolution of the cell density / concentration of the different modeled constituents was traced over time for the
generation of some of the figures in Section 4.4. In both subfigures, the green dots mark the material points
that were used to trace the evolution over time of the surface area of the wound. That is, at each time point the
area of the polygon with vertices located at the displaced green material points has been determined. Finally,
the material points labeled with a letter have been used to study the evolution over time of the shape of the
wound. See Section 4.4 for more details on this matter

T HE initial conditions give a description of the cell densities and the concentrations at
the onset of the proliferative phase of the wound healing cascade. For the generation

of the simulation results, two wound shapes were used: a circular shape and a square
shape. For the construction of these shapes, the following general indicator function
was used:

I (r, s1, s2) =


0 if r < [s1 − s2] ,
1
2

[
1+ sin

(
[r−s1]π

2s2

)]
if |r − s1| ≤ s2,

1 if r > [s1 + s2] .

(4.31)

The values for the parameters s1 and s2 determine respectively the location and the
steepness of the boundary of the wounded area. In order to construct circular wounds,
the following function was used:

wc (X) = I
(
‖X‖ ,

p
16/π,0.10

)
. (4.32)

In order to construct square wounds with the same surface area as the circular wounds,
the following function was used:

ws (Xr ) = 1− [1− I (Yr ,2,0.10)] [1− I (Zr ,2,0.10)] I (Yr ,2,0.10) I (Zr ,2,0.10) , (4.33)
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with Xr = R(θr )X = (Xr ,Yr , Zr )T and θr = π/4 rad, where R(θ) is the counterclockwise
rotation matrix that rotates vectors by an angle θ about the X -axis. For i ∈ {c, s}, wi =
0 corresponds to completely wounded dermis and wi = 1 corresponds to unwounded
dermis.

Based on these general functions for the shapes of the wound, the following ini-
tial conditions were used for the cell densities and the concentration of the signaling
molecule:

N (X,0) = {
I w + [

1− I w ]
wi (X)

}
N ,

M(X,0) = M ,

c(X,0) = [1−wi (X)]cw .

(4.34)

Here N and M represent the equilibrium cell density of, respectively, the fibroblast pop-
ulation and the myofibroblast population of the unwounded dermis. The constant cw

represents the maximum initial concentration of the signaling molecule in the wounded
area. It was assumed that there are some fibroblasts and collagen bundles present in the
wounded area; the parameter I w determines the minimum amount of fibroblasts and
collagen bundles present initially in the wounded area. For the initial distribution of the
collagen bundles the following was used:

Ωρ(X,0) =
{[

I w + [
1− I w ]

wi (X)
]{

1

1+ ra

[
êX (êX )T]+

ra

1+ ra

[
rb

1+ rb

[
êY (êY )T]+ 1

1+ rb

[
êZ (êZ )T]]}}

ρ, (4.35)

with

ê j = R(θb)e j , (4.36)

for j ∈ {X ,Y , Z }, where e j is the unit vector that runs parallel to the j th coordinate axis.
The value for the parameter ra determines which portion of the collagen bundles is ori-
ented in the direction perpendicular to the surface of the skin, and which portion of the
collagen bundles is running parallel to the surface of the skin. In uninjured skin the ma-
jority of the collagen bundles of the dermal layer runs parallel to the surface of the skin
while only a small portion of the fibers is oriented out-of-plane [1, 11]. Therefore, the pa-
rameter ra is set to a relatively large value. The values for the parameter rb and the angle
θb together determine the overall distribution of the collagen bundles that run parallel to
the surface of the skin. Over simulations the values for these latter two parameters were
varied in order to investigate the effect of such a variation on the contraction of wounds.
The used (ranges of) values are depicted in Table 4.1. The parameter ρ is the equilibrium
concentration of the collagen molecules in the unwounded dermis.

With respect to the initial conditions for the displacement of the dermal layer, the
following can be observed. The initial cell density of the myofibroblasts is equal to
zero everywhere in the domain of computation. Looking at Equation (4.29), this implies
f(x,0) = 0. Therefore,
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u(x,0) = 0 ∀x ∈Ωx,0. (4.37)

See Figure 4.1 for graphical representations of the initial conditions that have been used
in this study.

With respect to the boundary conditions for the modeled constituents of the dermal
layer, the following Dirichlet boundary conditions were used for all time t and for all
x ∈ ∂Ωx,t , where ∂Ωx,t is the boundary of the domain of computation in Eulerian coordi-
nates:

N (x, t ) = N , M(x, t ) = M , c(x, t ) = c. (4.38)

Here c is the equilibrium concentration of the signaling molecules in the unwounded
dermis. Finally, the following Dirichlet boundary condition was used for the mechanical
component of the model for all time t and for all x ∈ ∂Ωx,t :

u(x, t ) = 0. (4.39)

4.2.7. THE (RANGES OF THE) VALUES FOR THE PARAMETERS

T ABLE 4.1 provides an overview of the (ranges of the) values for the parameters of
the model. The majority of these values was either obtained directly from previ-

ously conducted studies or estimated from results of previously conducted studies. In
addition, the values for three more parameters could be determined due to the fact that
these values are a necessary consequence of the values chosen for other parameters.
These are the equilibrium signaling molecule concentration of the unwounded dermis
(c), the constant q and the collagen molecule degradation rate (δρ). If ρ = 0.1 g/cm3,

N = 104 cells/cm3, and M = 0 cells/cm3 in the unwounded dermis, then c = 0 g/cm3 is
an attracting equilibrium in the vicinity of c = 0 g/cm3. Hence c = 0 g/cm3. Furthermore,
if N = 104 cells/cm3, M = 0 cells/cm3 and c = 0 g/cm3, then q = [log(δN )− log(rF [1−
κF N ])]/ log(N ). Finally, if M = 0 cells/cm3 and c = 0 g/cm3, then kρ = δρρ2 g/(cells day).

Table 4.1: An overview of the (ranges of the) values for the parameters of the model. The last col-
umn contains the references to the studies that were used for obtaining (estimates of) the values
for the parameters. If (the range of) the value for a parameter has been estimated in this study,
then this is indicated by the abbreviation TW. If the value for a parameter is a necessary conse-
quence of the values chosen for the other parameters, then this is indicated by the abbreviation
NC

Parameter Value Dimensions Reference
DF 10−7 cm5/(cells day) [38]
χF 2×10−3 cm5/(g day) [28]
q −4.2×10−1 − NC
rF 9.24×10−1 cm3q /(cellsq day) [8]
r max

F 2 − [39]
aI

c 10−8 g/cm3 [9]
κF 10−6 cm3/cells [46]
kF 5.4×106 cm3/(g day) [6]

Continued on the next page
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Table 4.1 – Continued from the previous page
Parameter Value Dimensions Reference
δN 2×10−2 /day [30]
δM 2×10−2 /day [17]
Dc 2.9×10−3 cm2/day [28]
kc 4×10−13 g/(cells day) [30]
η 2 − [27] & [37]
aI I

c 10−8 g/cm3 [30]
δc 5×10−4 cm6/(cells g day) [30]
aI I I

c 2×108 cm3/g [32]
kρ 6×10−8 g/(cells day) NC
kmax
ρ 10 − [30]

aIV
c 10−9 g/cm3 [36]
βρ 10−1 (cm2 day)/cells TW
δρ 6×10−6 cm6/(cells g day) [17]
E 3.00×102 (N cm)/g [21]
ν 4.9×10−1 − [21]
ξ 2×10−4 (N g)/(cells cm2) [13] & [49]
Rρ 3×10−1 g/cm3 [30]
N 104 cells/cm3 [30]
M 0 cells/cm3 [30]
c 0 g/cm3 NC
ρ 10−1 g/cm3 [30]
I w 10−1 − TW
cw 10−8 g/cm3 [30]
ra 9 − [1] & [11]
rb 1−5 − TW
θb 0−π/4 rad TW

4.3. THE APPLIED NUMERICAL ALGORITHM

I N order to express the kernel of the algorithm and generate simulation results, MATLAB
was used together with MATLAB’s Parallel Computing Toolbox [40]. Furthermore, the

kernel was interfaced consecutively with a slightly adapted version of the mesh genera-
tor developed by Persson and Strang for the generation of a base triangulation of the do-
main of computation [34], the element resolution refinement / recoarsement tool of the
computational fluid dynamics (CFD) software package FEATFLOW2 for the adjustment of
the resolution of the elements of the base triangulation [42], and the permutation rou-
tine HSL_MC64 for the permutation of the n ×n matrices related to the resulting systems
of linear algebraic equations after full discretization of the model equations such that
the matrices have n entries on their diagonal [12]. The equations of the model were
non-dimensionalised furthermore by applying the following non-dimensionalisation:

x = Lx∗, t =
[

L2/
[

DF N
]]

t∗, Ωρ = ρΩρ∗,

N = N N∗, M = N M∗, c = cw c∗,

u = Lu∗, v =
[[

DF N
]

/L
]

v∗, σ=
[[
ξN

]
/ρ

]
σ∗.

(4.40)
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Here L = 1 cm is the length scale of the model. The variables with the asterisks are the
non-dimensionalised variables.

In order to find an approximation of the solution for the primary model variables
from Equation (4.1), the standard fixed-point defect correction method was used to-
gether with the method of lines [43]. The two equations of the system were solved in
a segregated way. That is, each time step approximations of the solutions for the mod-
eled constituents of the dermal layer were determined first and subsequently an approx-
imation of the solution for the displacement of the dermal layer was determined. This
scheme was iterated until certain standard convergence criteria were met. For the dis-
cretization of the system of equations the first-order backward Euler time-integration
method was used together with a moving-grid finite-element method [23]. On the dis-
cretized system of equations that describe the dynamics of the modeled constituents of
the dermal layer a semi-implicit flux-corrected transport (FCT) limiter and a source term
splitting procedure were applied in order to enforce positivity of the approximations of
the solutions for the constituents of the dermal layer [25, 33]. Finally, an automatically
adaptive time-stepping method was used to select the sizes of the individual time steps
[14]. More details about the algorithm and the procedure surrounding the adjustment
of the resolution of the elements of the base triangulation can be found in Section 5.3.

4.4. SIMULATION RESULTS

I N order to obtain some insight into the dynamics of the model, an overview of a sim-
ulation is presented in Figure 4.2. Figure 4.3 shows what the impact is of changing

the initial distribution of the collagen bundles that run parallel to the surface of the skin,
on the contraction of a circular wound. Due to the symmetry properties of a circular
wound, it is not interesting to vary the value for the angle θb . (In the case of a perfectly
circular wound, changing the value for the angle θb will merely rotate the solution coun-
terclockwisely through an angle θb .) Hence, solely the value for the ratio rb is changed
over simulations. Note that changing the value for the ratio rb not only influences the
degree of overall contraction of the wounded area (as measured by the evolution over
time of the relative surface area of the wound compared to the surface area of the wound
at day 0), but also the evolution over time of the shape of the wounded area (as measured
by the evolution over time of the (ratio of the) lengths of the line segments O A and OB).
Furthermore, note that the evolution over time of the cell densities and the concentra-
tions of the different modeled constituents is hardly influenced by changing the value
for the ratio rb .

Figure 4.4 shows what the impact is of changing the initial distribution of the collagen
bundles that run parallel to the surface of the skin, on the contraction of a square wound.
(Note that if rb = 1, then the solution is not dependent on the value for the angle θb .
Looking at Equation (4.35), this becomes clear straight away.) Contrary to the case where
the wound is circular, it is interesting to change both the value for the angle θb and the
value for the ratio rb in the case of a square wound. Due to the symmetry properties
of a square wound, it is sufficient to vary the angle θb between 0 rad and π/4 rad. (A
solution for an angle larger than π/4 rad can be obtained from a solution for an angle
between 0 rad and π/4 rad by applying a proper reflection and / or rotation on this latter
solution.) Similar to the case of a circular wound, changing the value for the ratio rb
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influences both the degree of overall contraction of the wounded area (as measured by
the evolution over time of the relative surface area of the wound compared to the surface
area at day 0), and the evolution over time of the shape of the wounded area (as measured
by the evolution over time of the ratio of the lengths of the line segments OC and OE , the
ratio of the lengths of the line segments OD and OF , and the surface area of the wound
relative to the surface area of the quadrilateral C EG H).

Furthermore, Figure 4.4 shows that the evolution over time of the shape of the recov-
ering wounded area is also influenced by the orientation of the collagen bundles relative
to the wound in the case of a square wound. Interestingly, this relative orientation of
the collagen bundles has hardly any influence on the evolution over time of the surface
area of the wound relative to the surface area at day 0. Although not depicted in Figure
4.4, the evolution over time of the cell densities and the concentrations of the different
modeled constituents is hardly influenced by changing the values for the ratio rb and the
angle θb .

Finally, Figures 4.5 and 4.6 show the evolution over time of the geometrical distribu-
tion of the collagen bundles during the healing of a circular wound. In order to demon-
strate the effect of either including the deposition / reorientation of collagen molecules
in the direction of cell movement or not, βρ was set to zero for the generation of the
simulation results in Figure 4.5 and was set to the standard value depicted in Table 4.1
for the generation of the simulation results in Figure 4.6. (See the text next to Equation
(4.13) for a description of the parameter βρ .) If βρ = 0 (cm2 day)/cells, then this will
result ultimately in newly generated tissue with a collagen bundle-distribution that is
exactly equal to the collagen-bundle distribution of the surrounding uninjured tissue. If
βρ = 10−1 (cm2 day)/cells, then ultimately the majority of the collagen molecules ends
up permanently oriented toward the center of the wound and in the plane that runs par-
allel to the surface of the skin.

4.5. CONCLUSIONS

W ITH the developed model, it is possible to reproduce some general qualitative fea-
tures of the dermal wound healing response [3, 7, 20, 26]. Firstly, the restoration of

the presence of fibroblasts in the wounded area can be reproduced. Secondly, the initial
expansion and subsequent reduction of the myofibroblast population in the wounded
area during the execution of the wound healing response can be reproduced. Thirdly, it is
possible to reproduce the restoration of a collagen-rich ECM in the recovering wounded
area. Fourthly, the contraction and the subsequent retraction of the wounded area can
be reproduced. Finally, in accordance with experimental observations [45, 47], it is also
possible to reproduce the permanent increase in the portion of the collagen bundles that
runs parallel to the surface of the skin as a consequence of the execution of the wound
healing process.

With respect to the simulation of the collagen bundle distribution-dependent con-
traction and subsequent retraction of healing dermal wounds, the following can be ob-
served. Figures 4.3 and 4.4 show clearly the impact of changing the initial geometrical
distribution of the collagen bundles that run parallel to the surface of the skin. The dis-
tribution of the collagen bundles influences the evolution over time of both the shape
of the wounded area and the degree of overall contraction of the wounded area. Inter-
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estingly, Figure 4.3 shows that these effects are solely a consequence of alterations in the
initial overall distribution of the collagen bundles, and not a consequence of alterations
in the evolution over time of the different cell densities and concentrations of the mod-
eled constituents. Furthermore, it is very interesting to observe in Figure 4.4 that the
evolution over time of the shape of the wound is also influenced by the orientation of
the collagen bundles relative to the wound while this relative orientation does not influ-
ence the evolution over time of the relative surface area of the wound compared to the
surface area of the wound at day 0.

Figures 4.5 and Figure 4.6 show clearly the effect of either including into the model
the dependence of the development of the geometrical distribution of collagen bundles
in the recovering wounded area on the direction of movement of cells, or not. If it is
included, then an increased portion of the collagen bundles ultimately ends up perma-
nently in the plane running parallel to the surface of the skin, and the majority of these
bundles is oriented toward the center of the wound. If the deposition / reorientation of
collagen molecules in the direction of cell movement is not included, then all the newly
secreted collagen molecules are deposited by ratio in the direction of the present colla-
gen bundles. As demonstrated in Figure 4.5, this will result ultimately in newly generated
tissue with a collagen bundle-distribution that is exactly equal to the collagen-bundle
distribution of the surrounding uninjured tissue.
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5
IMPLICATIONS FROM A SENSITIVITY

ANALYSIS PERFORMED ON A MODEL

FOR THE SIMULATION OF THE

CONTRACTION OF BURNS

A continuum hypothesis-based model is presented in order to investigate in more detail
which elements of the healing response might have a substantial influence on the contrac-
tion of burns. Solely a portion of the dermal layer was included explicitly into the model.
The dermal layer is modeled as an isotropic compressible neo-Hookean solid. Further-
more, fibroblasts, myofibroblasts, collagen molecules and a generic signaling molecule
were selected as primary model components. All components of the model are modeled
as continuous entities. Wound contraction is caused in the model by temporary pulling
forces. These pulling forces are generated by myofibroblasts which are present in the recov-
ering wounded area.

After the presentation of the model and a more detailed presentation of the custom-made
numerical algorithm for the generation of simulations, good agreement is demonstrated
with respect to the variability in the evolution of the surface areas of burns over time be-
tween the outcomes of computer simulations obtained with the model and measurements
obtained in a previously conducted experimental study. In the model this variability is
brought about by varying the values for some of its parameters simultaneously. In order
to quantify the individual contributions of these parameter value variations to the disper-
sion in the surface area of healing burns and hence gain insight into which subprocesses
have the largest influence on the contraction of such wounds, a factorial design in com-
bination with a multiple linear regression analysis was used to analyze the simulation

This chapter is based on content of the article “A mathematical model for the simulation of the contraction of
burns” [16].
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data. This analysis shows that almost all variability in the surface area can be explained
by variability in the value for the myofibroblast apoptosis rate and, to a lesser extent, the
value for the collagen molecule secretion rate. This suggests that most of the variability
in the evolution of the surface area of burns over time in the experimental study might be
attributed to variability in these two rates. Finally, a probabilistic analysis was used to
investigate in more detail the effect of variability in the values for the myofibroblast apop-
tosis rate and the collagen molecule secretion rate, on certain components of the healing
process. Results of this latter analysis are also presented and discussed in this chapter.

5.1. INTRODUCTION

T HE development of the model is presented in Section 5.2. In order to generate com-
puter simulations a custom-made numerical algorithm had to be developed. An

overview of this algorithm is presented in Section 5.3. Thereafter some details of the
factorial design and the regression analysis which were used for the sensitivity analysis,
are presented in Section 5.4. A probabilistic analysis was also used in this study in order
to investigate in more detail the effect of variability in the values for the myofibroblast
apoptosis rate and the collagen molecule secretion rate on certain aspects of the heal-
ing process. More details of this probabilistic analysis are also presented in Section 5.4.
Simulation results and the results obtained with the statistical analyses are presented in
Section 5.5. Finally, the results are discussed in Section 5.6.

5.2. DEVELOPMENT OF THE MATHEMATICAL MODEL

I N order to simulate the contraction process, some of the subprocesses that take place
during the proliferative phase of the wound healing cascade were included into the

model [7]. With respect to the subprocesses that are executed during the proliferative
phase the following subprocesses were selected: fibroplasia and wound contraction.

Given that wound contraction mainly takes place in the dermal layer of the skin,
solely a portion of this layer was incorporated explicitly into the model. The dermal
layer is modeled as an isotropic compressible neo-Hookean solid [45]. With respect to
the mechanical component of the model the displacement of the dermal layer (u) was
selected as primary model variable. In addition, the following four constituents of the
dermal layer were selected as primary model variables: fibroblasts (N ), myofibroblasts
(M), a generic signaling molecule (c) and collagen molecules (ρ). Please note that while
in the model presented in Chapter 4 both the concentration and the orientation of the
collagen bundles were selected as primary model components, in the model presented
in the current chapter solely the concentration of the collagen molecules was selected as
a primary model component.

The continuum hypothesis-based framework of Tranquillo and Murray [44] was used
as basis for the model. This framework consists of the following general set of conserva-
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tion equations (See Section 4.2 for more details about these equations):

∂zi

∂t
+∇· [zi v] =−∇· Ji +Ri , (5.1a)

−∇·σ= f. (5.1b)

Within the above equations, zi represents the cell density / concentration of constituent
i , v represents the displacement velocity of the dermal layer, Ji represents the flux asso-
ciated with constituent i per unit area, Ri represents the (bio)chemical kinetics associ-
ated with constituent i ,σ represents the Cauchy stress tensor associated with the dermal
layer, and f represents the total body force working on the dermal layer. Given the cho-
sen primary model variables, i ∈ {N , M ,c,ρ} holds. In the remainder of the text of this
chapter, zN has been replaced by N , zM has been replaced by M , zc has been replaced
by c and zρ has been replaced by ρ.

5.2.1. THE CELLS

T HE functional forms for the movement of the (myo)fibroblasts and the functional
forms for the biochemical kinetics associated with these cells are identical to the

functional forms that have been introduced in Chapter 4. For completeness the func-
tional forms are presented here as well. More details about the functional forms can be
found in Chapter 4. The functional forms for the cell fluxes are

JN =−DF F∇N +χF N∇c, (5.2)

JM =−DF F∇M +χF M∇c, (5.3)

where

F = N +M . (5.4)

The parameter DF is the cell density-dependent (myo)fibroblast random motility coef-
ficient and χF is the chemotactic coefficient. The functional forms for the biochemical
kinetics associated with the (myo)fibroblasts are

RN = rF

[
1+ r max

F c

a I
c + c

]
[1−κF F ]N 1+q −kF cN −δN N , (5.5)

RM = rF

{[
1+ r max

F

]
c

a I
c + c

}
[1−κF F ]M 1+q +kF cN −δM M . (5.6)

Here rF is the cell division rate, r max
F is the maximum factor with which the cell division

rate can be enhanced due to the presence of the signaling molecule, a I
c is the concen-

tration of the signaling molecule that causes the half-maximum enhancement of the cell
division rate, κF F represents the reduction in the cell division rate due to crowding, q is a
fixed constant, kF is the signaling molecule-dependent cell differentiation rate of fibrob-
lasts into myofibroblasts, δN is the apoptosis rate of fibroblasts and δM is the apoptosis
rate of myofibroblasts.
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5.2.2. THE SIGNALING MOLECULES

T HE functional form for the dispersion of the generic signaling molecule and the func-
tional forms for the release, the consumption and the removal of the generic sig-

naling molecule are also identical to the functional forms that have been introduced in
Chapter 4:

Jc =−Dc∇c, (5.7)

Rc = kc

[
c

a I I
c + c

][
N +ηM

]−δc g (F,c,ρ)c. (5.8)

The parameter Dc represents the random diffusion coefficient of the generic signaling
molecule, kc represents the maximum net secretion rate of the signaling molecule, η is
the ratio of myofibroblasts to fibroblasts in the maximum net secretion rate of the sig-
naling molecule, a I I

c is the concentration of the signaling molecule that causes the half-
maximum net secretion rate of the signaling molecule and δc is the proteolytic break-
down rate of the signaling molecules. The concentration of the generic metallopro-
teinase (MMP) (i.e., g (F,c,ρ)) which is responsible for the breakdown of the signaling
molecules was assumed to be proportional to the cell density of the (myo)fibroblasts,
and the concentration of both the collagen molecules and the signaling molecules ac-
cording to the following formula (See the accompanying paragraph of Equation (4.9) for
further details):

g (F,c,ρ) ∝ ρF

1+a I I I
c c

. (5.9)

Here 1/[1+ a I I I
c c] represents the inhibition of the secretion of the generic MMP due to

the presence of the signaling molecule.

5.2.3. THE COLLAGEN MOLECULES

I T was assumed that the secreted collagen molecules are attached to the extracellular
matrix (ECM) instantaneously. Hence it was assumed that no active transport of colla-

gen molecules takes place. Furthermore, the production of collagen molecules by both
fibroblasts and myofibroblasts was incorporated into the model. The secretion rate of
the molecules is enhanced in the presence of the signaling molecule. Finally, the pro-
teolytic breakdown of the collagen molecules was incorporated into the model analo-
gously to how this has been incorporated for the breakdown of the signaling molecules.
Taken together, the following was obtained:

Jρ = 0, (5.10)

Rρ = kρ

{
1+

[
kmax
ρ c

a IV
c + c

]}[
N +ηM

]−δρg (F,c,ρ)ρ. (5.11)

Here kρ is the collagen molecule secretion rate, kmax
ρ is the maximum factor with which

this secretion rate can be enhanced due to the presence of the signaling molecule, a IV
c
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is the concentration of the signaling molecules that causes the half-maximum enhance-
ment of the secretion rate and δρ is the proteolytic breakdown rate of the molecules.

5.2.4. THE FORCE BALANCE

F OR the description of the relation between the generated stresses in the modeled
portion of dermal layer and the produced strains, the following stress-strain relation

was chosen:

Jσ= 2C1 J−
2
3

[
B− 1

3
tr(B)I

]
+2D1 J [J −1]I, (5.12)

B = (−2e+ I)−1 , (5.13)

e = 1

2

[
∇u+ (∇u)T − (∇u)T∇u

]
, (5.14)

J =
√

det(B), (5.15)

C1 = Eρ

4[1+ν]
, (5.16)

D1 = Eρ

6[1−2ν]
. (5.17)

Here B is the left Cauchy-Green deformation tensor, e is the Eulerian finite strain tensor,
I is the second order identity tensor and ν is Poisson’s ratio [45]. It was assumed that
the Young’s moduli of the tissues are dependent on the concentration of the collagen
molecules [35, 36]. In this model it was assumed that this dependence is linear. Hence
the Young’s modulus equals Eρ, where E is a constant.

Please note the following. Due to the fact that it was assumed that ∂u/∂z = ∂v/∂z = 0
and w = 0 hold within the modeled portion of dermal layer, with u = (u, v, w)T (See also
Subsection 5.2.5), the finite strain tensor e has rank 2. Therefore, the following can be
obtained by using a theorem proven by Miller [23]:

(−2e+ I)−1 = I+ 1

a +b

[
2ae+4e2] , (5.18)

a = 1−2tr(e), (5.19)

b = 2[tr(e)]2 −2tr
(
e2) . (5.20)

Furthermore,

J−1 = det
(
F−1) , (5.21)

F−1 = I−∇u, (5.22)

where F is the deformation gradient tensor. Taken together, the equalities presented in
Equation (5.18) until Equation (5.22) have been used to transform the stress-strain rela-
tion from Equation (5.14) into a direct relation between the Cauchy stress tensor and the
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components of the displacement vector in order to obtain a numerical approximation of
the solution for the displacement of the dermal layer from Equation (5.1b).

Finally, the forces that are generated by the myofibroblasts due to their pulling on the
ECM were incorporated into the model [11]. Identical to the model presented in Chapter
4 the pulling forces are modeled as isotropic stresses that are proportional to the product
of the cell density of the myofibroblasts and a simple function of the concentration of
the collagen molecules [29]. No other forces were incorporated into the model. Taken
together, the following was obtained:

f =∇·
{
ξM

[
ρ

R2 +ρ2

]
I
}

. (5.23)

Here ξ is the generated stress per unit cell density and the inverse of the unit collagen
molecule concentration, and R is a fixed constant.

5.2.5. THE DOMAIN OF COMPUTATION

A S has been mentioned already, it was assumed that both ∂u/∂z = ∂v/∂z = 0 and w =
0 hold within the modeled portion of the dermal layer, with the x y-plane running

parallel to the surface of the skin. Furthermore, it was assumed that the derivatives of the
concentrations and the cell densities of the modeled constituents are equal to zero in the
direction perpendicular to the surface of the skin. Hence ∂i /∂z = 0 with i ∈ {N , M ,c,ρ}.
Taken together, these assumptions imply that the calculations for obtaining simulations
can be performed on an arbitrary, infinitely thin slice of dermal layer oriented parallel
to the surface of the skin, and that the results from these calculations are valid for every
infinitely thin slice of dermal layer oriented parallel to the surface of the skin. For the
generation of simulation results the computational domain depicted in Figure 5.1 was
used. Using Lagrangian coordinates (X = (X ,Y , Z )T), the domain of computation (ΩX) is
described mathematically by

ΩX ∈ {−12 cm ≤ X ≤ 12 cm, −12 cm ≤ Y ≤ 12 cm, Z = 0 cm}. (5.24)

5.2.6. THE INITIAL CONDITIONS AND THE BOUNDARY CONDITIONS

T HE initial conditions give a description of the different cell densities and concentra-
tions at the onset of the proliferative phase of the wound healing cascade. For the

generation of simulation results the following function was used to describe the shape
of the burn:

w
(
X,c I ,c I I )=


0 if ‖X‖ < [

c I − c I I
]

,
1
2

[
1+ sin

( [‖X‖−c I ]π
2c I I

)]
if

∣∣‖X‖− c I
∣∣≤ c I I ,

1 if ‖X‖ > [
c I + c I I

]
.

(5.25)

Here w = 0 corresponds to completely wounded dermis and w = 1 corresponds to un-
wounded dermis. The values for the parameters c I and c I I determine respectively the
radius of the initial burn and the steepness of the boundary of the wounded area (i.e.,
the minimum distance between completely wounded dermis and unwounded dermis).
Here a circular shape has been chosen so that the shape of the burns in the computer
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Figure 5.1: A graphical representation of the domain of computation (The scale along both axes is in cen-
timeters). Depicted are the initial shape of the modeled portion of dermal layer and, in color scale, the initial
concentration of the collagen molecules (with I w = 10−1), measured in g/cm3. The black circle located more
or less at the center of the wound, marks the material point within the dermal layer where the evolution of the
concentrations (cell densities) of the different modeled constituents was traced over time for the generation of
some of the figures in Section 5.5

simulations is equal to the shape of the burns that were created in the experimental
study by Wang et al. [49]. Certain measurements obtained in this experimental study
were used for comparison against certain outcomes of the obtained computer simula-
tions in this study (See Section 5.5).

Based on the function for the shape of the wound, the following initial conditions
were used for the modeled constituents of the dermal layer:
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N (X,0) = {
I w + [

1− I w ]
w

(
X,c I ,c I I )}N ,

M(X,0) = M ,

c(X,0) = [
1−w

(
X,c I ,c I I )]cw ,

ρ(X,0) = {
I w + [

1− I w ]
w

(
X,c I ,c I I )}ρ.

(5.26)

Here N , M and ρ represent respectively the equilibrium cell density of the fibroblasts,
the equilibrium cell density of the myofibroblasts and the equilibrium concentration of
the collagen molecules, of the unwounded dermis. See Figure 5.1 for a detailed graphical
representation of the initial concentration of the collagen molecules and see the leftmost
column of Figure 5.2 for graphical representations of all initial cell densities and concen-
trations. Due to early secretion of signaling molecules by for instance macrophages, sig-
naling molecules are present at the site of injury. The constant cw is the maximum of the
initial concentration of the signaling molecule in the wounded area. Furthermore, it was
assumed that there are some fibroblasts and collagen molecules present in the wounded
area; the parameter I w determines the minimum amount of fibroblasts and collagen
molecules that are present initially in the wounded area. Finally, 3.57 ≤ c I ≤ 3.99 cm and
c I I = 0.10 cm.

With respect to the initial conditions for the displacement of the dermal layer, the
following holds. The initial cell density of the myofibroblasts is equal to zero everywhere
in the domain of computation. Looking at Equation (5.23), this implies f(x,0) = 0. There-
fore,

u(x,0) = 0 ∀x ∈Ωx,0, (5.27)

whereΩx,0 is the initial domain of computation in Eulerian coordinates and x = (x, y, z)T

are the Eulerian coordinates.
With respect to the boundary conditions for the modeled constituents of the dermal

layer, the following Dirichlet boundary conditions were used for all time t and for all
x ∈ ∂Ωx,t , where ∂Ωx,t is the boundary of the domain of computation in Eulerian coordi-
nates:

N (x, t ) = N , M(x, t ) = M , c(x, t ) = c. (5.28)

Here c is the equilibrium concentration of the signaling molecules in the unwounded
dermis. With respect to the boundary conditions for the mechanical component of the
model, the following Robin boundary condition was used for all time t and for all x ∈
∂Ωx,t :

n ·σ(x, t ) =−sρ(x, t )u(x, t ). (5.29)

Here n is the unit outward pointing normal vector to the boundary of the domain of
computation. This boundary condition implies that the boundaries experience a spring-
like force per unit area in the opposite direction of the displacement of the dermal layer
that is proportional to the concentration of the collagen molecules and the magnitude
of this displacement.
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5.2.7. THE (RANGES OF THE) VALUES FOR THE PARAMETERS

T ABLE 5.1 provides an overview of the (ranges of the) values for the parameters of the
model. The majority of these values were either obtained directly from previously

conducted studies or estimated from results of previously conducted studies. In addi-
tion, the values for the equilibrium signaling molecule concentration of the unwounded
dermis (c), the constant q and the collagen molecule degradation rate (δρ) could be de-
termined due to the fact that these values are a necessary consequence of the values
chosen for other parameters. See Subsection 4.2.7 for the derivation of the values for
these parameters.

The ranges of the values for the free parameters δM , kρ , and I w were chosen in such
a way that there is good agreement with respect to the variability in the evolution of the
surface area of burns over time between the outcomes of computer simulations obtained
in this study and measurements obtained in a previously conducted experimental study
by Wang et al. [49] (See Section 5.5). Finally, the range of the value for the radius of the
initial burn (i.e., the range of the value for the parameter c I (See Subsection 5.2.6)) was
chosen in such a way that it matches with the range of the radii of the burns that were
created during the experimental study of Wang et al. [49].

Table 5.1: An overview of the (ranges of the) values for the parameters of the model. The last col-
umn contains the references to the studies that were used for obtaining (estimates of) the values
for the parameters. If (the range of) the value for a parameter has been estimated in this study,
then this is indicated by the abbreviation TW. If the value for a parameter is a necessary conse-
quence of the values chosen for the other parameters, then this is indicated by the abbreviation
NC

Parameter Value Dimensions Reference
DF 10−7 cm5/(cells day) [39]
χF 2×10−3 cm5/(g day) [28]
q −4.2×10−1 − NC
rF 9.24×10−1 cm3q /(cellsq day) [9]
r max

F 2 − [40]
aI

c 10−8 g/cm3 [10]
κF 10−6 cm3/cells [48]
kF 5.4×106 cm3/(g day) [4]
δN 2×10−2 /day [29]
δM (1−6)×10−2 /day TW
Dc 2.9×10−3 cm2/day [28]
kc 4×10−13 g/(cells day) [29]
η 2 − [27] & [38]
aI I

c 10−8 g/cm3 [29]
δc 5×10−4 cm6/(cells g day) [29]
aI I I

c 2×108 cm3/g [30]
kρ (1.25−2.75)×10−8 g/(cells day) TW
kmax
ρ 10 − [29]

aIV
c 10−9 g/cm3 [37]
δρ (1.25−2.75)×10−6 cm6/(cells g day) NC
E 1.00×102 (N cm)/g [18]

Continued on the next page
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Table 5.1 – Continued from the previous page
Parameter Value Dimensions Reference
ν 4.9×10−1 − [18]
ξ 5×10−3 (N g)/(cells cm2) [22] & [50]
R 3×10−1 g/cm3 [29]
N 104 cells/cm3 [29]
M 0 cells/cm3 [29]
c 0 g/cm3 NC
ρ 10−1 g/cm3 [29]
I w (1−2)×10−1 − TW
cw 10−8 g/cm3 [29]
s 103 N/g [17]

5.2.8. A QUALITATIVE DESCRIPTION OF THE DYNAMICS OF THE MODEL

H ERE a qualitative description is given of how the healing of a burn is accomplished
in the presented model and how the different subprocesses that have been incor-

porated into the model, interact with each other. Due to the presence of the signal-
ing molecule in the wounded area at the onset of the proliferative phase fibroblasts
from the surrounding uninjured tissue are attracted toward the wounded area. Within
the wounded area the fibroblasts proliferate and due to the presence of the signaling
molecules, the proliferation rate is enhanced. In addition, the signaling molecules stim-
ulate the cell differentiation of fibroblasts into myofibroblasts. This results in the emer-
gence of a myofibroblast population in the wounded area. While there are signaling
molecules present, both fibroblasts and myofibroblasts also secrete signaling molecules
which results subsequently in a further enhancement of both the cell differentiation
rate and the cell proliferation rate of fibroblasts and myofibroblasts and hence a further
growth of the size of the myofibroblast population within the wounded area. The present
(myo)fibroblasts in the wounded area produce collagen molecules in order to restore the
presence of a collagen-rich ECM and due to the presence of the signaling molecules the
production rate of the collagen molecules is enhanced. Furthermore, the present myofi-
broblasts in the wounded area pull on the ECM and as a consequence the surface area
of the burn is reduced slowly over time.

During the execution of the wound healing processes the concentration of the generic
MMP rises slowly in the recovering wounded area and due to this the secretion of signal-
ing molecules becomes smaller than the proteolytic breakdown of these molecules at
a certain point in time. Consequently, the signaling molecules disappear relatively fast
from the wounded area and due to that the rate of production of the collagen molecules
starts to decline, as does the rate of cell proliferation and cell differentiation. Slowly
the cell densities and the concentrations in the recovering wound area will approach
the equilibrium cell densities and the equilibrium concentrations of the unwounded
area due to, respectively, cell apoptosis and proteolytic breakdown, and ultimately the
properties of the recovering wounded area will become identical to the properties of the
surrounding tissue. Subsequently this implies that the size of the surface area of the re-
covering wound area slowly returns to the surface area of the burn at the onset of the
proliferative phase. The decline of the cell density of the myofibroblast population in
the dermal layer, the decline of the concentrations of both the signaling molecules and
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the collagen molecules, the gradual rise of the cell density of the fibroblast population
in the wounded area, and the gradual retraction of the recovering wounded area are not
(clearly) visible in the results presented in Section 5.5, but these phenomena are prop-
erties of the model and are clearly visible in computer simulations where longer healing
times are simulated.

5.3. THE APPLIED NUMERICAL ALGORITHM

I N this section an overview of the custom-made numerical algorithm is presented. The
development of this algorithm was necessary to “catch” the local dynamics of the

model, obtain sufficiently accurate simulations within an acceptable amount of CPU
time, and guarantee the positivity of the approximations of the solutions for the mod-
eled constituents of the dermal layer.

For the kernel of the concrete expression of the algorithm MATLAB was used together
with MATLAB’s Parallel Computing Toolbox [43]. Furthermore, this kernel was interfaced
consecutively with a slightly adapted version of the mesh generator developed by Pers-
son and Strang [32], the element resolution refinement / recoarsement tool of the com-
putational fluid dynamics (CFD) software package FEATFLOW2 [46], and the permutation
routine HSL_MC64 [12]. Finally, the following non-dimensionalisation was applied:

x = Lx∗, t =
[

L2/
[

DF N
]]

t∗, ρ = ρρ∗,

N = N N∗, M = N M∗, c = cw c∗,

u = Lu∗, v =
[[

DF N
]

/L
]

v∗, σ=
[[
ξN

]
/ρ

]
σ∗ :

(5.30)

Here L = 1 cm is the length scale of the model. The variables with the asterisks are the
non-dimensionalised variables.

In the following two subsections a step-by-step description of the algorithm is pre-
sented. Basically the algorithm consists of two parts. The first part of the algorithm
is dedicated to the generation of a proper triangulation of the domain of computation
and is described in Subsection 5.3.1. The second part of the algorithm is described in
Subsection 5.3.2 and is dedicated to obtaining an approximation of the solution for the
displacement and the modeled constituents of the dermal layer from Equation (5.1) after
application of the non-dimensionalisation.

5.3.1. GENERATION OF THE INITIAL TRIANGULATION

T HE first part of the algorithm consists again of two subparts. First, a conforming base
triangulation is generated and subsequently the element resolution refinement / re-

coarsement tool is used to adjust the resolution of the elements of this base triangula-
tion.

In order to create a conforming base triangulation the aforementioned adapted ver-
sion of the mesh generator developed by Persson and Strang is used [32]. This results in
a very high quality triangulation of the domain of computation that consists mainly of
equilateral triangles. Most of the triangles that are not equilateral, are located near the
left and right boundary of the domain of computation. These latter triangles are nearly
equilateral. Using the following measure for the quality of a triangle ABC :
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α(ABC ) = 2
p

3

[ ‖C A×C B‖
‖C A‖2 +‖AB‖2 +‖BC‖2

]
, (5.31)

it was observed that α > 0.86 for all triangles in the generated triangulations that were
used for the generation of the simulation results, where 0 ≤α≤ 1 [19].

For the generation of the simulation results presented in Figures 5.2 through 5.6, a
base triangulation was used that consisted of triangles with an average initial edge length
of 1.85 cm. The calculations for the generation of the simulation results presented in
Figures 5.2 through 5.5 were repeated two times. The first time a base triangulation that
consisted of triangles with an average initial edge length of 9.24×10−1 cm was used and
the second time a base triangulation that consisted of triangles with an average initial
edge length of 3.46 cm was used. It was observed that the difference in the simulation
results with respect to the outcomes between the different calculations were small.

After generation of the conforming base triangulation the element resolution refine-
ment / recoarsement tool is used to adjust the resolution of the elements of this base
triangulation [24]. For this purpose the L2-norm of an estimation of the error in the gra-
dient of the numerical approximation of the function that gives a mathematical descrip-
tion of the shape of the wound (i.e., Equation (5.25)) per element is determined first [25].
Subsequently, the resolution of the elements is adapted in order to adjust the estimated
error. For this end, the following measure is used to determine the relative error per el-
ement Kt in the gradient of the numerical approximation of the function that gives a
mathematical description of the shape of the wound with respect to the other elements:

β(Kt ) =


∣∣Th,t

∣∣‖ê‖2
L2(Kt )∑

Kt∈Th,t

(
‖σh‖2

L2(Kt ) +‖ê‖2
L2(Kt )

)


1
2

. (5.32)

Here Th,t represents the current triangulation,
∣∣Th,t

∣∣ represents the number of elements
that constitute this current triangulation, ‖ê‖L2(Kt ) represents the L2-norm of the estima-
tion of the error in the gradient of the numerical approximation of the function that gives
a mathematical description of the shape of the wound over element Kt , and ‖σh‖L2(Kt )
represents the L2-norm of a low-order estimation of the gradient of the numerical ap-
proximation of the function that gives a mathematical description of the shape of the
wound over element Kt [25]. If β(Kt ) > 0.2, then the resolution of the element Kt is in-
creased. If β(Kt ) < 0.04, then the resolution of the element Kt is decreased. In this study
the resolution of the elements in the base triangulation could be increased at most four
times and the size of the elements in the base triangulation could not be increased be-
yond the size they had in the base triangulation.

The estimation of the error ‖ê‖L2(Kt ) and the subsequent adjustment of the resolution
of the elements are repeated until either the absolute value of the relative change of the
sum of the L2-norm of the estimation of the error of the gradient over all elements is
smaller than 5%, or the maximum number of allowed for iterations is reached. In this
study this latter number was set to ten.
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5.3.2. DETERMINATION OF THE APPROXIMATION OF THE SOLUTION

A S was mentioned before, the second part of the algorithm is dedicated to obtaining
an approximation of the solution for the displacement and the modeled constituents

of the dermal layer from Equation (5.1). In order to solve the time-dependent problem
the method of lines and the standard fixed-point defect correction method are used [47].
The two equations of the system are solved in a segregated way. Each time step approxi-
mations of the solutions for the modeled constituents of the dermal layer are determined
first and subsequently an approximation of the solution for the displacement of the der-
mal layer is determined. This scheme is iterated until the maximum of the relative 1-
norms of the residuals of the approximations is smaller than one, and the maximum of
the relative 1-norms of the difference between subsequent approximations per variable
is smaller than 5×10−2. If the fixed-point scheme does not meet the convergence criteria
within five iterations, then the scheme is interrupted, the time step is decreased to 85%
of its current value, and subsequently the scheme is restarted. The required estimate of
the gradient of the solution for the signaling molecule is obtained by using a variational
gradient recovery projection scheme [20].

For the discretization of the system of equations the first-order backward Euler time-
integration method is used together with a moving-grid finite-element method [21]. For
the approximation of the individual primary variables of the model functions from the
space of triangular finite-elements with linear basis functions are chosen [34]. The in-
tegrals over the interior of the elements are approximated by a second-order accurate
Newton-Cotes quadrature rule and the integrals over the boundaries of the elements
are approximated by a second-order accurate Gaussian quadrature rule. Furthermore,
a semi-implicit flux-corrected transport (FCT) limiter developed by Möller et al. and
a source term splitting procedure proposed by Patankar, are applied on the discretized
system of equations that describe the dynamics of the modeled constituents of the der-
mal layer [26, 31]. Taken together, these latter two techniques enforce positivity of the
approximations of the solutions for the constituents of the dermal layer.

In order to obtain approximate solutions for the resulting linear systems of equa-
tions, MATLAB’s backslash operator is used after using the LU factorization algorithm on
scaled and permuted versions of the original linear systems [2, 43]. For the scaling and
permutation of the linear systems several inbuilt scaling and permutation algorithms of
MATLAB are used together with the permutation routine HSL_MC64 [3, 6, 12].

The time steps are chosen by using an automatically adaptive time-stepping proce-
dure with inbuilt local truncation error control [15]. The maximum size of the initial time
step is set to 10−5 dimensionless units and the upper bound of the size of the time step
is set to 10−3 dimensionless units. If a time step is accepted, then the subsequent time
step is at most 1.25 times the size of the current time step. If a time step is rejected, then
the subsequent time step is at least 0.25 times the size of the current time step. The ab-
solute and relative truncation error tolerance were set to, respectively, 10−2 and 5×10−2

dimensionless units (See the article by Kavetski et al. for further details on this matter
[14]). After obtaining and accepting an approximation for a certain time step, the local
extrapolation procedure proposed by Kavetski et al. is used to increase the accuracy of
the approximation [15].

Finally, the aforementioned element resolution refinement / recoarsement tool is
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applied every ten time steps to adjust the resolution of the elements of the triangulation.
For this end the L2-norm of an estimation of the error of the gradient of the numerical
approximation of the solution for the concentration of the collagen molecules per ele-
ment is determined first [25]. Thereafter the resolution of the elements is adapted in
a fashion identical to the procedure described in Subsection 5.3.1 in order to adjust the
estimated error. For the interpolation of approximations to new vertices in the triangula-
tion, piecewise bivariate Hermite interpolation is used [8]. The required gradients of the
approximations at the existing vertices are estimated by using a polynomial preserving
gradient recovery scheme [51].

5.4. DETAILS OF THE APPLIED STATISTICAL METHODS

5.4.1. THE FACTORIAL DESIGN AND THE REGRESSION ANALYSIS

I N this study a simple mixed-level full-factorial design in combination with a multi-
ple linear regression analysis was used to quantify the individual contributions of the

variations in the values for the free parameters of the model and the initial radius of the
wound, to the dispersion in the surface area of healing burns [33, 41, 42]. The relative
surface area of the healing burn at day 42 compared to the surface area of the burn at
day 0 was chosen as the response variable (i.e., the dependent variable). The free pa-
rameters of the model and the initial radius of the wound were chosen as factors (i.e.,
independent variables). These latter parameters were assigned discrete values (i.e., lev-
els) that divide the range of each factor equally. Here the radius of the initial burn (c I )
was assigned two levels, the minimum amount of fibroblasts and collagen molecules
that are present initially in the wounded area (I w ) was assigned three levels, the collagen
molecule secretion rate (kρ) was assigned four levels and the myofibroblast apoptosis
rate (δM ) was assigned six levels. For the analysis all possible combinations of the levels
of the factors were examined. Hence in total 144 computer simulations were generated.

The obtained simulation data were analyzed in IBM SPSS by means of the aforemen-
tioned regression analysis [13]. No interactions or powers of independent variables were
included in this analysis. In order to reduce the skewness and kurtosis of the data related
to the relative surface area of the healing burn and to improve the normality, linearity
and homoscedasticity of the residuals of the regression analysis, the Rankit rank-based
normalization method was used on the data related to the response variable. Further-
more, all data related to the factors of the factorial design were transformed to standard
scores (i.e., z values).

The surface areas of a the burns were determined in two steps. In the first step the
displacements of the material points with coordinates (c I (cos(2π(i−1)/40)),c I (sin(2π(i−
1)/40)),0)T, where i ∈ {1, . . . ,40}, were determined. Subsequently, the area of the polygon
with vertices located at the displaced material points was computed. This area is ap-
proximately equal to the surface area of a healing burn.

5.4.2. THE PROBABILISTIC ANALYSIS

A FTER having used a regression analysis, a probabilistic analysis was used in order
to investigate in more detail the effect of variability in the values for the collagen

molecule secretion rate and the myofibroblast apoptosis rate, on both the cell density of
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Table 5.2: An overview of the results obtained with the multiple linear regression analysis. The
regression coefficients (β) are the weights of the linear regression line. The t scores and p values
are the associated statistics. The squared semipartial correlations between the dependent variable
and the individual independent variables (sr 2) are displayed in the last column of the table

95% Conf. Interval

Variable β t score p value Lower Upper sr 2

c I 0.048 2.258 0.026 0.006 0.090 0.002
I w -0.073 -3.463 0.001 -0.115 -0.032 0.005
δM 0.912 42.978 < 0.001 0.869 0.953 0.832
kρ 0.313 14.754 < 0.001 0.271 0.355 0.098

the myofibroblasts and the concentration of the collagen molecules at day 42, and the
relative surface area of the healing burn at day 42 compared to its surface area at day 0.
The collagen molecule secretion rate and the myofibroblast apoptosis rate were chosen
because the multiple linear regression analysis demonstrated that varying the value for
these two factors has by far the largest impact on the relative surface area of the healing
burn (See the presentation of the results of the linear regression analysis in Table 5.2).

The distribution of the collagen molecule secretion rate (kρ) was defined as a Gaus-
sian (normal) distribution with a mean value of 2 × 10−8 g/(cells day) and a standard
deviation of 3.75× 10−9 g/(cells day). The distribution of the myofibroblast apoptosis
rate (δM ) was defined as a Gaussian (normal) distribution with a mean value of 3.50×
10−2 /day and a standard deviation of 1.25× 10−2 /day. The values for the parameters
related to the minimum amount of fibroblasts and collagen molecules that are present
initially in the wounded area (I w ) and the radius of the initial burn (c I ) were set to, re-
spectively 1.5×10−1 and 3.78 cm. The values for all remaining parameters are equal to
those depicted in Table 5.1.

Sampling from the Gaussian distributions was realized by using MATLAB’s function
normrnd [43]. In this study two samples consisting of 100 observations, were drawn
from each distribution. Hence in total 100 computer simulations were generated. The
Anderson-Darling test was used to investigate the degree of normality of the samples [1].
Both samples did not show a significant deviation from a normally distributed sample
(p > 0.5 for both samples).

The concentration of the collagen molecules and the cell density of the myofibrob-
lasts were determined in two steps. In the first step the cell density and concentration at
the material points with coordinates (0,0,0)T, ((c I /2)(cos(2π(i−1/2)/4)), (c I /2)(sin(2π(i−
1/2)/4)),0)T, and (c I (cos(2π(i − 1)/4)),c I (sin(2π(i − 1)/4)),0)T, where i ∈ {1, . . . ,4}, were
determined. Subsequently, the averages of these values were calculated and these aver-
ages were used for the analysis. See Subsection 5.4.1 for a description of how the surface
areas of the healing burns were determined.
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5.5. SIMULATION RESULTS

I N order to obtain some insight into the dynamics of the model, an overview of a sim-
ulation is presented in Figure 5.2. Furthermore, Figure 5.3 and Figure 5.4 show, re-

spectively, the evolution over time of the different cell densities and the evolution over
time of the different concentrations for a random selection of some combinations of
factor levels (i.e., some combinations of values for the initial radius of the burn, the min-
imum initial cell density of the fibroblasts and minimum initial concentration of the col-
lagen molecules, the apoptosis rate of myofibroblasts and the collagen molecule secre-
tion rate) at a certain material point within the healing burn. Finally, Figure 5.5 shows
the evolution over time of the relative surface areas of the burns for the same random
selection of combinations of levels as was used for the creation of Figure 5.3 and Figure
5.4.

Table 5.2 provides an overview of the outcomes of the multiple linear regression anal-
ysis. The multiple correlation (R) is significantly different from zero, F (4,139) = 520,473,
p < 0.001, with the squared multiple correlation at 0.937. The adjusted squared multiple
correlation of 0.936 indicates that more than 93% of the variability in the relative sur-
face area of the healing burn at day 42 compared to the size of the burn at day 0 can be
predicted from variability in the values for the factors of the factorial design.

Finally, Figure 5.6 shows an overview of the results obtained with the probabilistic
analysis. The obtained distribution of the relative surface area of the healing burns at
day 42 compared to their surface areas at day 0 is negatively skewed and differs signif-
icantly from a Gaussian distribution according to the Anderson-Darling test (p < 0.04)
[1]. The mean of the relative sizes of the healing burns at day 42 is 0.657 and the stan-
dard deviation of the obtained distribution is 0.073.

5.6. CONCLUSIONS

I N this chapter a continuum hypothesis-based model has been presented in order to
investigate in more detail which elements of the healing response might have a sub-

stantial influence on the contraction of burns. The bars in Figure 5.5 show that the agree-
ment with respect to the variability in the evolution of the surface area of burns over time
between the outcomes of the computer simulations obtained in this study and measure-
ments obtained in a previously conducted experimental study by Wang et al. [49] is quite
good. There is in general a reasonably good match between the outcomes of the com-
puter simulations and the measurements obtained in the experimental study with re-
spect to both the ranges of the relative surface areas of the healing burns and the means
of these relative surface areas, and this match becomes better as healing progresses. Fur-
thermore, it can also be observed in the computer simulations that while some healing
burns continue to contract until day 50, others stopped to contract at an earlier day and
started to retract. This variability is also present in the results presented by Wang et al.
[49].

Looking at the results depicted in Figure 5.3 and Figure 5.4, it is clear that varying the
values for the free parameters of the model and the radius of the initial burn has in gen-
eral a huge impact on the evolution over time of the cell densities and the concentrations
of the modeled constituents of the dermal layer within the wounded area. The disper-
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sion in the cell density of the myofibroblasts at the center of the healing burn becomes
quite large over time, and this is also the case for the dispersion in the concentration of
the signaling molecules and the collagen molecules. Figure 5.5 shows furthermore that
the evolution over time of the observed dispersion in the relative surface areas of the
healing burns from the experimental study by Wang et al. [49] can be replicated quite
well by the model through the variation of the values for radius of the initial burn and
the free parameters of the model.

Combined these results provide the following explanation for the observed disper-
sion in the relative surface areas of the healing burns in the experimental study by Wang
et al. [49]. Variability in the values for the free parameters of the model results in an in-
creasing dispersion over time in both the cell density of the myofibroblasts, and the con-
centrations of the signaling molecules and collagen molecules. Given Equation (5.23),
this implies that the dispersion in the total generated stress by the myofibroblasts also
increases over time, which subsequently results in an increasing dispersion in the rela-
tive surface areas of the healing burns over time. Hence the observed variability in the
evolution of the surface area of the healing burns over time in the experimental study
by Wang et al. [49] might be attributed to variability in the myofibroblast apoptosis rate,
the collagen molecule secretion rate, the minimum amount of fibroblasts and collagen
molecules that are present initially in the wounded area, and the radius of the initial
burn.

Looking more closely at the outcomes of the multiple linear regression analysis pro-
vided in Table 5.2, it can be observed that all regression coefficients differ significantly
from zero. Hence variability in the value for each factor of the factorial design con-
tributes significantly to variability in the relative surface area of a healing burn at day
42. The sizes of the squared semipartial correlations indicate that variability in the value
for the myofibroblast apoptosis rate has a very large impact on the relative surface area
of the healing burn at day 42. Variability in the value for the collagen molecule secre-
tion rate has a smaller, but still quite substantial impact on the relative surface area of a
healing burn at day 42. Variability in the value for the parameter related to the minimum
amount of fibroblasts and collagen molecules that are present initially in the wounded
area, and variability in the value for the radius of the initial burn have only a relative
small impact on the relative surface area of the healing burn. Taken together the regres-
sion analysis suggests that the observed variability in the evolution of the surface area of
the healing burns over time in the experimental study by Wang et al. might be attributed
mainly to variability in the myofibroblast apoptosis rate and the collagen molecule se-
cretion rate and to a far lesser extent to variability in the radius of the initial burn and the
minimum amount of fibroblasts and collagen molecules that are present initially in the
wounded area. Interestingly, this result is in agreement with the suggestion put forward
by Desmoulière et al. [5] that the disruption of apoptosis (i.e., a low apoptosis rate) dur-
ing wound healing might be a very important factor in the development of pathological
scars such as severely contracted scars.

Looking at the results obtained with the probabilistic analysis in Figure 5.6, a cou-
ple of interesting observations can be made. Firstly, there is a good agreement between
the regression coefficients for the collagen molecule secretion rate and the myofibrob-
last apoptosis rate in the linear regression line on the one hand, and the calculated cor-
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relation coefficients for the relationship between the relative surface area of a burn at
day 42 and the collagen molecule secretion rate and the myofibroblast apoptosis rate
on the other hand. Secondly, it is interesting to observe that the obtained distribution
of the relative surface areas of the healing burns is negatively skewed and differs signifi-
cantly from a Gaussian (normal) distribution, even though the samples for the collagen
molecule secretion rate and myofibroblast apoptosis rate were both drawn from a Gaus-
sian distribution. Hence, relatively speaking, only a small portion of the burns contracts
severely while the majority of the burns contracts a little.

Finally, it is interesting to observe that all of the remaining individual correlations
displayed in the separate scatter plots make sense intuitively with the exception of the
scatter plot that displays the correlation between the collagen molecule secretion rate
and the cell density of the myofibroblasts. For example, one would expect positive cor-
relations between the concentration of the collagen molecules and the rate of secretion
of these molecules, and between the concentration of the collagen molecules and the
cell density of the myofibroblast population. However, taking some of the correlations
together shows something peculiar; while the correlation between the collagen molecule
secretion rate and the concentration of the collagen molecules, and the correlation be-
tween the collagen molecule secretion rate and the relative surface area of a burn at day
42 are both positive, the correlation between the concentration of the collagen molecules
and the relative surface area of a burn at day 42 is negative.

In order to explain this phenomenon, the following is suggested. Besides influencing
the total amount of generated stress directly through the relationship given in Equation
(5.23), the concentration of the collagen molecules also influences the amount of gener-
ated stress indirectly through the following chain of connections. Given Equation (5.9),
it is seems reasonable to expect a positive correlation between the concentration of the
collagen molecules and the concentration of the generic MMP. Given Equation (5.6) and
Equation (5.8), it also seems reasonable to presume a negative correlation between the
concentration of the generic MMP and the concentration of the signaling molecule and
a positive correlation between the concentration of the signaling molecule and the cell
density of the myofibroblast population. Taken together, these correlations suggest a
negative correlation between the collagen molecule secretion rate and the cell density
of the myofibroblast population. Although not significantly different from zero, this is
exactly what is displayed in the scatter plot that displays the correlation between the
collagen molecule secretion rate and the cell density of the myofibroblasts. Figure 5.6
displays finally a very strong negative correlation between the cell density of the myofi-
broblast population and the relative surface area of a burn at day 42. This suggests that
this chain of connections has a stronger effect on the relative surface area of a burn at
day 42 than the direct connection between the concentration of the collagen molecules
and the total amount of generated stress. As a consequence the correlation between the
concentration of the collagen molecules and the relative surface area of a burn at day 42
is negative while the the correlation between the collagen molecule secretion rate and
the relative surface area of a burn at day 42 is positive.
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6
IMPLICATIONS FROM A

CONTINUUM MODEL FOR THE

SIMULATION OF HYPERTROPHIC

SCAR TISSUE FORMATION

A continuum hypothesis-based model is presented in order to investigate what might cause
the formation of hypertrophic scar tissue. Solely a portion of the dermal layer of the skin is
modeled explicitly and this portion is modeled as an isotropic compressible neo-Hookean
solid. With respect to the constituents of the dermal layer, the following constituents were
selected as primary model components: fibroblasts, myofibroblasts, a generic signaling
molecule and collagen molecules. All components of the model are modeled as contin-
uous entities. In the model pulling forces are generated by the myofibroblasts which are
present in the recovering wounded area. These pulling forces are responsible for both the
compaction and the increased thickness of the recovering wounded area.

A good match with respect to the evolution over time of the thickness of the dermal layer of
scars between the outcomes of computer simulations and clinical measurements on both
normal scars and hypertrophic scars in human subjects is demonstrated. The comparison
between the outcomes of the computer simulations and the clinical measurements shows
that a relatively high apoptosis rate of myofibroblasts results in scar tissue that behaves
like normal scar tissue with respect to the evolution of the thickness of the tissue over time,
while a relatively low apoptosis rate results in scar tissue that behaves like hypertrophic
scar tissue with respect to the evolution of the thickness of the tissue over time.

This chapter is based on content of the article “A mathematical model for the simulation of the formation and
the subsequent regression of hypertrophic scar tissue after dermal wounding” [7].
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6.1. INTRODUCTION

T HE development of the model is presented in Section 6.2. A short overview of the
numerical algorithm for the generation of the computer simulations is presented in

Section 6.3. The simulation results are presented in Section 6.4. Finally, the results are
discussed in Section 6.5.

6.2. DEVELOPMENT OF THE MATHEMATICAL MODEL

I N order to simulate the formation and the subsequent regression of hypertrophic scar
tissue, some of the processes that take place during the proliferative and the remod-

eling phase of the wound healing cascade were incorporated into the model [2]. With
respect to he subprocesses that are executed during the proliferative phase the following
subprocesses were selected: fibroplasia and wound contraction.

Solely the dermal layer of the skin is modeled explicitly and this layer is modeled
as a continuum. The adjacent subcutaneous layer was incorporated implicitly into the
model through a mechanical interaction between this layer and the dermal layer at their
interface. The dermal layer is modeled as an isotropic compressible neo-Hookean solid
[24]. With respect to the mechanical component of the model the displacement of the
dermal layer (u) was selected as primary model variable. Additionally, the following
four components of the (healing) dermal layer were selected as primary model compo-
nents: fibroblasts (N ), myofibroblasts (M), a generic signaling molecule (c) and collagen
molecules (ρ).

The continuum hypothesis-based framework of Tranquillo and Murray [23] was used
as basis for the model. This framework consists of the following set of conservation equa-
tions (See Section 4.2 for more details about these equations):

∂zi

∂t
+∇· [zi v] =−∇· Ji +Ri , (6.1a)

−∇·σ= f. (6.1b)

Within the above equations, zi represents the cell density / concentration of constituent
i , v represents the displacement velocity of the dermal layer, Ji represents the flux asso-
ciated with constituent i per unit area, Ri represents the (bio)chemical kinetics associ-
ated with constituent i ,σ represents the Cauchy stress tensor associated with the dermal
layer, and f represents the total body force working on the dermal layer. Given the cho-
sen primary model variables, i ∈ {N , M ,c,ρ} holds. In the remainder of the text of this
chapter, zN has been replaced by N , zM has been replaced by M , zc has been replaced
by c and zρ has been replaced by ρ.

6.2.1. THE CELLS

T HE functional forms for the movement of the (myo)fibroblasts and the functional
forms for the biochemical kinetics associated with these cells are identical to the

functional forms that have been introduced in Chapter 4. For completeness the func-
tional forms are presented here as well. More details about the functional forms can be
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found in Chapter 4. The functional forms for the cell fluxes are

JN =−DF F∇N +χF N∇c, (6.2)

JM =−DF F∇M +χF M∇c, (6.3)

where

F = N +M . (6.4)

The parameter DF is the cell density-dependent (myo)fibroblast random motility coef-
ficient and χF is the chemotactic coefficient. The functional forms for the biochemical
kinetics associated with the (myo)fibroblasts are

RN = rF

[
1+ r max

F c

a I
c + c

]
[1−κF F ]N 1+q −kF cN −δN N , (6.5)

RM = rF

{[
1+ r max

F

]
c

a I
c + c

}
[1−κF F ]M 1+q +kF cN −δM M . (6.6)

Here rF is the cell division rate, r max
F is the maximum factor with which the cell division

rate can be enhanced due to the presence of the signaling molecule, a I
c is the concen-

tration of the signaling molecule that causes the half-maximum enhancement of the cell
division rate, κF F represents the reduction in the cell division rate due to crowding, q is a
fixed constant, kF is the signaling molecule-dependent cell differentiation rate of fibrob-
lasts into myofibroblasts, δN is the apoptosis rate of fibroblasts and δM is the apoptosis
rate of myofibroblasts.

6.2.2. THE SIGNALING MOLECULES

T HE functional form for the dispersion of the generic signaling molecule and the func-
tional forms for the release, the consumption and the removal of the generic sig-

naling molecule are also identical to the functional forms that have been introduced in
Chapter 4:

Jc =−Dc∇c, (6.7)

Rc = kc

[
c

a I I
c + c

][
N +ηM

]−δc g (F,c,ρ)c. (6.8)

The parameter Dc represents the random diffusion coefficient of the generic signaling
molecule, kc represents the maximum net secretion rate of the signaling molecule, η is
the ratio of myofibroblasts to fibroblasts in the maximum net secretion rate of the sig-
naling molecule, a I I

c is the concentration of the signaling molecule that causes the half-
maximum net secretion rate of the signaling molecule and δc is the proteolytic break-
down rate of the signaling molecules. The concentration of the generic metallopro-
teinase (MMP) (i.e., g (F,c,ρ)) which is responsible for the breakdown of the signaling
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molecules was assumed to be proportional to the cell density of the (myo)fibroblasts,
and the concentration of both the collagen molecules and the signaling molecules ac-
cording to the following formula (See the accompanying paragraph of Equation (4.9) for
further details):

g (F,c,ρ) ∝ ρF

1+a I I I
c c

. (6.9)

Here 1/[1+ a I I I
c c] represents the inhibition of the secretion of the generic MMP due to

the presence of the signaling molecule.

6.2.3. THE COLLAGEN MOLECULES

T HE functional form for the dispersion of the collagen molecules and the functional
forms for the secretion and the proteolytic breakdown of the collagen molecules are

identical to the functional forms that have been introduced in Chapter 5:

Jρ = 0, (6.10)

Rρ = kρ

{
1+

[
kmax
ρ c

a IV
c + c

]}[
N +ηM

]−δρg (F,c,ρ)ρ. (6.11)

Here kρ is the collagen molecule secretion rate, kmax
ρ is the maximum factor with which

this secretion rate can be enhanced due to the presence of the signaling molecule, a IV
c

is the concentration of the signaling molecules that causes the half-maximum enhance-
ment of the secretion rate and δρ is the proteolytic breakdown rate of the molecules.

6.2.4. THE FORCE BALANCE

F OR the mathematical description of the relation between the stresses and the strains
in the modeled portion of dermal layer, the following stress-strain relation was cho-

sen:

Jσ= 2C1 J−
2
3

[
B− 1

3
tr(B)I

]
+2D1 J [J −1]I, (6.12)

B = (−2e+ I)−1 , (6.13)

e = 1

2

[
∇u+ (∇u)T − (∇u)T∇u

]
, (6.14)

J =
√

det(B), (6.15)

C1 =
E
p
ρ

4[1+ν]
, (6.16)

D1 =
E
p
ρ

6[1−2ν]
. (6.17)

Here B is the left Cauchy-Green deformation tensor, e is the Eulerian finite strain tensor,
I is the second order identity tensor and ν is Poisson’s ratio [24]. It was assumed that
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the Young’s moduli of the tissues are dependent on the concentration of the collagen
molecules [17, 18]. In this model it was assumed that this dependence is nonlinear. Here
the Young’s modulus equals E

p
ρ, where E is a constant.

Finally, the forces that are generated by the myofibroblasts due to their pulling on
the extracellular matrix (ECM) were incorporated into the model. Identical to the model
presented in Chapter 4 the pulling forces are modeled as isotropic stresses that are pro-
portional to the product of the cell density of the myofibroblast population and a simple
function of the concentration of the collagen molecules [14]. No other forces were incor-
porated into the model. Taken together, the following was obtained:

f =∇·
{
ξM

[
ρ

R2 +ρ2

]
I
}

. (6.18)

Here ξ is the generated stress per unit cell density and the inverse of the unit collagen
molecule concentration, and R is a fixed constant.

6.2.5. THE DOMAIN OF COMPUTATION

F OR the generation of simulation results, the computational domain depicted in Fig-
ure 6.1 was used. Note that it was assumed that the exposed surface area of the

wound is a perfect rectangle and that the wound extends uniformly to the boundary
between the subcutaneous layer and the dermal layer of the skin. The blue box depicted
in Figure 6.1b coincides with one of the planes of symmetry of the wound. Due to this
symmetry u = 0, ∂v/∂x = 0 and ∂w/∂x = 0 hold within the slice of dermal layer enclosed
by the blue box (with u = (u, v, w)T). Furthermore, the derivatives of the concentrations
and the cell densities of the individual constituents in the x-direction are also zero due
to the symmetry. Using Lagrangian coordinates (X = (X ,Y , Z )T), the domain of compu-
tation (ΩX) is described mathematically by

ΩX ∈ {X = 0 cm, −15.96 cm ≤ Y ≤ 15.96 cm, −0.15 cm ≤ Z ≤ 0 cm}. (6.19)

In the model the thickness of unwounded dermis is 0.15 cm. Note that this is in
close agreement with the measurements of the thickness of normal skin obtained by
Nedelec et al. [12]. Skin tissue actually consists of two layers: an epidermal layer and a
dermal layer. Oliveira et al. [13] measured the thickness of the epidermis of normal skin
tissue and their measurements showed that the epidermis of this tissue has an average
thickness of less than 95 µm. Hence, the thickness of the dermis is more or less equal to
the thickness of the epidermis and the dermis combined.

6.2.6. THE INITIAL CONDITIONS AND THE BOUNDARY CONDITIONS

T HE initial conditions give a description of the various cell densities and the various
concentrations at the onset of the proliferative phase of the wound healing cascade.

For the generation of simulation results the following function was used to describe the
shape of the wound:

w
(
X,c I ,c I I )= 1− [

1− I
(
Y ,c I I ,c I )] I

(
Y ,−c I I ,c I ) . (6.20)
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(a) (b)

(c)

Figure 6.1: A graphical representation of the domain of computation. Figure 6.1a shows a hypothetical wound
covering a portion of a shoulder. Figure 6.1b shows a close-up of a piece of the dermal layer of the shoulder
from Figure 6.1a. Figure 6.1c shows a close-up of the piece of dermal layer from Figure 6.1b that is enclosed by
the blue box (The scale along both axes is in centimeters). The computer simulations were created with this
slice of dermal layer. Depicted are the initial shape of the slice and, in color scale, the initial concentration of
the collagen molecules, measured in g/cm3. Within Figure 6.1c, the boundaries are numbered counterclock-
wisely from B.I to B.IV. B.I coincides with the boundary between the subcutaneous layer and the dermal layer
of the skin, B.II and B.IV border on adjacent dermal tissue, and B.III coincides with the boundary between the
dermal layer and the epidermal layer (if present). Furthermore, the black plus sign located more or less at the
center of the wound, marks the material point within the dermal layer where the evolution of the individual
modeled constituents were traced over time for the generation of the figures in Section 6.4

Here the function I is the indicator function that has been introduced in Equation (4.31).
In this study c I = 2 cm and 3 cm ≤ c I I ≤ 5 cm. Furthermore, w = 0 corresponds to fully
wounded dermis and w = 1 corresponds to unwounded dermis.

Based on the function for the shape of the wound, the following initial conditions
were used for the modeled constituents of the dermal layer:
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N (X,0) = {
N w + [

1−N w ]
w

(
X,c I ,c I I )}N ,

M(X,0) = M ,

c(X,0) = [
1−w

(
X,c I ,c I I )]cw ,

ρ(X,0) = {
ρw + [

1−ρw ]
w

(
X,c I ,c I I )}ρ.

(6.21)

Here N , M and ρ are respectively the equilibrium cell density of the fibroblasts, the equi-
librium cell density of the myofibroblasts and the equilibrium concentration of the colla-
gen molecules, of the unwounded dermis. Due to early secretion of signaling molecules
by for instance macrophages, signaling molecules are present in the wounded area. The
constant cw is the maximum of the initial concentration of the signaling molecule in
the wounded area. Furthermore, it was assumed that there are some fibroblasts and
collagen molecules present in the wounded area; the parameters N w and ρw deter-
mine,respectively, how much fibroblasts and collagen molecules are present initially in
the wounded area.

With respect to the initial conditions for the displacement of the dermal layer, the
following holds. The initial cell density of the myofibroblast population is equal to zero
everywhere in the domain of computation. Looking at Equation (6.18), this implies
f(x,0) = 0. Hence

u(x,0) = 0 ∀x ∈Ωx,0, (6.22)

whereΩx,0 is the initial domain of computation in Eulerian coordinates and x = (x, y, z)T

are the Eulerian coordinates.
With respect to the boundary conditions for the constituents of the dermal layer,

the following boundary conditions were used for all time t and for all x ∈ {
∂ΩI I

x,t ,∂ΩIV
x,t

}
,

where ∂ΩI I
x,t and ∂ΩIV

x,t denote, respectively, the second and fourth boundary of the do-
main of computation in Eulerian coordinates:

N (x, t ) = N , M(x, t ) = M , c(x, t ) = c. (6.23)

Here c is the equilibrium concentration of the signaling molecules in the unwounded
dermis. The following Neumann boundary conditions were used furthermore for all
time t and for all x ∈ {

∂ΩI
x,t ,∂ΩI I I

x,t

}
, where ∂ΩI

x,t and ∂ΩI I I
x,t denote, respectively, the first

and third boundary of the domain of computation in Eulerian coordinates:

n · JN (x, t ) = 0, n · JM (x, t ) = 0, n · Jc (x, t ) = 0. (6.24)

Here n is the unit outward pointing normal vector to the boundary of the domain of
computation.

With respect to the mechanical component of the model, the following Robin bound-
ary conditions were used

B.I: n ·σ=
 0

0
−s Iρw

 , B.III: n ·σ=
0

0
0

 , B.II & B.IV: n ·σ=
 0
−s I Iρv

0

 . (6.25)
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These boundary conditions imply that the first boundary is free to move in the direction
of the x-axis and the y-axis, while it experiences an opposing spring-like force per unit
area in the direction of the z-axis that is proportional to the concentration of the collagen
molecules and the displacement in the direction of the z-axis. With respect to the second
and fourth boundary, the boundary conditions imply that these boundaries are free to
move in the direction of the x-axis and the z-axis, while they experience an opposing
spring-like force per unit area in the direction of the y-axis that is proportional to the
concentration of the collagen molecules and the displacement in the direction of the y-
axis. The boundary condition for the third boundary implies that this boundary is free
to move in any direction.

6.2.7. THE (RANGES OF THE) VALUES FOR THE PARAMETERS

T ABLE 6.1 provides an overview of the (ranges of the) values for the parameters of the
model. The majority of these values were either obtained directly from previously

conducted studies or estimated from results of previously conducted studies. In addi-
tion, the values for the equilibrium signaling molecule concentration of the unwounded
dermis (c), the constant q and the collagen molecule degradation rate (δρ) could be de-
termined due to the fact that these values are a necessary consequence of the values
chosen for other parameters. See Subsection 4.2.7 for the derivation of the values for
these parameters.

Table 6.1: An overview of the (ranges of the) values for the parameters of the model. The last col-
umn contains the references to the studies that were used for obtaining (estimates of) the values
for the parameters. If (the range of) the value for a parameter has been estimated in this study,
then this is indicated by the abbreviation TW. If the value for a parameter is a necessary conse-
quence of the values chosen for the other parameters, then this is indicated by the abbreviation
NC

Parameter Value Dimensions Reference
DF 10−7 cm5/cells day [21]
χF 2×10−3 cm5/g day [11]
q −4.2×10−1 − NC
rF 9.24×10−1 cm3q /(cellsq day) [3]
r max

F 2 − [22]
aI

c 10−8 g/cm3 [4]
κF 10−6 cm3/(cells) [25]
kF 5.4×106 cm3/(g day) [1]
δN 2×10−2 /day [14]
δM (2−60)×10−3 /day TW
Dc 2.9×10−3 cm2/day [11]
kc 4×10−13 g/(cells day) [14]
η 2 − [10] & [20]
aI I

c 10−8 g/cm3 [14]
δc 5×10−4 cm6/(cells g day) [14]
aI I I

c 2×108 cm3/g [15]
kρ 6×10−8 g/(cells day) NC
kmax
ρ 10 − [14]

Continued on the next page
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Table 6.1 – Continued from the previous page
Parameter Value Dimensions Reference

aIV
c 10−9 g/cm3 [19]
δρ 6×10−6 cm6/(cells g day) TW
E 3.2×10 (N)/((g cm)1/2) [8]
ν 4.9×10−1 − [8]
ξ 2×10−3 (N g)/(cells cm2) [9] & [27]
R 3×10−1 g/cm3 [14]
N 104 cells/cm3 [14]
M 0 cells/cm3 [14]
c 0 g/cm3 NC
ρ 10−1 g/cm3 [14]
N w 2×10−1 − TW
ρw 2×10−1 − TW
cw 10−8 g/cm3 [14]
s I 106 N/g [6]
s I I 103 N/g TW

6.3. THE APPLIED NUMERICAL ALGORITHM

F OR the generation of the computer simulations the numerical algorithm that has
been presented in Section 5.3 was used without the element resolution refinement

/ recoarsement tool. Furthermore, the non-dimensionalisation presented in Equation
(5.30), was also applied here.

In order to generate conforming triangulations of the domain of computation, the
slightly adapted version of the mesh generator developed by Persson and Strang was
used again [16]. This resulted in high-quality meshes that consisted mainly of equilat-
eral triangles. The only triangles that were not equilateral were located near the second
and fourth boundary of the domain of computation. These latter triangles were nearly
equilateral. Using the measure from Equation (5.31), it was observed that α > 0.85 for
all triangles in the triangulation. For the generation of the simulation results presented
in Section 6.4, a triangulation consisting of triangles with an average initial edge length
of 3.46×10−2 cm was used. The calculations were repeated two times. The first time a
triangulation consisting of triangles with an average initial edge length of 5.77×10−2 cm
was used, and the second time a triangulation consisting of triangles with an average
initial edge length of 1.73×10−2 cm was used. It was observed that the difference in the
simulation results between the different calculations was negligible.

6.4. SIMULATION RESULTS

F IGURE 6.2 shows an overview of simulation results when the value for the apoptosis
rate of myofibroblasts is relatively high. Figure 6.3 shows an overview of simulation

results when the value for the apoptosis rate of myofibroblasts is relatively low. Further-
more, Figures 6.4 through 6.7 show the evolution over time of the different cell densities
and the different concentrations for either a relatively high value for the apoptosis rate
of myofibroblasts or a relatively low value for the apoptosis rate of myofibroblasts, and
various widths of the wound, at a certain material point within the wounded area. In
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Figure 6.4: The evolution over time of the cell density of the fibroblast population for different values of the
apoptosis rate of myofibroblasts and various widths of the wound. All other parameter values are equal to
those depicted in Table 6.1. See Subfigure 6.1c for the location where the evolution of the cell density was
traced over time
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Figure 6.5: The evolution over time of the cell density of the myofibroblast population for different values for
the apoptosis rate of myofibroblasts and various widths of the wound. All other parameter values are equal
to those depicted in Table 6.1. See Subfigure 6.1c for the location where the evolution of the cell density was
traced over time
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Figure 6.6: The evolution over time of the concentration of the signaling molecules for different values for the
apoptosis rate of myofibroblasts and various widths of the wound (The blue curve and the green curve are
situated underneath the red curve). All other parameter values are equal to those depicted in Table 6.1. See
Subfigure 6.1c for the location where the evolution of the concentration was traced over time
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Figure 6.7: The evolution over time of the concentration of the collagen molecules for different values for the
apoptosis rate of myofibroblasts and various widths of the wound (The blue curve and the green curve are
situated underneath the red curve). All other parameter values are equal to those depicted in Table 6.1. See
Subfigure 6.1c for the location where the evolution of the concentration was traced over time
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Figure 6.8: The evolution over time of the strain energy density. The first row shows the evolution when the
value for the apoptosis rate of myofibroblasts is relatively high (δM = 6×10−2 /day). The second row shows
the evolution when the value for the apoptosis rate of myofibroblasts is relatively low (δM = 2× 10−3 /day).
All other parameter values are equal to those depicted in Table 6.1. With respect to the width of the wound,
c I I = 4 cm in both cases. The color scales represent the strain energy density, measured in J/cm3. Within the
subfigures, the scale along both axes is in centimeters
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Figure 6.9: The evolution over time of the thickness of the dermal layer for different values for the apoptosis rate
of myofibroblasts and various widths of the wound. All other parameter values are equal to those depicted in
Table 6.1. In the simulations the thickness of the dermal layer was computed at y = 0 cm. The dark green error
bars and the magenta error bars represent clinical measurements of the thickness of respectively hypertrophic
scars and normal scars in human subjects at different time points after injury [12]. Displayed are the means
(with a cross sign) plus / minus one standard deviation
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order not to clutter the figures too much, the simulation results where the value for the
apoptosis rate is relatively high and the width of the wound is either relatively small (i.e.
c I I = 3 cm) or relatively large (i.e. c I I = 5 cm), were not included into these latter figures.
These results are actually very similar to the presented results where the value for the
apoptosis rate of myofibroblasts is relatively high and c I I = 4 cm.

Figure 6.8 shows the evolution over time of the strain energy density for both a rel-
atively high value for the apoptosis rate of myofibroblasts and a relatively low value for
the apoptosis rate of myofibroblasts. The strain energy density (W ) was determined by

computing at various time points (with I 1 = J−
2
3 tr(B)):

W =C1

(
I 1 −3

)
+D1 (J −1)2 . (6.26)

Figure 6.9 shows the evolution over time of the thickness of the dermal layer for either
a relatively high value for the apoptosis rate of myofibroblasts or a relatively low value
for the apoptosis rate of myofibroblasts, and various widths of the wound. Once more,
in order not to clutter the figure too much, the simulation results where the apoptosis
rate is relatively high, and the width of the wound is either relatively small or relatively
large, were not included into the figure. These results are actually very similar to the
presented results where the value for the apoptosis rate of myofibroblasts is relatively
high and c I I = 4 cm.

Figures 6.2 through 6.9 show clearly that changing the value for the apoptosis rate of
myofibroblasts has a huge impact on the healing response. That is, if the value for the
apoptosis rate is relatively high, then simulations show gentle healing; the maximum
myofibroblasts cell density in the wounded area is relatively low and the restoration of
the presence of a collagen-rich ECM in the wounded area is more gradual. The degree of
compaction (i.e. the degree of wound contraction) remains relatively low and the dermal
layer remains relatively thin. If the value for the apoptosis rate is relatively low, then sim-
ulations show an excessive healing response; the maximum myofibroblasts cell density
in the wounded area is relatively high and the restoration of the presence of a collagen-
rich ECM in the wounded area is accomplished faster. During the remodeling of the
evolving ECM, the cell density of the myofibroblast population diminishes slowly while
the cell density of the fibroblast population increases slowly toward the equilibrium cell
density. The degree of temporary compaction is relatively high during the execution of
the wound healing processes compared to the situation where the value for the apop-
tosis rate is relatively high, as is demonstrated in Figure 6.8 by the relatively high strain
energy density in the wounded area. Furthermore, the restoring dermal tissue becomes
quite a bit thicker than the unaffected surrounding tissue. Over time, the thickness of the
dermal layer declines slowly toward the thickness of the unwounded dermis. Finally, the
figures also show that the width of the wounded area has a relatively small, but clear ef-
fect on the evolution of the cell densities within the wounded area, and on the evolution
of the thickness of the dermal layer in the case of a relatively low value for the apoptosis
rate of myofibroblasts.

Figure 6.9 also shows a good match with respect to the evolution over time of the
thickness of the dermal layer between the outcomes of different simulations with dif-
ferent values for the apoptosis rate of myofibroblasts, and clinical measurements of the
thickness of both hypertrophic and normal scars at different time points after injury in
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humans. Oliveira et al. [13] measured the thickness of the epidermises of both normal
and hypertrophic scar tissue and their measurements showed that the epidermises of
these tissues have an average thickness of, respectively, less than 121 µm and less than
166 µm. Hence, the thickness of the dermises of these tissues is more or less equal to the
thickness of their epidermis and dermis combined.

6.5. CONCLUSIONS

I N this chapter a mathematical model has been presented in order to investigate what
might cause the formation of hypertrophic scar tissue. Looking at the results obtained

with the computer simulations, the following can be observed. Figure 6.5 shows that
there exists a strong connection between the size of the value for the apoptosis rate of
myofibroblasts and the maximum cell density of the myofibroblasts in the wounded
area. Furthermore, Figure 6.7 shows that the size of the value for the apoptosis rate of
myofibroblasts also strongly influences the dynamics related to the collagen molecules.
Given Equation (6.18), this implies that the size of the value for the apoptosis rate of my-
ofibroblasts has a huge impact on the total generated stress by the myofibroblast pop-
ulation and hence the stored strain energy in the wounded area. Consequently, there
exists a strong connection between the size of the value for the apoptosis rate of myofi-
broblasts and the thickness of the wounded area, as is confirmed by the results depicted
in Figure 6.9.

Figure 6.9 also displays a good match with respect to the evolution over time of the
thickness of the dermal layer between the outcomes of different simulations with dif-
ferent values for the apoptosis rate of myofibroblasts and clinical measurements of the
thickness of both hypertrophic and normal scars at different time points after injury in
humans [12]; a relatively high value for the apoptosis rate of myofibroblasts results in
scar tissue that behaves like normal scar tissue with respect to the evolution of the thick-
ness of the tissue over time, while a relatively low value for the apoptosis rate results
in scar tissue that behaves like hypertrophic scar tissue with respect to the evolution of
the thickness of the tissue over time. Furthermore, several studies have demonstrated
previously that the cell density of myofibroblasts in hypertrophic scar tissue is elevated
in comparison to the cell density of myofibroblasts in normal scar tissue [26]. Figure
6.5 shows that the cell density of the myofibroblasts in the computer simulations is also
elevated in the case where the evolution of the thickness of the tissue resembles the evo-
lution of the thickness of hypertrophic scar tissue.

Irrespective of the value for the apoptosis rate of myofibroblasts, the thickness of the
scar tissue will start to decline gradually as the cell density of the myofibroblast pop-
ulation diminishes slowly, and ultimately, the properties of the scar tissue will become
identical to the properties of the surrounding tissue. This makes perfect sense from a
mathematical point of view and is more or less in agreement with clinical observations
[5]. A simple mathematical analysis demonstrates that the only stable equilibrium solu-
tions for the cell densities and the concentrations of the individual constituents of the
dermal layer are constant over the domain of computation (i.e. the equilibrium solu-
tions are not dependent on the spatial variable). This implies that the “body force” in
the mechanical force balance vanishes when the solutions related to the constituents of
the dermal layer reach their equilibrium solutions. Subsequently, this implies that the
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displacement field of the dermal layer becomes zero when the solutions related to the
constituents of the dermal layer reach their equilibrium solutions. Consequently, the
properties of the scar tissue will indeed become identical to the properties of the sur-
rounding tissue. However, note that the cell density of the myofibroblasts declines very
slowly toward the equilibrium cell density when the value for the apoptosis rate is rel-
atively low (See Figure 6.5). Given Equation (6.18), this implies that the dermal layer
remains relatively thick for a prolonged period of time.
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7
IMPLICATIONS FROM A

MORPHOELASTIC CONTINUUM

MODEL FOR THE SIMULATION OF

CONTRACTURE FORMATION IN

GRAFTS THAT COVER BURNS

A morphoelastic continuum hypothesis-based model is presented for the simulation of
contracture formation in skin grafts that cover excised burns in order to obtain sugges-
tions regarding the ideal length of splinting therapy and when to start with this therapy
such that the therapy is effective optimally. Solely a portion of the dermal layer is mod-
eled explicitly and this portion is modeled as an isotropic morphoelastic solid. With re-
spect to the constituents of the tissue, the following constituents were selected as primary
model components: fibroblasts, myofibroblasts, collagen molecules and a generic signal-
ing molecule. All components of the model are modeled as continuous entities. In the
model pulling forces are generated by the myofibroblasts which are present in the skin
graft. These pulling forces are responsible for the compaction of the skin graft. Further-
more, the rate of active change of the effective strain, which determines the degree of con-
tracture formation in the skin graft, is proportional to the product of the amount of ef-
fective strain, the local concentration of metalloproteinases, the local concentration of the
signaling molecule and the inverse of the local concentration of the collagen molecules.
The directions in which the effective strain changes, are determined by both the signs of
the eigenvalues related to the effective strain tensor, and the directions of the associated
eigenvectors.

This chapter is based on content of the article “Biomedical implications from a morphoelastic continuum
model for the simulation of contracture formation in skin grafts that cover excised burns” [9].
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After the presentation of the model and a more detailed presentation of the custom-made
numerical algorithm for the generation of simulations, good agreement is demonstrated
with respect to the evolution over time of the surface area of unmeshed skin grafts that
cover excised burns between outcomes of computer simulations obtained in this study and
scar assessment data gathered previously in a clinical study. Based on the simulation re-
sults obtained with the presented model it is suggested that the optimal point in time to
start with splinting therapy is directly after placement of the skin graft on its recipient bed.
Furthermore, the simulation results suggest that it is desirable to continue with splinting
therapy until the concentration of the signaling molecules in the grafted area has become
negligible such that the formation of contractures can be prevented. The chapter is con-
cluded with a presentation of some alternative ideas on how to diminish the degree of
contracture formation that are not based on a mechanical intervention.

7.1. INTRODUCTION

T HE development of the model is presented in Section 7.2. Subsequently, an overview
of the custom-made numerical algorithm that had to be developed for the genera-

tion of the computer simulations is presented in Section 7.3. The simulation results are
presented in Section 7.4. Finally, the simulation results are discussed in Section 7.5.

7.2. DEVELOPMENT OF THE MATHEMATICAL MODEL

G IVEN that contraction mainly takes place in the dermal layer of skin tissues, solely
a portion of this layer was incorporated into the model. The layer is modeled as an

isotropic morphoelastic continuous solid with a modulus of elasticity that is dependent
on the local concentration of the collagen molecules. With respect to the mechanical
component of the model, the displacement of the dermal layer (u), the displacement
velocity of the dermal layer (v) and the infinitesimal effective strain present in the der-
mal layer (ε) were chosen as primary model variables. The latter variable represents a
local measure for the difference between the current configuration of the dermal layer
and a hypothetical configuration of the dermal layer where the tissue is mechanically
relaxed (See Subsection 2.5 for further details) [5]. Furthermore, the following four con-
stituents of the dermal layer were selected as primary model variables: fibroblasts (N ),
myofibroblasts (M), a generic signaling molecule (c) and collagen molecules (ρ).

The general conservation equations for mass and linear momentum together with
the evolution equation that describes how the infinitesimal effective strain changes over
time (See Subsection 2.5 for further details), were used as basis for the model:

Dzi

Dt
+ zi [∇·v] =−∇· Ji +Ri , (7.1a)

D(ρt v)

Dt
+ρt v [∇·v] =∇·σ+ f, (7.1b)

Dε

Dt
+ [tr(ε)−1]sym(L) =−G. (7.1c)

Here
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v = Du

Dt
, (7.2)

ε= I−A−1, (7.3)

and

Dε

Dt
= Dε

Dt
+εskw(L)− skw(L)ε. (7.4)

Equation (7.1a) is the conservation equation for the cell density / concentration of con-
stituent i of the dermal layer, Equation (7.1b) is the conservation equation for the linear
momentum of the dermal layer and Equation (7.1c) is the evolution equation that de-
scribes how the infinitesimal effective strain changes over time.

Within the above equations zi represents the cell density / concentration of con-
stituent i , Ji represents the flux associated with constituent i per unit area due to ran-
dom dispersal, chemotaxis and other possible fluxes, Ri represents the chemical kinetics
associated with constituent i , ρt represents the total mass density of the dermal tissues,
σ represents the Cauchy stress tensor associated with the dermal layer, f represents the
total body force working on the dermal layer, L is the displacement velocity gradient
tensor (i.e., L = ∇v) and G is the tensor that describes the rate of active change of the
effective strain. The tensor A is the locally-defined deformation gradient tensor that de-
scribes how infinitesimal line segments in a hypothetical stress-free configuration of the
dermal layer are transformed into infinitesimal line segments in the current configura-
tion of the dermal layer (See Subsection 2.5 for further details). The operator D(·)/Dt is
the Jaumann time derivative and the operator D(·)/Dt is the material time derivative. (If
the material time derivative is applied to the effective strain tensor, then it is applied to
each of the scalar elements of this tensor separately.) Given the chosen primary model
variables, i ∈ {N , M ,c,ρ} holds. In order to simplify the notation somewhat zi has been
replaced by i in the remainder of this chapter. Hence, zN has been replaced by N , zM

has been replaced by M and so on.

7.2.1. THE CELLS

T HE functional forms for the movement of the (myo)fibroblasts and the functional
forms for the biochemical kinetics associated with these cells are identical to the

functional forms that have been introduced in Chapter 4. More details about the func-
tional forms can be found in Chapter 4. The functional forms for the cell fluxes are

JN =−DF F∇N +χF N∇c, (7.5)

JM =−DF F∇M +χF M∇c, (7.6)

where

F = N +M . (7.7)
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The parameter DF is the cell density-dependent (myo)fibroblast random motility coef-
ficient and χF is the chemotactic coefficient. The functional forms for the biochemical
kinetics associated with the (myo)fibroblasts are

RN = rF

[
1+ r max

F c

a I
c + c

]
[1−κF F ]N 1+q −kF cN −δN N , (7.8)

RM = rF

{[
1+ r max

F

]
c

a I
c + c

}
[1−κF F ]M 1+q +kF cN −δM M . (7.9)

Here rF is the cell division rate, r max
F is the maximum factor with which the cell division

rate can be enhanced due to the presence of the signaling molecule, a I
c is the concen-

tration of the signaling molecule that causes the half-maximum enhancement of the cell
division rate, κF F represents the reduction in the cell division rate due to crowding, q is a
fixed constant, kF is the signaling molecule-dependent cell differentiation rate of fibrob-
lasts into myofibroblasts, δN is the apoptosis rate of fibroblasts and δM is the apoptosis
rate of myofibroblasts.

7.2.2. THE SIGNALING MOLECULES

T HE functional form for the dispersion of the generic signaling molecule and the func-
tional forms for the release, the consumption and the removal of the generic signal-

ing molecule are nearly identical to the functional forms that have been introduced in
Chapter 4:

Jc =−Dc∇c, (7.10)

Rc = kc

[
c

a I I
c + c

][
N +ηI M

]−δc g (N , M ,c,ρ)c. (7.11)

The parameter Dc represents the random diffusion coefficient of the generic signaling
molecule, kc represents the maximum net secretion rate of the signaling molecule, ηI

is the ratio of myofibroblasts to fibroblasts in the maximum net secretion rate of the
signaling molecule, a I I

c is the concentration of the signaling molecule that causes the
half-maximum net secretion rate of the signaling molecule and δc is the proteolytic
breakdown rate of the signaling molecules. The concentration of the generic metallopro-
teinase (MMP) (i.e., g (N , M ,c,ρ)) which is responsible for the breakdown of the signaling
molecules was assumed to be proportional to the cell density of the (myo)fibroblasts,
and the concentration of both the collagen molecules and the signaling molecules ac-
cording to the following formula (See the accompanying paragraph of Equation (4.9) for
further details):

g (N , M ,c,ρ) ∝
[
N +ηI I M

]
ρ

1+a I I I
c c

. (7.12)

The parameter ηI I is the ratio of myofibroblasts to fibroblasts in the secretion rate of the
MMPs, and 1/[1+ a I I I

c c] represents the inhibition of the secretion of the generic MMP
due to the presence of the signaling molecule.
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7.2.3. THE COLLAGEN MOLECULES

T HE functional form for the dispersion of the collagen molecules and the functional
forms for the secretion and the proteolytic breakdown of the collagen molecules are

nearly identical to the functional forms that have been introduced in Chapter 5:

Jρ = 0, (7.13)

Rρ = kρ

{
1+

[
kmax
ρ c

a IV
c + c

]}[
N +ηI M

]−δρg (N , M ,c,ρ)ρ. (7.14)

Here kρ is the collagen molecule secretion rate, kmax
ρ is the maximum factor with which

this secretion rate can be enhanced due to the presence of the signaling molecule, a IV
c

is the concentration of the signaling molecules that causes the half-maximum enhance-
ment of the secretion rate and δρ is the proteolytic breakdown rate of the molecules.

7.2.4. THE MECHANICAL COMPONENT

I N this study the following visco-elastic constitutive relation was used for the mathe-
matical description of the relationship between the Cauchy stress tensor on the one

hand, and the effective strains and displacement velocity gradients on the other hand:

σ=µ1sym(L)+µ2
[
tr

(
sym(L)

)
I
]+[

E
p
ρ

1+ν
]{
ε+ tr(ε)

[ ν

1−2ν

]
I
}

. (7.15)

Here µ1 is the shear viscosity, µ2 is the bulk viscosity, ν is Poisson’s ratio, E
p
ρ is the

Young’s modulus and I is the second-order identity tensor. It was assumed that the
Young’s moduli is dependent on the concentration of the collagen molecules [21, 22].
The parameter E is a constant.

Furthermore, the generation of an isotropic stress by the myofibroblasts due to their
pulling on the ECM was incorporated into the model. Identical to the model presented
in Chapter 4 this pulling stress is proportional to the product of the cell density of the
myofibroblasts and a simple function of the concentration of the collagen molecules
[17]. No other forces are incorporated into the model. Taken together, the following was
obtained:

f =∇·ψ, (7.16)

ψ= ξM

[
ρ

R2 +ρ2

]
I. (7.17)

The parameterψ represents the total generated stress by the myofibroblast population, ξ
is the generated stress per unit cell density and the inverse of the unit collagen molecule
concentration, and R is a fixed constant.

Finally, it was assumed that the rate of active change of the effective strain is pro-
portional to the product of the amount of effective strain, the local concentration of the
MMPs, the local concentration of the signaling molecule and the inverse of the local
concentration of the collagen molecules. The directions in which the effective strain
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changes, are determined by both the signs of the eigenvalues related to the effective
strain tensor, and the directions of the associated eigenvectors. Taken together, the fol-
lowing symmetric tensor was obtained:

G = ζ
[

g (N , M ,c,ρ)c

ρ

]
ε= ζ

{[
N +ηI I M

]
c

1+a I I I
c c

}
ε. (7.18)

Here ζ is the rate of morphoelastic change (i.e., the rate at which the effective strain
changes actively over time).

7.2.5. THE DOMAIN OF COMPUTATION

I T was assumed that u = 0, ∂v/∂x = ∂w/∂x = 0, v1 = 0, ∂v2/∂x = ∂v3/∂x = 0, ε11 =
ε12 = ε21 = ε13 = ε31 = 0 and ∂ε22/∂x = ∂ε33/∂x = 0 hold within the modeled portion of

dermal layer for all time t , with the y z-plane running parallel to the surface of the skin
and

u =
u

v
w

 , v =
v1

v2

v3

 , and ε=
ε11 ε12 ε13

ε21 ε22 ε23

ε31 ε32 ε33

 . (7.19)

Furthermore, it was assumed that the derivatives of the cell densities and the concentra-
tions of the modeled constituents of the dermal layer are equal to zero in the direction
perpendicular to the surface of the skin. Taken together, these assumptions imply that
the calculations can be performed on an arbitrary, infinitely thin slice of dermal layer
oriented parallel to the surface of the skin, and that the results from these calculations
are valid for every infinitely thin slice of dermal layer oriented parallel to the surface of
the skin. Using Lagrangian coordinates (X = (X ,Y , Z )T), the domain of computation (ΩX)
is described mathematically by

ΩX ∈ {X = 0 cm, −10 cm ≤ Y ≤ 10 cm, −10 cm ≤ Z ≤ 10 cm}. (7.20)

7.2.6. THE INITIAL CONDITIONS AND THE BOUNDARY CONDITIONS

T HE initial conditions give a description of the cell densities and the concentrations
immediately after placement of the skin graft on its recipient bed. For the generation

of the simulation results the following function was used to describe the shape of the skin
graft:

w(Xr ) = 1− [1− I (Yr ,2.5,0.10)] [1− I (Zr ,2.5,0.10)] I (Yr ,2.5,0.10) I (Zr ,2.5,0.10) . (7.21)

Here the function I is the indicator function that has been introduced in Equation (4.31).
Furthermore, w = 0 corresponds to grafted dermis and w = 1 corresponds to unwounded
dermis. Finally, Xr = R(θr )X = (Xr ,Yr , Zr )T with R(θ) the counterclockwise rotation ma-
trix that rotates vectors by an angle θ about the X -axis, and θr =π/4 rad.

Based on the function for the shape of the skin graft, the following initial conditions
were used for the modeled constituents of the dermal layer:
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Figure 7.1: A graphical overview of the initial conditions. Depicted are the initial shape of the skin graft and, in
color scale, the initial cell density of the fibroblasts (cells/cm3). The scale along both axes is in centimeters. The
X -axis points toward the reader. The black dots mark the material points that were used to trace the evolution
of the surface area of the skin graft over time. That is, at each time point, the area of the polygon with vertices
located at the displaced black material points was determined

N (X,0) = {
I w + [

1− I w ]
w(Xr )

}
N ,

M(X,0) = M ,

c(X,0) = [1−w(Xr )]cw ,

ρ(X,0) = ρ.

(7.22)

Here N , M and ρ are respectively the equilibrium cell density of the fibroblasts, the equi-
librium cell density of the myofibroblasts and the equilibrium concentration of the col-
lagen molecules, of the unwounded dermis. Due to the secretion of signaling molecules
by for instance macrophages, signaling molecules are present in the wounded area. The
constant cw represents the maximum initial concentration of the signaling molecule in
the grafted area. Furthermore, it was assumed that there are some fibroblasts present in
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the grafted area. The value for the parameter I w determines how much fibroblasts are
present initially in the grafted area.

With respect to the initial conditions for the mechanical component of the model,
the following initial conditions are used for all x ∈Ωx,0 whereΩx,0 is the initial domain of
computation in Eulerian coordinates:

u(x,0) = 0, v(x,0) = 0, and ε(x,0) = 0. (7.23)

See Figure 7.1 for a graphical representation of the initial conditions that were used in
this study.

With respect to the boundary conditions for the constituents of the dermal layer, the
following Dirichlet boundary conditions were used for all time t and for all x ∈ ∂Ωx,t

where ∂Ωx,t is the boundary of the domain of computation in Eulerian coordinates:

N (x, t ) = N , M(x, t ) = M , and c(x, t ) = c. (7.24)

The parameter c is the equilibrium concentration of the signaling molecule in the un-
wounded dermis.

Finally, with respect to the boundary condition for the mechanical component of
the model, the following Dirichlet boundary condition was used for all time t and for all
x ∈ ∂Ωx,t :

v(x, t ) = 0. (7.25)

7.2.7. THE (RANGES OF THE) VALUES FOR THE PARAMETERS

T ABLE 7.1 provides an overview of the (ranges of the) values for the parameters of the
model. The majority of these values were either obtained directly from previously

conducted studies or estimated from results of previously conducted studies. In addi-
tion, the values for the equilibrium signaling molecule concentration of the unwounded
dermis (c), the constant q and the collagen molecule degradation rate (δρ) could be de-
termined due to the fact that these values are a necessary consequence of the values
chosen for other parameters. See Subsection 4.2.7 for the derivation of the values for
these parameters.

Table 7.1: An overview of the (ranges of the) values for the parameters of the model. The last column contains
the references to the studies that were used for obtaining (estimates of) the values for the parameters. If (the
range of) the value for a parameter has been estimated in this study, then this is indicated by the abbreviation
TW. If the value for a parameter is a necessary consequence of the values chosen for the other parameters, then
this is indicated by the abbreviation NC

Parameter Value Dimensions Reference
DF 10−7 cm5/(cells day) [27]
χF 2×10−3 cm5/(g day) [16]
q −4.2×10−1 − NC
rF 9.24×10−1 cm3q /(cellsq day) [3]
r max

F 2 − [28]
aI

c 10−8 g/cm3 [4]
Continued on the next page
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Table 7.1 – Continued from the previous page
Parameter Value Dimensions Reference
κF 10−6 cm3/cells [32]
kF 1.08×107 cm3/(g day) [1]
δN 2×10−2 /day [17]
δM 6×10−2 /day [10]
Dc 2.9×10−3 cm2/day [16]
kc 4×10−13 g/(cells day) [17]
ηI 2 − [15] & [25]
aI I

c 10−8 g/cm3 [17]
δc 5×10−4 cm6/(cells g day) [17]
ηI I 5×10−1 − TW
aI I I

c (2−2.5)×108 cm3/g [18]
kρ 6×10−8 g/(cells day) NC
kmax
ρ 10 − [17]

aIV
c 10−9 g/cm3 [24]
δρ 6×10−6 cm6/(cells g day) [10]
ρt 1.02 g/cm3 [11]
µ1 102 (N day)/cm2 TW
µ2 102 (N day)/cm2 TW
E 3.2×10 N/((g cm)1/2) [11]
ν 4.9×10−1 − [11]
ξ 5×10−2 (N g)/(cells cm2) [13] & [34]
R 9.95×10−1 g/cm3 TW
ζ (0−9)×102 cm6/(cells g day) TW
N 104 cells/cm3 [17]
M 0 cells/cm3 [17]
c 0 g/cm3 NC
ρ 10−1 g/cm3 [17]
I w 2×10−1 − [10]
cw 10−8 g/cm3 [17]

7.3. THE APPLIED NUMERICAL ALGORITHM

F OR the kernel of the concrete expression of the algorithm MATLAB was used together
with MATLAB’s Parallel Computing Toolbox [29]. Furthermore, this kernel was inter-

faced consecutively with an adapted version of the mesh generator developed by Pers-
son and Strang for the generation of a base triangulation of the domain of computation
[20], the element resolution refinement / recoarsement tool of the computational fluid
dynamics software package FEATFLOW2 for the adjustment of the resolution of the el-
ements of the base triangulation [30], and the permutation routine HSL_MC64 for the
permutation of the n × n matrices related to the resulting systems of linear algebraic
equations after full discretization of the model equations such that the matrices have n
entries on their diagonal [7]. Finally, the following non-dimensionalisation was applied
to the model:
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x = Lx∗, t =
[

L2/
[

DF N
]]

t∗, ρ = ρρ∗, N = N N∗,

u = Lu∗, v =
[[

DF N
]

/L
]

v∗, c = cw c∗, M = N M∗,

ε= ε∗, σ=
[[
ξN

]
/ρ

]
σ∗.

(7.26)

Here L = 1 cm is the length scale of the model. The variables with the asterisks are the
non-dimensionalised variables.

In order to create conforming base triangulations of the domain of computation, the
adapted version of the mesh generator developed by Persson and Strang is used [20].
This results in a high-quality triangulation of the domain of computation where most
of the triangles are equilateral. The only triangles that are not equilateral, are located
near the boundaries of the domain of computation. These latter triangles are nearly
equilateral. Using the measure from Equation (4.31), it was observed that α > 0.86 for
all triangles in the generated triangulation. For the generation of the simulation results
presented in Section 7.4, a triangulation consisting of triangles with an average initial
edge length of 1.65 cm was used. After the generation of the base triangulation the el-
ement resolution refinement / recoarsement tool is used to adjust the resolution of the
elements of the base triangulation. See Subsection 5.3.1 for a detailed description of this
procedure.

Subsequently, an approximation of the solution for the primary model variables is
determined from Equation (7.1). In order to find such an approximation the method of
lines together with the standard fixed-point defect correction method are used [31]. The
equations from Equation (7.1) are solved in a segregated way. That is, each fixed-point
iteration within each time step approximations of the solutions for the modeled con-
stituents of the dermal layer are determined together first, and subsequently approxi-
mations of the solutions for the displacement velocity and the effective strain are deter-
mined by solving Equation (7.1b) and Equation (7.1c) simultaneously. Finally, using the
fact that the following holds

u(x(X, t ), t ) = U(X, t ), and v(x(X, t ), t ) = V(X, t ), (7.27)

where U and V are, respectively the displacement and the displacement velocity of the
dermal layer in Lagrangian coordinates, an approximation of the solution for the dis-
placement of the dermal layer is determined from Equation (7.2) via post-processing in
the following way:

U(m+1)
n+1 = Un +∆t

{
[1−θ]Vn +θV(m+1)

n+1

}
. (7.28)

Here Un and Vn are, respectively, the final approximations of the solutions for the dis-
placement and the displacement velocity after n time steps. Furthermore, U(m+1)

n+1 and

V(m+1)
n+1 are, respectively, the new approximations of the solutions for the displacement

and the displacement velocity after application of m+1 fixed-point iteration(s). The pa-
rameter ∆t is the size of the current time step and the parameter θ is a fixed constant
which was set to 0.55 in this study. After obtaining a new approximation of the solution
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for the displacement of the dermal layer, the position of the vertices in the triangulation
is updated in the following way:

x(m+1)
j (X j , t ) = X j +U(m+1)

j (X j , t ). (7.29)

Here x(m+1)
j (X j , t ) is the new location of vertex j in Eulerian coordinates after application

of m +1 fixed-point iteration(s), X j is the fixed location of vertex j in Lagrangian coor-

dinates, and U(m+1)
j (X j , t ) is the new approximation of the solution for the displacement

at vertex j after application of m +1 fixed-point iteration(s). The fixed-point defect cor-
rection scheme is iterated until the maximum of the relative 1-norms of the residuals of
the approximations is smaller than one, and the maximum of the relative 1-norms of the
difference between subsequent approximations per variable is smaller than 5×10−2. If
the correction scheme does not meet these convergence criteria within five iterations,
then the scheme is interrupted, the time step is decreased to 85% of its current value,
and subsequently the scheme is restarted.

For the discretization of the system of equations from Equation (7.1), the backward
Euler time-integration method together with a moving-grid finite-element method is
used [12]. The derivation of the finite-element approximation of the solution for the
primary model variables is presented in Appendix A. Again the flux-corrected transport
(FCT) limiter and Patankar’s source / sink separation technique are applied on the dis-
cretized system of equations that describes the dynamics of the modeled constituents
of the dermal layer in order to enforce positivity of the approximations of the solutions
for the constituents of the dermal layer [14, 19]. See Subsection 5.3.2 for more details
on both the discretization of the system of equations, and how the resulting systems of
linear algebraic equations are solved.

Furthermore, the individual time steps are chosen automatically again by using the
automatically adaptive time-stepping method. The element resolution refinement / re-
coarsement tool is also applied again in order to adjust the resolution of the elements of
the triangulation. See Subsection 5.3.2 for more details on both procedures.

7.4. SIMULATION RESULTS

I N order to obtain some insight into the dynamics of the model, an overview of simula-
tion results for the modeled constituents of the dermal layer is presented in Figure 7.2.

Furthermore, an overview of simulation results for the displacement field and the dis-
placement velocity field is presented in Figure 7.3, and an overview of simulation results
for the effective strain is presented in Figure 7.4. For the generation of these overviews
the same set of values for the parameters of the model was used.

Figure 7.2 shows that the cell density of the myofibroblasts, and the concentrations
of both the signaling molecules and the collagen molecules increase first within the skin
graft. Subsequently, the concentrations of these molecules, just like the cell density of
the myofibroblasts, start to decline until they reach the equilibrium concentrations and
the equilibrium cell density of uninjured dermal tissue. Meanwhile, the cell density of
the fibroblasts starts to increase within the skin graft until it reaches the equilibrium cell
density of uninjured dermal tissue.
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aIIIc = 2.0× 108 cm3/g, ζ = 4× 102 cm6/(cells g day)
Av. rel. surf . area after early excision (El Hadidy et al. (1994))
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Figure 7.5: The evolution over time of the relative surface area of wounds (i.e., skin grafts) for particular com-
binations of values for the rate of morphoelastic change (i.e., the parameter ζ), and the parameter related to
the inhibition of the secretion of MMPs due to the presence of signaling molecules (i.e., the parameter aI I I

c ).
The values for all other parameters are equal to those depicted in Table 7.1. The black circles and the black
squares show the evolution over time of the average of clinical measurements of the relative surface areas of
placed unmeshed skin grafts after, respectively, early excision of burnt skin and late excision of burnt skin [2]
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Figure 7.6: The evolution over time of the relative surface area of wounds (i.e., skin grafts) for some combina-
tions of values for the rate of morphoelastic change (i.e., the parameter ζ), and the parameter related to the
inhibition of the secretion of MMPs due to the presence of signaling molecules (i.e., the parameter aI I I

c ). The
values for all other parameters are equal to those depicted in Table 7.1
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Figure 7.3 shows that the boundaries between the skin graft and the uninjured tissue
are pulled inward increasingly toward the center of the skin graft while the concentra-
tion of the collagen molecules and the cell density of the myofibroblasts increase. Look-
ing at the displacement velocity field, it can be observed that the boundaries are pulled
inward relatively fast initially. Subsequently, the speed with which the boundaries are
pulled inward diminishes fast. Looking carefully at the displacement velocity field, it
can be observed that the inward movement actually reverses from a certain time point
onward. It is nice to observe that this phenomenon coincides with the gradual increase
of the surface area of the skin graft, and the gradual decrease of both the cell density
of the myofibroblasts and the concentration of the collagen molecules within the skin
graft, as can be observed in, respectively, Figure 7.6 and Figure 7.2. Furthermore, it can
be observed that the boundaries between the skin graft and the uninjured tissue hardly
move anymore eventually (i.e., the individual components of the displacement velocity
field become approximately equal to zero over the domain of computation), and that
the surface area of the skin graft has diminished considerably after a year. This latter
phenomenon is also clearly visible in Figure 7.6.

Figure 7.4 also shows something very interesting. Looking at the effective strain at
day 365, it can be observed that the individual components of the effective strain ten-
sor are not equal to zero over the domain of computation. This implies that there are
residual stresses present in the grafted area. Comparing the properties of the effective
strain at day 180 with the properties of the effective strain at day 365, it can be observed
that these are more or less the same. Hence, the residual stresses remain present in the
modeled portion of dermal layer for a prolonged period of time.

Figure 7.5 shows the evolution over time of the relative surface area of skin grafts for
particular combinations of values for two parameters that are directly related to the ten-
sor G (See Equation (7.18)). In addition, the figure shows averages of clinical measure-
ments over time of the relative surface areas of placed unmeshed skin grafts in human
subjects after both early excision of burnt skin and late excision of burnt skin [2].

Figure 7.6 shows the evolution over time of the relative surface area of skin grafts
for some more combinations of values for the aforementioned parameters related to the
tensor G. The figure shows that both an increase in the rate of morphoelastic change
(i.e., the parameter ζ), and an increase in the inhibition of the secretion of MMPs due to
the presence of signaling molecules (i.e., an increase in the value for the parameter a I I I

c )
results in a reduction of the final surface area of a skin graft. Within the chosen ranges
for the values of the parameters, it can be observed that a change in the value for the
rate of morphoelastic change has a large impact on the final surface area of a skin graft.
Changing the value for the parameter related to the inhibition of the secretion of MMPs
due to the presence of signaling molecules has a smaller impact on the final surface area
of a skin graft. Note also that the value for the latter parameter has a relatively large
impact on the total number of days that the boundaries between the skin graft and the
uninjured tissue are pulled inward after placement of the skin graft before the retraction
process starts.

Finally, it is nice to observe in Figure 7.6 that, as expected, the surface area of a skin
graft returns to its initial value when the rate of morphoelastic change is equal to zero.
If this rate is equal to zero, then the tensor G is equal to the zero tensor. In this case one
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would expect an initial period during which the surface area of a skin graft diminishes
due to the pulling action of the myofibroblasts, followed by a period during which this
surface area slowly returns to its initial value due to the apoptosis of the myofibroblasts.
This is exactly what can be observed in the figure.

7.5. CONCLUSIONS

W ITH the developed model it is possible to reproduce some general qualitative fea-
tures of the healing response that is initiated after the placement of a skin graft on

its recipient bed [6]. The restoration of the presence of fibroblasts within the skin graft
and the temporary presence of myofibroblasts during the execution of the healing re-
sponse can be reproduced. Due to the initial presence of signaling molecules and the
gradual increase of the cell density of the myofibroblasts in the grafted area, the secre-
tion rate of collagen molecules is considerably larger than the proteolytic breakdown
rate of these molecules in the grafted area for a prolonged period of time (See also Equa-
tion (7.14)). Consequently, the concentration of the collagen molecules in the grafted
area becomes substantially higher than the concentration of the collagen molecules in
the surrounding uninjured dermal tissue before it gradually decreases toward the con-
centration of the collagen molecules in the surrounding uninjured dermal tissue. Fur-
thermore, it is possible to reproduce the long term contraction and subsequent retrac-
tion of a skin graft, and the development of residual stresses within the dermal layer.
These phenomena can be observed, respectively, in Figure 7.3 and Figure 7.4; both the
displayed components of the displacement field and the displayed components of the
effective strain tensor are not equal zero over the domain of computation at day 365,
and the values of the individual components over the domain of computation at day 365
are roughly equal to the values of the individual components over the domain of com-
putation at day 180. Looking at the individual components of the displacement velocity
field in Figure 7.3, it can be observed that these have become approximately equal to
zero over the domain of computation at day 365.

Focusing on the simulation of the contraction of skin grafts and the formation of con-
tractures the following can be observed. Figure 7.5 shows a good match with respect to
the evolution over time of the relative surface area of skin grafts between measurements
obtained in a clinical study by El Hadidy et al. [2] and outcomes of computer simula-
tions obtained in this study. In this study it was assumed that the rate at which the ef-
fective strain is changing actively over time is proportional to the product of the amount
of effective strain, the local concentration of the MMPs, the local concentration of the
signaling molecule and the inverse of the local concentration of the collagen molecules.
The directions in which the effective strain changes, are determined by both the signs
of the eigenvalues related to the effective strain tensor, and the directions of the asso-
ciated eigenvectors. The good match between the gathered scar assessment data and
the outcomes of the computer simulations suggests that this combination of relation-
ships might describe appropriately in mathematical terms the mechanism underlying
the formation of contractures.

If the mathematical description for the mechanism underlying the formation of con-
tractures is indeed appropriate, then this suggests the following with respect to the main
therapy that is used currently for the the prevention of contracture formation in skin
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grafts. The main therapy in current usage focuses on counteracting the mechanical
forces generated within the contracting graft by means of static splinting of the covered
wound after placement of the graft [23]. How effective splinting therapy is in prevent-
ing contracture formation is actually unclear at the moment; it is a fact that contracture
formation is still a common complication despite the frequent application of splinting
therapy [26]. This could be a consequence of the fact that it is unclear at present what
the optimal point in time is after placement of the skin graft to start with the therapy.
Furthermore, it could be a consequence of the fact that it is also unclear how long the
static splints have to be worn for the therapy to be effective. Looking at Equation (7.18),
it is clear that the effective strain can change solely when the local concentration of the
signaling molecules is unequal to zero. Given the presence of signaling molecules within
the grafted area immediately after placement of the skin graft on its recipient bed, this
implies that the optimal point in time to start with splinting therapy is directly after
surgery. It is interesting to note that this implication matches nicely with the finding
that early mechanical restraint of tissue-engineered skin leads to a reduction in the ex-
tent of contraction [6]. Furthermore, it is also evident that it is desirable to continue with
splinting therapy until the concentration of the signaling molecules in the grafted area
has become negligible such that the formation of contractures can be prevented.

Furthermore, Figure 7.5 shows that the difference in the evolution over time of the av-
erage of the relative surface areas of placed unmeshed skin grafts between grafts that are
placed after early excision of the burnt skin and grafts that are placed after late excision
of the burnt skin might be caused by both a change in the rate of morphoelastic change
and a change in the degree of inhibition of the secretion of MMPs due to the presence of
signaling molecules. In itself, this is an interesting observation. In addition, it provides
some alternative ideas on how to diminish the degree of contracture formation that are
not based on a mechanical intervention. As demonstrated in Figure 7.6, the final sur-
face area of a skin graft can be increased by both a reduction in the rate of morphoelastic
change, and a reduction in the inhibition of the secretion of MMPs due to the presence of
signaling molecules. Within the investigated ranges of values, the former reduction has
a huge impact on the final surface area whereas the latter reduction has a smaller impact
on the final surface area. Perhaps that the reduction in the rate of morphoelastic change
can be accomplished through the local inhibition of certain cross-linking enzymes. For
instance, perhaps it is possible to use the chemical β-aminopropionitrile (BAPN) for the
inhibition of the cross-linking enzyme lysyl oxidase, which is crucial for the stabilization
of collagen fibrils [8, 33]. The reduction in the inhibition of the secretion of MMPs due
to the presence of signaling molecules can be accomplished perhaps by influencing the
regulation of the transcription of MMPs by signaling molecules such as TGF-β [18].
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8
GENERAL CONCLUSIONS

In this thesis three mathematical models have been developed in order to investigate which
components of the wound healing cascade influence the degree of wound contraction and
the geometrical distribution of collagen bundles in scar tissue. Furthermore, a model has
been developed in order to obtain insights into which components of the wound healing
cascade might get disrupted during the formation of hypertrophic scar tissue. Finally, a
model has been developed in order to obtain suggestions regarding how splinting therapy
should be applied such that the therapy is effective optimally. In this chapter an overview
of the most important conclusions that were drawn from the results obtained with these
models, is presented.

8.1. CHAPTER 3

I N Chapter 3 a hybrid model has been presented that was used to study wound con-
traction and the development of the distribution of the collagen bundles in relatively

small, deep dermal wounds. In this model cells are modeled as discrete, inelastic spheres
while the other components are modeled as continuous entities. A tensorial approach
was used for the representation of the collagen bundles. Solely the dermal layer of the
skin is modeled explicitly and it is modeled as an anisotropic continuous linear elas-
tic solid. Wound contraction and the development of residual forces are caused in the
model through the incorporation of both temporary pulling forces which are generated
by fibroblasts, and permanent plastic forces which are caused by the remodeling of the
extracellular matrix. The newly secreted collagen molecules are secreted by the fibrob-
lasts in their direction of movement.

Parts of this chapter are based on content of the articles “A mathematical model for the simulation of the
formation and the subsequent regression of hypertrophic scar tissue after dermal wounding” [7], “A biome-
chanical mathematical model for the collagen bundle distribution-dependent contraction and subsequent re-
traction of healing dermal wounds” [6], “A mathematical model for the simulation of the contraction of burns”
[5] and “Biomedical implications from a morphoelastic continuum model for the simulation of contracture
formation in skin grafts that cover excised burns” [4].
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After obtaining baseline simulation results, which demonstrated that certain com-
ponents of the healing response such as the increase in the number of collagen bundles
that ends up permanently oriented toward the center of the wound and parallel to the
surface of the skin, can be reproduced quite reasonably, the impact of macrophage de-
pletion and the application of a transforming growth factor-β receptor antagonist on
both the degree of wound contraction and overall distribution of the collagen bundles
were investigated.

In accordance with experimental observations, depletion of the macrophages in the
model during the execution of the wound healing cascade results in a delayed healing of
a wound. Furthermore, the depletion of the macrophages hardly influences the geomet-
rical distribution of the collagen bundles in the recovering wounded area. However, the
depletion does result in an increase of the final surface area of the recovered wounded
area. Taken together, the simulation results suggest that total depletion of macrophages
in a wounded area might be beneficial if the wound environment is sterile and rapid
wound repair is not a high priority.

The imitation of the application of a transforming growth factor-β receptor antago-
nist in the model also results in an increase of the surface area of the recovering wounded
area. In addition, the application of the antagonist results in a more uniform distribution
of the collagen bundles in the recovered wounded area. These observations are also in
accordance with experimental observations. Hence, the simulation results support the
hypothesis that the application of a transforming growth factor-β receptor antagonist
results in less compaction of a recovered wounded area and in less scarring [2].

8.2. CHAPTER 4

I N Chapter 4 a continuum hypothesis-based model has been presented that was used
to investigate how certain components of the wound environment and the wound

healing response might influence the contraction of the wound and the development
of the geometrical distribution of collagen bundles in relatively large wounds. In this
model all components are modeled as continuous entities. For the representation of the
collagen bundles a tensorial approach was used again. Solely a portion of the dermal
layer was included explicitly into the model. This portion of dermal layer is modeled as
an orthotropic continuous solid with bulk mechanical properties that are locally depen-
dent on both the local concentration and the local geometrical distribution of the col-
lagen bundles. Wound contraction is caused in the model by temporary pulling forces.
These pulling forces are generated by myofibroblasts which are present in the recovering
wounded area. With respect to the dynamic regulation of the geometrical distribution
of the collagen bundles, it was assumed that a portion of the collagen molecules are
deposited and reoriented in the direction of movement of the (myo)fibroblasts. The re-
mainder of the newly secreted collagen molecules are deposited by ratio in the direction
of the present collagen bundles.

The simulation results show that the distribution of the collagen bundles influences
the evolution over time of both the shape of the recovering wounded area and the de-
gree of overall contraction of the wounded area. Interestingly, these effects are solely a
consequence of alterations in the initial overall distribution of the collagen bundles, and
not a consequence of alterations in the evolution over time of the different cell densities
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and concentrations of the modeled constituents. In addition, the evolution over time of
the shape of the wound is also influenced by the orientation of the collagen bundles rel-
ative to the position of the wound while this relative orientation does not influence the
evolution over time of the relative surface area of the wound.

Furthermore, the simulation results show that ultimately the majority of the collagen
molecules ends up permanently oriented toward the center of the wound and in the
plane that runs parallel to the surface of the skin when the dependence of the direction
of deposition / reorientation of collagen molecules on the movement of cells is included
into the model. If this dependence is not included, then this will result ultimately in
newly generated tissue with a collagen bundle-distribution that is exactly equal to the
collagen-bundle distribution of the surrounding uninjured tissue.

The fact that an increased portion of the collagen bundles ultimately ends up per-
manently in the plane running parallel to the surface of the skin and the fact that the
majority of these bundles is oriented toward the center of the wound when the depen-
dence of the direction of deposition / reorientation of collagen molecules on the move-
ment of cells is included into the model, are in accordance with experimental observa-
tions [12, 13]. This is an interesting observation. It is unknown at present which wound
healing mechanisms cause these experimental observations. In the presented model the
dynamics related to the geometrical distribution of the collagen bundles are dependent
on the speed and the direction of movement of the (myo)fibroblasts. This direction and
speed of movement are dependent subsequently on the gradient of the concentration of
the signaling molecule and the evolution over time of the distribution of the cell densi-
ties. Hence, the results obtained with the presented model suggest that the geometrical
distribution of collagen bundles in scar tissue can be altered by changing the gradient
of the concentration of the signaling molecule and / or the evolution over time of the
distribution of the cell densities during wound healing. Given that the geometrical dis-
tribution of the collagen bundles has a huge impact on the response of dermal tissues to
mechanical forces [3, 14], this is an interesting hypothesis. It must be possible to investi-
gate this hypothesis further by means of an experimental study with a tissue-equivalent.

8.3. CHAPTER 5

I N Chapter 5 a continuum hypothesis-based model has been presented that was used
to investigate in more detail which elements of the healing response might have a sub-

stantial influence on the contraction of burns. That is, a factorial design combined with
a regression analysis were used to quantify the individual contributions of variations in
the values for certain parameters of the model to the dispersion in the surface area of
healing burns. In this model all components are modeled as continuous entities. Solely
a portion of the dermal layer was included explicitly into the model. The dermal layer is
modeled as an isotropic compressible neo-Hookean solid. Wound contraction is caused
in the model by temporary pulling forces. These pulling forces are generated by myofi-
broblasts which are present in the recovering wounded area.

Based on the outcomes of the sensitivity analysis it was concluded that most of the
variability in the evolution of the surface area of healing burns over time might be at-
tributed to variability in the apoptosis rate of myofibroblasts and, to a lesser extent, the
secretion rate of collagen molecules. Hence, if one wishes to adjust the degree of wound
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contraction during the healing of a burn, then the simulation results and the associ-
ated regression analysis presented in this study suggest that this may be accomplished
by adjusting the apoptosis rate of myofibroblasts and / or the secretion rate of collagen
molecules.

It is expected that varying the values for most of the remaining parameters of the
model that were not included into the factorial design and for which a range of values
could be found in the literature, would probably also contribute significantly to variabil-
ity in the relative surface area of a healing burn. Varying the values for the proliferation
rate of (myo)fibroblasts (rF ), the generated stress per unit cell density and the inverse of
the unit collagen molecule concentration (ξ), and the constant E related to the Young’s
modulus within the found ranges of values in particular would probably also contribute
considerably to variability in the evolution of the relative surface area of a healing burn
over time. Therefore, it would interesting to add these parameters to the factorial design
in order to quantify their contribution to this variability. However, given the complexity
of the model and hence the necessary complexity of the custom-made numerical algo-
rithm, it was decided to set the values for these parameters to fixed values within the
found ranges during the generation of simulation results in order to prevent the total
computation time of the sensitivity analysis from rising too high. A possible solution
for this problem might be to switch to a different programming language that allows
for faster computations such as Fortran, or to use the GPU computing possibilities of
MATLAB [11]. Another possible solution might be to use a different factorial design in
which not all combinations of levels for the factors of the factorial design are simulated
[9, 10].

8.4. CHAPTER 6

I N Chapter 6 a continuum hypothesis-based model has been presented that was used
to investigate what might cause the formation of hypertrophic scar tissue. All com-

ponents of the model are modeled as continuous entities. Solely a portion of the dermal
layer of the skin is modeled explicitly and it is modeled as an isotropic compressible neo-
Hookean solid. In the model pulling forces are generated by the myofibroblasts that are
present in the recovering wounded area. These pulling forces are responsible for both
the compaction and the increased thickness of the recovering wounded area.

The comparison between the outcomes of the computer simulations obtained in this
study and clinical measurements obtained by Nedelec et al. [8] shows that a relatively
high apoptosis rate of myofibroblasts results in scar tissue that behaves like normal scar
tissue with respect to the evolution of the thickness of the tissue over time, while a rela-
tively low apoptosis rate results in scar tissue that behaves like hypertrophic scar tissue
with respect to the evolution of the thickness of the tissue over time. Interestingly, this
result is in agreement with the suggestion put forward by Desmoulière et al. [1] that
the disruption of apoptosis (i.e., a low apoptosis rate) during wound healing might be
an important factor in the development of pathological scarring. Hence, the results ob-
tained with the presented model suggest that the thickness of scar tissue can be altered
by changing the apoptosis rate of myofibroblasts.
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8.5. CHAPTER 7

I N Chapter 7 a continuum hypothesis-based model has been presented that was used
for the simulation of contracture formation in skin grafts that cover excised burns in

order to obtain suggestions regarding the ideal length of splinting therapy and when to
start with this therapy such that the therapy is effective optimally. All components of
the model are modeled as continuous entities. Solely a portion of the dermal layer is
modeled explicitly and it is modeled as an isotropic morphoelastic solid. In the model
pulling forces are generated by the myofibroblasts which are present in the skin graft.
These pulling forces are responsible for the compaction of the skin graft. Furthermore,
the rate of active change of the effective strain, which determines the degree of contrac-
ture formation in the skin graft, is proportional to the product of the amount of effective
strain, the local concentration of metalloproteinases, the local concentration of the sig-
naling molecules and the inverse of the local concentration of the collagen molecules.
The directions in which the effective strain changes, are determined by both the signs of
the eigenvalues related to the effective strain tensor, and the directions of the associated
eigenvectors.

Based on the simulation results obtained with the presented model it is suggested
that the optimal point in time to start with splinting therapy is directly after placement
of the skin graft on its recipient bed. Furthermore, the simulation results suggest that it
is desirable to continue with splinting therapy until the concentration of the signaling
molecules in the grafted area has become negligible such that the formation of contrac-
tures can be prevented.
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9
RECOMMENDATIONS

In this chapter several possibilities are discussed to adjust the morphoelastic continuum
model that has been presented in Chapter 7. In addition, several possibilities are discussed
how certain components of the models developed in the previous chapters could be com-
bined such that it becomes possible to investigate new phenomena that can be observed
during the (aberrant) healing of dermal wounds. Subsequently, a short discussion is pre-
sented about the way the cell differentiation of fibroblasts into myofibroblasts has been
incorporated into the presented models, and about which cell type causes the compaction
of the wounded area in these models. Based on this latter discussion, recommendations
are presented about what is needed for the further development of accurate computational
models that can be used for the rigorous investigation of these processes.

9.1. MODEL ADAPTATIONS

T HE fact that it is possible to simulate the formation of contractures with the mor-
phoelastic continuum model presented in Chapter 7, makes this model very attrac-

tive. Obviously, the model could be adjusted in many different ways. For instance, next
to the simulation of contracture formation in skin grafts, the model could also be used for
the simulation of the healing of dermal wounds that heal by secondary intention alone
(i.e., without the placement of a skin graft). The only element of the model that needs
to be adjusted is the initial condition for the collagen molecules presented in Equation
(7.22). Furthermore, it is also easy to obtain computer simulations with the presented
model for wounded areas with a different shape and / or surface area. The only element
of the model that needs to be altered in this case is the function presented in Equation
(7.21). Especially when more detailed experimental measurement data about the evo-
lution over time of the shapes of wounds become available in the scientific literature, it

Parts of this chapter are based on content of the articles “A biomechanical mathematical model for the colla-
gen bundle distribution-dependent contraction and subsequent retraction of healing dermal wounds” [16], “A
mathematical model for the simulation of the contraction of burns” [15] and “Biomedical implications from a
morphoelastic continuum model for the simulation of contracture formation in skin grafts that cover excised
burns” [14].
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will become interesting to investigate to what extent the presented model can replicate
such measurement data.

If the model is used for the simulation of the healing of dermal wounds that heal
by secondary intention alone, then an explicit description of other subprocesses that
take place during the proliferative phase of the wound healing cascade such as angio-
genesis and reepithelialization could also be incorporated into the model. The incor-
poration of the former subprocess is probably also interesting when the formation of
contractures in skin grafts is simulated. Adding angiogenesis to the model presented in
Chapter 7 could be accomplished, for instance, by connecting elements of the models
developed by Byrne et al. [4, 22, 23] with the components of the morphoelastic con-
tinuum model. Incorporation of the reepithelialization process could be accomplished,
for instance, by using elements of the model developed by Mennon et al. [17]. Fur-
thermore, the (bio)chemical components of the morphoelastic model could be replaced
with the (bio)chemical components of the model presented in Chapter 3. This will turn
the morphoelastic model into a hybrid model wherein elements of the inflammatory re-
sponse are incorporated. Through the incorporation of these additional subprocesses
into the model, it becomes possible to study the interactions between the components
of the different subprocesses, and to investigate if an aberrant interaction between these
components might result in the replication of certain characteristics of sequelae such as
hypertrophic scar tissue formation and contracture formation. However, due to the in-
corporation of more components into the model the number of parameters usually also
increases considerably. Given that it is often very complicated to obtain accurate esti-
mates for the values of the parameters of models for the simulation of certain aspects of
dermal wound healing (See also Section 9.3 for further discussion about this issue), this
is a clear disadvantage of adding more components to a model.

Therefore, it is also interesting to look at how certain components of the model could
be adjusted without the introduction of many new parameters. For instance, assump-
tions were made which made it possible to perform the calculations on an infinitely thin
slice of dermal layer oriented parallel to the surface of the skin. An obvious benefit of
this is that this results in a serious reduction of the computation times. Furthermore,
it avoids the need to deal with a boundary that can move freely (as is the case in the
model that has been presented in Chapter 6). However, it is probably very interesting
to investigate in a three-dimensional portion of dermal layer what would happen to the
compaction and subsequent (partial) dilatation of a wounded area. For this end, the
main adaptations to the model would be the removal of the assumptions made in Sec-
tion 7.2.5, and the introduction of additional boundary conditions for the interfaces be-
tween the epidermis and the dermis, and the subcutaneous tissue and the dermis. In
a three-dimensional setting, the spring-like boundary conditions presented in Equation
(6.25) could be used, for instance, to describe the attachment of the dermal tissue to the
subcutaneous tissue and the adjacent dermal tissue. It is probably a good idea to assume
first that the domain of computation is, for instance, axisymmetric (where the symmetry
axis runs perpendicular to the surface of the skin) so that the calculations can be per-
formed on a half-plane through the symmetry axis, before trying to obtain simulation
results with an arbitrarily shaped three-dimensional domain of computation. In a three-
dimensional setting it might also be interesting to investigate the possibility of using the
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recently developed isogeometric analysis instead of a finite element analysis [5].
Sometimes the formation of hypertrophic scar tissue also coincides with the forma-

tion of contractures [11]. If a three-dimensional portion of dermal layer is simulated,
then it becomes possible probably to investigate under which circumstances contrac-
tures form and under which circumstances the thickness of the dermal layer resembles
the thickness of the dermal layer in hypertrophic scar tissue. Furthermore, it becomes
possible to investigate under which circumstances both sequelae develop at the same
time (albeit perhaps at different locations).

In the model developed in Chapter 7 it was assumed that the effective strains are
small. Consequently, the evolution equation that describes the dynamic change of the
infinitesimal effective strain over time was used (i.e., Equation (7.1c)). However, just like
in the models developed in Chapter 5 and Chapter 6, it might actually be more appro-
priate to assume that the effective strains can become arbitrary large. If this assumption
is made, then Equation (7.1c) can be replaced with the following evolution equation that
gives a description of the dynamic change of the Eulerian finite effective strain (e) over
time (See Section 2.5 for a definition of the tensor A and see Section 7.2 for a definition
of the tensor G and the tensor L) [9]:

De

Dt
= sym

B−1L− 1√
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B−1

)B−1G

 , (9.1)
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. (9.3)

Next, the constitutive relation presented in Equation (7.15) could be replaced with, for
instance, the following constitutive relation:
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Here µ1 is the shear viscosity, µ2 is the bulk viscosity, ν is Poisson’s ratio, E(ρ) is the
Young’s modulus and I is the second-order identity tensor. Please note that the elas-
tic component of the constitutive relation is basically equal to constitutive relation pre-
sented in Equation (5.12). Whether the relation presented in Equation (9.4) is appropri-
ate or not, remains to be seen. Unfortunately, accurate constitutive stress-strain rela-
tions for skin tissues such as granulation tissue, dermal tissue and scar tissue have not
been formulated yet [6]. Looking, for instance, at the studies by Bischoff et al. [2] and Jor
et al. [13], it is clear that progress is made. However, we are not there yet.
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Another interesting way in which the mechanical component of the model can be
adjusted in the following. Due to the organization of the collagen molecules into in-
terconnected sheets and bundles, the geometrical distribution of the collagen bundles
in particular has a huge impact on the response of dermal tissues to mechanical forces
[13]. In order to incorporate this effect into the model presented in Chapter 7, the ten-
sorial approach presented in Chapter 4 could be used for the representation of collagen
bundles, and the constitutive stress-strain relation presented in Equation (7.15) could
be replaced with the constitutive relation derived in Chapter 4. Furthermore, Equation
(4.13) could be used for the description of the dynamic change of the geometrical dis-
tribution of the collagen bundles. Due to these adaptations to the model presented in
Chapter 7, it becomes possible to study the impact of tissue anisotropy on the formation
of contractures.

If the tensorial approach is used for the representation of the collagen bundles, then
it is also relatively simple to make the direction of cell movement also dependent on the
orientation of the collagen bundles. Previous experimental studies have demonstrated
that fibroblasts align with collagen bundles, which subsequently influences the direc-
tion of movement of these cells [8]. In order to incorporate this effect into the model,
Equation (7.5) and Equation (7.6) could be replaced with, for instance,

JN =Ωc [−DF F∇N +χF N∇c
]

, (9.5)

JM =Ωc [−DF F∇M +χF M∇c
]

. (9.6)

where

Ωc =
[

1− tr(Ωρ)

a I
ρ + tr(Ωρ)

]
I+

[
tr(Ωρ)

a I
ρ + tr(Ωρ)

]
Ω̂ρ . (9.7)

Here I is the second-order identity tensor, the tensor Ωρ represents the collagen bun-
dles, Ω̂ρ represents the tensor related to the collagen bundles with rows normalized to a
length of one, and the value for the parameter a I

ρ determines the haptotactic sensitivity
of the cells.

Furthermore, Verhaegen et al. [26] have demonstrated that stretching of both healthy
skin and scar tissue induces permanent adaptation of the orientation of the collagen
bundles in these tissues. Therefore, it might be interesting to incorporate into the model
the reorientation of collagen bundles due to forces. This could be accomplished perhaps
by absorbing into the model some of the ideas that were used for the development of the
model by Olsen et al. [21]. Due to this latter adjustment, it would become possible to
investigate the interaction between the adaptation of the geometrical distribution of the
collagen bundles due to cell fluxes and the adaptation of the geometrical distribution of
the collagen bundles due to forces.

9.2. FIBROBLAST DIFFERENTIATION & PULLING FORCES

I T is interesting to look at the way that the cell differentiation of fibroblasts into my-
ofibroblasts has been incorporated into the presented models, and to look at which

cell type causes the compaction of the wounded area in these models. Just like in the
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model developed by Olsen et al. [20], it is assumed in the models presented in Chap-
ters 4 through 7 that the rate of cell differentiation is dependent on the concentration
of the signaling molecule with no cell differentiation taking place in the absence of this
signaling molecule. However, if the signaling molecule represents transforming growth
factor-β, then the stimulation to differentiate by these signaling molecules is only effec-
tive in the presence of particular isoforms of fibronectin [24]. In addition, experimental
studies have demonstrated that the differentiation of the cells solely takes place under
conditions of sufficient mechanical stiffness [28]. At present it is actually unclear what
the true stiffness is that is perceived by fibroblasts. Given that the (prolonged) presence
of myofibroblasts in the wounded area probably plays an important role in the devel-
opment of sequelae, it is interesting to investigate the cell differentiation of fibroblasts
into myofibroblasts in more detail in order to obtain, for instance, insights regarding the
perceived stiffness by fibroblasts. For this end, models such as the ones developed in
this study could be used. Certain elements of the models developed by Murphy et al.
[18] and Valero et al. [25], for instance, could be used for the mathematical description
of the cell differentiation mechanism wherein the rate of differentiation is influenced by
the mechanical environment.

In the model that has been presented in Chapter 3, wound contraction is caused
by temporary pulling forces that are generated by fibroblasts, while in the models that
have been presented in Chapters 4 through 7 wound contraction is caused by tempo-
rary pulling forces that are generated by myofibroblasts. Two theories exist that can both
explain the compaction of a wounded area. On the one hand, there is the fibroblast
theory [10] while on the other hand, there is the myofibroblast theory [7]. According to
the fibroblast theory, the compaction of a wounded area is accomplished through many
individual fibroblasts that exert forces on the collagen bundles as they migrate into the
wounded area. According to the myofibroblast theory, the myofibroblasts within the
wounded area align along the tension lines of the skin [12]. Subsequently the pseu-
dopodia of the myofibroblasts extend, then the cytoplasmic actins of the myofibrob-
lasts bind, with aid of integrins, to extracellular fibronectins, which are attached to the
collagen bundles, and finally the pseudopodia retract. Taken together, this results in in-
ward drawing of the collagen bundles and hence the compaction of the wounded area
in the directions of the tension lines of the skin. At this moment it is impossible to deter-
mine in vivo which theory is correct. It might be the case that both theories are correct.
Perhaps both fibroblasts and myofibroblasts are involved in the compaction of dermal
wounds, but perhaps at different times and at different places. Given the impossibility to
determine at present how wound contraction is realized in vivo, and given that a better
understanding of this process probably improves the treatment of dermal wounds, it is
very interesting to investigate this process in more detail with models such as the ones
presented in this thesis.

9.3. VERIFICATION, CALIBRATION & VALIDATION

I N order to investigate the processes discussed in the previous section rigorously with
mathematical models, accurate (i.e., verified, calibrated and validated) computational

(i.e., numerical) models are needed. With the results obtained in this study such as the
custom-made numerical algorithms and the developed models, some progress has been
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made toward the construction of such accurate computational models. However, we are
not there yet. A few years ago an excellent editorial on the development of accurate
computational models for the medical clinic has been written by Viceconti et al. [27].
Here a short summary of the most relevant parts of this editorial in the context of this
thesis is presented. Based on this summary, recommendations are presented for the
further development of accurate computational models.

It all starts with the selection of a proper model and the determination of the right
element(s) of reality that one wishes to investigate. Basically, a model is a manifestation
of a particular scientific theory cast in mathematical formulas that is intended to provide
a meaningful abstraction of reality. For each theoretical framework, there are in princi-
ple infinitely many models that differ from each other with respect to such things as the
number of included components, the number of parameters, boundary conditions and
so on. Obviously, it is important to select that model that allows for the proper investi-
gation of the element(s) of reality that one wishes to examine.

Subsequently, it is important to verify that the mathematical model is approximated
accurately by the discrete computational model. Next, it is important to assure that the
number of parameters of the model is not too large and to obtain accurate estimates for
the values for these parameters. In general, it is very difficult to obtain such accurate
estimates. In addition, it is often impossible to obtain estimates for some of the param-
eters of the model. Finally, the obtained simulation results need to be validated against
controlled experimental measurements.

Based on the processes that have been discussed in the previous section, it is clear
that the models that have been developed during this study need to be adjusted such
that it becomes possible to investigate these processes. For instance, given that the cell
differentiation of fibroblasts into myofibroblasts depends critically on the presence of
particular isoforms of fibronectin and a sufficiently stiff environment, these dependen-
cies need to be incorporated into a model.

In this study the accuracy of the developed custom-made numerical algorithms was
investigated to some extent. For instance, with some of the algorithms the computations
were repeated a few times with gradually refined triangulations. It was observed that the
differences between the obtained results were small. This provides some confidence
about the accuracy of the obtained approximations with these algorithms. However, in
order to increase the confidence in the accuracy of the approximations and obtain esti-
mates for the made approximation errors, more rigorous analyses should be performed.

Unfortunately, it was impossible to obtain accurate estimates for the values for most
parameters of the models. Furthermore, it was impossible to find any value for some pa-
rameters. Likewise, it was also very difficult to find proper experimental measurement
data for the validation of the obtained simulation results. As is also pointed out by Bow-
den et al. [3], this is a fundamental problem in the field of mathematical modeling of
dermal wound healing processes. Some of the simulation results presented in Chapters
5 through 7 could be validated against measurement data obtained with clinical / exper-
imental studies. However, it would have been very valuable to validate the simulation
results obtained with these models against both more experimental data and against ex-
perimental data of a different kind such as cell density profiles and collagen molecule
concentration profiles. If this could be done, then this would seriously increase our con-
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fidence in the validity of these models. Hence, there is a clear need for suitable experi-
mental data for the validation of the models.

In my opinion, the issues discussed in the preceding paragraphs demonstrate clearly
that a close collaboration between experimental scientists, computational scientists and
mathematicians is essential for the further development of accurate mathematical mod-
els: with aid of adequate experimental data generated by experimental scientists and, for
instance, a Bayesian framework for the calibration and the validation of verified compu-
tational models developed by computational scientists and mathematicians, these mod-
els can be constructed [1, 19]. Once these models are there, they can assist the experi-
mental scientist, for instance, with disentangling which cell type is responsible for the
compaction of a wounded area at a certain location and at a certain point in time. The
construction of such models might take a while, but I am confident that it can be done.
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A
DERIVATION OF THE GENERAL

FINITE-ELEMENT APPROXIMATION

I N this appendix, the general finite-element approximation of the solution for the pri-
mary model variables from Equation (7.1) is presented. In order to derive the general

finite-element approximation, Equation (7.1b) was rewritten as a systems of equations,
using the assumptions described in Section 7.2.5:



v1 = 0,

D(ρt v2)

Dt
+ρt v2 [∇·v] =∇·σ·2 + f2,

D(ρt v3)

Dt
+ρt v3 [∇·v] =∇·σ·3 + f3,

(A.1)

(A.2)

(A.3)

where

σ=
σ11 σ12 σ13

σ21 σ22 σ23

σ31 σ32 σ33

=
σ·1 σ·2 σ·3

 , and f =
 f1

f2

f3

 . (A.4)

Equation (7.1c) was also rewritten as a system of equations, using again the assumptions
described in Section 7.2.5. Furthermore, the term εi j [∇·v] for i , j ∈ {2,3} was added to the
left hand side (LHS) and the right hand side (RHS) of these evolution equations. That is,
to the evolution equation that describes the dynamic change of ε22 the term ε22[∇·v] was
added to the LHS and to the RHS, to the evolution equation that describes the dynamic
change of ε23 the term ε23[∇·v] was added to the LHS and to the RHS, and so on. Finally,
the individual equations of the system were rewritten (where use was made of the fact
that the effective strain tensor is symmetric for all time t ), in order to obtain:
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ε11 = ε12 = ε21 = ε13 = ε31 = 0,

Dε22

Dt
+ε22[∇·v] = [1−ε33]

∂v2

∂y
+ε22

∂v3

∂z
+ 1

2

[
∂v2

∂z
− ∂v3

∂y

]
[ε23 +ε32]−G22,

Dε23

Dt
+ε23[∇·v] = ε23

[
∂v2

∂y
+ ∂v3

∂z

]
+ 1

2

{
[1−2ε22]

∂v2

∂z
+ [1−2ε33]

∂v3

∂y

}
−G23,

Dε33

Dt
+ε33[∇·v] = [1−ε22]

∂v3

∂z
+ε33

∂v2

∂y
− 1

2

[
∂v2

∂z
− ∂v3

∂y

]
[ε23 +ε32]−G33,

ε32 = ε23,

(A.5)

(A.6)

(A.7)

(A.8)

(A.9)

where

G =
G11 G12 G13

G21 G22 G23

G31 G32 G33

=
G11 G21 G31

G21 G22 G32

G31 G32 G33

 . (A.10)

Next, the weak formulations of Equation (7.1a), Equation (A.2) and Equation (A.3)
were derived. For this end, these equations were multiplied by a test function η(x, t ) ∈
H 1(Ωx,t ), t ∈ [0,T ], where T is the total simulation time, first. Subsequently, the equa-
tions were integrated over the domain of computation and Green’s first identity was ap-
plied. Taken together this results in the following:

∫
Ωx,t

{
η

Dzi

Dt
+ηzi [∇·v]

}
dΩx,t =

∫
Ωx,t

[∇η · Ji +ηRi
]

dΩx,t −
∫

∂Ωx,t

η [Ji ·n]dΓx,t , (A.11)

ρt

∫
Ωx,t

{
η

Dv2

Dt
+ηv2[∇·v]

}
dΩx,t =

∫
Ωx,t

[
η f2 −∇η ·σ·2

]
dΩx,t +

∫
∂Ωx,t

η [σ·2 ·n]dΓx,t , (A.12)

ρt

∫
Ωx,t

{
η

Dv3

Dt
+ηv3[∇·v]

}
dΩx,t =

∫
Ωx,t

[
η f3 −∇η ·σ·3

]
dΩx,t +

∫
∂Ωx,t

η [σ·3 ·n]dΓx,t , (A.13)

with n the unit outward pointing normal vector to the boundary of the domain of com-
putation. Next, the product rule of differentiation was applied on the first term of the
integrands on the LHS of the above equations and Reynold’s transport theorem was used
on the LHS of the above equations. Taken together this results in the following weak for-
mulations. Find zi (x, t ) ∈ H 1(Ωx,t ), t ∈ [0,T ] for i ∈ {N , M ,c,ρ}, v2(x, t ) ∈ H 1(Ωx,t ), t ∈
[0,T ] and v3(x, t ) ∈ H 1(Ωx,t ), t ∈ [0,T ] such that

d

dt

∫
Ωx,t

ηzi dΩx,t =
∫
Ωx,t

[
∇η · Ji +ηRi + zi

Dη

Dt

]
dΩx,t −

∫
∂Ωx,t

η [Ji ·n]dΓx,t , (A.14)
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ρt
d

dt

∫
Ωx,t

ηv2dΩx,t =
∫
Ωx,t

[
η f2 −∇η ·σ·2 + v2

Dη

Dt

]
dΩx,t +

∫
∂Ωx,t

η [σ·2 ·n]dΓx,t , (A.15)

ρt
d

dt

∫
Ωx,t

ηv3dΩx,t =
∫
Ωx,t

[
η f3 −∇η ·σ·3 + v3

Dη

Dt

]
dΩx,t +

∫
∂Ωx,t

η [σ·3 ·n]dΓx,t , (A.16)

for all η(x, t ) ∈ H 1(Ωx,t ), t ∈ [0,T ].
Repeating the above procedure without the application of Green’s first identity re-

sults in the following weak formulations of Equation (A.6), Equation (A.7) and Equa-
tion (A.8). Find ε22(x, t ) ∈ L2(Ωx,t ), t ∈ [0,T ], ε23(x, t ) ∈ L2(Ωx,t ), t ∈ [0,T ] and ε33(x, t ) ∈
L2(Ωx,t ), t ∈ [0,T ] such that

d

dt

∫
Ωx,t

ηε22dΩx,t =
∫
Ωx,t

{
ε22

Dη

Dt
−η

{
[ε33 −1]

∂v2

∂y
+G22

}}
dΩx,t+

∫
Ωx,t

η

{
ε22

∂v3

∂z
+ 1

2

[
∂v2

∂z
− ∂v3

∂y

]
[ε23 +ε32]

}
dΩx,t , (A.17)

d

dt

∫
Ωx,t

ηε23dΩx,t =
∫
Ωx,t

{
ε23

Dη

Dt
−η

{
G23 −ε23

[
∂v2

∂y
+ ∂v3

∂z

]}}
dΩx,t+

1

2

∫
Ωx,t

η

{
[1−2ε22]

∂v2

∂z
+ [1−2ε33]

∂v3

∂y

}
dΩx,t , (A.18)

d

dt

∫
Ωx,t

ηε33dΩx,t =
∫
Ωx,t

{
ε33

Dη

Dt
−η

{
[ε22 −1]

∂v3

∂z
+G33

}}
dΩx,t+

∫
Ωx,t

η

{
ε33

∂v2

∂y
− 1

2

[
∂v2

∂z
− ∂v3

∂y

]
[ε23 +ε32]

}
dΩx,t , (A.19)

for all η(x, t ) ∈ L2(Ωx,t ), t ∈ [0,T ].
In order to derive the finite-element approximation, the general triangulation of the

domain of computation Ωx,t is presented first. Next, the used finite-dimensional sub-
space of the Hilbert space H 1(Ωx,t ), t ∈ [0,T ] and the Lebesgue space L2(Ωx,t ), t ∈ [0,T ]
are introduced, and then the used basis functions for this finite-dimensional subspace
are introduced. Finally, new versions of the above derived weak formulations are pre-
sented. These new versions of the weak formulations are the finite-element approxima-
tions of the solution for the primary model variables from Equation (7.1).
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The following general triangulation Th,t of the domain of computationΩx,t , t ∈ [0,T ]
was used:

Ωx,t =
⋃

Kt∈Th,t

Kt , (A.20)

where

• the elements Kt are straight triangles with the general property that meas(Kt ) 6= 0,

• meas(K 1
t ∩K 2

t ) = 0 for every pair of distinct elements K 1
t ,K 2

t ∈Th,t ,

• if F = K 1
t ∩K 2

t 6= ;, then F is either a common side or vertex of K 1
t and K 2

t ,

• diam(Kt ) ≤ h for all Kt ∈Th,t .

Each of the elements Kt of Th,t was obtained by applying an invertible affine mapping
TK ,t on the reference triangle K̂ with vertices (0,0), (1,0), and (0,1).

The finite-dimensional subspace that was used is the following:

Xh(t ) =
{
ηh ∈C 0(Ωx,t ) | η̂h

K ∈P1 ∀Kt ∈Th,t , t ∈ [0,T ]
}

, (A.21)

with ηh(x, t ) = η̂h
K (T −1

K ,t (x)) and P1 the space of polynomials of degree less than or equal

to one in two space variables defined on the reference triangle K̂ . (See for example Quar-
teroni and Valli for a proof of the fact that Xh(t ) ⊂ H 1(Ωx,t ), t ∈ [0,T ], and see the Sobolev
embedding theorem for a proof of the fact that H 1(Ωx,t ), t ∈ [0,T ] ⊂ L2(Ωx,t ), t ∈ [0,T ]
[2]. Note that these inclusions also imply Xh(t ) ⊂ L2(Ωx,t ), t ∈ [0,T ].)

In this study the values of the functions ηh(x, t ) at the vertices of each element Kt

were chosen as the degrees of freedom on each of these elements. Denoting by Nh the
total number of vertices in the triangulation Th,t and denoting by a j , j ∈ {1, . . . , Nh} the

coordinates of these vertices withinΩx,t , the functions ϕi ∈ Xh(t ) with

ϕi (a j , t ) = δi j , i , j ∈ {1, . . . , Nh} (A.22)

were chosen as basis functions for the finite-dimensional subspace Xh(t ).
Hence, looked for are finite-element approximations zh

i (x, t ), vh
2 (x, t ), vh

3 (x, t ),

εh
22(x, t ), εh

23(x, t ), εh
33(x, t ) ∈ Xh(t ), t ∈ [0,T ] for i ∈ {N , M ,c,ρ} with

zh
i (x, t ) =

Nh∑
j=1

z j
i (t )ϕ j (x, t ), vh

2 (x, t ) =
Nh∑
j=1

v j
2 (t )ϕ j (x, t ),

vh
3 (x, t ) =

Nh∑
j=1

v j
3 (t )ϕ j (x, t ), εh

22(x, t ) =
Nh∑
j=1

ε
j
22(t )ϕ j (x, t ),

εh
23(x, t ) =

Nh∑
j=1

ε
j
23(t )ϕ j (x, t ), εh

33(x, t ) =
Nh∑
j=1

ε
j
33(t )ϕ j (x, t ),

(A.23)

such that
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d

dt

∫
Ωx,t

ηh zh
i dΩx,t =

∫
Ωx,t

[
∇ηh · Jh

i +ηhRh
i + zh

i
Dηh

Dt

]
dΩx,t −

∫
∂Ωx,t

ηh
[

Jh
i ·n

]
dΓx,t , (A.24)

ρt
d

dt

∫
Ωx,t

ηh vh
2 dΩx,t =

∫
Ωx,t

[
ηh f h

2 −∇ηh ·σh
·2 + vh

2
Dηh

Dt

]
dΩx,t +

∫
∂Ωx,t

ηh
[
σh
·2 ·n

]
dΓx,t ,

(A.25)

ρt
d

dt

∫
Ωx,t

ηh vh
3 dΩx,t =

∫
Ωx,t

[
ηh f h

3 −∇ηh ·σh
·3 + vh

3
Dηh

Dt

]
dΩx,t +

∫
∂Ωx,t

ηh
[
σh
·3 ·n

]
dΓx,t ,

(A.26)

d

dt

∫
Ωx,t

ηhεh
22dΩx,t =

∫
Ωx,t

{
εh

22
Dηh

Dt
−ηh

{
[εh

33 −1]
∂vh

2

∂y
+Gh

22

}}
dΩx,t+

∫
Ωx,t

ηh

{
εh

22

∂vh
3

∂z
+ 1

2

[
∂vh

2

∂z
− ∂vh

3

∂y

][
εh

23 +εh
32

]}
dΩx,t , (A.27)

d

dt

∫
Ωx,t

ηhεh
23dΩx,t =

∫
Ωx,t

{
εh

23
Dηh

Dt
−ηh

{
Gh

23 −εh
23

[
∂vh

2

∂y
+ ∂vh

3

∂z

]}}
dΩx,t+

1

2

∫
Ωx,t

ηh

{
[1−2εh

22]
∂vh

2

∂z
+ [1−2εh

33]
∂vh

3

∂y

}
dΩx,t , (A.28)

d

dt

∫
Ωx,t

ηhεh
33dΩx,t =

∫
Ωx,t

{
εh

33
Dηh

Dt
−ηh

{
[εh

22 −1]
∂vh

3

∂z
+Gh

33

}}
dΩx,t+

∫
Ωx,t

ηh

{
εh

33

∂vh
2

∂y
− 1

2

[
∂vh

2

∂z
− ∂vh

3

∂y

][
εh

23 +εh
32

]}
dΩx,t , (A.29)

for all ηh(x, t ) ∈ Xh(t ), t ∈ [0,T ]. Here Jh
i , Rh

i , σh
·2, σh

·3, f h
2 , f h

3 , Gh
22, Gh

23, and Gh
33 are equal

to, respectively, Ji , Ri , σ·2, σ·3, f2, f3, G22, G23, and G33 where the primary model vari-
ables have been replaced by their respective finite-element approximations from Equa-
tion (A.23).

The linear systems of algebraic equations related the above weak formulations can
be obtained now by applying consecutively the first-order backward Euler method and
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the fixed-point defect correction method, and by replacing ηh(x, t ) with ϕ j (x, t ) for j ∈
{1, . . . , Nh}. (See for example Van Kan et al. for more details about these procedures [3].)
Finally, note that the following holds for the chosen basis functions of the subspace Xh(t )
[1]:

Dϕ j

Dt
= 0. (A.30)

This property of the chosen basis functions simplifies the construction of the linear sys-
tems of equations.
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