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Abstract

This thesis aims to contribute to the understanding of how waves interact with soil. It is crucial for
various applications in Civil Engineering to analyze the behaviour of soil and to understand the physics
behind it. This master thesis contributes to this understanding via studying the impact of the boundary
conditions on the model results with the aim of being able to model interaction between waves and soil.

We assume a media that is poroelastic and fully-saturated, unless stated otherwise. We also as-
sume that the porous media consists of incompressible soil particles and pore water particles that may
either be compressible orincompressible. The main goals of this thesis are (1) to describe the response
of porous media to transient hydraulic loads using numerical methods like the Finite-Element Method,
and (2) to apply it to a one-dimensional case whereby a sandbed is subjected to waves. Currently,
it is common to predict the changes in pore water pressures in porous media subjected to transient
hydraulic loads using Biot's model, which often assumes compressible pore water, assumes zero ef-
fective stresses on the surface of the seabed, and assumes that the wave load is completely carried by
the pore water pressure only. Recently, a new model is proposed by Van Damme and Den Ouden-Van
der Horst suggesting that transient hydraulic loads acting on a porous medium affect both the pore
water pressures and effective stresses in soils. Note that this makes sure that the momentum bal-
ance equations are satisfied throughout the computational domain and its boundaries. The boundary
conditions in this case do not satisfy Terzaghi’s effective stress principle, whereas the standard has
been to impose Terzaghi’s effective stress principle when solving Biot’s equations. Terzaghi’s principle
states that the sum of the effective stresses and pore water pressures must equal the hydraulic loads,
whereas Biot’s model is in line with this principle.

The model of Biot and the new model of Van Damme and Den Ouden-Van der Horst describe the
physics differently which can have a large impact on the results. For example, the assumption of com-
pressibility can significantly impact the distribution of the effective stress in the soil and thus the results.
Biot’s model is more sensitive for changing the compressibility parameter than the new model. Both
models give similar solutions to the water pressure. However, they give different solutions to the other
variables like the volumetric strain and displacements which appear in both models. Furthermore, the
new model in one dimension is in line with the momentum balance equations and satisfies the volume
balance equation. On the other hand, the standard is to solve Biot's model by imposing Terzaghi’s
principle at the boundary. For the new model we found promising results for the water pressure, when
validating with the data of two experiments. At the end, which model predict the best solutions for vol-
umetric strain, water pressure and displacements depends on what kind of problem the model is used
for and the corresponding physics.
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Nomenclature

Table 1: Directions and their symbols.

| Direction | Symbol |
Horizontal X
Vertical z

Table 2: Symbols and their definitions and units.

Definition | Symbol | Units |
Basis-finite-element functions N -
Basis-finite-element functions N -
Boundary domain dQ -
Compressibility of the pore water B Pal
Density of the soil Ds kg/m?
Density of the pore water pr kg/m3
Displacement of the soil particles in the i-direction | u; (fori =x,z) m
Displacement of the pore water in the i-direction w; (fori =x,z) m
Domain Q -
Effective size of grains dyo m
Effective stress tensor 0 (fori,j =x,2z) | Pa
Elasticity modulus E Pa
Hydraulic conductivity K, m/s
Functions in time Eyyy Fyy N
Geometric map ¢ -
Lamé’s constants A u Pa
Length in i-direction n; (fori =x,z) m
Normal unit vector to the boundary n -
Poisson ratio 12 -
Pore water pressure P Pa
Porosity of the soil p -
Relative density D, -
Specific weight of the pore water Yw N/m?3
Stopping time tend s
Strain tensor for soil €;j (fori,j=x,2) | -
Time t s
Time step At ]
Total stress tensor i (fori,j =x,2z) | Pa
Volumetric strain of the soil particles Evol -
Vorticity of the soil particles w -

Vi
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Introduction

Analyzing the behaviour of the soil and understanding the physics behind it is crucial for various ap-
plication of Civil Engineering, like flood risk management and offshore Engineering. This is especially
important for a country like the Netherlands, which for a large part is below sea level. To prevent flood-
ing of the land we have to build and keep up flood defences and predict how their strength is affected by
changes in hydraulic loads. An example of how the interaction between hydrodynamic loads and soils
could influence levee safety is the case when a foreshore is experiencing loads due to the water waves
which is shown in Figure 1.1. Due to the water waves, deformations of the foreshore could result in
a decrease in resistance of the foreshore against erosion or shearing. Erosion of the foreshore leads
to an increase in hydrodynamic loads on the levee cover and a decrease in resistance could cause
deformation of the seaside toe structure of levees. On the other hand, foreshores reduce wave heights
and loadings on the levee, if the erosion is limited. There are thus many factors that have an impact
on flood defences.

Sky

Sand

Figure 1.1: A flat foreshore subjected to water waves. The hydraulic load is denoted by the red arrows. When the red arrow is
pointing downwards there is a positive pressure on the soil (pushing force) and when the red arrow is pointing upwards there is
a negative pressure on the soil (pulling force).

To understand the relation between the soil and hydrodynamic loads and to be able to translate it to
different real life scenarios, it is important to analyze and predict this relation for realistic scenarios such
as a five metres thick layer of clay subjected to water waves with a period of hours or even days, and a
sandy bed subjected to water waves with a period of only seconds. When adding vegetation to the soil
we get another realistic scenario. To develop insights into the interaction between vegetated foreshores
and water waves, Deltares has recently performed full-scale experiments [1]. For this project two lines
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2 1. Introduction

of salt-marsh vegetation were placed and for various wave conditions the pressure, the movement of
the clay, the velocity of the water and the movement of the vegetation were monitored [1]. Monitoring
these during the experiments gives a better physical understanding of the interaction. Despite the costs,
this remains essential for being able to translate the experimental results to foreshores with other types
of soil. This way we can predict the impact of the water waves on the soil better for a certain case
by doing these expensive experiments only once and translate it instead of analyzing for each specific
case.

Since there are many more scenarios, like having different compositions of soils as seabed, a gen-
eral description of the behaviour of the seabed is needed such that it can be applied to many different
cases. This way we can predict the influence of the water waves without doing expensive experiments
for each specific case. In this paper, the seabed is assumed to be fully-saturated and poroelastic and
that the waves are of Poisseuille type (pressure-induced flow) [2]. The soil particles in the seabed are
assumed to be incompressible and the water particles could either be compressible or incompressible
[3], [4]. In these cases it is common to use Biot's model. This model explains how fully-saturated
poroelastic media deform [2] and have been studied extensively [3], [5]. However, in this model it is
often assumed that the pore water is compressible [2] to better match the data obtained by experiments
[6]. Unfortunately, this assumption of compressibility of pore water can significantly impact the distri-
bution of the effective stress in the soil and thus also the deformation of the soil [4]. However, recent
research has proposed a similar model that would not be impacted by the compressibility of the pore
water [4]. These two models describe the physics differently, and thus can have a large impact on the
results. Therefore, it is important to investigate the differences and validate with real case scenarios.
In this thesis, the new model will be validated against two one-dimensional cases. We will compare the
numerical results of the new model with data from two different experiments.

The aim of this master thesis is

1. to describe the response of porous media to transient hydraulic loads using numerical methods
like the Finite-Element Method, and

2. to apply it to a one-dimensional case whereby a sandbed is subjected to waves.

Two models will be discussed: one is the well-known older model by Biot (1955) [2] and the other
one is a recently published model by Van Damme and Den Ouden-Van der Horst (2023) [4]. For both
models the acceleration terms and body forces like gravity will be ignored, the wave is assumed to
be a standing wave and the soil properties are assumed to be constant in space and time. The main
difference between the models lies in their boundary conditions at the surface. Biot’s model aligns with
the effective stress principle of Terzaghi which states that the total stress acting on a porous medium
has to be equal to the pore water pressures added to the effective stresses [2]-[4]. Furthermore,
Biot's model assumes that the full transient load due to the waves is carried by the dynamic pressure
and that the effective stresses of the porous soil are zero at the surface boundary. Lastly, in Biot's
model it is often assumed that the water is compressible.On the other hand, the new model is based on
maintaining valid momentum balance equations within the computational domain and its boundaries [4]
and considers instead the stress and the gradient of the stress, which follows from one of the momentum
balance equations, at the surface boundary. While the new model then follows D’Alembert’s principle
of minimisation of virtual work [4], it does not satisfy the effective stress principle of Terzaghi at the
surface in case of transient load which would be valid in the case of statics and linear stress [4]. The
choice of boundary conditions can have an significantly impact on the results. For example, the choice
of boundary conditions for Biot's model does not match observations of grass covers being pulled from
the soil [7]. Due to the choice of boundary conditions for the new model, the solutions for the new model
can explain this event [4]. Furthermore, the solutions of the new model could also help to explain the
liquefaction of soil which is often observed when soil is subjected to water waves [4], [8].

Biot’s model and the new model will be solved for variables that describe the deformation of the
porous media by using numerical methods. In this report, we assume to have one homogeneous layer
of soil as seabed, unless stated otherwise. We use the Finite-Element Method (FEM) for discretising
in space. For discretising in time the Backward-Euler Method is used. This way a numerical model is
derived for Biot's model and Van Damme and Den Ouden-Van der Horst. These numerical models for
Biot’s model and the new model will be solved for variables like the dynamic water pressure, volumetric
strain and displacements. The volumetric strain and displacements are variables of minor importance



compared to the pore water pressure. However, the impact of the volumetric strain and displacements
on the effective stress and shear stress is very important, since the stability of the embankment is
determined by checking whether the effective stresses combined with shear stresses exceed a critical
value. The shear stress is a function of the effective stress: when the effective stress increases, also the
resistance to shearing grows. Similar to our literature report [9], we would like to answer the following
questions:

1. Do Biot's model and Van Damme and Den Ouden-Van der Horst model in two dimensions differ
in (numerical) solution?

2. Do the results of the two models get impacted by the assumption of (in)compressibility?

3. Can the numerical model correctly reproduce the physical behaviour observed during experi-
ments?

We start in Chapter 2 with describing the stress and strain relations in a linear elastic medium. Then
we extend these relations for the case of a fluid-solid system with a poroelastic fully-saturated medium.
In Chapter 3 these constitutive equations describing the deformation of fully-saturated poroelastic me-
dia are stated in two dimensions. This set of equations is better known as Biot's model [2] where pore
water is often assumed to be compressible. The numerical discretisation of Biot's model is stated in
Chapter 4. In Section 4.1 we will look into the application of the Finite-Element Method and in Section
4.2 we will look into the application of the Backward-Euler method on the model of Biot in two dimen-
sions in order to discretise the governing equations in space and time, respectively. In Chapter 5 the
numerical discretisation of Biot's model in two dimensions is solved for three different but similar sets of
boundary conditions. In Chapter 6 the governing equations of the new model of Van Damme and Den
Ouden-Van der Horst in two dimensions are determined. In Chapter 7 these equations are discretised.
In Section 7.1 the governing equations of the new model in two dimensions are first discretised in space
by the Finite-Element Method and in Section 7.2 the resulting equations are descretised in time by the
Backward-Euler method. In Chapter 8 the numerical descretisation of the model of Van Damme and
Den Ouden-Van der Horst in two dimensions is solved in two dimensions for two different but similar
boundary conditions sets. Then in Chapter 9 some more comparison is done between Biot's model
and the new model in two dimensions by switching a set of boundary conditions. This way we want
to investigate the influence of the model and of the boundary conditions separately. In Chapter 10 we
validate the new model. We will first reduce the two-dimensional new model to one dimension in Sec-
tion 10.1 and then compare the new model in one dimension to two different datasets. One dataset is
obtained by measuring data in a one-dimensional set up with a vertical cylinder with first a sand deposit
of 1.8 metres thick and then 0.2 metres water above the sand which is described in Section 10.2. The
second dataset is obtained by measuring data in the middle of the width of the Twente channel when
a ship passes by which is described in Section 10.3. Lastly, in Chapter 11 the conclusions are made,
the research questions will be answered and ideas for further research are discussed.






Linear elastic medium (2D)

Following our literature report [9], we start with deriving the basic equations for a linear elastic medium,
using Cartesian coordinates x, z, since this is a more simple case than the fluid-solid system with a
fully-saturated poroelastic medium. We can write the stresses and strains as [2], [5]

G = [""x "“] and @2.1)
O-xz zZZ

E:= % Sz, (2.2)
EXZ EZZ

where o;; [-] is the stress and ¢;; [-] is the strain for i,j = x,z. We will refer to & and € as the stress
tensor and strain tensor, respectively. The stress components g;; for i = x, z are called normal stresses
and g;; fori,j = x,zand i # j are called shear stresses. Two deformations with constant volume due to
the normal stresses and the shear stresses are given by Figures 2.1 and 2.2, respectively. The strain
components denote the change in length of an element divided by its original length [10]. For example,
the horizontal strain €,,, is the change of horizontal length of an element of original length Ax dived by
that original length [10]. In Figure 2.3 the strain components are shown.

Normal stress l

oil particl

Soil particl

<+ =)

f

Figure 2.1: Deformation with constant volume due to normal stresses [10].



6 2. Linear elastic medium (2D)

Shear stress I

Soil particle|

Figure 2.2: Deformation with constant volume due to shear stresses [10].

Figure 2.3: Strain components of € acting on the computational domain Q which is a rectangle [10].
This figure is from (Verruijt,2010).

In this section we assume a linear elastic medium of which a volume of the solid system will be
represented by a rectangle of size n, x n,. The domain Q := n, X n, is shown in Figure 2.4 together
with the stress components pointing in positive direction.

Then we can use geometric equations, equations of motion and constitutive equations to represent
the strain-displacement relations and stress-strain relations. In tensor form the geometric equations
are given by [2], [5]

_ 1oy Ou; for i i = 23
eij—z 6j+6i ori,j=x,2z (2.3)

where u; [m] denotes the displacement of the solid in the i-direction and u; ; means derivative of u; with
respect to the j-th component.



P S
Z
Gzx
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Q
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Figure 2.4: Stress components of ¢ acting on the computational domain Q which is a rectangle.

According to [5], the constitutive equation which will be given in tensor form of Hooke’s law:

Oij =~ Z Z Cijri€r forij=x,z, (2.4)

k=x,z l=x,z

where c; j;; are components of a fourth-rank tensor including 81 components. Since stress tensors and
strain tensors are symmetric, we have first minor symmetry and second minor symmetry, i.e. c;ji; =
Cjike @nd ¢;ji; = ciji- Furthermore, for a homogeneous medium, we also have major symmetry, i.e.
Cijki = cuij [5]. Because of these symmetries, the number of independent components decreases to
2 so that Equation (2.4) becomes [3]

o-ij = —ZHEU — Aé\ijevol for l,] =X, 2Z,

where €, = €xx + €,y + €,, fOri = x,, 2, §;; is the kronecker delta function (§;; = 1 if i = j, otherwise
0) and A [Pa] and u [Pa] are Lame’s constants. Lamé’s constants are defind as

1 = VpE
~ (1+Zp)(1—2vp) (25)
Ho= 2(1+vp)’

where E represents Young’'s modulus and v, Poisson’s ratio [5], [10]. Rewriting this in matrix-vector
form [5] gives

o = —Ce,
where
Oxx Exx A+2u A 0
o=\|0,]| €=|€ey|, C= A A+2u 0f.
Oxz €xz 0 0 u

Note that matrix C is non-singular and invertible.
These conclude the relations of stresses and strains for a linear elastic medium.






Biot's model (2D)

We will now look into the governing equations of a fully-saturated poroelastic medium in line with Biot’s
model. Following our literature report [9], we consider a volume of a solid-fluid system which will be
described by a unit size rectangle and assume that the principal stress and strain directions are the
same. Furthermore, we ignore the acceleration terms of the fluid relative to the solid for now. And last,
the body forces are also ignored.

In this chapter we will describe the stress and strain relations in this fluid-solid system by the govern-
ing equations of Biot's model in two dimensions together with the corresponding boundary conditions.
In order to derive Biot's model we follow the steps presented by Verruijt [3], [10] and use their final
set of equations instead of the equations of the new model of Van Damme and Den Ouden-Van der
Horst stated in Chapter 4 of our literature report [9] (and in Chapter 6 of this master thesis). This Biot’s
model uses one governing equation less and one boundary condition more than the new model which
is described in Chapter 6.

3.1. Conservation of mass equation

First of all, we need the equations of conservation of mass of the solids and the pore water. As described
in our literature report [9], according to [3] the resulting mass balance equation for the pore water (fluid)

is given by
opps d owy d ow,\
at +$<ppf ot )Tz \PPr e )0 (3.1)

where p¢ [kg/m3] is the density of the fluid, w, [m] is the displacement of the pore water in x-direction,
w, [m] is the displacements of the pore water in z-direction and p [-] the porosity of the medium. The
mass balance equation for the soil is given by [3]

(1 —p)ps d ouy d ouy \

where p, [kg/m3] is the density of the soil, u, [m] is the displacement of the soil in x-direction and u,
[m] is the displacements of the soil in z-direction.
When assuming that the pore fluid depends on the fluid pressure by the following equation

Py = po€Xp [B(P — Py)],

where £ is the compressibility of the fluid, P the pore fluid pressure, and p, and P, are reference
quantities [10]. This means that

dppr _ O0pr dp
Toc Par TP
_ aP dp 3.3

9



10 3. Biot’s model (2D)

When substituting Equation (3.3) into Equation (3.1), we can rewrite the mass balance equation of the

pore water as
ap d Owy, d ow,\
pﬂ ( R ) + 3 (p T > =0, (3.4)

where P [Pa] denotes the pore water pressure and  [Pa~!] the compressibility. Note that the water
is incompressible if § = 0.0 and compressible if 5 > 0. We assume that the soil particles are in-
compressible. Then we have that the density p, is constant. Therefore, we have that Equation (3.2)

becomes
dp 0 ou, d Ju, \
—54‘&([1—1’]?)4'&([1—?] 6t>_ : (3.5)
When adding Equations (3.4) and (3.5), we get [3]
aP 0 O(wy —uy) a ad(w, —uy,) d (0du, 0 (Oduy\
P a*a(”—at TP )t )tale )70 GO
. ouy duy,
Using €y = > T35, wecan write Equation (3.6) as [3]
P 0 [ O(wy —Uy) a [ 0w, —uy) O€vol
ot ox (p e Jtea\PT o )T T (3.7)
The quantity g; := Wi—ui) gop j = x, z is the porosity multiplied by the difference of the velocities of the

pore water and soil particles. The specific discharge denotes this and appears in Darcy’s law for fluid

motion [3]. Using Darcy’s law, we can also write that q; = -5 ZP for i = x,z, where K, [m/s] denotes
the hydraulic conductivity and y,, [N/m3] the specific weight [3] Therefore, we have that
K _ d(w —u)
v (ﬁvp> _v. <p—6t , (3.8)
where V- = % + % for all vectors v = [v"]. After substituting Equation (3.8) into Equation (3.7) and
z
assuming K and Y are constants, we get
Yw 0P 2 Yw 0€yol _
K Ph ot VP K, ot (3.9)
We can rewrite Equation (3.9) in terms of u,, u, and P as follows
Yw 0 (Ou,  Oug\
pﬁ P+ — X, at(ax + P ) =0. (3.10)

3.2. Momentum balance equation

The stress tensor can be separated into two parts, since we now have a fluid and a solid part. The
stress acting on a rectangular domain in Figure 2.4 can be denoted as Equation (2.1) [2] and the stress
acting on the fluid part the rectangle domain in Figure 2.4 can be described by the diagonal tensor [2]

5= [(S) (S)] (3.11)

where s [Pa] can be calculated by s = aP [2], [5] with P the fluid pressure and «a the Biot constant
that depends on the geometry of the medium. Usually @ = 1 can be assumed in Civil Engineering
problems [5]. We will assume from now on that @« = 1. Note the plus-signs in the relation s = aP which
describes that scalar s must be positive when the force acting on the fluid is a pressure and the stress
tensors oy, 0, and g, are negative due to the positive compression convention in the formulation. Note



3.3. Boundary conditions 11

that in [2] a minus-sign is placed before s, since they assume negative pressure when the stresses
are positive. The strain tensor in the solid is denoted by Equation (2.2), where ¢;; for i,j = x,z are
described by Equation (2.3) [2], [3]. For a linear solid medium the total stress and effective stress
coincided. However, since we now have a saturated medium, there is also the pore pressure in the
relation between total and effective stress which is in tensor form [2], [3]

o-ijzo-i’j+6ijp fori,jZXZ

where O'U [-] denotes the effective stress tensor of the solid medium, g;; [Pa] the total stress tensor, §;;
the Kronecker delta function and P the pore water pressure. Since a{j = —2ue;j — Ad;j€y0, We have

that
= —ZHEU - ASL']'EVOI + 5UP for l,] =X,2Z, (312)

where §;; is the kronecker delta and 4 and u are Lamé’s constant.
The equilibrium equations for a fully saturated poroelastic medium are made out of the stresses
acting upon the rectangle which is given by [2], [5]

aO'ix aO'iZ
0x 0z

=0 fori=ux,z (3.13)

Then substituting Equation (3.12) into Equation (3.13) gives

aEix aEVO| aP aEl'Z a€vo| apP _ .
ax - A6ix? + 6ix$ —2U 92 —).(S}ZW + 6iZ£ =0 fori=ux,z (314)

We can rewrite this as [3]

-+ w2 Ovol _ 2y, + ;—z =0 (3.15)
(/1+u)aev°' —,uVZuZ+a—IZ)=O ' '
v 2
where V2w = 2%+ 2% for ol vectors v = |**|. We can also rewrite Equation (3.14) as
dx? 922 v,
Iw O€yg| [‘)_P —
“6 @+2n=5  + o =0 (3.16)
aev0| aopP ’
where w = 2% _ %%z \hich is used in [4]. Note that w and € are not independent variables, since they

depend on the dlsplxacements Therefore, we will solve the set of equations given by Equation (3.16)
expressed in only the displacements and the pore water pressure, i.e.

ouy ouy, 2 P
(/1+u)uag(az ) -GtV 50 317)
—A+ w5 auz"— uz)—(/1+2y)V2uZ - =0

Note that Equations (3.15) and (3.17) have second order derivatives. Equation (3.15) depends on
€, P and u, or u, while Equation (3.17) depends on P,u, and u,. Using Equation (3.17), we already
used the definition of the dependant variables (¢, w) and do not need an extra equation(s) for these
variables. Furthermore, it can be analytically shown that the vorticity w is zero everywhere on the
domain and its boundaries and therefore the first term of Equations (3.17) disappears which simplifies
the two momentum balance equations significantly. Equation (3.17) will be used further in this chapter.

3.3. Boundary conditions

At the surface, it is common in Biot's model to set the normal stress equal to the hydrodynamic load
and to suppose that the normal effective stress equals zero. This means that the water pressure at
the surface must equal the hydrodynamic load, since the normal stress is defined to be the sum of
the normal effective stress and the water pressure [9]. In other words, at the surface we have that
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0y, ‘= 0y, + P = F,, where o,, = 0, P = F,, and where E,, is a function depending only on time and
horizontal displacement. However, according to [4], the assumption of g,, + P = F,, gives a pressure at
the surface that is much larger than the pressure of the waves on the surface caused by water running
over the porous medium [9]. Note that since ¢,, = F,, = g,, + P, Terzaghi’s principle is met. Another
condition at boundary z = 0 [9] is that the shear stress equals also a function ¢,, = F,, [3], where F,, is

a function only depending on time and horizontal displacement. Recall that the formula of shear stress
is given by o,, = —2ue,, = —u (a;" + aauz)
At z = —n, we assume that the displacement for the soil and pore water in z-direction is zero for

a deep enough seabed [9] which implies that u, = 0 and that there is no gradient for the pore water
o . aP .
pressure which is defined as 3 = 0 [6], [7] at z = —n,, respectively.
Similarly, at x = 0 and x = —n, it is assumed that the displacements will smoothen out according
o = =0 and au" = 0 atx = 0,L [6]. Assuming that the displacements on
the S|des of the domain are negligible, we have that ux = 0 at x = 0,n, [6]. Therefore, we also have
that the volumetric strain does not have a gradlent V°' =0atx =0,n,. Furthermore we have that

the pore water has no gradient at x = 0 and x = n,, wh|ch is defined by — = 0, since the water

displacements are also assumed to be negligible [6]. Furthermore, since 2% a = 0and 2z a = 0, we

have that w = 0 at x = 0 and x = n,, which agrees when assuming w = 0 everywhere beforehand.
In conclusion, we have the following boundary conditions

_#(aux + Buz) —F,

forz=0:{P =E, , (3.18)
—22% — A+ 22z =0
forzz—nz:{uz=%=3—i=0 , (3.19)
duy, apP
andforx=0andx=nx:{ux= o =£=0 , (3.20)

3.4. Initial conditions

Following our literature paper [9], we assume that at the beginning, t = 0, everything is at rest. There-
fore, it is assumed that no stresses act on the surface in the beginning, so there are no stresses and
displacements at time t = 0 [4]. Since we have no displacement and stresses, the volumetric strain
and pressure must be zero too. Then we have that [4]

W|e=0 = Ux|t=0 = Uzlt=0 = €vollt=0 = Pl¢=0 = 0.



Numerical model of Biot (2D)

In this chapter, the numerical approximation of the two-dimensional physical model of Biot described
in Chapter 3 will be derived. We will use the Finite-Element Method for discretisation in space and the
Euler method for discretisation in time which are described in Sections 4.1 and 4.2, respectively. After
applying the discretisation first in space and second in time, the final numerical model is derived.

4.1. Discretisation in space
In the following sections we will discretise the mass and momentum balance equations which are given
in Section 3. First we will discretise these four equations with respect to space using the Finite-Element
Method (FEM) in order to derive the Galerkin equations. We do this per equation. In this numerical
approach we assume that Q = (0,n,) X (—n,, 0) € R? is the space domain and that T = (0, tenq) is the
time domain, with n,,n,, tenqg > 0.

The two-dimensional domain and its boundaries are given as in Figure 4.1, each with their own
color. The normal unit vectors with respect to this boundaries are also given in Figure 4.1, These have
corresponding colors to their boundary. The normal unit vectors in two dimensions are given by

B A i

Note that the first entry represents the x-direction (horizontal) and the second entry represents the
z-direction (vertical).

V4 13
dQ,

>

dQ, dQ,

<4
-N X
dQ ! !
L N1

Figure 4.1: Rectangle domain with boundaries and their normal unit vectors. The domain is given by the color blue. The
subdomains dQ,,dQ,,dQ; and dQ, with their normal unit vectors are given by the colors bordeaux red, light red, orange and
dark red, respectively.

13
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We define n to be the dimension of the space and N; are the basis-functions for i = 1, ..., n that form
a basis for the space. Note that in the next few sections N; has a superscript which can be the symbol
of the volumetric strain, pore water pressure or displacement in horizontal or vertical direction. In this
case, N; fori = 1, ..., n are defined for the space of that unknown variable specifically. n is assumed to
be the same for all spaces.

4.1.1. Conservation of mass equation
We will derive the weak form of the pressure equation and its matrix-vector form. Suppose that the test
and trial functions are given by

vUx(x, 2, t) = ; N (x, )5 (D), (4.1)

Uz (x,7,t) = ; N (x, 2)5 (), (4.2)

vP(x,2,6) = ; NP (x, 2)5P (0), (4.3)

U (x,2,t) = Zn: N (x, )} (t), (4.4)
=

Uy (x,2,t) = i NP (x, 2)i2 (E), (4.5)
=

P(x,2,t) = ; NP (x, 2)B,(0). (4.6)

Note that the basis-functions only depend on the domain Q and the parameters with a bar above depend
only on time T.

After multiplying Equation (3.10) by test function v* and integrating over the domain Q, we have
that

2 2
p|Yw _,0P 0°P 0°P 'y, 0 (Ou, Ou,
LAY, S (T it 3 Q=o. 4.7
L” [Kspﬁat oz "9z TR 9\ ax T oz )90 (4.7)

Since il + oz _ V - (VP), we can apply integration by parts on the _or ok part followed by the
9x2 922 ) Yy g y o 922 y

2
divergence theorem. Then Equation (4.7) becomes

—| v ewp. pYw | 50P 0 (Our  Ou
Lﬂv (vp n)dl"+fﬂv K. [p at+6t o + EP

After setting v” (x,z,t) = 0 for z = 0 because of the boundary condition given by Equation (3.18) and
using the other boundary conditions given by Equations (3.19) and (3.20), we get that

+ (VvP-vP)da =0. (4.8)

f vP(VP'n)dI‘=J vP(VP-nl)dF+J vP (VP -3,)dl
da doy dQ,

+f vP(VP-n3)dF+f vP (VP -p,)dr
d0; d

Qq

=0. (4.9)

When substituting the test and trial functions given by Equations (4.1), (4.2), (4.3) (4.4), (4.5) and
(4.6), and boundary integral given by Equation (4.9) into Equation (4.8), we get the following Galerkin
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equations
n a n aNuz n n
o=f21vff;g’2—w pho-| > NP+ Z Z L ||+ (v Y wrer ) v Y wpe)|do
(O s o
i=1 1=1 j=1 =1 i=1 =1
C - aP dé
=Zﬁ{’f Nipy—‘” pﬁZNlp—l +ZN?—J + |VNF - ZPIVN[’ dq. (4.10)
, Q s ot Lu ot
i=1 =1 j=1 =1

Since it must hold for arbitrary # with i = 1, ..., n, we have that Equation (4.10) still holds as

0= f Z N{ aPl ' N 01 + aNl oup En PVNF ||dQ. (4.1
PE p Ni L. dx at 9z ot ! - (@10
j=1 =1 =1
We can write Equation (4.11) as matrix-vector multiplication
APPP, + CP¥xuf + DP¥zu} + BPP = 0, (4.12)

where

Uz

oN;
P”Z = f NP da,
K 0z

Yw Puy
Af}!’:fn K—SpﬁNPNPdQ B, —f VN[ -VNPdQ, ¢ = f

_ Py _ at at at
P=|:|, P,=| ]|, uai=|: |, ai=|7: |,

B, 9Pn oy 9un

ot at at

fori,j =1,..,n. Equation (4.12) is our first matrix problem to solve.

4.1.2. Momentum balance equations
We will derive the weak form of the displacement equations and its matrix-vector form. Suppose that
the test functions are given by Equations (4.1), (4.2) and (4.3), and the trial functions are given by (4.4),
(4.5) and (4.6) for u,, u, and P, respectively.

After multiplying Equations (3.17) by test functions v*x and vz, respectively, and integrating over
the domain Q we get

0— v [—(A+2 Zu +a 2 YO I Oux _ Ot aP dQ, 413
BGREA W= ar P R “) 3z ox ) ox (4.13)

o— vz |~ (A + 2 zu +6uz + Oux _ 0z ) 9P 4a. 414

—(@+ 2 a2 )~ ”) 9z  ox ) oz .14

2uy ?;;i = V. (Vu;) for i = x,z, applying integration by parts and divergence theorem to

Equatlorglcs (4.13) and (4.14) gives

0=—f v [(A + 2u)Vu -n]dF+J ((/Hu) (au" —auz)+a—P>+(/1+2,u)[Vv”x-Vu 1da
™ x dz  Ox 0x e
(4.15)
0= —f vz [(A + 2u)Vu, -] dT +f ( A+m5- (a”" - auz) + a—P> + (A + 2p) [Vv¥z - Vu,] dQ.
40 0z d0x 0z
(4.16)

After substituting the boundary conditions given by Equations (3.18), (3.19) and (3.20) into Equations
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(4.15) and (4.16), we get that

j v [Vu, -n]dl = J v [Vu, -n,]dl + j v [Vu, -n,]dr
do dQ, dQ,

+f v [Vu, -n3]dl + f v [Vu, -n,]dl
dQs dQ,

f u <6uz + 1R )dr (4.17)
= — vHx - , .
0, ox p

f v¥z [Vu, -n]dl = f vz [Vu, -n,]dl +f v¥z [Vu, -9,]dl
dQ dQ, dQ,

+J v¥z [Vu, - 93] dl +j v¥z [Vu, -n,]dl
dQ; dQy

——J wy A Oy (4.18)
B dQv A42p ox '

Substituting the test and trial functions given by Equations (4.1), (4.2), (4.3) (4.4), (4.5) and (4.6), and
boundary integrals given by Equations (4.17) and (4.18) into Equations (4.15) and (4.16) gives the
following Galerkin equations

0= fd NG 2u)2 Ny o lai (Z Z‘Zaf> + %sz
Lge(emifilg

+ (A+2w) |V

n
0
— uz-uz Ux =x
0= LQ3(/1+2;1) E N;%v; /1+2 6x<§ N; ul>dl“

n n n
Uz uz g Ux =X 0 Uz =z g Pp
g (|G ) 5 S || S
j=1 j=1 =1
n
+ O+ 20 v(Z NQ‘Z&?Z)-v(Z N 'f) da, (4.20)
i=1 =1
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Equations (4.19) and (4.20) can be written as

C Uy =U N aN;uz ~ 1
O:J (/1+2,u)ZNi"vi" Z uf + —F,|dl
do; ~ . 0x u

=1

n u n u n
9%N;* 9%N;"? N
Uy ~Uy - x ] -z D
+L2Ni nE| @Atm Z 6 J Z dzox I +Z x !
i=

j=1 j=1 =1

n
+ (42w Z VN z N |, (4.21)

n
2 N~
0= f A+ Zy)ZNuZ 7 g ¥dr
dag 0x

Vi A+2u £
n ZN x n uz n dNP
+f ZN}‘Zﬁ}‘Z —(A+w Z —if - Z ——— +Za—ZlPl
= =1 =1 =1
n
+ O+ 20 ZVN;‘Z{;}‘Z -Zwv;‘zajz dQ,. (4.22)

Since it must hold for arbitrary #;* and ;% with i = 1, ..., n, we have that Equations (4.21) and (4.22)
still hold as

o—j A+ 2 N“xzn:aN‘yz'ulF dr
= dQ3( w i ax u; r Xz

i=1

+f Nux - Z ZNU—x e aZIVjuz ol n aNlpP
o ! @+u) — 2 J azaxuj L 0x !

+ (A + 20 [N - Z N | do, (4.23)

A
— Uz i =x
0= fdns(/'l+ 2u)N; 1+ 2, I uydr

+fQN“Z —(A+p 2

n
+ (A +2p) [N - Z VN az | da, . (4.24)

u

We can write Equations (4.23) and (4.24) as matrix-vector multiplications,

(B¥x + DD¥)i* + (—CD¥ + SC¥)i” + (P = —F*

l , 4.25
(B¥z + CCY2)i” + (—CD% + SC*x)u* + D¥2P =0 (4.25)
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where
N} N
SCiF = | (A+2N*—=dI, SC7= | AN/*—I—dr,
dQs 0x dQs 0x

Blij = J- 1+ Zﬂ)VNiux . V]V]_ude’ Bl}ljz — f A+ Z,U)VNl-uz ] VNJ-uzd.Q,,
Q Q

NP ONP
Cir = f N*—Lda, D= J NP —L-dQ,
a d0x a 0z

2 pjUx 2 Uz

92N -
CDY = | A+ wN*—=—2—da, cD}z = J A+ wN;* —2—dq,
ij L( + WN; 0x0z ij Q( +N; 0z0x
2N_uz aZN_ux
uy Uy j Uy _ u J
cC = jﬂ(/1+u)Ni 5xz 4% DDy = jﬂ(/Hu)Ni" 552 4%

F.“=f N.“xiF dr
. bo2p T

L
3
fori,j=1,..,n.

4.1.3. Final FEM Model

We assume that Nf = N® = N = N;* = N =: N; forall i = 1,...,n. After collecting the governing

equations given by Equations (4.12) and (4.25), we get the following set of Galerkin equations:

% pBAP, + - cuf + " Duf + BP =0
[(A+2u) B + DDJa* + [-CD + (A + 2u) SCla”* + CP = —F**, (4.26)
[(A+2w) B +CcCla” +[-CD + ASClu* + DP =0

where
ON; ON; ON;
Al'j = fﬂ NlIVJdQ., BU = fﬂ VNLVIVJdQ, CU = fﬂ Nla—x]dﬂ, SCU = fdﬂ3 Nla_x]dr’ DL] = fﬂ Nla_Z]dQ'

_ OZNJ- _ 62N]- _ 62Nj
CDU = fg_(l +H)Nl azade, CCU = fﬂ(/l + M)Nl 922 dQ., DDU = fﬂ.(l +M)Nl 922 dQ
foralli,j=1,..,n.
We can write Equation (4.26) as one system of matrix-vector multiplication
M0, + M@ = f, (4.27)
where
'];(—":pBA ;—V:c ];(—‘”S’D B ¢ ¢
Mt=| "¢ ) o |eR™3™ M=|0 (A+2u)B+DD —CD+ (A+2u)SC| € R3W3™,
1) 1) 1) ® —CD+ASC (A+2u)B+CC
. ild
P at, 0
6 =|a"|er¥e, =|2|er¥, f=|-F7|eRrm
-7 at,
u ou” 0
at

Note that the Neumann boundary conditions are included. The Dirichlet boundary conditions will be
included after time discretisation.

4.2. Discretisation in time

For discretising the Galerkin equations in matrix-vector form given by Equation (4.27) we use the
Backward-Euler method. This method is an implicit method which is needed, since some of the gov-
erning equations are not time dependent but the equations are all coupled. Furthermore, an implicit
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method is unconditionally stable which we prioritize over accuracy. The Backward-Euler method is
given by

1
0, = 5 (6%+1—6%) = g (¢*1,0 (")), (4.28)

where 8%*1 = @ (¢5*1), At = tk*1 — ¢* is the time step, and g (¢%*1,0 (¢%*1)) = f¥+1 — M@**! and
i = f (¢%*1). Applying Equation (4.28) to Equation (4.27) gives

(M* + AtM) 0%+t = MtOK + Atfr+L. (4.29)

Assuming that (M* + AtM) is invertible, Equation (4.29) can be written as
9+t = (Mt + AtM) " (MEOK + Atfk+1), (4.30)
The Dirichlet boundary conditions are included by setting the corresponding rows to zero of matrices

(Mt + AtM) and M*, and the right entry in these rows of matrix M to one and of the right-hand side vector
to the Dirichlet value.






Solving the numerical model of Biot (2D)

In this chapter, the solutions to the numerical model described in 4 are solved using two different sets

of boundary conditions. We assume that w(x,z) = 0 for all x,z € [0, L]x[—Z, 0] which can be proven
analytically under the assumption that the influence of the acceleration terms are negligible [4].

5.1. Numerical model to solve

Recall that w = % - auz . Then by substituting aﬂ - % = 0 (or its equivalent w = 0), we get the
following discretisation i |n space model

BepBAP, + X puf + ™ Auf + BP =0
A+ 2p) Bu* + (A + 2u) SCu” + CP = —F*, (5.1)
(A + 2u) Bu® + ASCu™ + DP =0

where
Aij = JoNiNidQ,  B;j = [, VN VN;dQ,  Cij = [ Ni52dQ,  SC;j = [y Ni52dl, Dy = [ Ni—LdQ,

foralli,j=1,..,n

After discretising Equation (5.1) also in time, the system can be written in the following matrix-vector
multiplication form

k1 = (M! + AtM) " (MUO* + Acf+1), (5.2)
where
[oppA TEC D B ) )
M= "¢ ) o |ER™SEY M =10 (A+2w)B (A+2u)SC| e R33",
1) 1) 1) ? ASC (A+2u)B
o apP
P o, 0
6=|a"|erme, =2 |er, f=|-F“|eRrsm
-z a_tz
»u ou 0
at

We will now define some terms we used for discretising with Finite-Element Method starting with the
kind of geometric maps we used. For each Q;, there exists points (X;;,Z;;), j = 1,..., (px + D(p; + 1),
such that

$i&m) = (S0P xR €, STV 208, 6m). (5.3)

with i = 1,..,m, which maps the reference domain Q := [0,1] x [0, 1] to the physical subdomain
Q; = [(iy — 1)3,1',{;—"] X [—(iy — 1)%,—5%]. Here m, and m, are the amount of subdomains

21
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chosen in x- and z-direction with i, = 1,...,m, and i, = 1, ..., m, respectively. So the total amount of
subdomains is given by m := m,m,. Note that Q; € Q := [0,n,] X [-n,, 0] forall i = 1, ..., m. Note that
in order to map a unit square domain, by counting the reference points each row from left to right and
from bottom to top, the points (X;;, Z;;) become the physical points. This is shown in Figure 5.1, where
asexamplen, =1,n,=2,m, =2, m, =4,p, =p,=1and k, =k, =0.

P
0
A
1 -
° O oF 0.5
n O z 1 0B N
Q;
15 N; N
| @ ® /
0 ,’r } ]
-2 \
0 0.5 17

Figure 5.1: Mapping the reference domain to the physical (sub)domain.

We use piece-wise linear basis-functions in both x- and z-directions which is of degree 1 and
smoothness 0 in both x- and z-directions, say p, = p, = 1 and k, = k, = 0, respectively, denoted by
N;,j=1,..,(px + D(p, + 1). These basis element functions are given by

(Dxt)(Pz+1)
Njlg, = Z eijiNii (5.4)
=1

fori = 1,..,m with e;; = 1if j = k and otherwise 0, and N;;(x,z) = N; o ¢;(x,z). Note that this is
specific the case for p, = p, = 1 with k,, = k, = 0.

Furthermore, for integration of a subdomain we use 50 x 50 integration points, the space step is
chosen as Ax = Az = 0.04 and the time step is chosen as At = 0.01. We choose these steps in space
and time such that the computation time would be reasonable which is approximately 3 minutes when
trextena = 2.25. For accuracy we could increase the number of subdomains (i.e. decrease the step in
space) and decrease the time step. However, this requires an more efficient code and better equipment
for computation.

The porosity, Poisson ratio, hydraulic conductivity, the shear modulus and specific weight are given
by Table 5.1. The compressibility parameter g is often determined by [10]

1-s
Py’

B =sBy+ (5.5)
where s the degree of saturation, S, the compressibility of pure water, P, the absolute pressure in the
water. These parameters are given by Table 5.2. In this case, it is assumed that the water contains
some small bubbles of gas, like air, and is almost fully-saturated. The amount of air in the water is
usually derived from calibrating the outcomes of the model to the experimental data and is not ex-
perimentally determined by itself [8]. Note that fully-saturated soil would have a degree of saturation
equal to one. However, then the water would be practically incompressible [10] while Biot's assumes
compressible water. The wave parameters are set as in Table 5.3 unless stated otherwise.

We recall that 1 is given by Equation (2.5). Atlast, we setn, = 1andn, = 2,i.e. Q = [0,1]x[-2,0].
Lastly, we set the stopping time t.,q equal to 2.25 seconds at which the results will be shown.



5.1. Numerical model to solve 23

Table 5.1: Parameters of one layer of sandy deposit [8].

Soil properties Symbols | Values
Hydraulic conductivity [m/s] K 1.8-107*
Porosity p 0.425
Poisson ratio vy 0.3
Shear modulus [Pa] u 1.27 - 107
Specific weight of water [N/m?] Yo 104

Table 5.2: Parameters of compressibility equation given by Equation (5.5) .

Soil properties Symbols | Values
Degree of saturation [8] s 0.996
Compressibility of pure water [10] Bo 0.5-107°
Absolute pressure in the water [Pa] [10] Py 105

Table 5.3: Parameters of the waves [8].

Wave properties | Symbols | Values
Wave period [s] T 9
Wave height [m] H 3.5
Water depth [m] D 5.2
Wave length [m] L Ny

In the next three sections we will define some sets of boundary conditions. Boundary conditions
B-l is the one used in the computations in the previous sections. Boundary conditions B-Il similar to
B-I but the first boundary condition at z = 0 is written differently, when assumed that w = 0. The
third set of boundary conditions B-Is set to investigate the relation with the assumption w = 0 on
Q and the boundary condition a,, = 0 at z = 0 better. For all sets of boundary conditions, we set
F,, = 0.5y,,H cos (Zn’L—C) sin (Zn%), where y,, [N/m3] the specific weight of the pore water, H [m] is the
wave height, L [m] the length of the wave, T [s] the wave period. The values of these wave parameters
can be found in Table 5.3. The function F,, at 2.25 seconds is shown in Figure 5.2. In Figure 5.2 it
shown that when the wave is at it largest, the load on the sandy bed is also at its largest (red arrow
pointing downwards). As the wave goes low, the load decreases and the pressure becomes negative
which can be referred to as a pulling force (red arrow pointing upwards). Furthermore, we set F,, = 0
which means that we assume that the shear stress at the surface is negligible.
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Water wave at t=2.25 s

101
Sky

z[m]
N~

Sand

0.0 0.2 0.4 0.6 0.8 1.0
x [m]

Figure 5.2: A sandy bed experiencing transient loads due to water waves at t = 2.25 s. The hydraulic load is visualised by the
red color and at the surface of the sandy bed (z = 0) assumed to equal F,,(t). A red arrow pointing downwards means a
positive pressure and a red arrow pointing upwards means a negative pressure (pulling force).

5.1.1. Boundary conditions B-l
Regardless of w = 0, we define boundary conditions B-I as

() -k

forz=0:<P -F,,
-5 - +205E =0
andforx=0andx=nx;{ux=t?(_;;z:g_z:% “o

Note that the definition of shear stress at z = 0 is used without using the assumption of w = 0, i.e.
. ouy ouy, . .
setting g, := —u (E + W) equal to E.,. However, note that since in our case we assume w = 0,
we expect that Nx — %z _ gt 4 = 0.
0z dx

5.1.2. Boundary conditions B-ll
Assuming w = 0, we define boundary conditions B-Il as

_zﬂg =Fy
forz = P Fz s
2% _ . _
125 — A+ 252 =0
=—n :fy, =2« _ % _ O&a _
for z = le-{uz— 9z ~ 9z oz =0

9 P _ 0
andforx=0andx:nx:{ux=%—a—%

Since —u (% + %) can be rewritten to —Zy%, when assuming w = 0 like we do, this boundary

conditions set should theoretically give similar results as boundary conditions B-I.
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5.1.3. Boundary conditions B-lll

Assuming w = 0, we define boundary conditions B-lll as

ouy ouy,

o2 " ox 0
forz=0:<P =F,,
ouy Buz
———(/1+2) =0

. _Ouy _ 9P _ BEVO|

for z le-{uz— 9z ~ 9z oz =0,
_ _ . _ Ouy _ 0P _ O€yg

andforx—Oandx—nx.{ux_ == =0.

Note that now the definition of vorticity at z = 0 used as boundary condition instead of setting the shear
stress being zero at z = 0.

5.2. Solution to numerical model

In this section we assume that the water is slightly compressible and set 8 = 4.05-10~8. The solutions
to completely incompressible water, i.e. § = 0.5 - 107°, are really similar in two dimensions with only
some minor differences in behaviour near the surface which are only noticeable when zoomed in.
This can be expected since 4.05 - 1078 is already close to 0.5 - 10~°. However, when setting the
compressibility § = 107°, there are some small changes in behaviour of the solution visible, especially
for the volumetric strain when using boundary conditions set B-Il. This is shown in Appendix A. Given
that these changes in value/behaviour are so small, the water is nearly incompressible but Biot's model
is typically used with the assumption of compressible water, we will use g = 4.05 - 1078 to solve Biot's
equations which means that the degree of saturation is 0.996.
The three variables volumetric strain €,,,, dynamic water pressure P, x-displacement u,., z-displacement

u, and their derivatives are plotted at t = 2.25 for the case of compressible water. The effective stress
o,,, shear stress gy, vorticity o and the volume balance equation, which is in form of the volumetric
strain equation, are also shown.

In Figures 5.3, 5.4 and 5.5 the solutions for €y, P, u, and u,, and their derivatives with respect
to x and z, and in Figure 5.6 the corresponding solutions for w, g,,,0,, and volume balance, using
boundary conditions B-I are shown. In Figures 5.7, 5.8 and 5.9 the solutions for €, P, u, and u,, and
their derivatives with respect to x and z, and in Figure 5.10 the corresponding solutions for w, g,,, 0y,
and volume balance, using boundary conditions B-Il are shown. In Figures 5.11, 5.12 and 5.13 the
solutions for €, P,u, and u,, and their derivatives with respect to x and z, and in Figure 5.14 the
corresponding solutions for w, g,,, 0., and volume balance, using boundary conditions B-Ill are shown.

Using boundary conditions B-I the relation between € and P does not hold, i.e. the equations (1 +

oc _op % _op i _ Qux _ Oy
2”)5 = and (1 + 2u) 5 = o, do not hold. Furthermore, we also find that w = e " does not

equal zero like we assumed which is shown in Figure 5.6. Since gy, = —2u (au" + auz) and assuming

w = 0, we expect that 2 az = aa_ = 0 which we do not find in the corresponding Figures 5.4 and 5.5.

And last, we will take a look at whether the volume is conserved. According to [4], the volume is only
conserved, when the solution of the momentum balance equations given by Equation (3.17) is also a
solution of the storage equation given by Equation (3.10) and the volumetric strain equation which is
given by

Yw_ 0P €Evol azfvol Yw 0€yol
— A+2 — | =—= , 5.6
K PPar — (7 )( T o2 ) K, ot (56)
where €, = Ouy + %z The volumetric strain equation can be derived by taking the divergence of the
ox 0z

momentum balance equations given by Equation (3.17) and substituting the storage equation given
by Equation (3.10). This is explained in more detail in Chapter 6, since the volumetric strain equation
given by Equation (5.6) is part of the governing equations of the new model described in this chapter.
In Biot’'s model the storage equation is part of the model and we need the volumetric strain equation to
hold as well to conserve the volume. Therefore, we will check whether the weak equation of volumetric
strain equation is indeed zero and refer to it by 'volume balance’. Therefore, when we say that the
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volume balance is zero, we mean that the volumetric strain equation is satisfied which results in the
volume being conserved (i.e. volume balance). The solution to Biot's model for the volumetric strain is
only valid if it is a solution for both the momentum balance equations and volume balance equations.
If the solution does not satisfy the volumetric strain equation given by Equation (5.6), then it is also not
a solution to both the volume and momentum balance equations. Note that near the surface z = 0, we
have that the volume balance equation does not hold. This can be seen in Figure 5.6.
Using boundary conditions B-Il, we find that the relation between € and P does not hold and that
ouy du, . .
w == - does not equal zero. Furthermore, the shear stress is also not zero at z = 0 like we
0z 0x u ou ou u
wanted. Since gy, = ;M (E + 5 ) and w = 5 1 5
Uz

means we do not get = 0. This inequality indeed can be seen in the right bottom subplot of Figure
5.8. In Figure 5.10 we find that the volume balance equation given by Equation (5.6) approximately
holds. However, note that this is probably because the solution of the volumetric strain is very small
too.

When using boundary conditions B-lll, we find that the relation between € and P does hold and that
w = % — aatz equals zero. Furthermore, the volume balance given by Equation (5.6) does not hold
which can be seen in Figure 5.14. However, now the shear stress is not zero at z = 0 which we originally
wanted and is significantly larger than for the other boundary conditions sets. Furthermore, note that
the other boundary conditions can also be found in Figures 5.3, 5.4 and 5.5 for boundary conditions B-I,
in Figures 5.7, 5.8 and 5.9 for boundary conditions B-Il and in Figures 5.11, 5.12 and 5.13 for boundary
conditions B-lIl. Indeed, in the right top and bottom subplots of Figures 5.3, 5.7 and 5.11 one can see
that u,, = 0 at the left and right boundary and u, = 0 at the bottom boundary. Furthermore, in the left
bottom subplot one can see that P is indeed a cosine in x-direction at the top boundary. We assumed
that a positive pressure is the load pressing in the depth and thus negative pressure is a pulling force.
Therefore, the water pressure subplots agree with the transient load shown in Figure 5.2: at the left
having a large load which means a large positive pressure (a pushing force), followed by a small load
which causes the pressure to become largely negative (a pulling force) and finished by again a large
load resulting in a large positive pressure on the soil. This can also be noticed in the z-displacements
figures, since negative z-displacement means displacement downwards in the soil and thus positive
z-displacement means displacement upwards to the surface of the soil. In Figures 5.4, 5.8 and 5.12

one can also find that Z—i = 0 and % = 0 at x = 0,L. Furthermore, in Figures 5.5, 5.9 and 5.13 one

must equal 0 and since we set % = 0, this

can find % =0atz=0,—n,, 3_123 =0 and % =0atz=-n,

In conclusion, this numerical model of Biot cannot determine the solution while satisfying all as-
sumptions and boundary conditions. This suggests that the numerical model of Biot's model together
with boundary conditions B-I, B-Il or B-lll is ill-posed. This can be due to the the equations of the nu-
merical model itself and/or the boundary conditions. An example is that the volume balance equation
is now not satisfied. An other example is that the effective stress being equal to zero in combination
with the shear stresses being zero could be an incorrect boundary condition physically. In Section 9 we
will look into this by using a similar model with the volume balance equation and by setting the vertical
momentum balance equation at z = 0 in stead of the effective stress being equal to zero at z = 0 in
the current numerical model of Biot, respectively.
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Figure 5.3: Solutions to Biot's model for €, [-], P [Pa], u, [M], u, [m] at teng = 2.25 s, when water is assumed to be
compressible with 8 = 4.05 - 1078 Pa~* and using boundary conditions B-I. In this thesis, a negative pressure is pointing
upwards (a pulling force), and a positive pressure is pointing downwards (a pushing force). The soil displacement upwards or
to the right is positive and downwards or to the left is negative.
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Figure 5.4: Solutions to Biot's model for 22 [m=1], 3 [N/m?],
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compressible with 8 = 4.05 - 1078 Pa~* and using boundary conditions B-I.
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Figure 5.5: Solutions to Biot's model for 2 [m™1], P [N/m?4], 5 [-1, 32 [-] at teng = 2.25 s, when water is assumed to be
compressible with 8 = 4.05 - 1078 Pa~* and using boundary conditions B-I.
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Figure 5.6: Solutions to Biot's model for w [-], a5, [Pa], g, [Pa] and volume balance at te,q = 2.25 s, when water is assumed
to be compressible with f = 4.05 - 10~8 Pa~* and using boundary conditions B-1. The vorticity is expected to be zero. The
volume balance is represented by the weak form of the volumetric strain equation and is satisfied if it equals 0 everywhere on
the domain and its boundaries.
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Figure 5.7: Solutions to Biot's model for €, [-], P [Pa], u, [M], u, [m] at teng = 2.25 s, when water is assumed to be
compressible with 8 = 4.05 - 1078 Pa~* and using boundary conditions B-Il. In this thesis, a negative pressure is pointing
upwards (a pulling force), and a positive pressure is pointing downwards (a pushing force). The soil displacement upwards or
to the right is positive and downwards or to the left is negative.
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Figure 5.8: Solutions to Biot's model for % [m™1], g—i [N/m3],
compressible with 8 = 4.05 - 1078 Pa~* and using boundary conditions B-II.
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Figure 5.9: Solutions to Biot's model for 2 [m™1], P [N/m?4], 5 [-1, 32 [-] at teng = 2.25 s, when water is assumed to be

0.00
~0.25
~0.50

_ 015

£ -100

N 125
-1.50
~175
~2.00

0.00
-0.25
-0.50

— -0.75
.g. -1.00
N -1.25
-1.50
-1.75
-2.00

compressible with 8 = 4.05 - 1078 Pa~tand using boundary conditions B-II.

Vorticity (w)

0.0 0.2 0.4 0.6 0.8 1.0

X [m]
Volume balance

0.0 0.2 0.4 0.6 0.8 1.0

x [m]

0.0
0.0002 Z02
0.0001 -05
_ 07
0.0000 £ -1.0
N
-12
-0.0001
-0.0002 -17
2.0
400
200
_ 07
0 E 10
—200
-400

Effective stress (0';,)

0]
5
04
5
01
5 |
01
5]
01
0.0 0.2 0.4 0.6 0.8 1.0

x[m]
Shear stress (0y;,)

5 4
0 4
0.0 0.2 0.4 0.6 0.8 1.0

x [m]

1500

1000

-500

—1000

—1500

3000

2000

1000

—1000

—2000

—3000

Figure 5.10: Solutions to Biot's model for w [-], o4, [Pa], ox, [Pa] and volume balance at ty,q = 2.25 s, when water is assumed
to be compressible with § = 4.05 - 1078 Pa~! and using boundary conditions B-Il. The vorticity is expected to be zero. The
volume balance is represented by the weak form of the volumetric strain equation and is satisfied if it equals 0 everywhere on
the domain and its boundaries.
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Figure 5.11: Solutions to Biot’s model for €, [-], P [Pa], u, [M], u, [m] at teng = 2.25 s, when water is assumed to be
compressible with 8 = 4.05 - 108 Pa~* and using boundary conditions B-IIl. In this thesis, a negative pressure is pointing
upwards (a pulling force), and a positive pressure is pointing downwards (a pushing force). The soil displacement upwards or
to the right is positive and downwards or to the left is negative.
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Figure 5.12: Solutions to Biot's model for 22 [m=*], 22 [N/m?],
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Derivative of volumetric strain wrt z Derivative of x-displacement wrt z
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Figure 5.13: Solutions to Biot's model for T [m™1], % [N/m3], —= [-], [-] at teng = 2.25 s, when water is assumed to be
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compressible with 8 = 4.05 - 1078 Pa~* and using boundary conditions B-III.
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Figure 5.14: Solutions to Biot's model for w [-], o4, [Pa], ox, [Pa] and volume balance at ty,q = 2.25 s, when water is assumed
to be compressible with 8 = 4.05 - 1078 Pa~* and using boundary conditions B-Ill. The vorticity is expected to be zero. The
volume balance is represented by the weak form of the volumetric strain equation and is satisfied if it equals 0 everywhere on
the domain and its boundaries.



Van Damme and Den Ouden - Van der
Horst model (2D)

We will now look at a new model, namely the model of Van Damme and Den Ouden - Van der Horst.
This physical model is already determined in our literature report [9] and will also be stated in this chap-
ter. The model is based on the five constitutive equations derived by [4]. These are the vorticity equa-
tion, volumetric strain equation, water pressure equation, x-displacement equation and z-displacement
equation which follows from the volume balance equation and the momentum balance equations. Since
this approach is based on defining a stress and a stress gradient as boundary conditions which follows
from the momentum balance equation [4], it is also in line with the D’Alembert’s principle of minimisa-
tion of virtual work [9]. However, it does not follow the effective stress principle of Terzaghi like Biot’s
model does [4].

6.1. Volume balance equation
According to [4], the volume balance equation for compressible or incompressible pore water is given

by
0P 0p . 0 ( ow\ 9 ( ow)\_. o
PPt ot Tax\Par ) Tz \Par )T (6.1)

where t denotes time, p denotes the porosity of the medium, g denotes the compressibility of the pore
water (if § = 0 the water is incompressible, and if 8 € (0, 1] the water is compressible), P denotes the
pore water pressure and w, and w, denotes the 2D displacement of the pore water in x-direction and
z-direction, respectively. According to [4] the volume balance equation of the incompressible particles
in a porous medium is given by

Jd(1—-p) d Ou, d duy\
—% T a((l—l’)?»l' &((1—17) T ) =0, (6.2)

where u, and u, denote the 2D displacement of the porous medium in x-direction and z-direction, re-
spectively. Equation (6.2) describes the change in porosity caused by the movement of incompressible
particles in a porous medium. Then the volume balance equation for the porous medium is given by
adding the volume balance equation of the pore water to the volume balance equation of the particles

[4]

P 3 [ dwy—wu)\ [ dw,—u)\ ey
PPoc * ax( ot )T a\P" e )ta T ° (6:3)
where €, = %" + aauzz is the volumetric strain of the porous medium.
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34 6. Van Damme and Den Ouden - Van der Horst model (2D)

6.2. Momentum balance equations

[4] derives the momentum balance equations using D’Alembert’s principle of virtual work. This principle
states that for the reversible displacements the total virtual work of the imposed forces plus the inertial
forces vanish [4]. The momentum balance equations are given by [4]

ZIZJ n: opl =) 6.7)

where K, denotes the hydraulic conductivity, y,, denotes the specific weight. We recall that 1 and u are
Lame’s constant and are related to the elasticity modulus E and Poisson ratio v, of the porous medium
which are given by [10]
1292
T A+u)(-2v)
E
2(1+wvp)

H:

6.3. Vorticity equation

Applying the curl on the momentum balance equations, we get a constitutive equation for the vorticity
[4]. Therefore, the vorticity is defined to be the curl of the displacement field which is given by w =

a(;‘z" - aauz Via substituting Equations (6.6) and (6.7) into Equations (6.4) and (6.5) the Darcy’s friction

terms are replaced by the pressure gradients. Substituting €, and w, this gives the following two
equations

/’{+2 6_VOI—O 69

Then taking first the curl of Equations (6.8) and (6.9), and second multiplying the resulting equation
with —1, gives [4]

?w 0*w

Note that Equation (6.10) does only depend on the vorticity w now and not on the pressure P and
volumetric strain €, anymore. Equation (6.10) forms the first constitutive equation.

6.4. Volumetric strain equation
Substituting €, and w and then taking the divergence of Equations (6.4) and (6.5), gives
0% d%e O(Wy — Uy) o(w, —uy)
€Evol vol yw X X z zZ _
-4+ Zu)( + 32 ) <& [p—] [ TD =0. (6.11)
Substituting Equation (6.3) into Equation (6.11), we get

Yw 0€yol 0? €Evol 626VO| Vw op
w — (142 =
K oc At “)( t oz ot

Note that in Equation (6.12) we account for the effects of damping. Accordlng to [4], if we would account
for the acceleration terms Equation (6.12) would become a wave equation in the case of no damping,
because the pore water is not part of this equation. Equation (6.12) forms the second constitutive
equation.

(6.12)
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6.5. Water pressure equation

We also need a constitutive equation describing the relation for the pore water pressures. This is done
similar as for the volumetric strain. So now we take the divergence of the momentum balance equations
for the pore water which are given by Equations (6.6) and (6.7). This gives a storage equation given

by [4]

Y .OP 0%P i?z_P__y_Waevm

K,"" ot ox?  0z2 K, ot (6.13)

Equation (6.12) forms the third constitutive equation.

6.6. Displacement equations

Beside the relations described above, it is also needed to form some relations between the horizontal
and vertical displacements and the vorticity and volumetric strain. These are given by [4]

0%u, 9%u, dw ey
C9x? 9z2 9z ox (6.14)
0%u, 0%u, Odw Dey (6.15)

x2  9z2  o9x 0z

Equations (6.14) and (6.15) represent the fourth and fifth constitutive equations, respectively.

6.7. Boundary conditions

The following boundary conditions are described in our literature report [9] and will be described in this
subsection again.

We set three boundary conditions at the surface z = 0. These involve the normal stress and the
shear stress.

* In the new model the shear stress is set equal to a function of time and horizontal displacement
like in Biot's model, i.e. o,, = 0,, = FE., where F,, is a function depending on the horizontal

displacement x and on time t. Note that the shear stress o, is given by g,, = —p (% + %)
. . ouy
which can be rewritten as o,, = pw — ZME-

» We recall that in Biot's model g,, = g,, +P = —1€yo — Zy% + P is assumed. However, according

to [4], this assumption of g,, + P = F,, gives a surface pressure that is much larger than the pres-
sure of the waves caused by water running over the porous medium. It also violates Terzaghi’s
stress principle when dealing with hydrodynamic loads. Another assumption in Biot's model is
a,, = 0 with P = F,,, which means that the water carries all the load. This is, however, physically
invalid [4]. The assumption that P = E,, gives a solution where the pressure inside the pores is
equal to the force of water flow on the surface, but the porous medium can experience a pulling
force [4]. Since both assumptions give unlikely situations, the assumption is made that P = F,,.
However, then Terzaghi’s stress principle is not necessarily met in the case of hydrodynamic
loads, since we do not define the effective stresses at the surface.

» The vertical momentum balance equation must hold, which is given by
O€vol a_w _ a_P _
(/1-}-2,[1)? ax 62_0'

At z = —n, we assume again that the displacement for the soil and pore water in z-direction is zero
for a deep enough seabed [9] which implies that u, = 0 and that there is no gradient for the pore water
pressure which is defined as Z—: = 0 [6], [7] at z = —n,, respectively. Hence, there is also no gradient
ou,
ox

for the volumetric strain % = 0 [6]. Furthermore, since % =0 and ZZ = 0, we have that w = 0 at
Z=-n,.
At x = 0, and x = —n,, the variables and their derivatives with respect to z or x are assumed to be

zero, as the influence of the waves at these locations is assumed to be negligible.
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du apP de
*Soatz=-n,wedefinew =u, =—=>=— = V°' = 0, since the influence of the waves on

such a depth is assumed to be nil for these speC|f|c vanables or their derivative with respect to z
[4], [6].
duy, apP O€vol

* Similarly, at x = 0 and x = —n,, we have w = u,, = Pl = o = = 0. These boundary

conditions at x = 0 and x = —n, are based on the situation of a standing wave that increases
and decreases the load on the soil in horizontal direction [4].

In conclusion, we have the following boundary conditions

]
[1&)—2#% = Fe,
forz=0:<P =F,, (6.16)
6evo| dw P
(A+2) —Ma—z =0
= —n o= _5&_‘7_1’_@_
forz=—n,i{o=u=22=2L=%_9 | (6.17)

du, _ 0P _ 0O€yq

andforx =0and x =n, : {w—ux— = 9% = o =0, (6.18)

where F,, and E,, are a functions only depending on time. Their value and their gradient equal zero.

6.8. Initial conditions

Like in our literature report [9], we assume that at the start, t = 0, everything is at rest. Therefore, no
stresses act on the surface in the beginning. Then there are no stresses and displacements at time
t = 0 [4] which implies that the volumetric strain and pressure must be zero too. Then we have that [4]

W|e=0 = Ux|¢=0 = Uzlt=0 = €vollt=0 = Pl¢=0 = 0.



Numerical model of Van Damme and
Den Ouden - Van der Horst (2D)

In this chapter, the numerical approximation of the two-dimensional physical model of Van Damme and
Den Ouden - Van der Horst described in Chapter 6 will be derived. We will use the Finite-Element
Method for discretisation in space and the Euler method for discretisation in time which are described
in Sections 7.1 and 7.2, respectively. After applying the discretisation first in space and second in time,
the final numerical model is derived.

7.1. Discretisation in space

We use the Finite-Element Method to discretise the constitutive equations given by Equations (6.10),
(6.12), (6.13), (6.14) and (6.15) in space. This is done by multiplying each of the five equations with
its own test function and integrate over the domain. After applying integration by parts followed by
the divergence theorem, substituting the trial function corresponding to the equation and rewriting the
equations, we find the weak forms of the vorticity equation, volumetric strain equation, water pressure
equation, x-displacement equation and z-displacement equation. The following four subsections of
discretisation in space follow from our literature report [9].

In this discretisation we assume that Q = (0,n,) x (-n,,0) € R? is the space domain and that
T = (0, teng) is the time domain, with n,, n,, teng > 0 [9].

Following [9], we assume that the two-dimensional domain and its boundaries and the unit vectors
normal to these boundaries are given as in Figure 4.1. Recall that the normal unit vectors in two

dimensions are given by
0 1 0 -1
7712_1' 77220' 77321’ Ny = ol

where the first entry represents the x-direction and the second entry represents the z-direction.

Recall that n is the dimension of the space and N; are the basis-functions for i = 1,...,n which
form a basis for the space. When having the symbol of the volumetric strain, pore water pressure or
displacement in horizontal or vertical direction, n and N; fori = 1, ..., n are defined for the space of that
unknown variable. However, we assume that n is the same for all spaces [9].
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38 7. Numerical model of Van Damme and Den Ouden - Van der Horst (2D)

7.1.1. Vorticity equation
We will derive the weak form of the vorticity equation and its matrix-vector form. Suppose that the test
and trial functions are given by

n
v (x,2,t) = Z N (x, 2)52 (D), (7.1)
i=1
n
w(x,2,t) = Z N (x, 2)@; (2). (7.2)
j=1
Multiplying Equation (6.10) by test function v and integrating over the domain Q0 gives
J P ACONCC P 7.3
Q VR 1922 T a2 e (7-3)

2 2
Since ‘27‘;’ + ZT‘;’ = V- (Vw) with V the gradient operator, we can apply integration by parts on Equation

(7.3) followed by the divergence theorem. Then Equation (7.3) becomes the weak equation
f vPu (Vo -n)drlr — f Vv® - uVewdQ = 0, (7.4)
do Q

where d() contains the boundaries of domain €, and 5 is the unit normal vector pointing outward to the
surface dQ. Because of the boundary conditions given by Equations (6.16), (6.17) and (6.18), we set
v®(x,z,t) =0 forz = —n,, x = 0 and x = n,. Then we get that

f veu (Vw-n)dl"zf v“’u(Vw-nl)dF+f v®u (Vo -n,)dl
da do,

dQ,

N f vou (Voo -15) T + f V94 (Vo ) dT
dQs

dn,

Jdw
= v®u—dr. (7.5)
fdn3 0z

After substituting the test and trial functions given by Equations (7.1) and (7.2), respectively, and bound-
ary integral given by Equation (7.5) into Equation (7.4) we get the following Galerkin equations

=Zﬁ{"f Ni‘"yz a)ja—;dr—Zﬁf’f UN{ '“Z ®; YN dQ. (7.6)
. d, = = Q

Since it must hold for arbitrary #{* with i = 1, ..., n, we have that Equation (7.6) still holds as

n an n
0 =f N{"uz “_’fa_;dr_f VN '“Z @ VNPdQ fori=1,..,n. (7.7)
das = Q =

We can write Equation (7.7) as matrix-vector multiplication,

(B® — SD“)w = 0, (7.8)
where
ong |9
B =fﬂu(v1v;°-v1vjw) do, spy =LQ3 uN? —-—dl, W = wn ’

fori,j =1,..,n. Equation (7.8) is our first matrix problem to solve.
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7.1.2. Volumetric strain equation

We will derive the weak form of the volumetric strain equation and its matrix-vector form. Suppose that
the test and trial functions are given by

ve(x,z,t) = ) Nf(x,z)v5(t), (7.9)
2
€vol(x,z,t) = ) Nf(x,2)é(t), (7.10)
; J j
P(x,z,t) = ) NF(x,z)P,(t). (7.11)
Z F 2P,

Note that €,, and P have a first derivative with respect to time which means that their test and trial
functions have to depend on time. Multiplying Equation (6.12) by test function v¢ and integrating over
the domain Q gives

0%eyo  0%€yol da = 712
J [K at (/1+2,u)< + 372 )+—pﬂ ] Q=0. (7.12)

i EvoI 92 0% €vol i fvol i EvoI

Since t=z = = V- (Veyo), We can apply integration by parts on the
the dlvergence theorem. Then Equation (7.12) becomes

+ part and then

—f vE€(A+2u) (Ve -n)dl + f Ve +ppB aP] + (A + 2p) (V€ - Veyo) dQ = 0. (7.13)
da at

Yw [ O€yol
Q

at

Using the boundary conditions given by Equations (6.16), (6.17) and (6.18), we get that
| oG+ 20 eyl = [ 05+ 200) (Ve ) AT+ | 050+ 200) (Ve m) T
da dQ, dq,

+ f ve(A+2u) (Veyg -m3)dl + J- v¢(A+2p1) (Veyg - m4)dl
Qs

do,
dw OP

=f Ve (y—“’ + —) dr. (7.14)
dﬂ3 a aZ

Substituting the test and trial functions given by Equations (7.9), (7.10) and (7.11), and the boundary
integral given by Equation (7.14) into Equation (7.13) gives the following Galerkin equations

n n
Yw |0 _ ] 3
+f2vafK—W — szfej +p/3 ZNlPPl + 20|V Z NEDE |-V sz]ej da
= g j=1 i=1 j=1
n n aN]w aN P
=—vaLan ,u. e +Z l—a dar
i=1 j=1 =
n a n
+Zf7$f N ZNE + BZNI + (A +2u) | VNF - Zéjvzvf dQ. (7.15)
£ o K at at &
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Since it must hold for arbitrary 7 with i = 1, ..., n, we have that Equation (7.15) still holds as

0 J N zn: i Z p—r aNl
== Fl
dQs e ] ax Yoz

€
L
1
+f Y ne
QKS

We can write Equation (7.16) as matrix-vector multiplication,

n n
5
Ny 2 +pgle al + A2 |VNE - D GuNE |[da. (7.16)

1 j=1

J

A€E, + AP, + B€€ — SC¢@ — SD€P = 0, (7.17)
where

Ag = Yw Nfodﬂ AEP y—‘”pﬁNfo’dQ, Bfi = | (A+2) [VNf . VNf] da,
Q Q KS Q

(?Nj“’ aij €1 at } at

SCe =f uNE—2-dr, sp¢ =f Ne—Ldr, e=|:|, e=|:]| B.=|:]
dQ; 0x do; 07 €n 9én 9Py
at at

fori,j =1,..,n. Equation (7.17) is our second matrix problem to solve.

7.1.3. Pressure equation
We will derive the weak form of the pressure equation and its matrix-vector form. Suppose that the test
function is given by

vP(x,z,t) = ) NF(x,2)of (0). (7.18)
2

Recall the following test and trial functions
n n
€yl (%2, 1) = Z NEGL2)E(), P2 t) = Z NP (x, 2)P,(t).
j=1 =1

Multiplying Equation (6.13) by test function v* and integrating over the domain Q gives

OP 9%P 9%P vy, 0€yqy
f [ ___2_622+K_s at]dﬂ—o. (7.19)
Smce — + — = V- (VP), we can apply integration by parts on the _ZTP - — part followed by the
d|vergence theorem. Then Equation (7.19) becomes
opP 0
—j vP (VP -n)dl"+j PYW p EV°'] + (VP -vP)da =0. (7.20)
a0 ot at

Setting vP (x,z,t) = 0 for z = 0 because of the boundary condition given by Equation (6.16) and using
the other boundary conditions given by Equations (6.17) and (6.18), we get that

f vP(VP-n)dr=f vP(VP-nl)dr+f vP (VP -,)dl
da do,

da,

+f vP (VP -1n3) dl"+f vP (VP -n,)dl
dQ; da,

= 0. (7.21)
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Substituting the test and trial functions given by Equations (7.18), (7.10) and (7.11) into Equation (7.20),
the boundary integral given by Equation (7.21), and using the computations as for Biot's model in
Section 4.1.1 gives the following Galerkin equations in matrix-vector multiplication,

APPP, + AP€€, + BPP =0, (7.22)
where
Yw Yw
PP _ P NP Pe — P b= [ - VNP
Aij = fﬂ K—SpﬂNl IV] d.Q., Aije = LFSNL N]-Edﬂ, BU = J-Q VNL ’ VIV] dQ’

) Py _ at at

P = : , Pt = : ) ét’ = : 4
ot at

fori,j =1,..,n. Equation (7.22) is our third matrix problem to solve.

7.1.4. Displacement equations
We will derive the weak form of the displacement equations and its matrix-vector form. Suppose that
the test function is given by

Vi (x, 7, £) = ; N (x, )5 (D), (7.23)
Uz (x,7,t) = ; N (x, 2)5"% (t), (7.24)
U (x,2,t) = Z N (x, ) (t), (7.25)
uy(x,z,t) = Z N2 (x, )7 (2). (7.26)

Recall the following test and trial functions

€yl (%,2,1) = Z NE(, 2)E (), w(x,2,t) = Z N® (x, )i, (b).
k=1 =1

After multiplying Equations (6.14) and (6.15) by test functions v*x and v¥x, respectively, and integrating
over the domain Q1 we get

0%u, 0%u dw 0de
— e X X gw vol
0 fnv [ (axz + 622)+ 2 2 ]dﬂ, (7.27)
0%u, 0%u, dw  0€y,
— Uz | — —_—
O—LU [ (axz + azz> P + e ]dn. (7.28)
Since ale;i + a;;i = V- (Vu;) for i = x, z, applying integration by parts and the divergence theorem to

Equations (7.27) and (7.28) gives

u Jw 86vo| u
vl 5, + o + [Vv¥* - Vu, ] dQ, (7.29)

0=—f U“X[Vux-n]dl"+f
do Q

Jdw  0O€yg
0= —j v¥z [Vu, -n]dl +J vz [ —— + + [Vv¥z - Vu, ] dQ. (7.30)
do Q d0x 0z
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After substituting the boundary conditions given by Equations (6.16), (6.17) and (6.18) into Equations
(7.29) and (7.30), we get that

f v¥x [Vu, -n]dl = J- v [Vu, -n,]dl + f v¥x [Vu, -n,]dr
do dQ, da,

+f v¥x [Vu, -n5]dl + f v¥x [Vu, -n,]dl
do,

da,
[ v 1< Ly )dr (7.31)
= v —|w— — ; .
dQg 2 u e
f vz [Vu, -n]dl = f vz [Vu, -n,]dl +f vz [Vu, -9,]dl
do da, da,

+f v¥z [Vu, -n3]dl +f vz [Vu, - 9,] dl
dQs dQ,

A
= v¥z —¢, o dr. 7.32
Lﬂg 2# vol ( )

Substituting the test and trial functions given by Equations (7.23), (7.24), (7.25), (7.26), (7.10), (7.2)
and boundary integrals given by Equations (7.31) and (7.32) into Equations (7.29) and (7.30) gives the
following Galerkin equations

n a n a n n n
+LZN}‘W?Z — | D npay |+ | > Nga ||+ (v [ D mEa |- ) Nz | do.
i=1 j=1 =1 i=1 j=1
(7.34)
Equations (7.33) and (7.34) can be written as
n 1 n
oS e [t (S
i=1 j=1
n n n n
ON? ONE
_ Uy Uy - J = l Ux y Ux
+ )7 LNL- (Z =+ ) & Bx>+ VN; (Z XUN; )dﬂ, (7.35)
i=1 j=1 =1 j=1
C A
0= _Zﬁ;‘Zf SN ) gNedr
— da 4H =
n n n n
ON? ONf
_Uy Uy - ] = l Uy - Uy
v fgzvi (—ij L) e >+ N | D w >dﬂ. (7.36)
i=1 j=1 =1 Jj=1

Since it must hold for arbitrary 1'7;"‘ and vz‘z withi =1, ...,n, we have that Equations (7.35) and (7.36)
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still holds as
n
0=_J N}‘x 2 Y@ | — xzdr
dQ; =
n aN n
+ f N Z B . Z a=t |+ o ) wron (7.37)
Q =1 j=1
0= —f —N“ZZ NFdr
dQs 2p
oN? | o ONf C
f Nz Z“’ &2 ) 4 lynt . GZYNYz (7.38)
j 1 i ; .
Jdx L 0z =
We can write Equations (7.37) and (7.38) as matrix-vector multiplications,
BYwa™ + (D — SA¥)@ + C¥é = —F"
{ w it ( )0 + CPre (7.39)

(B¥z — SA*2)u’ — C%2¢ + DW2é =0 '
where

1 A
Uy __ g Ux Uz _ Uz Uy _ Uy | Uy Uz _
SAL-]- —LQ3 2NL- NjwdF, SAij Lg 20 N; NEdF Bij = LVNI- VN]- dq, Bij =

aNE AN AN aN
cx = f N —Lda, ¢ = f Nz —L-do, D = f N*—L-do, D7 = f N}z —L
da 0x da 0x da 0z da 0z

F.xzzf N.“xiF dr
' dQs ' 2u xe=

fori,j =1,..,n. Equation (7.39) is our fourth matrix problem to solve.

7.1.5. Final FEM Model

f UN;* - VN;#dQ,
Q

€

J_dq,

We assume that Nf = N® = N = N/* = N/ =: N; for all i = 1,...,n. After collecting the governing
equations given by Equations (7 8), (7.17), (7.22) and (7.39), we get the following set of Galerkin

equations:
1 (B—SD)@ =0
y—”’Aét % pBAP, + (A + 2u) BE — uSC&® — SDP =0
y‘”Aet Sp,BAPt + BP =0
Bu +(D——SA)a)+Ce = —F**
(B—-SD)u” — Cé + Dé =0

AN ;
where Al] = f.Q Nl]V]dQ, SA’-] = fdﬂg NlN]dl", B” = fQ VNl . VIVJd.Q, CU = f.Q Nl%dﬂ,

ON ; ON ; ON ; L
SCU = fdQ3 NLa_x]dF' DU = fO. Nla_zjd‘Q" SD” = fdﬂ3 Nla_zjdl—‘ for all L] = 1,..,n
We can write Equation (7.40) as one system of matrix-vector multiplication

MO, + M6 = f,

(7.40)

(7.41)
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where
o @ ] o 9 u(B —SD) ) o 0 )
o} QSVA j{—":pﬁA o 0 —usC  (A+2uW)B -SD @ 0}

Mt = ) YWA prBA 0 ole RSnxSn’ M = (1) [0)] B (0] (1) c ]RSTLXSTL,
s 5 e o o D - 254 C ¢ B 0
o @ ] o 9 —C D o o (B-SD)

a_w -
W gt 0
e % 0
6=|P|eR™0,=|5 |[ER™, f=| 0 |eR™ (7.42)

ﬁx ou” _sz
u” at, 0
- ou

L 9t -

Note that the Neumann boundary conditions are included. The Dirichlet boundary conditions will be
included after time discretisation.

7.2. Discretisation in time

For discretising the final FEM model given by Equation (7.41) we use the Backward-Euler method like
we did for Biot’s model. This method is an implicit method which is needed, since some of the governing
equations of the new model are not time dependent but the equations are all coupled. Recall that after
applying the Backward-Euler method given by Equation (4.28) to Equation (7.41) and assuming that
(M* + AtM) is invertible, we get that

k1 = (Mt + AtM) " (MUO* + Atf+L),

where Mt, M, 8 and f are given by Equation (7.42), At is the time step and k means the number of steps
in time.

The Dirichlet boundary conditions are included by setting the corresponding rows to zero of matrices
(Mt + AtM) and Mt, and the right entry in these rows of matrix M to one and of the right-hand side vector
to the Dirichlet value.



Solving the numerical model of Van

Damme and Den Ouden - Van der Horst
(2D)

In this chapter, the solutions to the numerical model described in 7 are solved using two different sets
of boundary conditions. Like in Biot's model we assume that w(x,z) = 0 for all x,z € [0, L]x[-Z, 0]. We
recall that this can be proven analytically under the assumption that the influence of the acceleration
terms are negligible [4].

8.1. Numerical model to solve
Assuming w = 0, we get the following discretisation in space model

™ A&, + LLpBAP, + (2 + 2u) BE = SDP =0

Yw 4= Yw D D _
Bu” + Cé = —F*2
(B —SD)u” + Dé =0

Where Al] = f.Q. Nllvde' Bl] = f.Q le . VIVJdQ, Cl] = fﬂ Nl%dﬂ;

Dy =, Ni%dﬂ, SDyj = Jyq, Ni%dl“ foralli,j =1, ..,n.
After discretising system of equations (8.1) also in time, the system can be written in the following
matrix-vector multiplication form

kL = (Mt + AtM) ™ (MH6F + Atfk+D),

where
Yw Yw
fey Lppa @ 0 (A+2WB -SD @ )
Mt — ]I/(_‘:A };_‘:PﬂA Q) Q) I= R4—n><4n‘ M = ? g g g € R4nx4n’
) @ o 0
) ) o 0 D (0) (0] (B —SD)
E
A :
0= i~ € R4n,9t = aaﬂtx € R4n, f = _sz € R*",
s ou 0

45
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Note that by assuming w = 0, we have a four equations and four variables instead of five. This is
computational more efficient. In the next two sections are two different sets of boundary conditions for
which we will solve the system above.

We found out that we also need a boundary condition at z = 0 for u,, namely aauzz =e— 2 Other-

wise the relation between € and the displacements is not satisfied. However, this condition rﬁ]ust hold
by definition. Therefore, adding this boundary condition to the ones we already had is not really an

extra or new boundary condition.

We will now define some terms we used for discretising with Finite-Element Method. These are the
same as for Biot's model. So the geometric maps ¢;, i = 1, ..., m are defined by Equation (5.3).

We use piece-wise linear basis-functions in both x- and z-directions which is of degree 1 and
smoothness 0 in both x- and z-directions, say p, = p, = 1 and k,, = k, = 0, respectively, denoted
by N;, j = 1,...,(px + D(p, + 1). These basis element functions N;|q, are again given by (5.4) for
i=1.,mandj=1,..,(p, + D(p, + 1.

Furthermore, for integration of a subdomain we use again 50 x 50 integration points, the time step is
chosen as At = 0.01 and space steps are chosen as Ax = Az = 0.04. We choose these parameter such
that the computation time would be reasonable which is approximately 1.5 minutes when t;oytena =
2.25. For accuracy we could decrease the step in space and decrease the step in time. However,
this requires an more efficient code and better equipment for computation. We note that since the
computation time of the new model is less than the computation time of Biot's model, less improvements
in the code for the new model and in equipment have to be made to achieve good accuracy within
reasonable computation time. Furthermore, we found that the numerical solutions behave like the
analytical solution by Van Damme and Den Ouden-van der Horst. In Appendix B, we have added the
analytical solutions for the volumetric strain, water pressure, vertical displacement and shear stress at
t = 2.25 s. Note that there is a relatively small difference visible for the vertical displacement and the
stresses.

The porosity, Poisson ratio, hydraulic conductivity, the shear modulus and specific weight are given
by Table 5.1. The compressibility parameter g is again determined by using Equation (5.5). The param-
eters of Equation (5.5) are given by Table 5.2. Since, for a saturation degree of one, the compressibility
parameter is practically zero and completely incompressible water would have a compressibility param-
eter of zero by definition, we will use zero in case of incompressible water.

We recall that 1 and u are given by Equation (2.5). At last, we setn, = 1 and n, = 2, i.e.
Q = [0,1] x [-2,0]. Lastly, we set the stopping time t.,q equal to 2.25 seconds at which the re-
sults will be shown.

In the next two sections we will define some sets of boundary conditions. Boundary conditions N-II
is the one used in the computations in the previous sections. Boundary conditions N-I similar to N-II,
only the third boundary condition at z = 0 of set N-l is the integration of the third boundary condition
of set N-Il with the integration constant being equal to zero [4]. For all sets of boundary conditions, we
set E,, = 0.5y,,H cos (27‘[%) sin (211%), where y,, [N/m3] the specific weight of the pore water, H [m]
is the wave height, L [m] the length of the wave, T [s] the wave period. We recall that the values of
these wave parameters can be found in Table 5.3 and that the function F,, at 2.25 seconds is shown
in Figure 5.2. Furthermore, we set again F,, = 0 which means that we assume that the shear stress at
the surface is negligible.

8.1.1. Boundary conditions N-I
For these set boundary conditions, we first rewrite the equations of volumetric strain and water pressure
in matrix vector form:

1 pB 2 2
Yo |Tran a5 |1 0|25 _[L 025 _, (8.2)
K | 1 pB | ot 0 1fox 0 1|9z
de ) 9%e ) 0%¢e
—|€] 95 _|ac| 955 _|ay2 9% _|az2
where § = [P] 5 = [_ vl ﬁ and = = é .
at dx? 0z2
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Then the eigenvalues of the first matrix are pg + ﬁ and 0 [4]. Since the eigenvalue O refers to a

steady state [4], we will investigate the case for the other eigenvalue. Then according to [4] Equation
(8.2) is now given by

Voo 1 \as a%s 9% _
<B A+2u>6t oz 92 0 (8:3)

N . . . . .
where € = Tion and P = S. So now we can determine two variables by solving one one-dimensional

equation which is computational more efficient. Note that by Equation (8.3) the vertical and horizontal
momentum balance equations are automatically satisfied by the latter relation between ¢, P and S.
Furthermore, note that the boundary conditions regarding € and P given by Equations (6.16), (6.17)
and (6.18) can be rewritten into terms of S without contradiction.

Assuming w = 0, we define boundary conditions N-I as

u

—2ug,; =Eyg
forz=0:4S§ =F, ,
9uz — e dux

0z - dx

= gy, = P 205
for z = nz-{uz—az = =0

= =n =22 -9 _
andforx—Oandx_nx.{ux—ax_ax =0.

8.1.2. Boundary conditions N-II

Assuming w = 0, we define boundary conditions N-Il as

_Z/J'g =F
=F;
forz=0: deyo P ,
(ﬂ. + Z,Ll) ? - E =0
duy ot
az o ax

ouy opP d€yol __

0z 9z 0z !
_ _ . _ __Ouy _ 0P _ 0€y _
andforx—Oandx_nx.{w—ux—ax_ax_ o =0.

forz = —n, :{w:uz

8.2. Solution to numerical model

In this section we assume that the water is slightly compressible and set § = 4.05-10~8. The solutions
to completely incompressible water, i.e. § = 0.5 - 10~° following Equation (5.5), we get approximately
the same results in two dimensions. So there are no differences in behavior near the surface which
were noticeable when zoomed in for the new model. This can be expected since 4.05 - 1078 is already
close to 0.5 - 107°. Even when we increase the compressibility to § = 107, no changes in behaviour
are noticeable. Therefore, we show the results for g = 4.05 - 108 like Biot's model.

In Figures 8.1, 8.2 and 8.3 the solutions for €, P, u,, and u,, and their derivatives with respect to x
and z using boundary conditions N-I are shown. In Figure 8.4 also the vorticity, effective stress, volume
balance equation (in form of the weak form of the volumetric strain equation given by Equation (7.17)),
and shear stress are shown for boundary conditions N-I. In Figures 8.5, 8.6 and 8.7 the solutions for
€vol P, u, and u,, and their derivatives with respect to x and z using boundary conditions N-Il are shown.
In Figure 8.8 also the vorticity, effective stress, volume balance equation and shear stress are shown
for boundary conditions N-II.

We recall that when checking whether the volume is conserved, we are actually checking whether
the volumetric strain equation given by Equation (6.12) is satisfied. The reason for this is that in Biot's
model the volumetric equation is not part of the governing equations and is thus not automatically satis-
fied while the volume is only conserved if the solutions to the momentum equations are also solutions to
the storage equation (i.e. pressure equation) given by Equation (6.12) and the volumetric strain equa-
tion given by Equation (6.12). Therefore, when we say that the volume balance is zero, we mean that
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the volumetric strain equation is satisfied which results again in the volume being conserved (volume
balance).

Then we find that the results to the new model using boundary conditions N-I and N-II give very
similar results. The only difference is a relatively small constant when looking closely at the relation
between the volumetric strain and the dynamic water pressure due to integration. Comparing Figures
8.1 and 8.5 does not show this very clearly. In other words, using boundary conditions N-l we have
(A + 2u)e = P while using boundary conditions N-Il we have (1 + 2u)e ~ P — 1.4 - 103. Notice that they
differ a constant at the surface and thus the derivatives with respect to x and z of both equations are

the same, i.e. (1+2p) aze_l = % for i = x,z holds on whole domain when using boundary conditions
N-I and N-II. Therefore, the results of the displacements are exactly the same, since there equations
depend on the derivative of € with respect to x or z.

When looking at the relation between volumetric strain and the displacements, we find that approx-

imately the relation € = % + aauzz holds when using boundary conditions N-I and N-Il. Recall that the
relation between the vorticity and the displacements is given by w = % — % and that we assumed

% - [Z;Z = 0. In Figures 8.4 and 8.8 it can be seen that

= 5 = 0. The error made is probably due to the Finite-Element Method itself and can decrease

when increasing the number of subdomains and/or the order and/or smoothness of the finite-element
functions. Furthermore, for both boundary conditions sets the volume balance is almost everywhere
0, and the shear stress is indeed zero at the surface z = 0. The fact that the solutions do not give
exactly the expected solutions is probably due to computational errors of the Finite-Element Method
and rounding errors.

Note that the boundary conditions can also be found in Figures 8.1, 8.2 and 8.3 for boundary condi-
tion N-I and in Figures 8.5, 8.6 and 8.7 for boundary condition N-II. Indeed, in the right top and bottom
subplots of Figures 8.1 and 8.5 one can see that u, = 0 at the left and right boundary and u, = 0
at the bottom boundary and in the left bottom subplot one can see that P is indeed again a cosine in
x-direction at the top boundary. Furthermore, in the left bottom subplot one can see that P is indeed a
cosine in x-direction at the top boundary. Since we assumed that the pressure downwards is positive
pressure and thus negative pressure is a pulling force, the water pressure subplots of the new model
agree with the hydrodynamic load shown in Figure 5.2. Since negative z-displacement means dis-
placement downwards in the soil, the solution of the z-displacement behaves like expected as positive
pressure causes displacement downwards into the sandy bed. In Figures 8.2 and 8.6 one can also
find that g—z =0 and Z—; =0atx =0,L. In Figures 8.3 and 8.7 one can find that % =0atz=0,—-n,,

f)—P=Oand?=0atz=—nz

a
‘ In concluszion, the model using boundary conditions N-I and N-II give similar results, only the value
of e differs by a constant in space, especially at the top boundary z = 0.

w = 0. Therefore, we want to find that

ouy ouz _
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Figure 8.1: Solutions to the new model for €, [-], P [Pa], u, [m], u, [m] at teng = 2.25 s, when water is assumed to be
compressible with 8 = 4.05 - 1078 Pa~* and using boundary conditions N-I. In this thesis, a negative pressure is pointing
upwards (a pulling force), and a positive pressure is pointing downwards (a pushing force). The soil displacement upwards or
to the right is positive and downwards or to the left is negative.
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Figure 8.2: Solutions to the new model for % [m™1], g—i [N/m3],
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be compressible with 8 = 4.05 - 10~ Pa~* and using boundary conditions N-I.
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Figure 8.3: Solutions to the new model for % [m~1], Z— [N/m3], =%
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be compressible with f = 4.05 - 10~ Pa~and using boundary conditions N-I.
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Figure 8.4: Solutions to the new model for w [-], o4, [Pa], ox, [Pa] and volume balance at tg,q = 2.25 S, when water is
assumed to be compressible with 8 = 4.05 - 10~8 Pa~! and using boundary conditions N-I. The vorticity is expected to be zero.
The volume balance is calculated using the weak form of the volumetric strain equation, which is given by Equation (7.17), and
is satisfied if it equals 0 everywhere on the domain and its boundaries.
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Figure 8.5: Solutions to the new model for €, [-], P [Pa], u, [M], u, [M] at teng = 2.25 s, when water is assumed to be
compressible with 8 = 4.05 - 1078 Pa~* and using boundary conditions N-II. In this thesis, a negative pressure is pointing
upwards (a pulling force), and a positive pressure is pointing downwards (a pushing force). The soil displacement upwards or
to the right is positive and downwards or to the left is negative.
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Figure 8.6: Solutions to the new model for % [m=1], g—i [N/m3],
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be compressible with § = 4.05 - 10~ Pa~! and using boundary conditions N-II.
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Figure 8.7: Solutions to the new model for T [m™1], P [N/m?], o [-1, 32 [-] at teng = 2.25 s, when water is assumed to
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be compressible with 8 = 4.05 - 10~8 Pa~and using boundary conditions N-II.
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Figure 8.8: Solutions to the new model for w [-], o4, [Pa], o,, [Pa] and volume balance at tg,q = 2.25 s, when water is
assumed to be compressible with § = 4.05 - 10~8 Pa~! and using boundary conditions N-II. The vorticity is expected to be
zero. The volume balance is calculated using the weak form of the volumetric strain equation, which is given by Equation
(7.17), and is satisfied if it equals 0 everywhere on the domain and its boundaries.



Comparison of Biot's model and New
model

A main difference between the models lies in their boundary conditions at the surface. Biot's model
aligns with the effective stress principle of Terzaghi which states that the total stress acting on a porous
medium has to be equal to the pore water pressures added to the effective stresses [2]-[4] whereby
the effective stresses are set to zero. However, it turns out that the volume and momentum balance
equations are not satisfied everywhere. On the other hand, the new model is based on maintaining
valid momentum balance equations within the computational domain and its boundaries but does not
satisfy the effective stress principle of Terzaghi at the surface in case of hydrodynamic load [4]. The
new model also has an extra governing equation, namely the volumetric strain equation which we also
referred to as (a form of) the volume balance equation.

In this section we want to determine why the results of Biot's model do not satisfy the volume
and momentum balance equations and do not satisfy all (boundary) conditions. A reason could be
because of the equations of the model and/or the boundary conditions. Therefore, we will determine
the results for the new model, while setting the effective stress equal to zero at z = 0 instead of the
vertical momentum balance equation at z = 0. We will also determine the results of Biot's model
while setting the vertical momentum balance equation at z = 0 instead of the effective stress equal
to zero at z = 0. We assume that the water is slightly compressible and set § = 4.05 - 1078, The
two-dimensional solutions to completely incompressible water, i.e. 8 = 0, are really similar to the case
with B = 4.05 - 10~ with only some minor differences in behavior near the surface, which are only
noticeable when zoomed, in for Biot and no significant differences in behavior are found for the new
model. Therefore, again we only show the results when setting § = 4.05 - 1078. We also set the
stopping time tgnq = 2.25.

When setting the effective stress equal to zero at z = 0 instead of the vertical momentum balance
equation at z = 0 in the new model, we find in Figures 9.1, 9.2 and 9.3 that now the relation between e
and P, given by the vertical and horizontal momentum balance equation, is not satisfied. However, the
other conditions seem to be satisfied, i.e. w = 0 everywhere, o,, = 0 at z = 0 and the volume balance
equation seem to hold. This is shown in Figure 9.4. However, note that the values for the volumetric
strain and displacements are very small and could be considered as zero which is the steady state of
Biot’'s model. Therefore, the values of these solutions are expected to be small but in perspective they
are still large. Furthermore, movement of the soil is expected after 2.25 seconds as there is still a force
acting on the surface.

Since in Biot’s model the formula for volumetric strain is first order and thus the vertical momentum
balance equation can not easily be used as a boundary condition for the integration of the Galerkin
equations, we use the boundary condition (4 + 2u)e = P at z = 0 which also holds for the new model
using boundary conditions N-I. Since our version of Biot's model does not directly use the volumetric
strain as variable, we rewrite this latter equation to

A+2 au"+auz =P 9.1
( lu) ax aZ - i ()
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and use it as boundary condition for u,. Since the results hold for all three sets of boundary conditions
(with Equation (9.1) instead of the effective stress equal to zero as boundary condition for u, at z = 0)
defined for Biot's model, we only show the results for boundary conditions B-Il of Biot with Equation
(9.1). In Figures 9.5, 9.6, 9.7 we find that the vertical and horizontal momentum balance equations and
(A+2u)e = P hold almost everywhere. When we take a closer look at the surface z = 0 it seems there
is still some instability but it rapidly converges to the wanted relation between the volumetric strain and
water pressure. Also the vorticity is approximately zero everywhere with some oscillation at the surface
and the shear stress is found to be closer to zero at z = 0 which can be seen in the top left and bottom
right subplots of Figure 9.8, respectively. Only the volume balance equation still does not hold which
is expected since this equation is not used in Biot's model which is shown in the bottom left subplot of
Figure 9.8.

In conclusion, it seems that the numerical discretisation of Biot’'s model is more unstable than that of
the new model. It also seems that the boundary condition ¢,, = 0 at z = 0 tends to give a solution that
does not satisfy all assumptions and conditions. The new model with its boundary conditions including
the vertical momentum balance equation instead of setting the effective stress equal to zero, gives the
results that satisfy our assumptions and conditions most.
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Figure 9.1: Solutions to the new model €, [-], P [Pa], u, [m], u, [m] at teng = 2.25 s, when water is assumed to be
compressible with 8 = 4.05 - 1078 Pa~* and using boundary conditions set B- of Biot's model instead of boundary conditions
set N-Il of the new model.
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conditions set B-Il of Biot's model.
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One-dimensional validation of the new
model

In this chapter the new model will be compared with two experimental datasets:

1. A dataset obtained from a one-dimensional set up with a vertical cylinder with first a sand deposit
of 1.8 metres thick and then 0.2 metres water above the sand.

2. A dataset of the water pressure at a location along the center line of the Twente Canal when a
ship passes by.

The validation the new model will happen in one-dimension, since the first experiment is already a
set up in one-dimension. Furthermore, the second experiment can be reduced to a one-dimensional
problem, because the length of the canal is very long and the impact of the width of the canal on the
approximation of the solution in the middle of the width of the Twente canal is expected to be negligible
since the ship sails lengthwise. Therefore, we will now derive the one-dimensional version of the new
model first. This was also done in our literature report [9].

10.1. Van Damme and Den Ouden - Van der Horst (1D)

Setting all derivatives with respect to x to zero, i.e. ai = 0, in the equations of the new model described

in Chapter 6 and following a similar approach of nurﬁerical discretisation (see also our literature report
[9]) we derive the one-dimensional numerical descretisation of the new model to solve, namely

Yw 960l _ %€l _ _Yw, 9P
Ks ot (Aj 21 8z2 K pB at
Yw, pdP _ 0°P = w9 forzeQandteT (10.1)
K at 0z2 Ks Ot
ouy,
a7 = €yol
with boundary conditions
u,(—n,t) =0
P(0,t = t -ng,
.0 a0 )t  _ g forpeT (10.2)
A+ 2w €y0(0,8) =P(0,0) Bevof—nz,t) -0
0z -
and initial conditions
€vol(2,0) = P(z,0) = u,(z,0) = 0 for z € Q. (10.3)
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Using the boundary conditions given by (10.2), the weak equations of the new model in one-
dimension given by Equation (10.1) can be stated as

—NEO) LD 4 [0 Nej(w [ 22+ pp 22| + 2+ 2m) (2 - 222 )dz =0

0 yPw [ o o

S e o]+ (57 -a—i)dz -0 - (104)
0 ou, 0

f_nz N} a—uzdz = f_nz Nte,qdz

Substituting one-dimensional trial functions into Equation (10.4) we get the following one-dimensional
Galerkin equations in matrix-vector form

DA, + P pBAP, + (A + 2u) BE = SCP =0
% pé, + LppAP, + BP =0 , (10.5)
cu’ = Aé

aN](O)

a
where 4;; = [°, NiN;dz,By; = [°, 24%0dz ¢, = [ N;ZLdz. and SC;; = N;(0)

We can write Equation (10.5) as two systems of matrix- vector multiplication

cu® = Aé’ '
where
Yw Yw °13
A TpBA (A+2W)B —sc - 0
Mt =K K , # ol fit)= . (107
}I’(_v:A }I/(_‘ZpﬂA [ 3_1: f( ) F(t) ( )

Like in our literature report [9], the Dirichlet boundary conditions are included in the numerical model
by setting the corresponding rows of matrices Mt and M to zero and then putting pivots in these same
rows of M. Furthermore, setting F; = 0 fori = 1,..,n — 1 and E, = F,, we get that P, = F, = F,, and
uZ = 0. After applying the time integration given by Equation (4.30) to Equation (10.6) using M¢, M, S
and f given by Equation (10.7) and assuming that matrix (Mt + AtM) and C are invertible like in our
literature report [9], we get that

{sk“ = (M + 0eM) ™ (MTSK + AtfRrT)

u-zk+1 =C- 1A6k+1

Note that we assumed the alternative boundary conditions which are described in Section 5.2 of

our literature report [9], since then we get a unique solution instead of infinitely many, namely

f(,1+2y)a ~dQ = f dQ<=>(/1+2u)e—P+dlz+d2 (10.8)

for d,(t),d,(t) € R. Smce — = 'Z— 0, we find that constant d,(t) = 0 for all t € T. However,

since d,(t) is arbitrary we st|II have infinitely many solutions. Therefore, we chose d,(t) = 0 for all
t € T to find a unique solution. This choice of constant feels natural, because then the solution of
the two-dimensional model with boundary conditions N-I (approximately interchangeable with the two-
dimensional model with boundary conditions N-II) will converge to the solution of the one-dimensional
model when the horizontal distance of the domain is chosen to be infinitely large. Furthermore, note
that when the wave length L goes to infinity, the shear stress goes to a constant value which in line
with the boundary conditions for the new model in two dimensions is zero and the normal stress due to
the wave becomes a function only depending on time. At the surface this would mean that ¢,.,(x, t) :=
F.,(x,t) = 0 and 0,,(x,t) := E,,(x,t) = F,,(t) as L = oo.

Since the shear stress goes to zero and the normal stress due to the wave only depends on time
as L = oo, there are no alterations in x-directions and thus the displacement in x-direction and all

derivatives with respect to x vanish, i.e. u, = 0 and ( ) = (0 as L = oo. Substituting these findings,
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we get the one-dimensional model described in the 1D chapters of our literature report [9]. Following
our literature report, in one dimension we use piece-wise linear basis-functions N; of degree p, = 1
and smoothness k = 0 called hat functions. These are given by

Z—Zj_ .
—L ifz € [zi_1,%]
N; = e
2 . ,
—=—, ifz€[z,24]
Zi+17Z{

fori =1,...,(p, +1). Furthermore, for integration of a subdomain we use 1000 integration points, the
time step is chosen as At = 0.01 and the stepsize is chosen as Az = 0.001.

10.2. Experiment 1: Variation of relative density and degree of sat-

uration
In the first experiment, the one-dimensional set up is a vertical cylinder with a 1.8m thick layer of (nearly)
saturated sand covered by a 0.2m thick layer of water [8]. A schematic diagram of the equipment is
given by Figure 10.1, where pore pressure gauge PO is installed at the surface of the sandy bed and
pore pressure gauges P1-P10 are installed in the sandy deposit.

Pore pressure gauge
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Figure 10.1: A schematic diagram of the equipment used for the one-dimensional cylinder experiment [8]. This figure is from
(Liu et al., 2015).

For comparison of the new model with the data of [8], we set F,,(t) = 0.5y,,H cos (an) sin (2n%)+
ywD, where the wave period T, wave height H, water depth D and number of waves N, are given by
Table 10.1. Note that in Equation (10.3) the initial condition P(z, 0) is set equal to 0 as used everywhere
else in this paper and in our literature report [9]. Since the water pressure in the steady state equals
ywD, we add this solution to the transient solution of the water pressure at the end. Another approach
would be setting the initial value of the water pressure equal to y,,D. However, then the initial condition
of the volumetric strain and vertical displacement need to be adjusted too. The steady state of the
volumetric strain and vertical displacement would be given by e(z) = % and u,(z) = ;’:’i (z +ny)

for all t € T when choosing d, = 0 in Equation (10.8) [9]. Since we only compare the water pressure,
we chose the first approach. The values for the hydraulic conductivity K, porosity p, Poisson ratio v,,
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shear modulus u, specific weight of water y,,, relative density D,. and the depth of the soil h for dense
and loose sand with a high or low degree of saturation are given by Table 10.2. Table 10.3 gives the
values of the parameters for calculating the compressibility parameter 8 using Equation (5.5), namely
the degree of saturation, the compressibility of pure water and the absolute pressure in the water. We
will look at the numerical solution for the water pressure when the load on the surface is maximal, i.e.
(max;(F,,(t))). In Figure 10.2 dense sand and loose sand is visualised.

Table 10.1: Parameters of the waves for subplots (a)-(d) [8].

Wave properties | Symbols Values

(@ | (b) | (c) | (d)
Wave period [s] T 15 | 9 9 9
Wave height [m] H 35 (25| 35| 1.23
Water depth [m] D 52 (52|52 52
Number of waves N, 10 | 10 | 10 10

Table 10.2: Parameters of one layer of sandy deposit based on [8].

Soil properties Symbols Values
Dense sand and | Loose sand and | Loose sand and
high saturation | high saturation low saturation
Hydraulic conductivity [m/s] K 1.4-1073 21-107% 1.8-107*
Porosity p 0.384 0.425 0.425
Poisson ratio vy 0.3 0.3 0.3
Shear modulus [Pa] u 1.27 - 10° 1.27 - 107 1.27 - 107
Specific weight of water [N/m?3] Y 9810 9810 9810
Relative density [-] D, 73.8 46.7 46.7
Depth of soil [m] n, 1.8 1.8 1.8

Table 10.3: Parameters of compressibility equation given by Equation (5.5).

Soil properties Symbols Values
Dense sand and | Loose sand and | Loose sand and
high saturation | high saturation low saturation
Degree of saturation [8] s 1.0 1.0 0.994
Compressibility [10] Bo 0.5-107° 0.5-107° 0.5-107°
of pure water [Pa™1]
Absolute pressure [10] Py 10° 10° 10°
in the water [Pa]

(a) Dense sand.

Figure 10.2: Particles of sand.

(b) Loose sand.
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In Figure 10.3 the normalised pore water pressure (|P|/P, with P, the initial amplitude) is plotted
against the normalised depth (z/h) for loose sand with a high degree of saturation and dense sand
with a high degree of saturation for several different properties of the waves given by Table 10.1. Since
we want to stop at the time with most load (max,(F,z(t))), we have that the stopping time tgng =
(N, + 0.25) T. Because the soil permeability is an experimental value [8], we have fitted our numerical
solution to the data in Figure 10 from [8]. According to [8], the wave period and wave height will enlarge
the influence of the relative density. Note that the wave height enhances the influence of the relative
density more than the wave period when looking at the data which makes sense since the wave period
is in a sine-function and the wave height is part of the amplitude of the load at the surface due to the
waves. Furthermore, it holds that when the relative density is large, the soil permeability is small in
any wave conditions [8]. The soil permeability values that give a good fit are given by K, = 1.4 - 1073
m/s for the dense sand and K; = 2.1 - 10~* m/s for the loose sand. However, we would expect the
soil permeability to be larger for loose sand than for dense sand. When we take a closer look at the
parameters given by [8], we also notice that the shear modulus is larger for loose sand than for dense
sand while we would expect vice versa. If the values of the shear modulus in the paper are indeed
swapped, then we would get the same solutions for (1 = 1.27 - 107, K, = 2.1 - 10~* m/s) for the dense
sand and (4 = 1.27 - 10%, K, = 1.4 - 103 m/s) for the loose sand. In all subplots we find that at each
depth, the water pressure is lower for a higher relative density which follows the data. Then we find that
for wave properties (a) and (c) with the soil properties of the loose and dense sand with a high degree
of saturation, the numerical solution fits the data from [8] quite well which can be seen in subplots 10.3a
and 10.3c for the different relative densities. However, for the wave properties (b) and (d) we do find
that the water pressure decreases over depth, but not as fast as the data from Figure 10 of [8]. It
could be that the influence of the relative density due to the wave height and/or wave period is not well
described yet in the model. Another reason for change of the difference in numerical solution and data
for different wave heights could be caused by secondary terms that are more likely to happen for a
certain wave height. For smaller wave heights, we have smaller loadings on the surface which means
that the secondary terms have more influence on the behavior of the soil.

In Figure 10.4 the normalised pore water pressure (|P|/P,) is plotted against the normalised depth
(z/h) for loose sand with a low degree of saturation and for loose sand with a high degree of saturation
for several different properties of the waves given by Table 10.1. Again, since we want to stop at the
time with most load (max.{F,,(t)}), we have that the stopping time teng = (N. + 0.25) T. Then we find
that, like the data suggested, the pressure inside the soil diminishes more rapidly in the case of sand
with a low degree of saturation than in the case of sand with a high degree of saturation. Furthermore,
we find that for wave properties (a) and (c) and soil properties of the loose sand with a low degree of
saturation and the loose sand with a high degree of saturation, the numerical solution fits the data of
Figure 11 in [8] quite well which can be seen in subplots 10.4a and 10.4c for the different degrees of
saturation. For soil properties (b) we also find numerical solutions that behave similar to the data. For
the different degrees of saturation, especially subplot (d) stands out. According to [8], the influence of
the degree of saturation decreases when the wave height and/or wave period decrease. Therefore, it
could be that the influence of the degree of saturation is not yet linked well to the wave height and/or
wave period in the model.

In Figure 10.5 the normalised pore water pressure (|P|/P,) is plotted against the normalised depth
(z/h) for loose sand with a a high degree of saturation. For the wave parameters, we use the values
of (¢) given by 10.1ie. T =9, H = 3.5, D = 5.2, N, = 10. Note that we again have a stopping time
tend = (N +0.25) T which equals 92.25 in this case. Then we find that the numerical solution for water
pressure overall fits the data from Figure 4 in [8] quite well except for the lower part of the sail.

Another reason for the differences in value for Figures 10.3, 10.4 and 10.5 could be the assumption
of constant soil properties in the new model [8]. A possibility is that the thickness of the sandy deposit
was changing over time during the experiments due to liquefaction [8]. Another possibility could be that
the relative density is not constant over depth [8]. Since the new model assumes constant soil proper-
ties, the difference between the numerical solution and the data could be caused by these phenomena.
Lastly, errors in numerical discretisation and/or in the experimental data measured by [8] could also
contribute to the difference in value.

In conclusion, most numerical solutions for water pressure overall agrees well with the data from
[8]. There are some significant differences between the numerical solution and the data which could be
caused by the assumption of constant soil parameters or simply by errors of the numerical discretisation
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Figure 10.3: The normalised pore water pressure against the normalised depth together with the experimentally measured data

from Figure 10 of [8] for different relative densities: for dense sand 73.8 and for loose sand 46.7 (i.e. different shear moduli: for

dense sand u = 1.27 - 10° and for loose sand u = 1.27 - 107). The wave parameters corresponding to each subplot are given
by Table 10.1. The water was assumed to be incompressible, so g = 0.5 - 107°.
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Figure 10.4: The normalised pore water pressure against the normalised depth together with the experimentally measured data
from Figure 11 of [8] for different degrees of saturation (Low saturation: s = 0.994, high saturation: s = 1.0). The
compressibility parameter is then calculated using equation (5.5). The wave parameters corresponding to each subplot are
given by Table 10.1. The sand here is assumed to be loose with a relative density 46.7%.
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Figure 10.5: The normalised pore water pressure against the normalised depth together with the experimentally measured data
from Figure 4a of [8].
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10.3. Experiment 2: A passing ship

We will now look at the second experiment: the effect of a ship passing by on the water pressure.
The set up is shown in Figure 10.6 where a ship is passing by above the pressure sensors from right
to left. We will focus on validating the new model in one dimension (depth) with the data of Zaat
[12]. In the experiments described by the paper [12], ten centimetres of the riverbed is dredged and a
sand-bentonite-mix (SBM) is added above the sandy ground under the water of the canals of Twente.
Therefore, we will take into account that two layers are involved in the riverbed. There are four pressure
sensors placed on or in the riverbed, namely two (P1 and P3) at the surface of the river bed (z = 0 [m])
and two (P2 and P4) in the riverbed of which one is placed at a depth of thirty centimetres (z = —0.3 [m]).
The depth of the other sensor is not fully known, but the paper [12] writes that sensor P2 measures
lower water pressure than sensor P4. According to [12], return flows arise when a ship passes by.
These return flows causes the water level and the water pressure to decrease. This means that P2
would be buried closer to the surface than P4. The difference is estimated at 0.1 metres, so sensors
P2 and P4 lay at z = —0.2 [m] and at z = —0.3 [m], respectively. Note that this latter is stated in
the text of [12]. However, in the figures of [12] it seems that the sensors P2 and P4 are swapped.
For example, see Figure 1 in [12]. Since we agree with the reasoning of P2 measuring lower water
pressure means being buried shallower, we assume the presence of a mistake in the legend of the
figures in [12]. Therefore, in our figures based on the figures in [12] P2 and P4 are illustrated in the
colors yellow and orange, respectively. The locations of the pressure sensors can be found in Figure
10.7.

Water
SBM
o o
Pressure sensors -b
San
Figure 10.6: A passing ship above the pressure sensors based on [12].
Water
SBM
@)
Sand
@P3 Z =-0.3m

Figure 10.7: Locations of the pressure sensors based on [12].
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We use the soil properties porosity, poisson ratio, shear modulus, specific weight of water, effective
grain size and the dept of the soil that are given by Table 10.4 and the soil properties regarding the
compressibility of the soil are given by Table 10.5. These values are based on us fitting the numerical
solution to the data given by [12]. Note that like for case 1 we assume that the water is incompressible.
Furthermore, the hydraulic conductivity can be approximated by the following equation of Allen Hazen
[13]: K, = ¢ - d?, [cm/s], where c is Hazen’s coefficient and d, is the effective grain size [mm]. We will
use ¢ = 1.0 which is often chosen in civil engineering problems, like we did in our literature report [9].
The load on the surface is set equal to the water pressure measurements by sensor P1, i.e. the water
pressure data of sensor P1 are used as boundary condition at the surface.

Note that the water pressure measured by the sensors does not equal 0 in steady state. However,
since we set the initial condition of the water pressure (and other variables) equal to zero which is
stated in Equation (10.3), we will determine the steady state with initial conditions being equal to zero
and adding the steady state corresponding to the depth of the sensors P1, P2 and P4 to the transient
solution like we did for case 1 in the previous section. Lastly, to compare the numerical solution to the
data, the data in metres water column is converted to data in Pascal by a multiplication of factor y,, g.

Table 10.4: Parameters of two layers of different soils: SBM at suface and a sand below.

Soil properties Symbols Values
Sand SBM
Porosity [-] D 0.44 04
Poisson ratio [-] vp 0.3 0.3
Shear modulus [Pa] U 1.0-10% | 2.0-10°
Specific weight of water [N/m?3] Y 10* 10
Effective grain size [mm] dyqo 0.23 0.3
Depth of the layer [m] h 0.1 1.9
Total depth of soil deposit [m] n, 2.0 2.0

Table 10.5: Parameters of compressibility equation given by Equation (5.5).

Soil properties Symbols Values

Sand SBM
Degree of saturation s 1.0 1.0
Compressibility [10] Bo 0.5-107° | 0.5-107°
of pure water [Pa™1]
Absolute pressure [10] Py 10° 10°
in the water [Pa]

We present four comparisons between the numerical results of the new model and the data obtained
by reading the corresponding graph in [12] given by Figures 10.8a, 10.8b, 10.8c and 10.8d. In Figure
10.8a, a ship is passing by on 26-10-2021 (DD-MM-YYYY) at 09:13:30 (HH:MM:SS). In Figures 10.8b,
10.8c and 10.8d, a ship is passing by on 27-10-2021 at 17:49:28, 28-10-2021 at 15:41:56 and 01-
11-2021 at 09:01:03, respectively. Then we find that the numerical results of the new model for the
water pressure fits the data quite well. The water pressure indeed drops when the ship is passing by
the pressure sensors and over time it goes back to the steady state it had before the ship passing
by. However, there are some minor differences in value of the numerical solution and data, especially
around the peaks and troughs. This latter could be caused by numerical error, since we used basis
element functions of degree 1 and smoothness 0 to find the numerical solution. Higher order and/or
higher smoothness would probably give a better approximation around the peaks and troughs. Also
note that the difference between the numerical solution and the data can be smaller but also larger,
since the data is obtained from reading the graphs [12]. Furthermore, there can be some experimental
errors. In conclusion, the numerical solutions behave similar to the data but may differ significantly in
value, especially around the peaks and troughs.
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Figure 10.8: The time in HH:MM:SS against the pore water pressure in Pascal is plotted together with the experimentally
measured data of [12] for different times and dates. There are three lines plotted, namely one for the depth of each of the three
pressure sensors: P1, P2, P3 at z = 0,-0.2, —0.3 m, respectively. The soil properties are given by Tables 10.4 and 10.5.
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Discussion

The aim of this master thesis was

1. to describe the response of porous media to transient hydraulic loads using numerical methods
like the Finite-Element Method, and

2. to apply it to a one-dimensional case whereby a sandbed is subjected to waves.

Currently, changes in pore water pressure in porous media subjected to transient hydraulic loads are
typically predicted using Biot’'s model. Biot's model considers compressible pore water, assumes zero
effective stresses on the surface of the seabed, and assumes that the wave load is completely carried
by the pore water pressure only. A new model proposed by van Damme and Den Ouden-Van der Horst
suggests that transient hydraulic loads acting on a porous medium affect both the pore water pressure
and the effective stresses in soils. Note that this makes sure that the momentum balance equations
are satisfied throughout the computational domain and its boundaries. However, this model does not
satisfy Terzaghi’s effective stress principle at the soil surface in the sense that the sum of the effective
stresses and pore water pressure does not equal the hydraulic load, whereas Biot's model is in line
with this principle.

In Chapter 2 the stress and strain relations in a linear elastic medium are explained.

In Chapter 3 Biot's model is introduced in two dimensions. Here the governing equations, boundary
conditions and initial conditions are described.

In Chapter 4 a numerical approach is applied to Biot's equations to solve them. Section 4.1 shows
that the Finite-Element Method is used for spatial discretization. The Finite-Element Method is flexible
in terms of computational domain and different types of boundary conditions that can be included. By
approximating the unknown variables with a linear combination of basis functions, the weak equations
can be rewritten as Galerkin equations. These equations are then solved using the Backward-Euler
time discretization method which is described in Section 4.2. The Backward-Euler method is an im-
plicit method which is needed, since some of the governing equations are not time dependent but the
equations are all coupled. Furthermore, an implicit method is unconditionally stable which we prioritize
over accuracy.

In Chapter 5 we derived the numerical results of Biot's model for three different sets of boundary
conditions. We assumed that the soil particles of the porous media are incompressible and that the
water particles are slightly compressible, namely a compressibility of 4.05 - 10~8 Pa~1. The numerical
results were similar to those obtained for incompressible water, but a bit more oscillating near the
surface when zoomed in. For incompressible water a compressibility parameter of 0.5 - 107° Pa™1 is
assumed. Furthermore, we assume that the vorticity is zero beforehand. In Section 5.1 three different
sets of boundary conditions are described for Biot's model. In Section 5.2 for each set of boundary
conditions we found a solution for the volumetric strain, water pressure, horizontal displacement and
vertical displacement of Biot's equations in two dimensions with the assumption of one homogeneous
layer of soil. Also the vorticity, effective stress in z-direction, shear stress and volume balance were
determined. Depending on the set of boundary conditions, we get a solution for the volumetric strain,
water pressure and displacements which does not satisfy all assumptions and (boundary) conditions.
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The three sets of boundary conditions for Biot's model differ in one condition at the surface, namely
the first states that the shear stress equals zero, the second states the derivative of the horizontal
displacement with respect to the depth equals zero and the third states that the vorticity equals zero.
Since the vorticity is assumed to be zero everywhere, we would expect that the first two sets of boundary
conditions give the same results. The third set is to investigate whether the assumption of vorticity
being zero everywhere is indeed satisfied. However, for a zero shear stress boundary condition the
solutions are not vorticity free, do not satisfy the volume balance equation everywhere and also the
momentum balance equations are not satisfied. For the boundary condition given by the derivative of
horizontal displacement with respect to z being equal to zero at the surface, the results are still not
vorticity free and do not satisfy the volume balance equation everywhere. Also the momentum balance
equations are still not satisfied. Furthermore, the shear stress is not found to be zero at the surface
which we expected when assuming vorticity to be zero everywhere. The boundary conditions given by
the vorticity being zero at the surface, gives results that do satisfy the momentum balance equations.
However, the solutions are still not vorticity free, the volume balance is not satisfied everywhere and
the shear stress is not found to be zero at the surface.

In Chapter 6 the two-dimensional model of Van Damme and Den Ouden-Van der Horst introduced.
Here the governing equations, boundary conditions and initial conditions are described.

In Chapter 7 a numerical approach is applied to model of Van Damme and Den Ouden-Van der
Horst to find a solution. In Section 7.1, the Finite-Element Method is used for spatial discretization. By
approximating the unknown variables with a linear combination of basis functions, the weak equations
can be rewritten as Galerkin equations. These equations are then solved using the Backward-Euler
method for time discretization which is described in Section 7.2. Note that this discretisation is the
same as for Biot.

In Chapter 8 we derived the numerical results of the model of Van Damme and Den Ouden-Van
der Horst for two different sets of boundary conditions. We assumed again that the soil particles of
the porous media are incompressible and that the water particles are slightly compressible, namely
a compressibility of 4.05 - 1078 Pa~1. The numerical results, when assuming incompressible water,
seem the same. For incompressible water a compressibility parameter of 0.5 - 10~° Pa~! is assumed.
Furthermore, we assume again that the vorticity is zero. In Section 8.1 two different sets of boundary
conditions are described for the new model. In Section 8.2, for two different sets of boundary conditions
we solved the new model for the volumetric strain, water pressure, horizontal displacement and vertical
displacement in two dimensions with the assumption of one homogeneous layer of soil. Furthermore,
the vorticity, effective stress in vertical direction, shear stress and volume balance were also deter-
mined. The two sets of boundary conditions for the new model differ in one condition at the surface,
namely the first states that the volumetric strain times a constant equals the pore water pressure and
the second states that the vertical momentum balance equation must hold at the surface. In these
boundary condition sets, we also simplified the shear stress condition at the surface to the derivative
of vertical displacement with respect to the depth being zero, which follows from the vorticity being
zero. We expect similar results for both, since when the first boundary conditions set holds the second
boundary conditions set also automatically holds. Indeed, we find very similar results for both bound-
ary conditions sets. Only their solutions for the volumetric strain differ by a constant in space. They
both satisfy all their boundary conditions, the vorticity and the volume balance are approximately zero
everywhere and the shear stress is zero at the surface.

In Chapter 9 we did compare Biot's model and the new model of Van Damme and Den Ouden-Van
der Horst further. Here, we exchanged the boundary condition at the surface that was different, namely
the effective stress being equal to zero versus the vertical momentum balance equation. We did this
comparison to investigate the stability of both models and the influence of the boundary conditions.
Overall, we found that the results of the new model were slightly more stable in behaviour than Biot's
model. Furthermore, we found that the influence of the assumption of the effective stress being zero
at the surface is such that the solutions do not seem to satisfy all conditions we expect. These expec-
tations are that the solutions satisfy their boundary conditions, are vorticity free and satisfy the volume
balance equation. When setting the vertical momentum balance equation at the surface, these are all
satisfied.

In Chapter 10 we validated the new model in one dimension. The new model is compared with
experimental data from two different experiments: (1) measuring data in a one-dimensional set up with
a vertical cylinder with first a sand deposit of 1.8 m thick and then 0.2 m water above the sand, and (2)



71

measuring data when a ship passes by in the Twente Canal. For both experiments pressure sensors
were used to determine the water pressure at several levels above or in the soil. For the first experiment
a certain function is assumed as input for the load at the surface while for the second experiment the
measured input at the surface of the riverbed is used as input for the load. Furthermore, the one-
dimensional version of the new model is used for approximation of the solution, since the set up of the
first experiment is one-dimensional and the second experiment can be reduced to a one-dimensional
problem. Overall, the new model in one-dimension fits both datasets quite well and when the value
of the numerical solution of the water pressure differs with the data, the behaviour of the numerical
solution over space and/or time is similar. For the first experiment this means that the water pressure
decreases with an increase in relative density or a decrease in degree of saturation. For the second
experiment it means that the water pressure in the soil is less impacted by the load at the surface when
the depth is increasing.
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Conclusions and recommendations

We came to the following conclusions based on this study.

Model of Biot

Model of Van Damme and Den Ouden-Van der Horst

Biot’s model in this thesis exists of three constitutive
equations: for the dynamic water pressure, displace-
ment in horizontal direction and displacement in ver-
tical direction.

The model of Van Damme and Den Ouden-Van der
Horst exists of five consitutive relations: for the dy-
namic water pressure, displacement in horizontal di-
rection, displacement in vertical direction, volumetric
strain and vorticity.

Numerical solutions are derived for the dynamic wa-
ter pressure, displacement in horizontal direction and
displacement in vertical direction in line with Terza-
ghi's stress principle by using the Finite-Element
method for discretising in space and the Backward-
Euler method for discretising in time.

Numerical solutions are derived for the dynamic wa-
ter pressure, displacement in horizontal direction, dis-
placement in vertical direction and volumetric strain in
line with d’Alemberts principle of minimum energy us-
ing the Finite-Element method for discretising in space
and the Backward-Euler method for discretising in time.

In Biot’'s model the hydrodynamic loads are carried by
the pore water and the effective stress is set equal to
zero at the surface.

In the new model the pressure, the effective stress or
the normal stress is defined at the surface.

Biot’s model is based on the assumption of compress-
ible water.

In the new model the water can be assumed to be com-
pressible or incompressible.

Momentum and volume balance equations are not
satisfied.

Momentum and volume balance equations are (ap-
proximately) satisfied.

The assumption vorticity free is not satisfied.

The assumption vorticity free is (approximately) satis-
fied.

Biot’'s model is more difficult to solve numerically.

The new model is easier to solve numerically.

The solution to the new model for the dynamic pore water pressure is similar to the solution to Biot's model.
However, the solutions to the new model for the other variables as volumetric strain and displacements can
differ significantly. It is not possible yet to tell which model is right which might differ per physical problem.
Since these variables can not be measured or are difficult to be measured, it is not possible to compare the
numerical results for variables as volumetric strain and displacements to experimental data.
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12. Conclusions and recommendations

For further research we suggest the following extensions of this study.

Investigate the case when having multiple layers of different kinds of soil more, since there are
many assumptions regarding the intersections between these layers to consider.

Compare the (numerical) solutions of Biot's model and the model of Van Damme and Den Ouden-
Van der Horst based on physics, mathematics and data of experiments more extensively.

Extend the one-dimensional and two-dimensional model by adding the acceleration terms as an
extension. This could provide insights into the validity of our assumption of the acceleration terms
being negligible.

Improve computation time and accuracy of the numerical methods by making the code more
efficient and the steps in space and time smaller, respectively.

Choose the computational domain in different shapes. In this master thesis, we assumed a rect-
angular grid in two dimensions. However, in reality the layers of the seabed are not necessarily
rectangular but can be multiple shapes like diagonal or wavy.



Numerical solutions to Biot's model (2D)
with water that is very compressible

We set the compressibility parameter § = 107°. The numerical solutions to Biot's model for the volu-
metric strain €,q, pore water pressure P, horizontal displacement u, and vertical displacement u,, and
their derivatives with respect to x or z are shown in Figures A.1, A.2 and A.3. The vorticity w, effective
stress a,,, shear stress g,, and the volume balance are shown in A.4.
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Figure A.1: Solutions to Biot's model for €, [-], P [Pa], u, [m], u, [m] at teng = 2.25 s, when water is assumed to be
compressible with 8 = 10~° Pa~* and using boundary conditions B-I which is given in Section 5.1.1. The other used
parameters for the soil, the water and the waves are given by Tables 5.1, 5.2 and 5.3, respectively. In this thesis, a negative
pressure is pointing upwards (a pulling force), and a positive pressure is pointing downwards (a pushing force). The soil
displacement upwards or to the right is positive and downwards or to the left is negative.
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Figure A.2: Solutions to Biot's model for x [m™1], P [N/m?], rr [l o [-] at teng = 2.25 s, when water is assumed to be

compressible with 8 = 1076 Pa~ and using boundary conditions B-I which is given in Section 5.1.1. The other used
parameters for the soil, the water and the waves are given by Tables 5.1, 5.2 and 5.3, respectively.
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Figure A.3: Solutions to Biot's model for % [m~1], 3—5 [N/m?3],
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compressible with 8 = 10~° Pa~* and using boundary conditions B-I which is given in Section 5.1.1. The other used
parameters for the soil, the water and the waves are given by Tables 5.1, 5.2 and 5.3, respectively.
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Figure A.4: Solutions to Biot's model for w [-], a5, [Pa], g, [Pa] and volume balance at t¢,q = 2.25 s, when water is assumed
to be compressible with f = 10¢ Pa~* and using boundary conditions B-I which is given in Section 5.1.1. The other used
parameters for the soil, the water and the waves are given by Tables 5.1, 5.2 and 5.3, respectively. The vorticity is expected to
be zero. The volume balance is represented by the weak form of the volumetric strain equation and is satisfied if it equals 0
everywhere on the domain and its boundaries.
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Analytical solutions to the model of Van
Damme and Den Ouden-Van der Horst

The compressibility parameter for solving the model of Van Damme and Den Ouden-van der Horst
(new model) analytically is B = 0.5 - 10~ which is the compressibility of pure water. Therefore, the
water is practically incompressible. The analytical solutions to the model for the volumetric strain €,
pore water pressure P, vertical displacement u, and shear stress o,, are shown in Figure B.1. The
analytical solutions to the new model are obtained from Van Damme and Den Ouden-Van der Horst

[4].
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Figure B.1: Solutions to New model for €, [-], P [Pal, u, [m], a4, [Pa] and o, [Pa] at teng = 2.25 s, when water is assumed to
be incompressible with 8 = 0.5 - 10~° Pa~! and using boundary conditions N-I which is given in Section 8.1.1. The other used
parameters for the soil, the water and the waves are given by Tables 5.1, 5.2 and 5.3, respectively.
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