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Abstract

Energy markets are characterized by unique features such as seasonality, mean reversion,
and sudden price spikes, which make the valuation of related derivatives considerably
more challenging than in traditional financial markets. This thesis investigates the use
of the COS method, a Fourier-based numerical technique, for the efficient valuation of
energy derivatives within a Markov-modulated framework.

The study begins with energy quanto options, whose payoff depends on two corre-
lated underlyings incorporating jumps and regime-switching dynamics. By deriving the
characteristic functions for two benchmark models and implementing the COS method,
the results demonstrate high accuracy and significant computational speed-ups com-
pared to FFT- and Monte Carlo-based benchmarks.

The research work then extends to electricity storage contracts, which feature early-
exercise opportunities and operational constraints. In line with the methodology pre-
sented by [7], this section replicates their integration of the COS method into a dynamic
programming framework to evaluate the option values across multiple contract types
and volatility regimes. The obtained prices fall within the confidence intervals of the
LSMC benchmark, confirming the robustness of the COS approach in handling path-
dependent and constrained problems.

Finally, the pricing framework is generalized to electricity storage under a two-
state Markov-modulated model, to better capture the behavior of electricity prices.
The extended COS-based algorithm accurately reproduces complex probability densities
and achieves stable convergence of the prices while maintaining high computational
efficiency even under this more complex setting.

In conclusion, this thesis demonstrates that the COS method is a powerful and
computationally efficient alternative to stochastic simulation methods for pricing energy
derivatives. It is capable of handling jump dynamics, regime switching, early-exercise
features and operational constraints, highlighting its potential for broader applications
in energy finance.
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storage contracts, Energy quanto options.
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1 Introduction

The pricing of financial derivatives has been a pillar of modern quantitative finance for
a long time, with a rich body of theory and methods developed for traditional markets.
On the other hand, energy markets are characterized by many unique features that
distinguish them from traditional markets. They have undergone significant changes
over the years, including market liberalization and the introduction of renewable energy
sources. The latter, for instance, have caused a sharp increase in volatility. Electricity
and other energy commodities cannot be stored physically on a large scale, and exhibit
some recurrent features, like seasonality, mean reversion and sudden price spikes, all
of which significantly make their dynamics more complex. In addition to this, energy
derivatives are often also conceived as practical tools for risk management, tailored to
the operational and contractual realities of the energy sector. These distinctive char-
acteristics require adjustments to pricing methodologies and motivate the exploration
of whether techniques successful in conventional markets can be effectively applied in
energy markets.

This thesis focuses on two types of contracts that represent the growing complexity
of the sector. The first are energy quanto options, whose payoff is similar to the prod-
uct of two options, each written on an energy-related underlying, such as temperature,
electricity or gas. Unlike standard contracts, which only account for price risk of the
underlying, these options are designed to protect against both volumetric and price
risks arising in the energy markets. These two types of risk are strongly correlated.
For instance, weather conditions can simultaneously influence energy demand and spot
prices: during an unexpectedly warmer winter, the reduced heating demand leads to a
decline in energy consumption, yielding a decline in the energy price. Another example
arises from the interdependence between different energy sources: when natural gas
prices fall, the cost of producing electricity from gas-fired power plants decreases, lead-
ing to an increase in supply on the electricity market. This increase in supply can then
lead to a decrease in electricity prices, demonstrating how fluctuations in gas markets
indirectly affect electricity prices. Energy quanto options are designed to help option
holders to hedge against such risks.



1. INTRODUCTION

The second more complex class of instruments are electricity storage contracts. As
mentioned earlier, electricity prices are very sensitive to changes in supply and demand
because, unlike most commodities, electricity cannot be stored on a large scale. Be-
cause of this, electricity markets display the unique traits mentioned above. In addition
to this, the growth of renewable energy sources increases price volatility due to their
intermittent feature, making it more difficult to maintain a stable grid frequency. One
solution to these problems is electricity storage, which is constantly evolving. This solu-
tion is not only useful for this purpose, but also interesting from a financial perspective:
for instance, electricity can be bought at a low price when the supply is high, and sold
later when the prices are increased to due higher demand. The valuation of these con-
tracts is complicated by the fact that they can be exercised at multiple predefined dates,
they take into account physical constraints of the storage like charging/discharging ef-
ficiencies and capacity limits, and they also include contractual penalties.

To ensure a reliable pricing of these derivatives, it is fundamental to develop ac-
curate models that can capture the main features of the energy price dynamics. In
fact, standard common models, like the Geometric Brownian Motion (GBM) are un-
able to capture sudden spikes or the mean-reverting behavior. We decide to work with
Markov-modulated models, also known as Markov regime-switching (MRS) models,
which provide a more realistic representation of the market by allowing the prices to
evolve under different regimes, each having its own parameters or even a distinct un-
derlying model. This choice, however, increases the complexity of the pricing problem.

This thesis extends the COS method, initially introduced in [14], to price the afore-
mentioned two types of energy derivatives under Markov-modulated models. The COS
method is a Fourier-based numerical method, which was proven to be extremely effi-
cient and reliable for a wide range of applications, especially in financial markets. Yet,
its application in the field of energy markets, especially with the additional complexity
given by MRS models, is still an area that leaves room for exploration. The goal of this
thesis is to investigate the possibility, versatility, speed, and accuracy of applying the
COS method to energy derivatives of escalating model and contract complexity. This
growing complexity is reflected in the structure of this thesis.

Chapter 2 gives an overview of the main mathematical tools that are fundamental to
this research work, including stochastic calculus, financial mathematics and numerical
methods.

Chapter 3 focuses on energy quanto options. This is a natural starting point for
our analysis as they share structural similarities with European contracts, yet already
have some complexity due to the use of MRS models.

Chapter 4 turns to electricity storage contracts, whose evaluation becomes more

4



1. INTRODUCTION

challenging due to early exercise features and the real-world operational constraints. In
this chapter, I replicate and analyze the existing literature, specifically [7], where these
contracts are priced using the COS method.

Chapter 5 presents the main contribution on electricity storage contracts: we further
extend the COS method, on top of the extension made in [7], by adopting a MRS
framework to capture the real market behavior. This choice significantly improves the
validity of the model assumption, but also adds challenges to the numerical valuation.
Chapters 3, 4, 5 share a common structure: each begins with theoretical background on
the relevant model or contract, proceeds with the model methodology, and concludes
with results and discussion.

Finally, Chapter 6 summarizes the findings of the thesis and outlines the main
conclusions.






2 Mathematical Framework

In this chapter, we introduce the mathematical instruments used throughout the thesis.

2.1 Random Variables

In this section, we present fundamental concepts from probability theory and stochastic
calculus, which form the mathematical foundation of financial modeling. The material
is based on [26].

Definition 2.1.1. Given a random variable X, its camulative distribution function
(CDF) is defined as:
Fx(x) =P[X <z,

and if it is continuous, its probability density function (PDF) is defined as:

Definition 2.1.2. Given X a continuous real-valued random variable with PDF fx(x),
its expected value E[X] is defined as:

BX] = [ afxla)ds

assuming that the integral [*_|z|fx(z)dz exists and is finite.
The variance of X is defined as:

Var[X]| = /00 (z — E[X))? fx(z)d,

o0

assuming that the integral exists.

In computational finance, the density functions for random variables such as interest
rates or stock prices are what one typically works with since these are necessary for

7
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the calculation of expectations and variances. While there are closed-form densities
for a few simple processes, most financial models lack them. But for some of these,
the characteristic functions are analytically tractable, from which one can obtain useful
information about expectations and other parameters. We therefore also define the
characteristic function in this section.

Definition 2.1.3. Given a continuous random variable X, its characteristic function
dx(u), for u € R, is defined as:

ox(w) =Bl = [ v fe(a)da,
where i is the imaginary unit, such that i2 = —1.

The characteristic function ¢x(u) uniquely determines the distribution of X. In par-
ticular, if X admits a PDF fx(x), then ¢x(u) is its Fourier transform.

Given ¢x(u), the k-th moment of X can be obtained using:

mel) = () o

u=0 ’

Another useful function is the cumulant characteristic function (x(u), defined as the
logarithm of the characteristic function ¢x(u):

Cx(u) = Ingx (u) = InE[e™X].

Given (x(u), the k-th cumulant (;(-) can be obtained using:

G) = (D) 2.1)

=0

Definition 2.1.4. The joint CDF of two random variables X and Y, is the function
Fxy(-,-) : R* = [0, 1], defined as:

Fxy(z,y) =PX <2,V <y

If X and Y are continuous variables, the joint PDF of X and Y is a function fxy(:,-) :
R? — RT U {0}, defined as:

aF‘X,Y(':l% y)
oxdy

which means that for any event A, it follows that:

PI(X,Y) € A] = / /A Fey (2, y)dedy.

fX7Y('T7y) =

8
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As the joint pdf is a probability distribution function, the following properties hold:
e fxy(z,y) >0 for any z,y € R;

o [ 7 fxy(z,y)dady = 1.

Given the joint distribution of (X,Y’), the expectation of a function hA(X,Y) can be
computed as follows:

Blb(x.Y) = [ ) / " h(@ ) fry (o, y)dedy.

2.2 Stochastic processes and Martingale property

A stochastic process X(t) is a collection of random variables indexed by a time
variable ¢.

Suppose we are given a sequence of dates 17,75, ...,T,,. Up to the current date, we
have observed the values taken by a stochastic process X (¢). This means the historical
path of the process is known. In contrast, the future evolution of the process is unknown
and can only be explored through simulation, based on an assumed dynamics of asset
prices.

To mathematically describe the information available about the process up to a certain
time T;, we use the concept of a sigma-algebra, which captures all events that can be
determined from observations made up to that time. A sequence of sigma-algebras is
referred to as a filtration. Given observation dates 1,75, ..., T;, the filtration generated
by the stochastic process X up to time 7; is defined as

F(T) = sigma(X(T)) : 1< j < ).

This captures the information accumulated from the process X up to time 7;. Because
the information grows over time as more observations become available, we have a
nested sequence of sigma-algebras:

F(Th) CF(Ty) € --- C F(Th).

When a process is said to be F(T')-measurable, it means that its values are known (or
observable) at any time ¢ < T, based on the information available up to time 7.
A stochastic process X (t), for t > 0, is said to be adapted to a filtration F(t) if

sigma(X (t)) € F(t) forallt > 0.

This means that the process does not incorporate knowledge of future events: at any
given time ¢, the value X (¢) is determined by the information available up to that point.
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A central example of a stochastic process is the Brownian motion, whose formal
definition is given below.

Definition 2.2.1. A real-valued process {W (t), t > 0} is called Brownian motion
if:

« W(0)=0;

o the increments are normally distributed: for all 0 < s < t, W(t) — W(s) ~
N(O7 l— 5)7

o the increments are independent: forall 0 < t5 < t; < ... < t,, the random

variables Y (t;) = W (t;) — W(t;_1), i = 1,...,n are independent;

o the map t — W(t) is continuous.

Definition 2.2.2. A d-dimensional Brownian motion is a process { (W1 (t), ..., Wy(t)) :
t > 0}, where {W;(t) : t >0}, i =1, ...,d are mutually independent Brownian mo-
tions.

Before introducing martingales, we first recall the concept of conditional expectation,
which plays a central role in describing how expectations evolve with information.

Definition 2.2.3 (Conditional Expectation). Let (£2,.%,P) be a probability space, and
X : Q — R an integrable random variable, i.e., E[|X|] < co. Let ¢ C F be a sigma-
algebra. Then E[X|¥] is defined as the unique random variable Y : @ — R which
satisfies:

e Y is Y-measurable;
o Y is integrable;

o Y satisfies the “defining property of conditional expectation”, i.e., VG € ¥ :

/YdIP’:/XdIP’.
G e}

When ¢ = sigma{ X1, ..., X, } with X; random variables, then E[X|¥4] = E[X| X}, ...

Theorem 2.2.1. (2, F,P) be a probability space, and X : @ — R an integrable random
variable. Let 4 C F be a sigma-algebra. The conditional expectation E[X|4] has the
following properties:

- EEX|¥]] = E[X],

10
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o Linearity: E[aX+bY|¥9] = aE[X|9]|+DE[Y|¥], witha, b € R and X, Y integrable
random variables;

o If X is 9-measurable, then E[X|¥Y] = X;

o ForceR, Elc|9]=c;

» Conditioning on a trivial sigma-algebra: E[X|{0,Q}] = E[X];
o Positivity: X > 0 implies E[X|¥4] > 0;

o Monotonicity: if X <Y, then E[X|¥4] < E[Y|¥];

. [E[X[9) < E[X]9);

o If X and & are independent, then E[X|¥4] = E[X].

A key property when working with stochastic processes is the martingale property. We
present its definition next.

Definition 2.2.4. Consider a probability space (€2, F,Q), where 2 is the set of all
possible outcomes, F(t) is the sigma-algebra, and Q is the probability measure.
A right-continuous X (¢) process with left limits (cadlag) for ¢ € [0, 7] is called a mar-
tingale with respect to the filtration F(¢) under the measure Q, if V¢ < oo the following
holds:

E[|X (1)] < oo,

and
E[X(t)|F(s)] = X(s), withs<t,

where E[-|F] is the conditional expectation under measure Q.

2.3 Fundamental theorems of asset pricing

In this section, we present the fundamental theorems of asset pricing, which describe
the conditions under which a financial market is arbitrage-free and complete. Let us
introduce the mathematical setup for this section. We consider a probability space
(Q, F,P), the time axis for a multi-period model T = {0,1,...,7},T € N, and d-assets
(for i € {1,...,d}), such that S*: Q x T — Rso and (w,t) — S{(w) is the value of the
asset 7 at time point ¢ in case event w occurs, and S§ is the deterministic value. The
assets prices S = (SP, S}, ..., %)t are adapted to the filtration (F)ier.

Definition 2.3.1. Let P and Q be two probability measures on the space (€2, F). The
measure Q is called:

11
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« equivalent toP (Q ~P)if P(A) =0 < Q(A) =0, VA € F;

» absolutely continuous with respect to (w.r.t) P (Q < P) if P(4A) = 0 =
Q(A) =0, VA e F;

o singular wrt P (Q LP)if3JA e F: Q(A) =0 and P(A) = 1.

Definition 2.3.2. A probability measure Q on (2, F) is a martingale measure
(MM) for S if:

o Egl|Si]] <00, VteT,Vi=1,...,d;
i _ m@o|st C_
o Stfl_E E|ft71, VtGT,Vz—l,...,d.

where B, is the numéraire or discount factor (which is often the risk-free money market
account).
If Q@ is a MM and it holds that Q ~ P, then QQ is an equivalent martingale measure

Definition 2.3.3. We define the set of all EMMs as follows:
P={QQ ~P, Qisa MM for S}.

Definition 2.3.4. An investment strategy & = (¢°,¢,...,£%) € R™! in the multi-
period model is a predictable stochastic process & = (&)ier. The investment strategy &
is related to the value process V = V¢, as follows:

d
V,=Vi=§-5,=> ¢ 5, vie{o1,... T}
=0

where S; = (S?, S}, ..., 59) is the vector of asset prices at time t € T. V is the value
of the portfolio at time t € T. B S
The investment strategy is self-financing if: §; = &1 - Sy — & - S; =0, vt e T.

Definition 2.3.5. An investment strategy ¢ € R*! with value process V is called an
arbitrage if:

o There is no initial cost: V) < 0;
» There are no losses with certainty: P(Vy > 0) = 1;

o There is gain with positive probability: P(Vy > 0) > 0.

12
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Theorem 2.3.1. The 1st fundamental theorem of asset pricing (1st FTAP)
states that a financial market is abritrage-free if and only if there exists an EMM Q:

No arbitrage <= P # ).

Definition 2.3.6. We say that a European claim C is replicable if there exists a
self-financing strategy & such that:

C=¢& Sy P —a.s.
A financial market is complete if every claim C' : Q — R is replicable.

Theorem 2.3.2. The 2nd fundamental theorem of asset pricing (2nd FTAP)
states that an arbitrage-free financial market is complete if and only if there exists a
unique EMM:

complete market <= |P|=1.

2.4 Markov-modulated additive model

In this section, inspired by [2], we introduce a risk-neutral model for futures contract
whose prices are governed by Markov-modulated additive processes. The increments
are independent but non-stationary.

We consider a complete probability space (2, F,Q), where Q is the risk-neutral
probability measure, with respect to which we take the expectations E[-]. We introduce
a time interval [0,7], and we equip the probability space with a Q-complete, right-
continuous filtration {7 }iej0,7-

A filtration {F;}+>o is said to be Q-complete if it contains all subsets of Q-null sets
in F, so every event of probability zero and its subsets are included in F, Vt € [0, 7).
A filtration is right-continuous if F;, = (.., Fs, Vt € [0,7].

First, we give the definition of additive processes [10]:

Definition 2.4.1. A stochastic process (X;);>0 on R? is called an additive process
if:

° XO = O
¢ it is cadlag, meaning that it is right-continuous with left limits.

 its increments are independent: for every increasing sequence of times tg, ...,t,,
the random variables X;,, Xy, — X,,, ..., X, — X;, , are independent.

o it is stochastically continuous: Ve > 0, P[| X5 — X > €] e 0.
—

13
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Note that a Lévy process is a special case of an additive process where the increments
are not only independent but also stationary.

We now introduce the concept of Markov processes, inspired by [22], which form a
fundamental basis for the models developed in the following sections.

Definition 2.4.2. Let S be a countable, nonempty set equipped with the discrete met-
ric, so that right-continuity of functions X : Rsy — S is well-defined. A continuous-
time Markov chain (CTMC) on S is a stochastic process X = (X(t));>0 specified
by:

o an initial distribution p = (p;)ics, where p; = P(X(0) = 9);
« a rate matrix @ = (¢; ;)i jes, where:

1. gi; >0foralli#j€S,
2. qii=— Z#i gi,;, so that each row sums to zero: ZjeS ¢.,; =0.

The process satisfies the Markov property with transition rates governed by @: for all
i,j €S, for all t > 0 such that P(X(¢) =) > 0, and for all small h > 0,

PX(t+h) =j | X(t) =4) = di; + qs,;h + o(h),
where 0; ; is the Kronecker delta (i.e., ;; = 1 if i = j, and 0 otherwise).

The rate ¢; ; describes the instantaneous transition rate from state i to state j. For
i # j, it represents how quickly the process jumps from i to j, while —¢;; gives the
total rate of leaving state .

Note: The symbol 1 4 denotes the indicator function for a condition A. It is defined as:

) 1 if condition A is true
A7)0 if condition A is false.
With these preliminary definitions in place, we now introduce the framework of Markov-
modulated additive processes (MMAPs): consider a Markov process { M (t) }+co,]
continuous in time and with a finite-state space . = {l,...,J}, generator matrix
Q = {qji}sxs (g is the transition rate from state j to state [ # j) and initial prob-
ability vector p € R’. A two dimensional process X(t,7) = (X1(t,7), Xs(t, 7)), is
a MMAP when X(0,7) = 0 and when M(s) = j, for s > 0, X behaves like a two
dimensional additive process Z;, for j =1, ..., J. These additive processes are assumed
to be independent and have the following characteristic exponent ([21]):

14
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(s, t,7,u) = —= <u —Cy(t,m)u") +

+/ / (ei<“’z> —1—i(u,2z) Lj,<1) {;(dz, dy)
s JR2

such that:

i<u, Z;(s,7)—Z;(t,7)>] _ P,(st,T,u
E [ei<u Zim-Z5(tm)>] = obilstrw)

where u = (uj,uz) € R?, 0 < s < t, u” is the transpose of u and ®; is assumed to
be differentiable w.r.t. time. The matrix C;(s, T) represents the cumulative covariance
between s and 7 of the Gaussian component of the additive process Z;. So C;(t,7) —
C,(s,7) behaves like the covariance of the increment Z;(t,7) — Z;(s, 7). C;(s,7) has
the following properties:

C;(s,7) is a 2 x 2 positive definite matrix

C;(0,7) =

Cj(s,7) > Cj(t,7)as s > ¢

C;(t,7) — C,(s,7) is positive definite for s < t.

In addition to this, ¢; is a measure on (0,00) x R? such that:
L[5 [ (LA |22)65(dz, dy) < oo
2. L;({t} xR*) =0 for t > 0.

The two differentials dz and dy refer to integration over two distinct dimensions: dz
denotes integration over the jump sizes z € R?, while dy denotes integration over time.

A fundamental assumption is made, following [13], for the finiteness of the expec-
tation E[e<®X(t7)>] where a € C2:

Assumption 2.4.1. There exists a constant C > 2 such that Va € C* with Re(a) €
[_Ov 0]2

/ /| e<Re@=>p (dz dy) < oo, j=1,...,J,
>1

where Re(a) denotes the real part of the components of the vector a.

This implies that:
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1. E[le<®Zt7)>|] < 00 Vit €[0,7]
2. Ele<aZit)>] = e0i(Otmia) i =1 . J.

The following result will be useful to determine the joint characteristic function of
Markov-modulated additive processes.

Lemma 2.4.1. Consider a Markov-modulated drift process

t J
Ty (t,7) = / > 155, 7) Las(s)= s,

where 1;(t, T) are real-valued deterministic functions which satisfy the integrability con-
dition [ |p1;(s, 7)|ds < oo. Consider a Markov-modulated process

t J
Fz(t):/o Z’VﬂlM(s):de,
j=1

where wj, j =1,...,J are constants. Then, Va € C* that satisfies Assumption 2.4.1 and

Vo<t<r:

E[ €F1(t,T)+F2(t)+<a,X(t,T)>] (Q+D)t+ [y Asmydsq

where 1 is a column vector of ones, D and A(s,T) are diagonal matrices with entries

olot .
Dj; = and Aj(t,7) = p(t,7) + F2(6,y, 7, la)’

y=t

Proof. A proof can be found in [2].

Although Markov-modulated additive models can be defined for an arbitrary num-
ber d of processes {X;(t,7)}, [ =1, ...,d, we focus our analysis on the case where d = 2.
Under the measure QQ, we introduce a two-dimensional price process that models futures
prices of contracts F(t,7) = (Fi(t,7), Fa(t,7)):

F(t,7) = [0, m)eMtTHED =12,

where 7 is the delivery time, ¢ € [0, 7] is the current time, X; is the Markov-modulated
additive process and A; denotes the drift process, defined as:

t J
At 7) = / > pia(s, T yg—jds, 1=1,2,
-

where p;;(t,7) is a real-valued and deterministic function which satisfies the integra-
bility condition fot |.1(s,7)|ds < co. We define the following column vector:

,ul(t77—) = (Ml,l(taT)a "'nuJ,l(taT))Ta t <, [ = 1a 2.

The following proposition states a martingale condition for futures prices.
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Proposition 2.4.1. Let e; be the I-th standard basis vector of R%. The futures price
process Fi(t,7) is a martingale under Q if the vectors p(t,7) are chosen as:

¢, .
(T = ——(t
/“LJJ( 7T> 8y ( yYs Ty lel) t

Proof. A proof can be found in [2].
Lastly, we introduce a Markov-modulated interest rate process:

J
r(t) = rilu=;,
j=1

where the coefficients r; are constants. From this, we introduce the integrated interest
rate process

2.5 Poisson Process

In this section, we introduce the Poisson process which can be used to extend the
Black-Scholes framework by governing discontinuous jumps, allowing for more realistic
modeling of sudden movements in asset prices. To layout the Poisson process, we first
introduce the Poisson random variable.

Definition 2.5.1. A Poisson random variable Xp counts the number of discrete
events that occur independently within a fixed interval of time. The probability of
observing k£ > 0 occurrences in the time interval is given by

gge—fp
kT

P Xp = k]
For a Poisson random variable, it holds that:
]E[Xp] = Var[Xp] = é.p'

Building on this, the Poisson process extends the concept of a Poisson random
variable to a continuous-time setting, tracking the number of events that occur over
time.

Definition 2.5.2. A Poisson process Xp(t),t > 0, with the rate £, > 0 is an integer-
valued stochastic process with the following properties:

17
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e Xp(0) = 0;

e V0 < t; < ... < ty, the increments Xp(t1) — Xp(0),..., Xp(t,) — Xp(t,—1) are
independent random variables;

o for s > 0,t > 0 and integers k > 0, the increments have the Poisson distribution:

(5p5>k€_£ps

P Xp(s+t) — Xp(t) =k] = X

The parameter §, is the rate of the Poisson process and indicates the number of
jumps in a time interval.

The Poisson process models the random occurrence of discrete events over continu-
ous time, where each event is identical and contributes a unit increment to the process.
While this is suitable for counting the number of events, many real-world phenomena,
such as asset price jumps, require not just counting events but also accounting for
the magnitude of their impact. This motivates the compound Poisson process, which
extends the Poisson process by associating each jump with a random size.

Definition 2.5.3. A compound Poisson process (CPP) is a continuous-time stochas-
tic process characterized by random jumps occurring at random times. The arrival
times of the jumps follow a Poisson process, while the jump sizes are themselves ran-
dom, drawn from a specified distribution. Formally, a compound Poisson process with
intensity A > 0 and jump size distribution G is defined as:

N(t)
Y(t)=> D
=1

where {N(t) : t > 0} is a Poisson process with rate A\, and {D; : i > 1} is a sequence of
independent and identically distributed random variables with distribution function G,
independent of N/ (¢). The process Y () thus represents the cumulative effect of random
jumps occurring at Poisson-distributed times.

2.6 Options

Financial derivatives are products that are based on the performance of some underly-
ing asset, like a stock or an interest rate. An option is a financial contract that gives
the holder the right to buy or sell an underlying asset in the future at a predetermined
price. Something that is crucial is that options do not involve any obligation for the
holder, but rather the optionality to trade in the asset. This changes when it comes to
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the seller of the option, the counterparty of the contract, who is obliged to trade the
asset when the holder makes use of the exercise right in the option contract. Options
are financial derivatives in the sense that their values can be derived from the perfor-
mance of another underlying asset.

The first distinction to make on options is between call options and put options. A
call option gives the holder the right to buy an asset, whereas a put option gives the
holder the right to sell an asset. The trade can happen at some time ¢t = 7" in the future
and the asset is bought or sold at a predefined amount called strike price, denoted by K.

The second distinction that can be made is based on the number of time points in the
future when the holder of the option may decide to trade in the asset for the strike
price. In the case of European options, there is only one time point at which the
holder can exercise its right, it is called maturity or expiry date, and it is denoted by
t="T.

Definition 2.6.1. Given a certain asset value S = S(t) and the payoff function H(T', 5),
the value of a call option at time ¢t = T is given by:

VT, S) = H(T, S) = max(S(T) — K, 0)

Definition 2.6.2. Given a certain asset value S = S(t) and the payoff function H (T, 5),
the value of a put option at time t = T is given by:

V.(T,S) = H(T, S) = max(K — S(T),0)

When at time ¢ < T', the payoff of the option is equal to zero (for a call option that
happens when S(t) — K < 0), we say that the option is "out-of-the-money (OTM)”,
because its intrinsic value is equal to zero. If the intrinsic value is greater than zero,
then the option is said to be "in-the-money (ITM)”. When the intrinsic value is close
to zero (S(t) — K ~ 0, for a call option), then the option is said to be "at-the-money
(ATM)”.

Other options instead include early-exercise features, meaning that there is more than
one time point where they can be exercised. Bermudan options can be exercised at
a set of predetermined dates 17, ...,T,,, with T,, = T, whereas American options can
be exercised at any time during the life of the option, to < ¢t < T. American options
can be seen as the continuous time equivalent of Bermudan options, assuming an in-
creasing number of exercise dates with increasingly smaller time intervals At = % —0
as n — +0o0.
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Another important class of derivatives is known as exotic options, which are dis-
tinguished by non-standard features in their payoff structures. A common example
involves path-dependence, where the payoff depends not only on the stock price at a
specific time, such as S(t) or S(7T'), but also on the evolution of the stock price over a
period of time.

2.7 COS method

Numerical methods are required to be rapid and efficient in pricing options or calibrating
financial models, reason why one of the main focuses of research in computational
finance is to improve the performance of these methods. To give an overview, numerical
methods can be classified in three different categories: partial (integro) differential
equation (PIDE) methods, Monte Carlo simulation and numerical integration methods.
Numerical integration methods rely on a transformation to the Fourier domain, one of
the most popular examples is the Carr-Madan method ([8]). Pricing formulas usually
involve the PDF, which for many relevant processes is not known, as opposed to the
characteristic function which is instead available for many processes. Recalling that
the PDF and the characteristic function make a Fourier pair, the pricing problems can
be solved in the Fourier domain as long as the characteristic function is available. The
integration required by the pricing formulae can be performed by means of the Fast
Fourier Transform (FFT), with a computational complexity of O(Nlog,N), where N
is the number of integration points. Quadrature-based methods, such as those relying
on the FFT, tend to be inefficient for Fourier-transformed integrals due to the highly
oscillatory nature of the integrands, requiring a fine grid to achieve acceptable accuracy.

The COS method relies on the Fourier-cosine (COS) expansion as a more efficient
alternative for numerical integration. It has been proven that the COS method sig-
nificantly improves the speed of pricing both plain vanilla and certain exotic options
([14]), and even barrier and American-style products ([15]). The COS method is more
flexible in handling general underlying dynamics. It also allows for simultaneous pric-
ing across a range of strikes and provides an efficient way to recover densities from
characteristic functions, which is valuable in applications like calibration, forward-start
option pricing, and static hedging.

In this section, we will introduce the COS method to price European options in
a one-dimensional setting. Later, we will see how this method can be extended to a
two-dimensional setting (3), and also how it can be used to price financial products
that resemble Bermudan-style options (4).

To introduce the COS method, we recall Definition 2.1.3, and using the inverse
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Fourier transform we find the following expression for the PDF"

flx) = %/Reimqb(w)dw. (2.2)

The main idea behind this method is to reconstruct the whole integral in the above
expression from its Fourier-cosine series expansion, extracting the series coefficients
from the integrand.

Considering a function with support on [0, 7], its cosine expansion reads:

£(0) =Y "A, cos(nf) with A, = % /O ' £(6) cos(nb)d, (2.3)

where Z/ means that the first term of the summation is weighted by 3. If the function
has support on a finite interval [a, b] € R, the cosine series expansion is obtained through
a change of variables:

e_az—aﬂ. mzb—a

— o) .
b—a ’ T ta

Thanks to this, we can write:

=, r—a 2 b r—a
flz) = ; A, cos <n7rb_ a) with A, = - a/a f(z) cos (mrb_ a) dx.
(2.4)
In order for the Fourier transform to exist, we require the integrands in Equation
2.2 to decay to zero at oo, which also allows us to truncate the integration range in
such a way that we do not lose accuracy. Choose [a,b] € R such that the truncated
integral approximates the infinite integral well:

O (w) = / e f(x)dr ~ /Rei‘“xf(x)dx = p(w). (2.5)

The subscript 1 in ¢; means that we are dealing with a first approximation, ¢; is the
i-th numerical approximation. Looking at Equations 2.4 and 2.5, we find:

2
- aRe {¢1 (_bn_wa) - exp (_ibm_“;> } (2.6)
2 nmw . nTa
%b_aRe{¢(b_a)~exp(—1b_a>}:Fn, (2.7)

where Re{-} denotes the real part of the argument. Now, we replace the coefficient A,
by F,, in the cosine series expansion of f(x) on [a,b]:

fi(z) = i 'F, cos <mr‘z ~ Z) (2.8)

n=0

A, =
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and truncate the series summation:

—a

folz) = Nan cos (nﬂ'i - a) . (2.9)

n=0

The starting point for European option pricing is the risk-neutral valuation formula:

v(z,to) = e E%u(t, T) | 2] = e_mt/Rv(y?T)f(y | @)dy,

where v is the option value, At = T — t5, EQ[] is the expectation taken under the
risk-neutral measure Q, x and y are the state variables at time ¢, and T, respectively;
f(y | x) is the PDF of y given x, and r is the risk-free interest rate. Since the PDF
decays to zero as y — £oo, we can truncate the infinite truncation range to [a,b] C R
without losing accuracy.

b
vi(z,to) = e‘mt/ v(y, T)f(y | x)dy. (2.10)

Recalling what we mentioned in the beginning of this section, since the characteristic
function is usually known more than the PDF, we replace f(y | «) by its Fourier-cosine
expansion:

fly|z) = :2;0’,4”(95) cos (mz_“) (2.11)

—a

bia/abf(ylx) cos (m‘z:Z) (2.12)

b +o00 B
vy (,ty) = e‘mt/ v(t,T) Z "A,(x)cos (mr‘z — Z) dy. (2.13)
a n=0

with
A, (x) =

so that

By interchanging summation and integration, we define:

2 b Yy—a
Vo = b—a/a v(y,T) cos (mrb_a>dy, (2.14)
resulting in
1 o=
vi(,to) = (b — a)e AL ; A (2)V,. (2.15)
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Furthermore, due to the rapid decay of the coefficients V,,, we truncate the summation:

N-1
1 /
vo(x,tg) = 5(() —a)e A g A (z)V,. (2.16)
n=0

Similarly to Equations 2.6 and 2.7, we replace the coefficients A,, by F,, and obtain the
COS formula for general underlying processes:

v(x, o) = vy(z, tg) = e A Z Re{ ( ) e—i"”bfa} V. (2.17)

2.7.1 Coefficients V,, for European options

The last step for European option pricing with COS method is to determine the co-
efficients V,,. We consider the log-asset prices = In(Sy/K) and y = In(Sy/K), with
St being the underlying asset price at time ¢ and K the strike price. The payoff of a
European option in log-asset price is

1 for acall

— [ . Yy _ 1)t i =
v(y, T) = [o- K(e’ = 1)]7, with a {—1 for a put.

Following the derivations in [14], we obtain

V. = { biK(Xn(O b) 77/171(0 b)) for a call
" -K(—xn(a,0) +vn(a,0)) for a put,

1 d— —
Xn(c,d) = m [cos (mrb — Z) et — cos (mrg — Z) e’
+ bn_ﬁasin (an:Z) et — bn_ﬂasin (mrz : Z) ec} (2.18)

e d) = [sin (mr‘lf:—g)—sin (nﬁﬁ)]l’;—; n #0
n’ d—c n =0.

(2.19)

2.7.2 Choice of the integration interval [a, 0]
As for the choice of the integration interval [a, b], [14] proposes the following:

(a,b] = [cl Lyt vas et Lm] , (2.20)
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with ¢, the n-th cumulant of In(Sy/K). The formula in Equation 2.20 is accurate
within 7" = 0.1 and 7' = 10. When pricing call options, the accuracy of the method is
notably sensitive to the choice of the parameter L in Equation 2.20. This sensitivity
stems from the fact that the call option payoff increases exponentially with the log-
stock price, which can lead to significant cancellation errors for large values of L. Put
options, on the other hand, do not exhibit this issue, as their payoff is bounded by the
strike price K. To avoid numerical instability when pricing call options, one may either
select L € [7.5,10], or alternatively use the more robust put-call parity relation:

vca”(x, to) = VP (x, o) + Spe T — Ke™ T,

2.8 Numerical Approximation of Cumulants via Fi-
nite Differences

In order to compute the cumulants (Equation 2.1) of the underlying stochastic process,
it is necessary to evaluate various derivatives of the cumulant-generating function. In
many practical settings, these derivatives cannot be obtained in closed form, especially
when dealing with more intricate stochastic models.

To address this challenge, we approximate the derivatives numerically using cen-
tral finite difference schemes ([32]). This approach is both accurate and easy to
implement, making it well-suited for our purposes. Central differences are preferred
over forward or backward differences because they offer a higher order of accuracy for
the same stencil width. These formulas are derived by expanding the function f in a
Taylor series around the point z; and combining the resulting expressions to eliminate
lower-order terms. The result is an efficient and robust way to compute derivatives
needed for cumulant evaluation.

Given a sufficiently smooth function f, and a uniform step size h, the central dif-
ference formulas used in this thesis are the following:

First-order derivative:
f($i+1) - f(fzel)
2h ’

Proof. To derive the central difference approximation of the first derivative, we use
Taylor expansions around the point x;:

f(x;) = with error (’)(hQ).

Flrier) = £+ B () + o () + o 9 w) + 00,
2 3
Flin) = ) = b ) + 5 (w) — = 19w + O()
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Subtracting the two equations:

3
f@iga) = f(wioa) = 2hf"(z;) + %f(g)(l’i) +O(h%).

Dividing by 2h, we obtain:

f(@iv1) — f(wiq)

oA ,  with error O(h?).

f(w) =

Second-order derivative:

f(@iv1) = 2f(z:) + f(wi 1)
h? ’

(i) =~ with error O(hQ).

Proof. Using the same Taylor expansions:

% % h

fin) = flwi) + hf'(2s) + 5 (i) + gf(g) (@) + ﬁf(@(ﬂfi) +O(R°),
2 3 4

Flrin) = F) = hf () + 5 1) = = f 9w + 27O ) + O(R).

Adding the two equations:

4
Fl@enn) + F(ia) = 27(m) + B P (@) + 55 9 (@) + O0)

Rearranging gives:

I (x;) =~ f@i) - 2‘};52%) + f(xi_l), with error O(h?).

Fourth-order derivative:

f(@ive) = 4f(wiga) +6f(z:) — 4f(xi1) + f(2i2)
h4 ’

fO () = with error O(h?).

Proof. 'To derive a second-order accurate formula for the fourth derivative, we use
Taylor expansions at points x;12, T;11, T;, T;—1, T;—2. The relevant expansions are:

Flasa) = 1) + 20 )+ 0 gy CHE pon 4 B oy 4 o),

2 2! . 3! i
f(@ipr) = fli) +hf'(z:) + Ef”(fb’i) + Ef(g) (i) + ﬁfﬂ) (x:) + O(h?),
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h2 h3 . h4
f(l’zel) = f(%) - hf/(ﬂh‘) + ?f”(»%‘) - Ef(s) (%) + ﬂf(@(wi) + O(hs),

f(wig) = f(z:) = 2hf (2;) + 4!

Taking a linear combination:

f(@ive) = 4f(wig1) +6f(z) —4f(zi1) + f(2i2)

i . with error O(h?).

f(4)<xi) ~

This formula eliminates the contributions of the lower-order derivatives and isolates the
fourth derivative, with second-order accuracy.
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3 Emnergy Quanto Options: Apply-
ing the COS method in a Markov-
modulated Framework

In this chapter, we study Energy Quanto options under two different models and demon-
strate how to apply the COS method in this set-up, which has not been done in existing
literature. Results show improved performance compared to the methods proposed in

2].

3.1 Payoff and discounted characteristic function

Energy quanto options have a payoff which resembles the product of the payoff of two
Asian options if the energy spot or weather indexes are considered to be underlying
assets. However, it was shown in [5] that if energy futures contracts are used as the
underlying assets, then the payoff becomes the product of the payoffs of two European
vanilla options. The payoff of an Energy Quanto option follows:

V(Fy, Fy,t) =E [6_U(t)maX(<F1(t,T) — Ky, O)max(Fy(t,7) — K», 0))],

where t < 7 is the maturity of the option, F} and F; are the current futures prices, and
K, and K, are the strike prices.

To model futures prices, we introduce the same model as described in Section 2.4.
Since the interest rate process U(t) is not constant, we consider the discounted char-

acteristic function of <ln <%> ,In (%)) to reduce the dimensionality of the pricing

problem by one:

1&(&“,(&)2) — E [er(T)+i<(w1,wg),(ln(Fgl/Kl),ln((FgQ/Kg))>:|

_E [ o~ U(D)+i(wiIn(F, (o)/Kl)len(FgQ(o)/K2))+i(wlAfl+wQAlz)+i(wle1+w2X€2)]
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Defining: s; = A + X% and s, = A® + X%

_ei(wlln(Fgl(O)/K1)+w21n(F22(0)/K2))//ei“’181+iw282/e_uf(sl,SQ)dudSldSQ,
R

-~

f(s1,82)

where f (-, ) is the discounted density. Using Lemma 2.4.1 and the fact that Ay(¢,7) =
fo j= 1Hgl S T)]lM(S :ds, we recognize:

t J
Ty(t) = —U(t) = — / ernM(s):jds

Dy(t,7) = i(wi A" + wpA?) = / Zl Wit (8, 7) + wapto(8, 7)) Las(s)=ds-

This implies that:

~

1/)<W17w2) — ei(wlln(Fgl (0)/K1)+w21n(Fg2(0)/K2)) . pe(Q+D)T+f0T A(S,T)dsl (31)

with:

o D = —diag(r);

o @ is the generator matrix of the Markov process, which in this case is a 2 x 2

matrix because we are considering two possible states;

e p=(po,p1,...,ps) € R is the initial probability vector;

o At T) =iwipn(t, )+ iwapa(t, T) + %(t, Y, T,ia) , with a = (lwy, iws);

y=t

e 1 is a vector whose elements are all equal to 1.

This discounted characteristic function will be used throughout our work together

with the COS method to determine the price of Energy Quanto options.

3.2 Case I: A Gaussian Markov-modulated model
for temperature and electricity futures prices

In this section, we introduce a Markov-modulated additive model for temperature and

electricity futures prices, following the analysis conducted in [2].
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Note: To describe the temperature futures price we use the superscript ¢ (from Celsius,
as in [2]), because t,T" are already used to describe time and C' was used previously to
describe a claim.

The temperature futures price process F°(t,7) is defined as:

Fe(t,7) = Fo(0, r)eM 04,

where A€ is the drift process described in Proposition 2.4.1 and
t
Xe(t,7) :/ oc(u)e” T AWE (u).
0

In particular, W¢ is a standard Brownian motion under the measure QQ, o > 0 is the
mean-reversion speed, and o¢(t) is defined as follows:

. (t) | n 2t + easi 27t 1/2
= COS | —— S —
o n C1 Co 365 C3S111 365 >

with ¢, ¢a, c3 constants. This volatility function is introduced in [2] based on empirical
findings from (3|, with the aim of capturing the seasonal component observed in the
data.

As for the electricity futures price process, we define a Markov-modulated

model:
FE(t, 7_) _ FE(O, 7_)6AE(t,r)—‘,—XE(t,q—)7

where

t
XE(t,T) :/ JE(M(u))ef oTO‘E(M(“))d“dWE(u).
0

In this case, W is a standard Brownian motion under Q, o is the mean-reversion
speed modulated by the Markov process M (t):

J
(M) = alLyw-;,
j=1

with ozf some positive constants for j = 1,...,.J. The volatility o is as well Markov-
modulated:

J
oB (M (1)) =) 07 Lar—,
j=1

with UJE some positive constants for 5 = 1,...,J. The process A¥ is the drift process
and follows the description of Proposition 2.4.1. The two Brownian motions W¢ and
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J

WE are correlated by a Markov-modulated function p(M(t)) = > i=1 Pila(py=j, With
p; € (—1,1) constants.

From the definition of the process X%, we understand that when M = j, X behaves
like the additive process Z JE whose dynamics are:

dZP(t,7) = oPe 7 CIaw (1),

The following proposition, given in [5], describes the characteristic exponent ¢; of the
process Z‘;-’E(t,T) = (X<(t, 1), ZF(t, 7).

Proposition 3.2.1. For 0 = (0°,0F) € R? and s < t < 7, the joint characteristic
exponent of the process Zj’E(t, T) is:

1 ¢ .
035,17, (6°,0%)) = — 5 ((96)2 [ ey
t
+0°7 [ (@re

t
+ ZGCGEpj/ ac(u)afe_”_“)(acwf)du.

To apply the COS Method, we determine an explicit expression for the components of
Equation 3.1. We start by computing:

d¢; 19 ! :
O (5,1,7,0) = —5 o ((96)2 / (0°(u))2e22" ) dy

20t
t
+ (QE)Z/ (U]E)2672af(77u) du
t
+ zeceEp]/ O'C('LL) ]Ee (T—u)(aC—&—af) du>

<(90) ( ( ))26_20 (T—1)
(QE) ( )26—204 (T—t)
+20°0% pjo(t)ole” (= )(O‘CJF“}E)).

This means that:

99,

. = (P )70 4 (G720

y=t

(t7 y? T? 0)
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+26°07 ,Ojac(t)afe_(T—t)(Oéc-&-ocf)) _

Recalling the definition of a standard basis vector e;, whose elements are all equal to
0, expect for the i-th element which is equal to 1, we obtain the following quantities

Vi=1,..J:

a j : 1 c —2ac(T—

pia(t.1) = =Sty men)| | = = ot (0)e (32
09, ) 1 90 F (r—

pio(t, ) = ——;;j (t,y,T,ieq) T —2(05)26 20 (1—t) (3.3)

Since in this case the vector a = (iws, iws), we have:

6,

1 c
5, (v i) = ((iwn)2(0°(t)) 227~
+ (iw2)2(o_f)2e—2af(r—t)

+ 2(iwy) (iws) ,ojUC(t)afe—ﬁ—t)(a%af)) .
Finally, we have an explicit expression for the matrix A in Equation 3.1:

1 c
) =L -

+ iwa(iws — 1)(0F)2e 270

+ z(iwl)(iw2)ijC(t)afe—<T—t><aC+af>).

3.3 Casell: A Markov-modulated model for gas and
electricity futures prices

In this section, we introduce a Markov-modulated additive model for gas and electricity
futures prices that incorporates jump components, following the framework of [2]. The
inclusion of jumps is motivated by empirical evidence from UK gas spot price data,
which reveals the presence of extreme price spikes, as noted in [3]. The regime-switching
structure is based on the approach in [17], where it was demonstrated that such models
effectively capture the statistical features of electricity prices.

We define an electricity price process:

FE(t7 7_) _ FE(O, T)eAE(t,T)—FXE(t,T),
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where X (¢, 7) is an additive process which evolves as:
t . 6
/ UE(M(u))e* fu «a (M(u))dudWE<u> + / e fu B (M(u))dudjE(u)
0 0

and AP follows Proposition 2.4.1. In this model, W¥ is a standard Brownian motion
under Q, o represents the Markov-modulated mean-reversion by:

J
oF(M(t) = al Ly,
=1
and o¥ is the Markov-modulated volatility:
J
UE(M<t>> = ZUJEHM(t):j,
j=1

with ozf, O'jE strictly positive constants for j =1, ..., J.

As for the jump part of the process, 3% is the mean-reversion speed:
J
BE(M(t) = ZB]EI]-M(t)Zj7
j=1

with BJE some strictly positive constants for j = 1,...,J. J¥ is a Markov-modulated
compound Poisson process CPP (Definition 2.5.3), which means that when M = j, J¥
behaves like the CPP 7

B;(®)

TP => Y/, j=1,..J
m=1

where every P;(t) is a non regime-switching Poisson process and Yﬁn are independent
and identically distributed variables for m = 1, ..., Pj(t). The seasonal intensity \;(¢)
of the processes P;(t) is defined as:

2mt
)\J(t) =C,5 -+ Co.j COS(%) 2 O, (34)

with ¢1; and ¢y ; some constants. The jump sizes Y}, follow a two-sided exponential
distribution with the following density function:

—_nE . E.
97 (y) = it M lyze + (1 — py )y ™% 1y <o,
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with p]E e [0,1], nfj > 0, nfj >0, j =1,...,J. All the random processes, i.e. the

Brownian motion W¥(t), the Markov process M (t), the Poisson process P;(t) and the

jump sizes (Y} )jes for m = 1,..., Pj(t), are assumed to be mutually independent.
Analogously, we introduce the dynamics of the gas futures price:

FG(t, 7_) _ FG(O, T)eAG(t,T)+XG(t,T)7

where XY(t,7) is an additive process that evolves as:
t T G t T nG
/ UG(M(U))Q_ Jia (M(u))dudWG(u) + / e~ o8B (M(u))dude’(u)
0 0

and A% is defined as in Proposition 2.4.1. In this model, W¢ is a standard Brownian
motion under Q, that is related to the above-defined process W¥ by: d[WE W¢](t) =
p(M(t))dt, where

p(M(t)) = Z Pilai(=;

and p; € (—1,1) are the constant coefficients of correlation.
Additionally, a“ represents the Markov-modulated mean-reversion by:

J
a®(M(1) = af Lur=
j=1
and ¢@ is the Markov-modulated volatility:
J
o (M(1) =D o L=,
j=1

with aJG, (TJG strictly positive constants for j =1, ..., J.

Regarding the jump part of the process, the CPP P;(t) that governs the gas dynam-
ics is taken to be the same as that for electricity. This reflects the close relationship
between the two markets, where a sudden jump in gas prices typically triggers a similar
jump in electricity prices, and vice versa.

In the same manner as above, we define 3% as the mean-reversion speed:

J

BUM®E) =D B L=,

j=1
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with /BJG some strictly positive constants for j = 1,...,J. J¢ is a Markov-modulated
compound Poisson process (CPP), which means that when M = j, J¢ behaves like
the CPP ij:

P;(t)
JE) =Y Yh, j=1,..J
m=1

where Yﬁn are independent and identically distributed variables for m = 1,..., P;(t).
The jump sizes Yﬁn follow a two-sided exponential distribution with the following den-
sity function:

9S () = e 50 + (1 — p¥)nS €591, o,
with p§ € [0,1], nf; >0, 0§, >0, j=1,...,J.
Furthermore, it is again assumed here that W€, M(t), P;(t), (Y,)jer for m =
1,..., Pj(t), are all mutually independent.
When M = j, X¥ and X evolve as the additive processes ZJE and ZjG :

dZP(t,7) = oPe T AW E(t) + e DA TE (1),

G G —ab(r—t G —BG (71—t G
dZ8(t,7) = o§e T TNaWE(t) +e W TNdTE(¢).

We further assume that the jump sizes of gas and electricity prices are independent.
This allows us to define the characteristic exponent of ZJE’G(t, T) = (ZF(t,7), Z8(t,7)):

Proposition 3.3.1. For 8 = (0%,0%) € R? and s < t < 7, the joint characteristic
E.G .
exponent of the process 2" (t,T) is:

1 ¢ t
0;(5,1,7,0) = — 3 ((0’5)2 / (0F)2e 27 0y + (6°)? / (06225 gy
: o :
+ 2«9E9Gpj/ gfo-jGef(Tfu)(aj +af )du)

t
+ / Aj(u) [\Ilj(—GEe_BJE(T_“), —HGe_BJG(T_“)) - 1] du,

where W ;(a,b) is the joint characteristic function of the joint jump sizes (Yﬂn, Y;Em) for
(a,b) € R2.

To ensure that Assumption 2.4.1 is satisfied, we further assume that nZE] > 2 and

n< > 2. Under this condition, if we define C' = min(n{’;,n5;), , then clearly C' > 2.
It follows that for all 6% € [—-C,C] and all u € [0, 7], we have: —nfjeBJE(T*“) < 0F <

T—u)

nfjeﬁf ( , which ensures that Assumption 2.4.1 holds.
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As in Section 3.2, we derive an explicit expression for the components of Equa-
tion 3.1. Firstly, we define the characteristic function ¥;(a,b) of the joint jump sizes
G vE 2.
(%m?y;m) fOI' (a7b) € R :
\I’j<'U,E, UG) = E(equ}/j{Em—’—iuGch,;m)

Exploiting the mutual independence between Y;]”;n and Y;Gm

= E(™FYim) . E(e™YSm)
= 9P (ug) - 5 (ug)

where ¢ (ug) and ¥ (ug) are the characteristic functions respectively of Y% and Y5 .

The two processes YE and YG follow the same distribution, so we determine one
characteristic functlon that Works for both of them:

o0

() = E(em) = [ g(y)ay
with g(y) the density function of Y},
N / " (pym e Lyzo + (1 — pj)nage™ " Ly<o)dy

—00

00 0
—/ e pjim e ™ fdy+/ e - (1 — pj)n je™Vdy
0

eu=m.5)y 0o h eliv=m2,)y 10
=Py, (1 —py)ﬁzym .
_ Py (=i

My —iu i

ping; N (1—pF)ng;

= WS ugp) = ; -
5 (1) nfj —iug 772% +iug
g it (1= pfng
n,; — g Ny + lug

Finally, we have:

EpE. 1— pEYnE. GG 1 — GG,
o (2 U (O

E G G
M., — Uk M2 + lug Ny — lug N3 + lug
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To apply the COS method, we determine an explicit expression for the components
of 3.1. We start by computing:

%(8 t,7,0) = 2 ! (6F)? t(aE)Qe*QO‘f(T*“)du + (9%)? t(UG)Qe’MJG(T*“)du
ot ot 2 s 7 R

t
20795, / afgce—<T—u><af+a?>du)

J

t
+/ Aj(u) [‘I’j(—GEe_ﬂJE(T_u), —QGG_BJG(T_“)) - 1} du)
1
= =5 (P e 0 4 (g9 of e 510
+2070%p;0F oG e D E*“ﬁ)
() [xpj(—eEe—ﬂf(T—ﬂ, —gCeF =0 _ 1]

where \;(-) is defined in Equation 3.4 and V,(-,-) in Equation 3.5.
From the above expression, we obtain:

8(25 - a ’T — ocG T—
Sty 0)| = =5 (07RO 4 (O el
+29E9Gpjafafe*(77t)(O‘}E“‘?))

() [\Izj(—eEe—ﬂf (r=t) _gGe=Bf(r—) _ 1] .

y=t

In a similar way to Section 3.2, recalling the definition of the standard basis vectors
= (1,0) and ey = (0,1), we find the following quantities Vj =1, ..., J:

O0b;
:uj,l(ta 7—) = _al;j(t? Yy, T, iel)

y=t
L By, 2aF() ( (27#)) (ALY (L =}V
- __ E o (T ) ) -1
(o7 ey oy cos{ g5 R
d9; .
2 (ta 7—) = _a_?JJ(t? Yy, T, 162) et
Lo G2 —2a8(r—t) ( (27#)) Pyt (L = pf)s,
—_ _ ( as (1 > > -1
oy )7 e T (e e cos\ 357 WG — e 0 g AT

Lastly, we recall that the vector a = (iwy, iws), so we have:

a¢j : L o myo —2af (1—t) SN2 G2, —2a% (T—t)
Ty mia)| =5 (w0 O 4 () (o)
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+ 2(iw) (iwz) ot ol e (r= t)(o‘f“‘?))

2t PPk, (1 —p7)nz;
+ CLj + C2,j COS | o ' E . —BE(r—t) T E ; —BF (T—t)
365 n; — (wy)e My + (iwr)e™

, Pyt I e 0L R N
n; — (iwz)efﬂﬂc(T*t) ng; + (iwg)e*BjG(T*t)

Now that we have all these elements, we can derive an explicit expression for the
matrix A in Equation 3.1.

3.4 COS Method for two-dimensional processes

In the models presented in Sections 3.2 and 3.3, three distinct stochastic processes can
be identified: the discounting process U(t), and the two futures price processes, temper-
ature and electricity in Section 3.2, and gas and electricity in Section 3.3, respectively.
As a result, the pricing problem is initially three-dimensional. However, by working
with the discounted characteristic function (see Equation 3.1), the dimensionality of
the problem is effectively reduced to two, as the influence of the discounting process
U(t) is analytically integrated out.

The COS method has already been introduced in Section 2.7 as a highly effective
numerical technique for pricing one-dimensional European options. In [29], its appli-
cability was further extended to the two-dimensional setting. In this work, we follow
their methodology to present the two-dimensional COS method. For the sake of clarity,
while introducing the method, we will assume a constant interest rate r, resulting in
a formulation analogous to the one-dimensional case presented in Section 2.7. Later,
when we apply this method to the Energy Quanto option pricing problem, the discount
factor under constant interest rates will no longer appear, as we will make use of the
discounted characteristic function instead.

Let (22, F,Q) be a probability space, T' > 0 a finite terminal time and F = (F;)o<s<r
a filtration. The log-asset prices are described by the two-dimensional process X; =
(X}, X?) on the filtered probability space. If g(-) is the payoff function, then the value
of a European-type option in two dimensions is given by the risk neutral valuation
formula:

o(t,x) = A E9g(Xy) [ x] = // F(y | x)dy.

where x = (1, x2) is the current state, f(y1,y2 | x1,22) is the conditional PDF, r is
the risk-free interest rate, and At = T — t5. Assuming that the integrand is integrable,
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the first approximation is to truncate the integration range to [a1,b1] X [ag,bs] C R?
without losing significant accuracy.

by bo
v1(x,t0) = / / f(y | x)dyrdys

Replace the conditional density by its Fourier cosine expansion in y on [ay, b] X [az, bs]

b1 b2 Rl , = p Y1 — aq Y2 —
_ A /al /a2 g(y) Z Z Ay ny(Xx)c0S (n17rb ) cos (RQWbQ — ) dyrdys

—a
n1=0 mno=0 1 1

with the coefficients A, ,, defined as:

by —aj by —a by —ay ba

2 9 b1 b2 B .
Ay (x) = / f(y | x)cos (nlwyl al) cos (ng’/Ty2 ) dy,dys.
ai as

We exchange summation and integration and define the coefficients V,,, ,,,:

Vi (T) = /b1 /b2 )cos nlﬂ _— nzﬂyQ — dy1dys.
v bl—ale—@2 bl—al by —

The second approximation is to truncate the series summations:

Ni—1 Np—1

by —ai by —a
U2(X>t0) . S 2 7TAt Z Z Anl 7L2 nl n2<T)

n1=0 mno=0

Lastly, the coefficients Ay, »,(x) are approximated by:

Y1 — Y2 —
Fryny (%) = b1 e — / / f(y | x)cos (nlwbl — a1) cos <n27rb2 — a2) dirdys.

which can be rewritten using the trigonometric relation 2cos(a)cos(f8) = cos(a + ) +
cos(a — f3) as:

1 _
Fynp (%) = Q(Fnﬁ e (X) + F (%),
where
Fn) = g [ [y [ x)cos (nﬂryl S I ) dydys
by —ai1 by —as Jr Jr by —a; by — as

2 2 — —
= Re (wlevy( mn , el )exp <in17rzl aliinyr? e

1— 2 — A2

by —aj by —a by —a; by — as
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3.5 Numerical results

In this section, we analyze the performance of the COS method applied to the problem
of pricing Energy Quanto options. We aim to compare our results with the benchmark
given in the paper [2], where the FFT method was proven to be much more efficient
than the Monte Carlo simulation, which is used there as a benchmark. The numerical
experiments are performed on a laptop with a processor Intel Core i5, 2.70 GHz and 8
GB RAM.

We define the following generator matrix for the Markov process M (t):

o-( 2).

State 1 corresponds to periods of high wind, while State 2 represents low-wind con-
ditions. This modeling choice is motivated by observations from the German energy
market, where high wind typically results in increased wind power generation, leading
to lower energy prices. From the generator matrix of a continuous-time Markov process,
we can find the holding time in each state, which follows an exponential distribution
with rate —(Q);;, that is:

T; ~ exponential(—Q;;).

In this case, the expected time spent in both states is E[T;] = Ti = %,forz' =1,2,
corresponding to an average duration of half a year in each regime. We assume that

the process starts in state 1, setting the initial probability vector as p = [1,0].

Case I. Following the analysis in [2], the dynamics of the temperature and electricity
futures is governed by the parameter set in Table 3.1. These parameters are based
on empirical findings. In particular, [3] fitted an autoregressive AR(1) model with
seasonally varying residuals to Stockholm temperature data from January 1, 1961, to
May 25, 2006. Regarding the parameters of electric futures, a represents the speed
of mean reversion and is interpreted through the concept of half-life: the time it takes
for the process to decay to half of its long-term mean. It is computed as In(2)/a®,
which means that in our experiments the half-life time is 14 days for State 1 (where
o =1n(2)/14) and 10 days for State 2 (where o = In(2)/10). These values of a¥ are
consistent with the estimates provided in [4]. The volatility parameters o are chosen
to reflect the high volatility typically observed in electricity prices.

39



3. ENERGY QUANTO OPTIONS: APPLYING THE COS METHOD IN A
MARKOV-MODULATED FRAMEWORK

Table 3.1: Parameter set for temperature and electricity futures

No regime switching

Temperature c1 Co C3 af

4 1.3 0.7 —In(0.8)

Regime switching

Electricity State 1 State 2

o of a¥ o

In(2)/14 0.5 In(2)/10 1

r =1[0.05,0.05, T=1, p=—0.5, K1 = Ko =50, F°(0,7) = FF(0,7) = 50

Before presenting the option pricing results, we illustrate how the COS method is
able to reconstruct the discounted PDF from the discounted characteristic function.
This intermediate step provides insight into how the method captures the shape and
features of the underlying distribution.

The density is obtained through the same Fourier-cosine expansion technique used
for pricing, with the integration interval [a,b] determined based on the cumulants of
the log-price. These cumulants, as explained in Section 2.8, are computed numerically
using finite differences applied to the logarithm of the characteristic function.

We present both a 3D surface plot (Figure 3.1a) and a contour plot (Figure 3.1b) of
the discounted density considering only one maturity. The impact of different maturities
is further explored in the option pricing analysis that follows.

Overall, the recovered density appears smooth and well-behaved, confirming that
the COS method is effective in recovering the density function of the underlying process.

We proceed to apply the COS method for pricing. We determine the price V (Fy, Fy, T)
at two different maturities: 7= 1/2 and T' = 1/12, where time is measured in years. To
benchmark, we refer to the Monte Carlo confidence intervals reported in [2] as well as
the FFT prices. For "= 1/2, the FFT reference price is 18.553, while the Monte Carlo
estimate is 18.670, with a 95% confidence interval of [18.503, 18.836] (standard error =
0.085). We applied the COS method with various values of N, in the range N €
{32,64,128,256}. The results, along with the computational times, are shown in Table
3.2. We observe that the COS price matches the FFT price up to three digits (the
maximum precision available in the reference prices) already at N = 64.

Although the computational environments differ (Intel Core i5 2.70 GHz with 8
GB RAM in our experiments vs. Intel Core i7 2.80 GHz with 12 GB RAM in [2]),
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Case I: COS Recovered EQO distribution

Case I: COS Recovered EQO distribution, contour plot
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(a) 3D surface plot. (b) Contour plot.

Figure 3.1: Case I, maturity 7' = 1/2: Discounted density recovery using COS method.

the COS method shows significantly faster computation times in our implementation
compared to the benchmarks reported using Monte Carlo and FFT. This suggests that
the COS method is highly efficient, though a direct comparison is not fully conclusive
due to potential differences in hardware and implementation details. Specifically, our
implementation completes with N = 64 in approximately 10.85 seconds, whereas the
method in [2] requires around 9 minutes (540 seconds), indicating a speed-up of nearly
50 times. While a one-to-one comparison is not entirely possible, it is worth noting
that the hardware used in [2] is more powerful, which suggests that the COS method
could be even more efficient than this speed-up indicates.

With greater values of NV, we observe changes in the digits beyond the third deci-
mal place compared to the case N = 64. However, since our reference values are only
reported with three-digit accuracy, a full numerical comparison is not possible. Nev-
ertheless, due to the high accuracy and fast convergence of the COS method, we can
regard its output, especially at higher IV, as a reliable benchmark for option prices. The
COS method not only offers computational efficiency but also achieves greater numeri-
cal precision than FFT-based approaches, making it particularly suitable for producing
reference values in option pricing studies.

Notably, the COS price at N = 32 falls outside the Monte Carlo confidence interval,
while for N > 64, the COS prices consistently lie within it.

We include two plots: Figure 3.2a showing how the COS price approaches the Monte
Carlo estimate as N increases (including the confidence interval), and Figure 3.2b show-

41



3. ENERGY QUANTO OPTIONS: APPLYING THE COS METHOD IN A
MARKOV-MODULATED FRAMEWORK

ing convergence to the FFT reference.

Method Price Confidence Interval / Notes | N Time (s)
Monte Carlo 18.670 [18.503, 18.830] — 370 min
FFT 18.553 - - 9 min
COS 24.9491152377 - 32 | 0 min 2.75 sec
COS 18.5535916338 - 64 | 0 min 10.85 sec
COS 18.5534245356 - 128 | 0 min 40.26 sec
COS 18.5534245356 = 256 | 2 min 45.84 sec

Table 3.2: Energy Quanto option, case I, T = 1/2. Comparison of option pricing
methods: Monte Carlo, FFT, and COS with varying N.

Case I: COS Price Convergence vs Monte Carlo Benchmark, T=1/2 Case I: COS Price Convergence vs FFT price, T=1/2

25 —e— COS Price 25 —e— COS Price
-=- MC Price -~ FFT Price
MC + 1.96 * Std Dev

50 100 150 200 250 50 100 150 200 250
Number of Terms (N) Number of Terms (N)

(a) COS price convergence toward the Monte (b) COS price convergence toward the FFT
Carlo estimate (with confidence interval). reference.

Figure 3.2: Case I, maturity 7= 1/2: COS method convergence behavior compared to
benchmark prices.

When T' = 1/12, the FFT reference price is 3.351, whereas the Monte Carlo estimate
is 3.353 with 95% confidence interval [3.332, 3.374] (standard error 0.011). We applied
the COS method with values of N € {32,64, 128,256}, and the results together with
the computational times are shown in Table 3.3. Just like before, the COS prices
match the FFT reference price already at N = 64. Our implementation with N = 64
takes 10.23 seconds to perform, whereas the FF'T method requires 8 min (480 seconds),
meaning that our method is nearly 47 times faster, while always keeping in mind that
a one-to-one comparison cannot be done due to the different hardware used. Again, for
higher values of N, we observe a change in the digits beyond the third decimal place.
As for the Monte Carlo confidence interval, the value we get with the COS method for
N = 32 does not fall in the interval, but for values of N > 64, it does.
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The COS price convergence to the Monte Carlo estimate as N increases (including
the confidence interval) is displayed in Figure 3.3a, while the convergence to the FET
reference is shown in Figure 3.3b.

Method Price Confidence Interval / Notes | N Time (s)
Monte Carlo 3.353 [3.332, 3.374] - 146 min
FFT 3.351 - - 8 min
COS 3.4016299454 - 32 | 0 min 3.79 sec
COS 3.3508289044 - 64 | 0 min 10.23 sec
COS 3.3508253075 - 128 | 0 min 45.65 sec
COS 3.3508253075 - 256 | 2 min 54.61 sec

Table 3.3: Energy Quanto option, case I, T = 1/12. Comparison of option pricing
methods: Monte Carlo, FFT, and COS with varying N.

Case I: COS Price Convergence vs Monte Carlo Benchmark, T=1/12

Case I: COS Price Convergence vs FFT price, T=1/12
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(a) COS price convergence toward the Monte (b) COS price convergence toward the FFT
Carlo estimate (with confidence interval). reference.

Figure 3.3: Case I, maturity 7' = 1/12: COS method convergence behavior compared
to benchmark prices.

Case II. Now, we carry out an analysis analogous to the one in the previous section,
this time focusing on the process described in Section 3.3. The set of parameters de-
scribing this model is provided in Table 3.4. In this setting, both futures price processes
F) and Fy are Markov-modulated and incorporate jumps.

As done for Case I, before presenting the option pricing results for the second
model, we examine how the COS method reconstructs the discounted PDF from the
corresponding discounted characteristic function. As with the first case, this step offers
a clear view of how well the method captures the characteristics of the underlying

process.
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The density is computed using the same Fourier-cosine expansion technique applied
in pricing, with the integration range [a, b] selected based on the cumulants of the log-
price. These cumulants are again obtained numerically via finite differences applied to
the logarithm of the characteristic function, as explained in Section 2.8.

We provide both a 3D surface plot (Figure 3.4a) and a contour plot (Figure 3.4b)
of the discounted density for a representative maturity. The influence of maturity on
the shape of the density will be further examined in the pricing results that follow.

Case Il: COS Recovered EQO distribution

Case IIl: COS Recoverad EQO distribution, contour plot

Density

Faxis
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(a) 3D surface plot. (b) Contour plot.

Figure 3.4: Case II, maturity 7' = 1/2: Discounted density recovery using COS method.

Once again, the recovered density looks smooth and well-structured, indicating that
the COS method is even able to effectively capture the more complex dynamics intro-
duced by jumps and the Markov-modulated framework.

Moving on to the pricing stage, we determine the price V(F}, Fy, T) at two different
maturities: T'=1/2 and T = 1/12, where time is measured in years.
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Table 3.4: Parameter set for gas and electricity futures

Electricity a1 ) ne n¥ af ol BE
State 1 0.1 0.1 In(30)  In(40) In(2)/14 0.5 In(2)/7
State 2 0.1 0.1 In(100) In(150) In(2)/10 1 In(2)/3
Gas 1 Co n¢ ns af o B¢
State 1 0.1 0.1 In(20) In(30) 1In(2)/14 0.3 In(2)/7
State 2 0.1 0.1 In(80)  In(120) 1In(2)/10 0.7 In(2)/3

r=[0.02,0.02], 7 =1, p=0.5, K1 = Ko =50, p¥ = p¢ =05, FG(0,7) = FF(0,7) =50

For maturity T' = %, the FE'T reference price is 138.877, while the Monte Carlo esti-
mate is 139.100 with a 95% confidence interval [138.330, 139.870] (standard error = 0.393).
As in case I, we apply the COS method using different values of N € {32, 64,128, 256}.
The corresponding prices and computational times are reported in Table 3.5.

Method Price Confidence Interval / Notes | N Time (s)
Monte Carlo 139.100 [138.330, 139.870] - 3748 min
FFT 138.877 - - 13 min
COS 160.4004477460 - 32 | 0 min 4.77 sec
COS 139.3738556706 - 64 | 0 min 15.99 sec
COS 138.8770187308 - 128 | 1 min 4.43 sec
COS 138.8770190583 = 256 | 3 min 51.83 sec

Table 3.5: Energy Quanto option, case II, T = 1/2. Comparison of option pricing
methods: Monte Carlo, FFT, and COS with varying N.

In this setting, which involves a slightly more complex process, the COS prices
match the FFT reference value up to three digits when N = 128, with a computational
time of 1 minute and 4 seconds. This compares to 13 minutes for the FFT implemen-
tation, yielding a speed-up factor of approximately 13. However, we can observe how
the COS price is in the Monte Carlo interval already when N = 64.

Compared to the previous model, where the COS method matched the FFT reference
price already at N = 64, here convergence to the FFT value is slightly slower, requiring
N = 128. This is likely due to the increased complexity of the underlying dynamics,
as both futures price processes in this case are Markov-modulated and include jumps.
These features lead to a more complex structure in the characteristic function, which
may require a higher number of expansion terms (N) for the COS method to accurately

45



3. ENERGY QUANTO OPTIONS: APPLYING THE COS METHOD IN A
MARKOV-MODULATED FRAMEWORK

capture the price dynamics. Despite this, the COS price already falls within the Monte
Carlo confidence interval at N = 64, indicating that acceptable accuracy is achieved at
a relatively low computational cost. In practice, this means that even if full numerical
convergence (in terms of matching FFT) is slower, the method still delivers reliable
pricing estimates efficiently.

The COS price convergence to the Monte Carlo estimate as N increases (including the
confidence interval) is displayed in Figure 3.5a, while the convergence to the FFT ref-
erence is shown in Figure 3.5b.

Case Il: COS Price Convergence vs Monte Carlo Benchmark, T = 1/2 Case II: COS Price Convergence vs FFT price, T = 1/2
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(a) COS price convergence toward the Monte (b) COS price convergence toward the FFT
Carlo estimate (with confidence interval). reference.

Figure 3.5: Case II, maturity 7' = 1/2: COS method convergence behavior compared
to benchmark prices.

For maturity T = 1—12, the FF'T reference price is 13.078, whereas the Monte Carlo es-
timate is 13.096 with 95% confidence interval [13.007, 13.186] (standard error = 0.046).
We applied the COS method with values of N € {32,64, 128,256}, and the results to-

gether with the computational times are displayed in Table 3.6.

Method Price Confidence Interval / Notes | N Time (s)
Monte Carlo 13.096 [13.007, 13.186] - 1552 min
FFT 13.078 - - 6 min
COS 12.6216808811 - 32 | 0 min 4.29 sec
COS 13.0688976880 - 64 | 0 min 15.25 sec
COS 13.0703934311 - 128 | 1 min 3.87 sec
COS 13.0703934155 - 256 | 4 min 19.51 sec

Table 3.6: Energy Quanto option, case II, 7' = 1/12. Comparison of option pricing
methods: Monte Carlo, FFT, and COS with varying N.
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In this case, the COS method approximates the FF'T price up to the second digit
already at N = 128, but even at N = 256, the third digit does not match. This behavior
differs from the previous cases, where agreement up to three digits was already reached
at N = 64. The slower convergence here is likely related to the added complexity of the
model, including both jumps and regime-switching dynamics, which can lead to slower
decay in the Fourier coefficients used in the COS expansion.

Interestingly, the way the COS price evolves as IV increases suggests that it does not
fully converge to the FF'T value. Given the known accuracy and fast convergence of the
COS method, this deviation might indicate that the COS result is in fact more reliable.
In this sense, we can reasonably treat the COS output at higher N as a trustworthy
reference price, even when it slightly differs from the FFT result.

As for the Monte Carlo comparison, the COS price at N = 32 falls outside the confidence
interval, but already at N = 64 it lies well within it. This confirms that even with a
low number of expansion points, the COS method delivers a reliable approximation,
underlining its efficiency compared to simulation-based approaches.

Figure 3.6a illustrates how the COS price converges to the Monte Carlo estimate as
N increases, including the corresponding confidence interval. The convergence towards
the FFT reference price is shown in Figure 3.6b.

Case II: COS Price Convergence vs Monte Carlo Benchmark, T = 1/12 Case II: COS Price Convergence vs FFT price, T = 1/12

—e— COS Price
=== MC Price
MC + 1.96 * Std Dev
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-~ FFT Price

32 64 128 256 32 64 128 256
Number of Terms (N) Number of Terms (N)

(a) COS price convergence toward the Monte (b) COS price convergence toward the FFT
Carlo estimate (with confidence interval). reference.

Figure 3.6: Case II, maturity 7' = 1/12: COS method convergence behavior compared
to benchmark prices.
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4 Electricity Storage Contracts: Repli-
cation of the COS Method in [7]

In this section, we study Electricity Storage contracts and demonstrate how the COS
method can efficiently approximate the prices of these options. This research work is a
direct continuation of our work in Section 3, where we treated Energy Quanto options as
European-style options. The COS method has been applied to price electricity storage
contracts in [7]. In this section, we focus on the replication of their method. In the
next section, we extend it to regime-switching models.

4.1 Option details

As mentioned earlier, these contracts resemble Bermudan-type options for certain fea-
tures, namely, they are contracts where electricity can be bought or sold in the elec-
tricity market at predefined dates. In particular, the holder of the option has to decide
at every time step whether to sell electricity, buy electricity, or do nothing. However,
these contracts have additional features that distinguish them from other financial
derivatives:

o physical limitations of the electricity storage, like capacity and endurance;

efficiency of the electricity storage;

limitations on the quantity of electricity that can be stored or released;

the payoff can be negative when electricity is stored;

penalty functions that are activated if certain contract conditions are not fulfilled
by the holder.

With this information, we define a storage contract. Consider B exercise dates,
where ¢y is the initial time and {¢1,...,tp} is the set of exercise dates such that
0 =1ty <ty <...<tg =T and the time difference between two steps is constant:
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At = At,, = tyy1 — tn. In any of these time steps, the holder of the contract can take

an action, but these contracts include an additional date, the settlement date tp.1,

at which it is not possible to exercise.

On the settlement date, the holder of the options has to pay a penalty if the agreed
amount of energy is not present in the storage. This penalty is represented by ¢s (S, ., e(tp41)),
where e(t,,) is the amount of energy in the storage at time ¢,, and S;,, is the spot price

at time ¢,,.

As mentioned earlier, the holder of the electricity storage contract can take three
actions in each time step, and each of them corresponds to a change in energy level in
storage. If the holder stores electricity, then Ae(t,,) = e(t;11) —e(t,) > 0, if electricity
is released, then Ae(t,,) < 0, and if nothing is done, then Ae(t,,) = 0. At time o,
the holder cannot take any action, which means that Ae(t;) = 0. Based on the action
taken, there are different payoffs:

—(Sy,, ) Ae(ty), if Ae(t,,) >0,
g(tm, S, Ae(ty)) =< 0, it Ae(t,,) =0, (4.1)
—p(Sy,, ) Ae(ty), if Ae(t,,) <0,

where ¢(S;,,) is the cost of storing electricity and p(S;,,) is the profit of releasing elec-
tricity. The contract also includes the efficiency of the storage 7, so the cost and profit
functions are defined as follows: ¢(S;,,) = StTm, p(St,,) = St,,. This means that in order

to sell 1 unit of electrical energy, we need to buy + > 1 units.

As for the physical limitations to the capacity of the storage, we define a minimum
and maximum level of energy for the storage: ™ and e™® such that Vt,,, m €
{0,..., B+ 1}, it holds that e™™ < e(t,,) < e,

We also take into account the operational restrictions on the minimum and maxi-

mum energy level changes at an exercise moment, respectively, ig;n and ig;™. Moreover,
we also consider the required minimum energy that can be released, 7}, .. This results

in the following boundaries for the energy level changes at an exercise moment:

Ae(tn) € [iga™: i JU[0:05], Vm e {1,..., B}, with in" <dmiy <0 < ip,

op ’ “market market

The endurance of the battery is also considered, so an interval for energy changes
is set in order to preserve the life of the battery, that is [, 4"**]. In case the holder
decides to take an action that involves a change in the energy level that lies outside
this interval, then there is another penalty function denoted by g,(Ae(t,,)), which
only depends on the action Ae(t,,). To consider all these restrictions together, we
define two sets of actions, the allowed actions A(t,,, ¢(t,,)) and the allowed actions that

don’t involve a penalty D(t,,, e(ty)). In particular, the set of allowed actions at time
tm, Ym € {1,..., B} is defined as:

At e(tn)) = {Ae | ™ < e(ty,) + Ae < ™ and Ae € [(2°, ™0 JU0,i™]},

op ’ “market » Yop
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and the set of allowed actions without penalty at time ¢,,, Ym € {1,..., B} is defined
as:

D(ty, e(tn)) = {Ac | ™™ <e(ty) + Ae < ™ and Ae € [{M", 22 U0, 5]},
The value of the electricity storage contract at time ¢, is equal to the discounted future

payoffs and penalties, considering that the holder chooses the optimal action at every
exercise moment. The pricing formula reads:

B
vltn, Si) = myax B D €7 gt S Belt)) + a(Be(t)
+ e—r(tB+1—t0)qs (tB—i-la StB+1 ’ €(tB+1))] , (4.2)

where Q is the risk-neutral pricing measure, r is the risk free interest rate, and Ae* =
[Ae*(t1),...,Ae*(tg)] denotes the set of optimal actions.

4.1.1 Risk-neutral measure in the electricity market

We recall the 2nd FTAP, as stated in Theorem 2.3.2, which asserts that the com-
pleteness of a market is characterized by the uniqueness of the risk-free pricing mea-
sure. However, the electricity market is incomplete due to its unique characteristics.
Despite this, several approaches exist to address such incompleteness. Following the
framework proposed in [7], we assume that there exists a risk premium to compensate
for risk.

This premium is modeled as Ao (t, X;), where A represents the market price of risk
associated with the state variable X;, and o(t, X;) denotes the volatility of the process.
This risk premium is deducted from the real-world drift of the electricity price process
under the risk-neutral measure.

4.1.2 Electricity price dynamics

We model the electricity price process through a polynomial stochastic process and a
polynomial map. Further details on polynomial maps can be found in Appendix A of
[7]. We now introduce the Ornstein-Uhlenbeck (OU) process, which is our stochastic
polynomial process of choice. The OU process is described by the following stochastic
differential equation:

dX; = k(0 — X})dt + odW,, (4.3)

where t > 0, x is the mean reversion rate, € is the long-run mean, o is the volatility of
the process and W, is a Brownian Motion (BM) under the real world measure P. This
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process is normally distributed, X; ~ N(E(X}), Var(X;)), with the following conditional
mean and variance:

E(Xt’-FO) = Xtoefﬁ(tfto) _'_ 9(1 _ e*fﬂ(t*to))
2
g on(t—

with X, being the initial value. The characteristic function of the OU process is given
by:

Bl At) = e S+ AwS)

where

1
A(u, At) = 4—(6_2”At — e "N (10?4 ue M (uo? — 4ikh)).
K
To model the electricity spot price, we consider a stochastic polynomial process X;,

specifically a OU process, and we define the spot price at time ¢ as follows:
Sy =0(Xy) = H(Xt)TPa

where H(X;) is a vector of basis functions for the space of polynomials preserved by
the polynomial process (e.g. H(X;) = (1,X;, X2,...,X™")T, for a one-dimensional
polynomial of degree n € N), and p is the vector whose elements are the coefficients of
the polynomial map.

4.2 The COS method for electricity storage con-
tracts

In this section, we present the dynamic pricing algorithm used to value electricity
storage contracts and describe how the COS method is employed to approximate the
continuation values within this framework for each possible energy level e € E.

4.2.1 The dynamic pricing algorithm

The starting point for pricing electricity storage contracts is to discretize the capacity
of the electricity storage into N, equally spaced energy levels. Specifically, the step
size between two consecutive levels is defined as § = emaxN;em, resulting in the set of

feasible energy levels: E = {e™ ™ 4§, ™M 24, ..., ™™ — § e™**}. Moreover, it is
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assumed that any action taken by the holder of the contract at a given time ¢,, changes
the energy level by a multiple of 4.

The pricing algorithm proceeds backward in time, and at each time step, the contract
value must be computed for all energy levels e € E, as the energy level at any time is
not known in advance. Accordingly, we denote the value of the contract at time ¢,, by
V(tm, St,,, €(tm)), where Sy is the electricity price and e(t,,) is the energy in storage.
As described in Section 4.1, at the settlement date ¢z, 1, no further actions can be taken
by the holder, but a penalty ¢(S;,,,,e(tp+1)) applies if the storage level does not meet
the contract terms. Hence, the value of the contract at settlement date is equal to the
penalty function:

V(tB11,Stp,1,€) = 4s(tB41, Styyyne), Vee B, (4.4)

Proceeding backward in time, the holder can choose an action Ae € A at each
time t,,, selecting the one that maximizes the contract’s value. To determine the value
resulting from an action, we first compute the continuation value, which captures the
expected future value of the contract given the post-action energy level e(t,,11).

A key insight is that the continuation value depends only on the resulting energy
level e(ty+1) = e(t,,) + Ae, not on the specific combination of the initial state and the
action taken. For example, a level of e(t,,11) = 5 can be reached from e(t,,) = 3 with
an action of Ae = 2, or from e(t,,) = 6 with Ae = —1. This property allows us to
compute the continuation value for each potential energy level e € F just once per time
step. The continuation value at time ¢,, is determined for all energy levels e € F using
the following formula:

(tm, Sp,,e) = e EQu(tys1, Siiry€)|Frnl, Ve € B, (4.5)
where F; = 0(Ss : s < t) is the filtration generated by the electricity price process.
With the continuation values in hand, the contract value at time t,, € {tp,...,t1} is
given by:

V(tm, Si,,,€) = max ){g(tm,Stm,Ae)—l—c(tm,Stm,e+Ae)+qb(Ae)}7 Ve € E. (4.6)

Ae€A(tm,e

Lastly, since at time ¢y the holder cannot perform any action, the contract value is
simply equal to the continuation value:

U(th Sto’ e(to)) = C(to, St(n 6(t0)) = e—rAt ’ EQ[U(tb Stn e(to)”"t;fo] (47)
Summarizing all the steps, the full dynamic pricing algorithm is as follows:
L. v(tB41,Stpirs€) = s(tps1, Sip,rs€), Ve € E.
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2. c(tm, i, e) = e A EQv(tmi1, Styirs €)1 Fnl, Ve € E;me{B,...,0},

3. U(tm,St,,,€) = max {9(tm, St,., Ae)+c(tm, S, e+ Ae)+aqp(Ae)}, Vee E,m e
{B,...,1},
4. U(t07 Stove(t0)> = C(t()?Stme(tO))u Vee E.

4.2.2 The COS method approximation

In this section, we present the COS method as a tool to approximate the continuation
values in the dynamic pricing algorithm presented above for each allowed energy level
e € E. Recalling the notions of the COS method in Section 2.7, it follows that the
continuation value can be approximated Ve € E and Ym € {B +1,...,1} as follows:

N-1
~ —r / nm inmT—%
c(tm_1,2,€) = &(tm_1, T, ) = "2 E Re{qﬁ (b—a | At,x) e ba}Vn(tm,e),

n=0
(4.8)
where the coefficients V,,(t,,, ) are given by:
Vot e) = —2 /b (tm, s €) Y% dy, VeeE (4.9)
w(tm, €) = V(tm,y,e) cos | nw , Ve _ ,
b—a /, Y b—a)

At time tg, the contract value can be approximated by the continuation value at time
to, which is computed using the coefficients V,, (¢, e(t)).

Let us start by deriving the coefficients V,,(¢,,,¢) for m € {B+1,...,1} and e € E.
At the settlement date 5.1, the contract value equals the penalty function (Equation
4.4), which yields:

2 b

T b—a a

—a
Vn(tBJrla 6)

qs(y, e) cos (mr‘z ) dy, Vee€E. (4.10)

—a

For earlier time steps, the contract value is defined in equation 4.6, leading to the
following general form for the coefficients: V,,(¢,,,¢€), Ve € E:

- A A A .
Valtm, €) = 7= a/a sotnax  {g(tm, y, Ae)+e(tm, y, etAe)+g(Ae)} cos (mb— a) @

(4.11)
The above integral involves taking the maximum of Dim(.A(t,,,e)) functions. The way
this is done in our algorithm is by discretizing the integration domain [a, b] into n, evenly
spaced grid points, at each time step t,, and for each energy level e. These points are
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placed at the center of small intervals of width Ay = b;—y“, so that each one corresponds
to the midpoint of a cell. We construct a valuation matrix of size (n,, Dim(A(t,,, €)))
in a single, vectorized step. Each entry (¢, 7) in this matrix contains the contract value
at cell 7, assuming that action Ae; is taken.

Once this matrix is built, we find for every grid point the action that maximizes the
total value. This gives us a vector of optimal actions, one for each grid cell.
To define the integration intervals, we compress this vector by detecting where the
optimal action changes. These breakpoints divide the grid into segments where the
same action is optimal throughout. For each segment, we define its integration bounds
based on the outermost cells. The lower bound z; is taken as the center of the first cell
in the segment minus Ay/2, while the upper bound x;,; is the center of the last cell
plus Ay/2. In this way, we ensure that the entire interval [a,b] is covered by a set of
non-overlapping sub-intervals, each associated with a single optimal action.

Once the intervals and the corresponding optimal actions are determined, the coef-

ficients V,,(t,e) for all e € E and for the moment m € {B,...,1} can be written
as:
2 o * * * y—a
Vi(tm, e) = — [ (9(tm, y, Aeg) + c(tm, y, e + Aej) + qp(Aeg)) cos e — dy

i / (9(tms s ACT) + c(tms ys ¢+ Aei) + ap(Ach)) cos (mz - Z) d

T -

+ ...

b _—
- / (g(tm, y, A€y ) + ctm, y, e + Ae’y) + gp(Aely)) cos (nﬂy a) dy}

oy b—a

N
= Z |:Gn(xi7$i+]_, Ael) + Cp(xy, xiv1, e + Ael) + Qnlxi, i1, Ae;")], (4.12)
=0

)

where ¢ = a, x 441 = b, Ael € A(t,,e) are the optimal actions in each subinterval.
(G, are the cosine series coefficients of the payoff function, and are defined Ve € E and

Ae € A(tp, e):

2 Titl y—a
G, i1, Ae) = b—a 9(tm,y, Ae) cos L dy. (4.13)

T4

C,, are the cosine series coefficients of the continuation value, and are defined Ve € E
and Ae € A(t,, e):

2 Fi+1 y—a
Cn(xiy Tit1, 6) = b—a C<tm7 Y, 6) cos |\ nmw b dy (414>

—a
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(), are the cosine series coefficients of the penalty functions, and are defined Ve € F

and Ae € A(t,,, e):

Qn(l'iy Tit1, Ae) =

2 Tt y—a
— /wl q(Ae) cos (mrb — a) dy. (4.15)

The coefficients G,,(x;, z;11, Ae)

The coefficients G, (x;, 2,41, Ae) are defined in Equation 4.13. The payoff function of
electricity storage contracts is described in Equation 4.1. However, since the charac-
teristic function of the price process S; = ®(X;) is not always known in closed form,
while the one of the underlying process X; typically is, we switch to the transformed
state variables: z = ®~1(S, ) and y = ®71(S,,).

Using this transformation, the payoff function can be rewritten as:

—%Ae, if Ae(t,,) > 0,
9(tm,y, Ae) = 0, if Ae(ty,) =0, (4.16)
—d(y)Ae, if Ae(t,,) <0,
Substituting Equation 4.16 into 4.13, we obtain:

2 [T —%Ae cos (nmi=2) dy, if Ae(t,) >0,

b—a Jz;
Gn(‘riu xi+17 Ae) = 0, 1f Ae(tm) — 0’ (417)
ﬁ Z“ —®(y)Ae cos (nw%) dy, if Ae(t,,) < 0.

In this way, the coefficients G,,(z;, z;11, Ae) can be computed for any finite-order poly-
nomial map ®(-). Assuming a second-order polynomial map ®(-) as in [7]:

1 —
S, = B(X;) = T”Xf X, (4.18)

we derive a closed-form expression for the coefficients G,,(z;, ;1 1, Ae):

e If n=0:
ﬁ%[— 3y - %y:”]zm, if Ae >0,
Gol@s, wis1, Ae) = 0, " ifAe=0, (4.19)
ﬁAe[ — 1y? — 1—?3/3} T i Ae < 0.
e If n>0:
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Gn(‘ri?xi-l-l’ Ae) =
. T la— Tit1
( ) A s55(a—b) (sm <%> (2a%(y — 1)
e
- —dab(y — 1) + 20*(y — 1) + 72n’y(y — vy + 27)) if Ae >0,
+2mn(a — b)(y(y — 1) — y) cos (%)) N
0, if Ae =0,
wn(a Titl
, 555 (a—b) (sm ((fby)) (2a*(y — 1)
b—aAe —4ab(y — 1) + 26*(y — 1) + ©*n?y(y — vy + 27)) if Ae < 0.
+2mn(a — b)(1(y — 1) — y) cos (252))

(4.20)

The coefficients Q,(x;, z;11, Ae)

The coefficients Q,,(z;, z;41, Ae), defined in Equation 4.15, incorporate the penalty func-
tion gy(Ae), which only depends on the action Ae and not on the electricity price. More-
over, q,(Ae) is non-null only if Ae € A\D. Therefore, the coefficients Q,(x;, ;11, Ae)
have the following expression:

e Ifn=0:
0, if Ae e D
Qn(vxi;xi-ﬁ-laAe) == { ﬁ Qb<A€) (Ii+1 o xi), lf Ae E A\D (421)
e If n>0:
O) lf Ae - D
@i, Tiv1, Ae) = { % q(Ae) (sin (nﬁ%) — sin (Tm%)) , if Ae € A\D.
(4.22)

To define the coefficients Q,,(z;, z;11, Ae) at the settlement date g1, we just need to
replace in Equations 4.21 and 4.22 the function ¢,(Ae) by the function gs(Ae).

The coefficients C,,(x1, z2,t, €)
The coefficients C),(x1, xo, t,y, €), defined in Equation 4.14, are computed by substituting
c(tm,y,e) with its COS approximation from Equation 4.8:

y—a
d
b—a) Y

2 Titl
Cy(x1, 9, b, €) = - a/ c(tm,y,e) cos (mr

o7



4. ELECTRICITY STORAGE CONTRACTS: REPLICATION OF THE COS
METHOD IN [7]
: N-1
2 Ti+1 , ~
i /ZZ e A 12:; Re {gb ( ) i p=a } Vi(tm,e) cos (mr'z
Recalling that ¢(u | At, ) = ™ ¢(u | At)
5 - N—1
_ —rAt ! 1l7r U
_b—a/m e ;Re{qb(b ) }V}(tm,e)cos(mr
N-1 :
/ l ~ 2 A 3 y—a
:e_mtz Re{¢ (b—7ra )}W(tm,e) : b—a/ ™ T cos (mrzz
=0 xT;

We define

b—a —a

and obtain the following closed-form formula for the coefficients C,,(z1, za, t,,, €):

N-1
’ I
On(‘rlva)t'mne) :e_TAtZ Re {¢ (b—

=0

) Tit1 _
M (21, 29) = / AT cos (mrz; a) dy (4.23)

) Vi(tm, e)./\/lml(acl,m)} . (4.24)

where Vl(tm, e) are given in Equation 4.12 for m € {B,...,1} and in Equation 4.10 at
the settlement date.
The coefficients M,, ;(x1, z2) can be rewritten as:

Mo (21, 22) = —i(/‘/li,z(iffla ) + M, (21, 72)),
T

where:
(zo—x1)7i ifn—=1]—
= ifn=1[0=0,
M (21, 19) = L (B+n)zy=(tn)a)ri  ((B+n)ey—(+n)a)mi
’ Bin b=a —e b=a , else.
(o, ifn=1=0,
M (21, 19) = L ((1B=n)zy—(1=n)a)ri ((1B=n)zy ~(=n)a)mi
’ e b=a —e b=a , else.

4.3 Results

In this section, following the analysis in [7], we present various electricity storage con-
tracts and determine their prices using the COS method. As a benchmark, we use
the confidence interval in [7] obtained using the Least Squares Monte Carlo (LSMC)
method. These confidence intervals have the following form:

— i — g
Confidence Interval = |V — 240 | —= | ;V + 202 | — | | ,
[ 2 (m) 2 (m)]
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where V is the sample mean obtained with ten experiments, & is the standard deviation
and z,/o = 1.96 is the critical value for the 95% confidence interval. These confidence
intervals are the result of 10 runs of the LSMC method with 25000 trajectories.

For all the different contracts, we use the same polynomial model, obtained by ap-
plying the polynomial map defined in 4.18 to the OU underlying process (4.3). The
parameters used in this analysis are reported in Table 4.1. As for the different con-

0% 0.5

K 0.3

0 10.1

o |{0.3,0.6,0.09, 1.2}
X() 10

So d(Xy)

Table 4.1: Electricity storage contracts: parameters of the model

tracts presented here, there are some features that are common to all of them, and
these can be found in Table 4.2, while some are specific to each contract as they have
different technical characteristics. In our experiments with the COS method, we use

Start date to 0

Maturity date T 1

Number of exercise moments B 50

Time step At=ZL 1/50
Settlement date tpi1 T+ At
Minimum energy to release in the market ™", =~ -0.1 MWh

Table 4.2: Electricity storage contracts: parameters common to all contracts

N € {50,75,100, 125, 150, 200,250} and L = 10 for the integration range.

4.3.1 Contract 1: Standard electricity storage

The first contract considers the rechargeable battery, which is the most commonly used
storage system for electricity. There are many types of rechargeable batteries, each with
its own features, but it is very common for their capacity to be between 0.25 and 50
MWHh, their output between 0.1 and 20 MW and their efficiency is at most 95% ([27],
[7]). All the characteristics of this contract can be found in table 4.3.

Table 4.4 and Figure 4.1 show the numerical results of contract 1, including the prices
obtained using the COS method for the various values of N and also the computational
times required. When we consider low volatility, ¢ = 0.3, the prices remain close to zero
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Starting energy level e(to) 7 MWh
Minimum capacity emin 0 MWh
Maximum capacity e 15 MWh
Minimum energy level change ig’;f" -6 MWh
Maximum energy level change Ty 6 MWh
Minimum energy level change without penalty ;" -4 MWh
Maximum energy level change without penalty ;"** 4 MWh
Efficiency n 0.95
Penalty function for (dis)charging too quickly  g,(Ae) if Ae € A\D -3 €
Penalty function at tp4 gs(e) if e < e(ty) -350 €

Table 4.3: Electricity storage contracts: Contract 1 parameters

across all values of N, but they only fall within the confidence interval once N > 100.
For o = 0.6, the prices are slightly higher compared to the previous case, and again
fall inside the interval for N > 100. When ¢ = 0.9, the prices enter the confidence
interval already at N = 75. Lastly, for high volatility o = 1.2, the COS price is within
the interval at N = 50, falls outside at N = 75, and then stabilizes inside the interval
for N > 100. This suggests that convergence is generally stable from N = 100 onward,
though some irregular behavior can occur at intermediate values, particularly for higher
volatilities.

In all four cases, the prices obtained with the COS method show convergence, and for
values of N > 200 they stabilize. For low volatilities the prices are very low, that is
because in order to make a profit with the efficiency n = 95% the electricity prices need

to increase by 100% - (55z — 1), which is more likely to happen with higher volatilities.

4.3.2 Contract 2: Highly efficient electricity storage

The second type of contract we present is very similar to the first, with the only dif-
ference being that the rechargeable battery is assumed to have an efficiency of 100%.
These kind of batteries actually exist but are very costly and for this reason they are
not employed for energy storage.
All parameters of this contract, except for the efficiency 7, are the same as those listed
in Table 4.4.

Table 4.5 displays the prices computed using the COS method, along with the
corresponding computational times.
In case of low volatility, ¢ = 0.3, the price lies outside the confidence interval when
N = 50, but falls within from N = 75 onward. As for the other volatilities, o =
{0.6,0.9,1.2}, the COS prices fall within the confidence interval already at N = 50.
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Contract 1: COS Price Convergence vs LSMC Benchmark, o = 0.3 Contract 1: COS Price Convergence vs LSMC Benchmark, o = 0.6
.014
0.0020 —e— COS Price .01 —e— COS Price
LSMC Confidence Interval LSMC Confidence Interval
0.012
0.0015 0,010
0.008
@ 9
S 0.0010 £
< < 0.006
c c
s s
a a
o G 0.004
0.0005
0.002
0.000
0.0000 —
-0.002
50 75 100 125 150 200 250 50 75 100 125 150 200 250
Number of Terms (N) Number of Terms (N)
(a) 0 =0.3 (b) 0 =0.6
Contract 1: COS Price Convergence vs LSMC Benchmark, o = 0.9 Contract 1: COS Price Convergence vs LSMC Benchmark, o = 1.2
—e— COS Price —e— COS Price
0.030 LSMC Confidence Interval 019 LSMC Confidence Interval
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(c) o =0.9 (d)o=1.2

Figure 4.1: Convergence of the COS prices for Contract 1 with different volatility levels
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c=20.3 oc=20.6 c=20.9 c=1.2
LSMC 95% C.I.  [0.0000,0.0000] [—0.0005,0.0014] [—0.0051,0.0222] [0.1399,0.1943]
N = 50 price 0.00193676 0.01350000 0.03147694 0.15718453
N = 50 time 5.15 sec 4.31 sec 5.19 sec 6.54 sec
N = 75 price -0.00024858 -0.00236212 0.00569946 0.13833096
N = 75 time 6.27 sec 7.63 sec 8.89 sec 11.53 sec
N = 100 price 0.00000556 -0.00012112 0.00888985 0.14296319
N =100 time 8.30 sec 13.75 sec 15.22 sec 14.98 sec
N = 125 price -0.00000114 0.00004170 0.00911301 0.14333134
N = 125 time 11.78 sec 18.28 sec 17.47 sec 19.94 sec
N = 150 price -0.00000048 0.00001471 0.00907455 0.14328573
N = 150 time 15.58 sec 18.95 sec 23.08 sec 26.65 sec
N = 200 price 0.00000000 0.00001487 0.00907439 0.14328401
N = 200 time 24.58 sec 30.36 sec 36.62 sec 40.17 sec
N = 250 price 0.00000000 0.00001487 0.00907439 0.14328401
N = 250 time 50.10 sec 46.02 sec 51.67 sec 58.41 sec

Table 4.4: Electricity storage contracts: COS prices and CPU times for contract 1

In particular, we can observe how for ¢ = 0.3 and ¢ = 1.2, the prices exhibit an
oscillatory pattern at lower values of N: the price is higher at N = 50, drops at
N = 75, and then shows a more stable convergence from N = 100. Compared to
the first contract, the COS method performs even better here, producing accurate
results within the confidence interval with fewer discretization steps, thereby reducing
computational time.

4.3.3 Contract 3: Car Park as Power Plant

This third contract proposes car parks as an alternative way to store energy. The
analysis in [19] estimates that on average a car is parked 96% of the time, making
it suitable for electric vehicles to be used to store electricity during this time. Since a
single car may not be always available for this purpose, it is more convenient to consider
a greater number of cars together. Indeed, the analysis in [20], estimates that between
92% and 95% of vehicles are available at any instant. The experiments conducted in [7]
assumed the car park to contain 150 vehicles with an average capacity of 80 KWh and
efficiency of 90%. This results in a total capacity of 12 MWh. Moreover, it is assumed
that every vehicle can change up to 25% of its energy level without incurring a penalty,
resulting in a total energy change of 3 MWh.

The parameters of contract can be found in Table 4.6, where the penalty function
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c=20.3 oc=20.6 c=20.9 oc=1.2
LSMC 95% C.I. [1.8550,1.9254] [3.4642,3.6050] [5.2075,5.4154] [7.1293,7.3802]
N = 50 price 1.94087000 3.48988799 5.21513821 7.21464769
N = 50 time 4.88 sec 4.49 sec 6.11 sec 8.01 sec
N = 75 price 1.89361101 3.49992635 5.22378531 7.13311452
N = 75 time 6.73 sec 7.42 sec 11.41 sec 11.81 sec
N = 100 price 1.90576522 3.50441877 5.23395406 7.14439669
N =100 time 7.29 sec 11.35 sec 14.91 sec 15.86 sec
N = 125 price 1.90645221 3.50349320 5.23399641 7.14486810
N = 125 time 10.50 sec 15.28 sec 19.93 sec 21.44 sec
N = 150 price 1.90644675 3.50333772 5.23393709 7.14479951
N = 150 time 14.48 sec 20.31 sec 24.36 sec 30.40 sec
N = 200 price 1.90644748 3.50334804 5.23393509 7.14484789
N = 200 time 22.03 sec 31.84 sec 41.39 sec 50.43 sec
N = 250 price 1.90644748 3.50334804 5.23393509 7.14484789
N = 250 time 33.45 sec 48.00 sec 1 min 2.33 sec 1 min 6.01 sec

Table 4.5: Electricity storage contracts: COS prices and CPU times for contract 2

at settlement date is justified by the fact that the owner of the car must be able to
drive at the end of the contract, therefore there has to be a minimum amount of energy
in the car battery.

The prices obtained with the COS method and the corresponding computational
times are reported in Table 4.7. For the first three volatility levels, o € {0.3,0.6,0.9},
the COS prices fall outside the LSMC 95% confidence interval when N = {50, 75}, but
they enter the interval from N = 100 onward.

In the last case, when o = 1.2, the COS price is already within the confidence interval
at N = 75, and remains stable as N increases.

These results show that the profit from this type of contract remains limited, mainly
because the battery efficiency is not high enough to take advantage of the price fluctua-
tions generated by the model. This could change either by assuming a higher efficiency
or by adopting a different price dynamics model that better captures features such as
cyclical trends or extreme spikes.
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Starting energy level e(to) 6 MWh
Minimum capacity emin 0 MWh
Maximum capacity emar 12 MWh
Minimum energy level change z'g‘j” -4 MWh
Maximum energy level change oy 4 MWh
Minimum energy level change without penalty  ¢;*" -3 MWh
Maximum energy level change without penalty ;" 3 MWh

Efficiency i 0.90
Penalty function for (dis)charging too quickly  ¢,(Ae) if Ae € AAD -10 €
Penalty function at tg, gs(e) if e < e(tp) -2000 €

Table 4.6: Electricity storage contracts: Contract 3 parameters

=03 o=0.6 c=20.9 oc=1.2
LSMC 95% C.I.  [0.0000,0.0000] [—0.0001,0.0000] [—0.0008,0.0012] [—0.0044,0.0020]
N = 50 price 0.00328634 0.00819015 0.00743671 0.00388346
N = 50 time 3.38 sec 3.10 sec 5.25 sec 4.97 sec
N = 75 price -0.00044198 -0.00154996 -0.00218187 -0.00317444
N =75 time 4.02 sec 5.59 sec 7.10 sec 8.46 sec
N = 100 price 0.00000438 -0.00009245 -0.00016047 0.00026849
N =100 time 6.01 sec 8.00 sec 12.11 sec 11.31 sec
N = 125 price -0.00000245 0.00001853 0.00003542 0.00041088
N =125 time 8.35 sec 15.55 sec 14.92 sec 14.83 sec
N = 150 price -0.00000044 -0.00000001 0.00000084 0.00036958
N = 150 time 11.22 sec 13.66 sec 19.45 sec 19.26 sec
N = 200 price 0.00000000 0.00000000 0.00000054 0.00036885
N = 200 time 14.27 sec 28.78 sec 30.76 sec 29.71 sec
N = 250 price 0.00000000 0.00000000 0.00000054 0.00036885
N = 250 time 21.86 sec 33.40 sec 43.17 sec 42 .85 sec

Table 4.7: Electricity storage contracts: COS prices and CPU times for contract 3

4.3.4 Contract 4: Cost optimization of charging electric vehi-

cles

The fourth type of contract builds on the previous Car Park case. Here, the fleet of
electric vehicles is still treated as a form of electricity storage, but the focus is extended
to include how the batteries can be charged in a cheap way.
The system’s goal is to minimize charging costs by automatically powering the vehicles
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during off-peak hours when electricity is cheaper. This approach not only saves money
but also relieves pressure on the electricity grid during high demand periods.

The contract requires all vehicles to be fully charged by the settlement date tg,;. A
penalty system is in place to enforce this: if a battery is not fully charged on time,
an increasing penalty is applied. Furthermore, if the charge falls below a pre-defined
critical level (ef;,), a much higher, fixed penalty is imposed. Therefore, the penalty
function ¢s(e) has the following form:

mazx
—€

—1000 - -£—=-, if e > ey,
as(e) = { ey f

4.25
—2000, if e < efiy. ( )

As for the other parameters, they remain identical to those of the previous contract
and can be found in Table 4.6.

The COS prices and the corresponding computational times are shown in Table 4.8.
In the cases where o € {0.3,0.9}, the COS prices fall within the confidence interval
already at N = 50, and remain inside as N increases, showing a stable convergence.

As for the case of high volatility, o = 1.2, N = 50 fails to give an approximation
that falls inside the interval, but starting from N = 75, the prices fall inside and again
show stable convergence.

What is different here compared to the other contracts is that when o = 0.6, the
prices obtained with the COS method remain outside the interval for all the values of
N we consider. While the convergence is stable and the approximations get very close
to the expected range, the prices never fall inside the interval.

To better understand this issue, we carried out a second analysis using a finer dis-
cretization grid for the integration domain [a, b], which is used to determine the optimal
actions and their corresponding sub-intervals (Section 4.2.2). In all the experiments
conducted above, we used a spacing of Ay = 0.01, while now we chose Ay = 0.005.
The updated results are reported in Table 4.9, where we can see that the COS prices
now fall within the confidence interval already at N = 50, and remain inside for larger
values of N.

This second analysis was needed because the initial setup, although effective in other
volatility scenarios, failed to produce accurate prices when o = 0.6, likely due to the
discretization being too coarse to capture more subtle features of the value function.
By refining the grid, we achieved better accuracy without drastically increasing the
computational time. Usually a finer discretization implies a heavier computational
load, in practice the increase in time in this second analysis was minor and did not
significantly impact the overall performance.
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oc=20.3

o=20.6

oc=20.9

oc=12

LSMC 95% C.I.

[—331.3365, —331.2007]

[—330.7876, —330.5472]

[—330.3961, —330.0825]

[—330.1435, —329.7515]

N = 50 price -331.24713063 -330.80136362 -330.38054255 -330.15650863
N = 50 time 2.19 sec 3.10 sec 3.71 sec 3.91 sec
N =75 price -331.25488240 -330.81357235 -330.38240915 -330.13710329
N =75 time 3.95 sec 4.96 sec 6.20 sec 7.35 sec
N = 100 price -331.25319110 -330.81399909 -330.38270222 -330.13751554
N = 100 time 5.86 sec 6.20 sec 8.01 sec 9.90 sec
N = 125 price -331.25128246 -330.81390311 -330.38261155 -330.13750957
N = 125 time 7.57 sec 8.37 sec 11.27 sec 13.53 sec
N = 150 price -331.25127564 -330.81391083 -330.38261126 330.13754087
N = 150 time 10.44 sec 12.08 sec 14.21 sec 17.05 sec
N = 200 price -331.25127537 -330.81391164 -330.38261266 -330.13754127
N = 200 time 14.05 sec 18.30 sec 21.34 sec 25.82 sec
N = 250 price -331.25127537 -330.81391164 -330.38261266 -330.13754127
N = 250 time 24.12 sec 27.51 sec 31.14 sec 36.53 sec

Table 4.8: Electricity storage contracts: COS prices and CPU times for contract 4

LSMC 95% C.I.

[—330.7876, —330.5472]

N = 50 price -330.75709661
N = 50 time 3.87 sec
N =175 price -330.76832012
N = 75 time 7.08 sec
N =100 price -330.76805455
N =100 time 9.97 sec
N = 125 price -330.76793528
N = 125 time 12.73 sec
N = 150 price -330.76793902
N = 150 time 16.92 sec
N = 200 price -330.76793952
N = 200 time 25.16 sec
N = 250 price -330.76793952
N = 250 time 36.27 sec

Table 4.9: Electricity storage contracts: COS prices and CPU times for contract 4,
o = 0.6, finer grid

Overall, the computational times remain low across all the scenarios we analyzed,
confirming that the COS method performs efficiently even when pricing options with
early-exercise features. In this case, performance is particularly strong given that the
method had to account for the specific features of the contract, as well as the dis-
cretization of the integration range needed to identify the optimal options and the
corresponding sub-intervals (see Section 4.2.2).
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5 Electricity Storage Contracts: Ap-
plying the COS Method in a Markov-
modulated Framework

The drawback of the work done in [7] (Chapter 4) is that the underlying dynamic does
not seem to be captured by the assumed stochastic process.

In this final chapter, we select a model that incorporates multiple Markov regimes to
describe electricity prices dynamics and adapt the COS pricing algorithm for Electricity
Storage contracts in Chapter 4 to account for the Markov-modulated framework.

5.1 Electricity Price model

Electricity spot prices differ fundamentally from those of traditional financial assets
and commodities. Their dynamics are shaped not only by economic factors, but also
by the physical constraints, such as the fact that electricity cannot be stored on a large
scale and the requirement to balance supply and demand in real time. Consequently,
electricity prices exhibit several stylized characteristics that must be taken into account
in modelling. The following analysis and subsequent model choice are inspired by the
work done in [1].

5.1.1 Features

Seasonality is one of the main features shown by electricity prices. It can be observed
in different patterns, like intraday, intraweek, or even intrayear. For example, prices
are higher in winter rather than in summer because the consumption of electricity is
higher in winter for lighting and heating. In general, factors that influence the seasonal
behavior of electricity prices are related to climate or business conditions.

This feature can be modeled through different techniques, such as piecewise constant
functions ([24], [18]), sinusoidal functions ([24]), or the sum of sinusoidal functions of
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different frequencies ([9]).

Spikes are another main feature of electricity prices, and they correspond to rapid
changes in electricity spot prices which undergo an intense increase in a very short period
of time and then revert to the normal level. The motivation behind the existence of
these jumps is that electricity cannot be stored economically. Hence, the fluctuations
in demand and supply, which are in turn caused by climate conditions or changes in the
prices of fuel, can cause spikes. It was shown in [33] that spikes occur more frequently
in electricity prices than for other commodities: for traditional commodities (like crude
oil, natural gas and stocks) volatility ranges between 1% and 4%, while for electricity
prices volatility goes up to 50%.

Another fundamental feature of these prices is mean reversion, meaning that
prices will eventually return to their long-term average or mean over time. This char-
acteristic is again more pronounced in this market than in others. In fact, in the interest
rate market, the mean reversion rate is weak, in the gas and oil markets, the rate of
mean reversion is very slow, so it can take months or years for the prices to revert to
their mean level.

5.1.2 Literature Review

In the literature, the spot price S; or the log-price InS; are typically modelled as the
sum of two components:

Sy = f(t)+ X, InS;= f(t)+ X,

where f(t) is a deterministic function of time which represents the seasonal component
and (X;);>0 is a stochastic process. In our experiments we directly deal with the
deseasonalized spot price (X; = Sy — f(t)), in order to focus on the stochastic part.
We begin with a short overview of prior models, before turning to the reasoning behind
our final choice. At first, electricity prices were modeled accordingly to models for stock
prices and interest rates. The most common example is the GBM model, described by
the following stochastic differential equation (SDE):

dXt = /.LXtdt + O'Xtth, (51)

where p is the drift, o is the volatility and W; is a standard BM. The GBM has draw-
backs when it comes to modeling electricity prices: it does not properly capture the
mean reverting behavior and it does not accurately describe the spikes, neither in size
or number.

Some subsequent models focused on taking into account the mean reversion. [30] in-
troduced the Schwartz model, described by the following SDE:

dSt = Q(M — lIlSt)Stdt + O'Stth, (52)
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which becomes a OU process (Section 4.1.2) by taking X; = InS;:

dXt = 9(06 — Xt)dt + O'th, (53)

with o = p — g—;. Compared to the GBM model, where any shock has an impact on
the price depending on its magnitude, the mean-reverting process returns to its normal
level, despite the shocks. Both models are inadequate in describing the spike behavior of
the prices. This leads to the introduction of the mean-reversion jump-diffusion (MRJD)

models. Jump-diffusion models have the following SDE:
dXt = /,L(t, Xt)dt + U(t, Xt)th + dC_I(t, Xt)7 (54)

where W, is a standard BM process and ¢(t, X;) is a jump process. This form can be
adapted to handle the mean-reverting property by considering the drift term in the
form: p(t, Xy) = 6(p — X;). MRJD models follow the SDE:

with 6 the speed of mean-reversion, p the mean-reverting level, o the volatility, W; is
a standard BM, J ~ N (,uj,ajz) is the random jump size and ¢; is a Poisson process
(Definition 2.5.2) with intensity A.

This standard model has been widely re-adapted in the literature. [31] distinguished
positive and negative jumps with two different Poisson processes with various jump
sizes (constant, deterministic and stochastic). A different approach can be found in
[17], where the upward or downward jumps are determined using a threshold function:
the direction of the spike is positive (+1) if the price X; is below a certain thresh-
old, and it is negative (—1) if the price X; is above the threshold. Compared to the
processes presented before, MRJD processes perform well in terms of describing the
features of electricity prices, such as mean-reversion and spikes. However, while the
spikes of electricity prices are sudden, and a jump upward is immediately followed by
a jump downward, the prices that follow the MRJD model converge slower back to the
mean level. If, on the other hand, we were to consider a higher speed of mean rever-
sion, we would overestimate the parameter in the normal level. To avoid the incorrect
specification of parameters, another class of models is considered: the MRS models.

5.1.3 Markov regime-switching models

Let T be the time index set [0, 7], with T" € (0, c0).

MRS models describe the electricity prices through J different states, and in each of
these regimes the electricity price (X¢):>o is described by different stochastic processes
Xii e {1,...,J}. The switch between the regimes is regulated by a Markov chain
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(Ry)i>0, taking values ¢ in the state space ¢ = {1,2,...,J}, described by the transition
matrix P = {p;; : 1 <i,j5 < J} € R/*/ such that 0 < p;; < 1, >_;Pij = 1 Vj, which
determines the transition rates from a state to another.

When R; is in state 4, X} is a process with some specific characteristics (like mean and
variance), which can vary from state to state.

One of the earliest applications of MRS models to electricity prices is presented in
[12], where prices are modeled using a regime-switching mean-reverting process with
two types of jumps. A related approach is proposed in [34], where prices follow a
regime-switching model incorporating log-normally distributed spikes. In [6], the au-
thors introduce a two-state regime-switching model for deseasonalized average spot
prices, with spikes modeled by a Pareto distribution. Further alternatives are explored
in [11] and [25], which describe the base regime with a mean-reverting process and the
spike regime with a Poisson jump process. Beyond two-regime specifications, [18] pro-
poses a three-regime MRS model, where the base regime captures normal price levels,
the spike regime accounts for sudden jumps, and a jump-reversal regime describes how
prices revert to their normal level immediately after a spike.

MRS models provide greater flexibility in modeling electricity prices, since each
regime is characterized by its own stochastic process, independent of the others. One
drawback of this class of models is the high computational cost associated with param-
eter calibration. For this reason, most applications rely on two-regime specifications, as
they reduce computational complexity while still capturing the main features of price
dynamics. We also decided to adopt a two-regime specification, following a model pro-
posed in [1]. While it is common practice to model log-prices, the authors argue that it
is more methodologically appropriate to model prices directly. One justification is that
using log-prices imposes a non-negativity constraint, whereas electricity prices can, in
fact, take negative values.

We now introduce our model of choice mathematically. Let (€2, Ficjo,r),IP) be a
filtered probability space with 7" < co. We introduce the Markov chain (R;);>o, which
determines the state at time ¢, with two possible choices: a base regime (R; = b) and
a spike regime (R; = s).

The switching mechanism is regulated by a transition probability matrix P, such
that:

1- Dss Dss

R ) (56)

We recall the Markov property, according to which the value of the process R; at time
t only depends on the previous value R;_i:

P(Rt — j | Rt—l — Z',Rt_g — k?, .. ) — ]P)(Rt — j | Rt—l — Z) (57)
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We model the stochastic component (X;):;>¢ of the electricity price as follows:

th{ Xy if Ry = b,

Xt,s if Rt =S, (58)

where X;;, and X, are assumed to be mutually independent. The filtration F; is
generated by both processes (R;)i>o and (X;)i>o.
The base model X;; is distributed as a OU process to describe the mean-reverting
behavior of the prices.

On the other hand, the spike model X, ; follows a BM with drift:

dXt”.; - ,Lbsdt + O-Sth,Sa

with W, ¢ is a standard BM. In this way we have that: X, ¢ ~ N(ust, ot). This choice is
convenient for the spike regime because the process admits a closed-form expression for
its characteristic function, which will be particularly useful in the numerical experiments
employing the COS method.

5.2 COS Method in a Markov-modulated framework

In this section, we start by adapting the COS method to the Markov modulated frame-
work, and then we focus on electricity storage contracts.

5.2.1 Density Recovery

We first focus on the density function of the process X;, with the aim of reconstructing
it using the COS method in this Markov-modulated framework. To determine the
marginal density of X, we exploit the law of total probability applied to the Markov

chain:
J

[z | 20) = ZP(Rt = j)f(x | Ry = j, o),

j=1
where f(z; | Ry = j, xo) is the density of the process in a specific state.
To determine P(R; = j) we recall that, for Markov chains:

t
T = moP",

where 7 is a row vector of state probabilities at time ¢y and m; is a row vector of state
probabilities at time ¢. This leads to:

l’t|130 ZWt 517t|Rt—J>=T0)
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We recover the individual density functions for each regime from the inverse Fourier
integral via cosine expansion. The density function f;(x | z) can be obtained as the
inverse Fourier transform of the characteristic function of the j-th component of the
process X;:

1 —iux | J
filw | zo) = o— / e pp(u | o) du,
2 R
where i is the imaginary unit such that i = —1.

Following the original procedure to derive the COS approximation (Section 2.7), we find
that by truncating the integration range to an interval [a,b] € R (such that the density
function is negligible in the interval R\[a, b]), the density function can be rewritten as:

N-1
fi(z ] x) = Z "Flcos (nwz:z> : (5.9)

n=0

j 2 inmt—% 4 nm
Fr = - aRe{e P=a (m | :Uo) }

In our model, we choose the OU process for the base regime and a GBM for the spike
regime. For both processes, the conditional characteristic function can be rewritten in
the following form:

with the coefficients

iufBx

par(u | x) = " pa(u),
where 3 = 1 for the GBM process and = e *** for the OU process.

Hence, we have:
. 2 ingBr0=e nmw
Fg:b_aRe{e b-a %(b_a)}.

5.2.2 Option Pricing

In this section, we adapt the COS pricing formulas to the Markov modulated framework
we introduced earlier. Since electricity storage contracts can be exercised at predefined
dates, we consider the set of B 4 1 predefined exercise dates T = {tg,t1,...,tp}, with
0=ty <t; <...<tp="T such that At =t,, —t,,—1 is constant.

The risk-neutral formula for the valuation of an option reads:

v(z,i,t) = EC [exp (— /tTr(Rs)ds> O(Xr) | Xy = o, Ry =i

oo (-] Tr(&)ds) B(y) Sy |2 R =) dy,
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where ®(-) is the payoff function of the financial derivative and f(- | x, Ry = i) is the
transition density function conditioned on the fact that we are in state ¢ at time ¢.

From this risk-neutral valuation formula, we obtain the following formula for the
continuation value of the option at time ¢,,_; in the Markov state i:

c( Xy, =, L1 =i, ty1) =
= _TAt EQ[ (Xtm7]t'm7 ) | Xtm71 = 'Il7Itmfl = Z]

= eirAt Z]P)(Itm = .] | [t'mfl = Z) EQ[U(Xtm7tm) | thLfl = ‘,'U7 Itm = j7[t7n71 = Z]

j—l

— oA pr (X, tm) | X, =2, Ly, =3, L, =1

=" szg/ v(y, Jitm) fily | 2)dy (5.10)

Following the original procedure to derive the COS approximation (Section 2.7), we
have that by truncating the integration range to an interval [a,b] € R (such that the
density function is negligible in the interval R\[a,b]), equation 5.10 can be rewritten
as:

(i ) = €7 me / 0y, o) Si(y | 2)dy. (5.11)

Taking the Fourier cosine series expansion, we have:

a
c1(z, i, tn) = e me/zflj COS( ‘Z_a) v(Y, s tm) dy,

w0 = 5 [ eon (nt =) pto |y 6.12)

being the series coefficient of the Fourier cosine expansion of the density function.
We can truncate the infinite series summation and exchange integration and sum-
mation:

with

N-1

Ca(2, i, tyuy) = A pr N A (@) (t), (5.13)

= n=0

where

. 2 b -
Vitn) = b_a/ cos (Wi_Z) v(y, J,tm)dy.
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Furthermore, the coefficients A7 (x) in equation 5.12 can be approximated by the fol-
lowing:

) 2 R )
Dj(w) = 5—Re { / e fi(y | x)dy}
b—a R
2 int—% j nm
:b—aRe{e b=a pp, (HML‘)}
Replacing A (z) by DJ(z) in equation 5.13, we get:

N-1
cs(,, 1) = e A pr Z Re{ei””b_—%gpjm (me | x)}Vrf(tm) (5.14)

Since the characteristic function for affine processes can be rewritten as: p(u | ) =
o(u)eP? we can rewrite equation 5.14:

N-1
inrBz=e nm i
Ca(@, i, tyy) = €N pr Z { o gh, (b_a>}vg(tm). (5.15)

5.2.3 Dynamic Pricing Algorithm

In this section, we adapt the dynamic pricing algorithm used to value electricity storage
contracts (Section 4.2.1) to this Markov-modulated framework. Specifically, we adapt
the COS method used to approximate the continuation values for each possible energy
level e € E in each Markov state i € _Z.

We recall the dynamic pricing algorithm in a non-Markov framework:

L. v(tpt1, Sipis€) = Gs(tB41, Stp,yr€), Ve € B,

2. c(tm, i, e) = e A EQw(tmi1, Sipirs€) | Fil, Ve€ E,;me{B,...,0},

3. v(tm, Sy, ,€e) = max {9(tm, St,,, Ae)+c(tm, St,,., e+ Ae)+q(Ae)}, Vee E,m e
{B,..., 1},

4. v(ty, Sty e(to)) = c(to, Sy, €(to)), Ve € E.

To approximate the second equation of the algorithm, the COS approximation formula
for the continuation value in Equation 5.15 can be adapted to consider the energy level
e € I, as follows:

J  N-1
a0, ty_1,e) = e A sz‘j Z Re {emﬂﬁ N (%) } Vitm.e).  (5.16)
j=1

n=0
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So the dependence on the energy level is found in the coefficients V7 (t,,, €):

. 2 b —
Vi(tm,€) = . a/ V(tm, Yy, 1,€) cos (mr?;_ z) dy, Vee E.Vie /. (5.17)

Let us start by deriving the coefficients V' (t,,,e) for m € {B+1,...,1}, e € E and

i 7.
At the settlement date tpq, the contract value is equal to the penalty function (Equa-
tion 4.4), which yields:

2 b

Valtpie) = ' —a

qs(y, e) cos <n7ry —f

d E. 1
b—a) y, Vee (5.18)

The value at the settlement date is the same in every Markov state, because the penalty
function ¢,(-) only depends on the energy level and not on the price, which is the state-
dependent component. For earlier time steps, the contract value is defined in equation
4.6, leading to the following general form for the coefficients: V'(t,,,¢), Ve € E:

, 2 b , ‘ —
Viltns) = [ {0/t A (b e (A o (mg - Z) dy.

(5.19)
The methodology used to solve this integral is explained in section 4.2.2. What changes
now compared to the case where the framework is not Markov-modulated is that this
has to be done for every Markov state, since the optimal actions and the corresponding
sub-intervals could be different based on which Markov state the process is in.
Once the intervals and the corresponding optimal actions are determined, the coef-
ficients V!(t,, e) for all e € E, for the moment ¢,,, m € {B,...,1} in the state i € ¢
can be written as:

—a

. 2 o .
Vitm,e) = r— [/ (g" (tm, y, Aegi) + ¢ (tm, y, e + Aeg) + qp(Aegyi)) cos (mrz ) dy

+/- (9" (tm> Y, A€G) + ¢ (tm, Y, € + Ah) + go(Aeiy)) cos (n”g Z)d

i —
1

+ ..
+ / (G'(tm,y, Ae’yi) + ' (tm, y, e + Ae”yi) + q(Ae’ys)) cos (mrb a) dy]
z*,, -
N
— Z [G;(Ili, Tyqi, Aesy) + O (xpi, a6, e + Aeji) + Q) (@i, 2 45, Ae}’})} :
1=0

(5.20)
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where x9 = a, 441 = b and Aej; € A(ly,e) are the optimal actions in the I-th sub-
interval in the Markov state 7.

The coefficients Q,,(z;, x;11, Ae)

The coefficients @),, are the cosine series coefficients of the penalty functions, and are
defined in Equations 4.21 and 4.22. There is no difference compared to the non-Markov
case because the penalty functions are state-independent.

The coefficients G,,(z;, x;.1, Ae)

The coefficients G,,(z;, z41, Ae) are defined in Equation 4.13. In Section 4.2.2, the
electricity price is modeled using a polynomial map. As a result, the characteristic
function of the price process is not always available in closed form. To address this
limitation, we employ transformed state variables.

In the current setting, instead, we have a closed-form expression for the character-
istic function, so the payoff function is:

—2Ae, if Ae(tn) >0,
9(tm,y, Ae) = ¢ 0, if Ae(t,,) =0, (5.21)
—y Ae, if Ae(ty,) <0,

Substituting Equation 5.21 into 4.13, we obtain:

e —%Ae cos (HWE) dy, if Ae(tn) >0,

b—a Jzx
Gn(x, 41, Ae) = <0, l if Ae(t,,) =0, (5.22)
= f;l“ —y Ae cos (nmi=2) dy, if Ae(t,,) < 0.

We derive a closed-form expression for the coefficients G,,(z;, 141, Ae):

e If n=0:
ﬁ%[— yﬂ+ it Ae >0,
x|
Gn(zy, 141, Ae) = ¢ 0, if Ae =0, (5.23)
ﬁAe[— %] i Ae <0,
x
e If n>0:
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Gz, 41, Ae) =

(2 A — — — R

£ 8 [y sin (mry a) + b-a Ccos (mry a)} if Ae >0,
nmw n b—a nmw b—a

0, if Ae =0, (5.24)

2 _ _ _ Ti41
——— Ae [y sin (mr?; a) + b-a oS (mr?; a)} if Ae < 0.
—a

nm —a

\

The coefficients C' (1, xa, t,,, €)
The coefficients C? (z1, 9, t,n, €), defined in Equation 4.14, are computed by substituting
c(tm,y,1,e) with its COS approximation from Equation 5.16:

Cril(xla X2, th 6)

2 x2 —
c(tm,y,1,€) cos (mry a) dy
b—a

:mx —

1
2 R ! «— ilmBy=a j I j y—a

= b_a’/xl e jzlpij; Re{e b=a ), (b_a>}vl (tma1,€) cos (nﬁb—a) dy
A X i I j 2 7 i y—a

=e ;pzj ; Re{gpAt (m)}vl (tm+1,€) - - a/ac1 e v=a cos <n7rb_ a> dy

We define M, ;(z1, z2) as in equation 4.23 and obtain the following closed-form formula

for the coefficients C,,(z1, T2, t;m, €):

J N-1
i _r / : l'ﬂ' ;
Ch(x1, Tt €) = €72 ;pij ; Re {SOJM (m) V7 (tmt, e)Mn,l<I17x2)} ’

. (5.25)
where V|(t,, €) are given in Equation 5.20 for m € {B,...,1} and in Equation 5.18 at
the settlement date.

5.3 Error Analysis
In this section, we analyze the error of the COS method applied to option pricing. The
main results can be found in [14], where this analysis was conducted for the pricing of

European options, and in [15], where it was extended to Bermudan options. Our work
focuses on the extension of the COS method for pricing electricity storage contracts to
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a framework where the underlying prices are Markov-modulated. We start by not con-
sidering the additional features that characterize the pricing of these special contracts,
as these involve additional features, and hence further approximations. We focus on the
case of Bermudan options, assuming that the prices are Markov-modulated, with the
purpose of highlighting the effect on the error of the introduction of multiple Markov
states.

As stated in the original article ([14]), there are three main steps in the COS method
derivation that introduce sources of error:

e The truncation of the integration range:

€1 = v(x, ty) —vi(x,ty) = /R\[ ) v(y, T f(y | x)dy; (5.26)

» The truncation of the series summation on the interval [a, b]:

b—a
2

+o00
€2 = v1(x, o) — va(, tp) = e " Ay (@) - Vs (5.27)
n=N

o The approximation of the coefficients A, (z) by F,(z):

N-1

€3 = vo(,to) — vs(2,tg) = e A Z ‘Re {/ e f(y | x)dy} Voo (5.28)
R\ [a,b]

n=0

As for the first source of error, €;, in Equation 5.26, it is clear that the larger we choose
the truncation range, the smaller the error is, because we neglect a smaller portion of
the density function.

As for the second source of error, €5 in Equation 5.27, it is proven in [14] that it
converges exponentially for density functions in the class C*([a,b]) and algebraically
for density functions that are continuous but differentiable up to a certain order. Ex-
ponential convergence means that:

leo] < P -exp(—(N —1)v),

where v > 0 is a constant and P varies less than exponentially with N. On the other
hand, algebraic convergence reads:

P
lea| <
(N —1)—1

where P is a constant and v > n > 1, with n the algebraic index of convergence of the
series coefficients V,.
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Lastly, [14] proves that €3 in Equation 5.28 can be bounded by: |e3| < |e1] + Q|e4],
where () is a constant independent of N and ¢, = fR\[a . f(y | x)dy, which again depends

only on the choice of [a, b].
Combining all these results, the error can be bounded as follows:

2|e1] + Qles| + P - exp(—(N — 1)v) if the density is in the class C*(R)

e < 2|e1] + Qles| + # if the density is continuous but
differentiable up to a finite order.
(5.29)

The framework we introduce, see Section 5.2.1, considers a density function of the form:

J

fla| @) =Y P(Re=j) - f(a | R = j, o) :Zﬁt(j)'f(ﬁt | Ry = j, o),

j=1 7j=1

where f(z; | R, = j, zo) is the density of the process in the specific state j € # and m,
is a row vector of state probabilities at time ¢.

In our model of choice, see Section 5.1.3, the price follows a OU distribution in the
base regime and a normal distribution in the spike regime. Both processes are Gaussian.
The Gaussian density function is an infinitely differentiable function (C*>) on R. This
follows because both the exponential function and all polynomial functions are C*(R),
and compositions and products of C* functions remain C*>. Furthermore, the set of
C*> on R is closed under addition and scalar multiplication. Therefore, any finite linear
combination of Gaussian densities (or, more generally, C*(R) functions) is itself C*(R)
(see [28]). The density function of our price X, is a linear combination (with the weights
given by the probabilities m(j)) of C*°(R) density functions in each state j € ¢, so
we can expect the convergence with this chosen model to be exponential.

Another important factor to analyze is the propagation of the error in the backward
induction needed to recursively recover the coefficients V,,(¢1). The following analysis
is taken from [15]. We assume that the coefficients V,,(t,,12) are exact, meaning that
the error in the approximated continuation value ¢(z, t,,11), obtained through the COS
method, follows Equation 5.29. When the approximated continuation value is used to
compute the coefficients C,, (1, T2, t;n11), the following error is introduced:

2 T2 T — a 2¢
e(n) =v € COS (mrb_a>dx= b_a¢n($1,x2)-
1

The function e(n) can be seen as the product of € and the Fourier-cosine series coeffi-
cients A,, of the function a(z), defined as:

[ 1 ifx€[r,a) C la,b]
a(r) = { 0 if x € R\[zy, 2]
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The error e(n) = €A, is present in the computation of the coefficients V;(tp41), and
as a consequence there is another error component in the approximated coefficients

ez, b ):
- —Mtz Re{ (b_a> WH}An. (5.30)

A very interesting approach given in [15], is to look at Equation 5.30 as the application
of the COS method to a European option with payoff a(z) and exact value v,(x). This
perspective allows us, using the error analysis for European options, to bound e5:

les| < le] Jva(@) + €.

Additionally, recalling the risk-neutral valuation formula:

ety (2) = / o)y | 2)dy = [ Y iy | o)y < / F(y | 2)dy =

—rAt

As a consequence, we have v,(z) <e , which implies:

—rAt 71”At|6|'

les| < |€] |e +el~e
This means that the local error remains of the same order and that the COS method
is stable even when the coefficients are recovered recursively.

5.3.1 Application to Electricity Storage contracts

We want to extend this analysis to the dynamic pricing algorithm for electricity storage
contracts. Since the value of these options is determined at every feasible energy level
e € I and at every Markov state ¢ € _#, we need to include this information in the
error.

We start with the definition of €;:

ef’i v(x, e, i tg) —vi(z, e i, ty) = A pr/ v(y, e, Jtm) Ji(y | ©)dy

R\[a,b]
Then, we move on to €3:

E?i = UZ('I7 ¢, 'ia t()) - Ug(l', & ,L.’ t())
N-1

g, prnz {/R\[ o (y|x)dy}V(m,€)

a7b]
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Assuming f;(y | z) to be real and interchanging summation and integration:

—rAt ﬁLU —a J
= pz/ [ (mr )Vn tm,e}fy x)dy
EIJRWHHO L) Vi) | fy(y | )
+oo BZE —a A
_ A pr /R\ - [Z Ccos (mrb_—a) VI (tm,€)
- Z (m
Substituting the cosine expansion of v(y, e, t,t,,) in y by v(y, e, j, tm):

“+o0o
_ —rAt szy/ [ v(y, e, ],t ) Z COS (n’ﬂ'ﬁbx__aa) V,—{(tmye)] fj(y | [L')dy

=) Vi, )]fj(y|x)dy

R\[a,b]

n=N
R fx —a ;
=€ —e ™A Zp”/ [Z coS (mr — > V7{<tm7e)] fily | z)dy
R\[a,D] | —N o

Since VI (t,,,€) shows at least algebraic convergence (see [14]), we can bound:
<= /8$ —a 7 <= j Q* * ~
;VCOS nm b—a VI(t 6) S Z]V‘Vn(tm’GH SWSQ s for N >> 1,n >> 1.

From this, defining Q = e "2tQ*, we get:

/ i(y | z)dy
R\[a,b]

57| < [er |+Q2pw < €0 + Qled],

i J
where € = 327 Dij Jpay fi( | ©)dy.
As for the second source of error, €5, by definition we have:

a J 400
D _pi ) Ala)
j=1 n=N
With an analogous reasoning to [14], we assume the density function to be smoother
than the payoff function and the coefficients A7 (series coefficients of the density) to

decay faster than V7 (series coefficients of the payoff). Hence, the product of these two
sets of coefficients converges faster than either one of them, so:

+oo +o0
D Al) Vi< YA ()
n=N n=N
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Based on the convergence of the series, either geometrical or algebraic, we can introduce
the following quantity:

Pj-exp(—(N —1)y;)  if the density in state j is in the class C*(R)
(N_I;# if the density in state j is continuous

but differentiable up to a finite order,

and bound ¢, as follows:
J
5] < > piyles? .
j=1
Summarizing the effect of the first 3 sources of error, we obtain:
et <207+ Qléy| + €5 (5.31)

Lastly, we study the influence of the backward induction on the propagation of the
error.

We assume, again, that the coefficients V(¢,,.2,€) are exact, meaning that the
error in the approximated continuation value é(z, e, i, ty,41), obtained through the COS
method, follows Equation 5.31. From the definition of the coefficients Vi (t,, 2, €), we
recall that they also depend on the coefficients G*, and @,,, which are the cosine series
coefficients of the payoff function and penalty function, respectively. However, we have
a closed form solution for these coefficients, therefore we do not take into account
any error with regard to them. When the approximated continuation value is used to
compute the coefficients C? (21, z, €, ty1), the following error is introduced:

. 2 r2 T —a 28t
e (n) = €' cos | nmw de = ——,(x1, x9).
(n) b—ot/‘,,:1 ( b—a) l)—CL%L(1 2)
The function £*(n) can be seen as the product of €' and the Fourier-cosine series
coefficients A,, of the function a(zx), defined as:

1 if z € [z, 29] C [a, b
a(z) = .
0 if x € R\[zy,x9).
The error £%(n) = %A, is present in the computation of the coefficients Vi (t,, 11, €),
and as a consequence there is another error component in the approximated coefficients
é(xye i ty,):

J N-1
EREaCae MO ML (o) BRI
j=1  n=0
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As done before, we look at Equation 5.32 as the application of the COS method to a
European option with payoff a(z) and exact value v,(x). This perspective allows us,
using the error analysis for European options, to bound e5:

1€57] < [€91] [va() + €57] < ... ~ e A ee].

This shows again that the local error remains of the same order and that the COS
method is stable even when the coefficients are recovered recursively and we are con-
sidering a Markov-modulated framework.

5.4 Results

In this section, we present the results of the implementation of the Markov-modulated
framework with regard to the pricing of electricity storage contracts. We start by
showing the effects of this new framework on the density recovery and later on the
pricing of these options. We analyze the performance of the COS method, compared
to the LSMC method, used as a benchmark.

5.4.1 Density recovery

We have introduced the price model in Section 5.1.3 and described the process of density
recovery in Section 5.2.1. Our goal here is to showcase how changing the probabilities
of the underlying Markov chains affects the marginal density of the electricity price
X;. For these experiments, we consider two different sets of parameters for the normal
distribution in the spike regime, the first where the mean is closer to the mean of the
OU process, and the second where the mean is more separated from the one of the
OU process. These parameters can be found in table 5.1. As for the general setup, the
maturity is set to T' = 1 year, the COS experiments are conducted with N = 200, L = 8
and the starting state is always set to be the base one (Sy = 0).

We start by analyzing the density with the first set of parameters, and observe how
it changes with the Markov chain probabilities.

An interesting first thing to notice in Figure 5.2 is that across all plots, the density
recovered via the COS method shows excellent agreement with the analytical solution,
validating the accuracy of the method.

Figure 5.1a shows the case where, with a transition probability p,s = 0, the process can
never transition to the spike state. The condition pg = 1 ensures that if hypothetically
the process was in the spike regime, it would immediately transition back to the base
state. This means that the process is effectively always confined to the base regime.
Therefore, the resulting PDF is identical to the marginal distribution of the pure OU
process at T=1, which is a normal distribution with mean 1 = 20 and variance o = 10.

83



5. ELECTRICITY STORAGE CONTRACTS: APPLYING THE COS METHOD IN
A MARKOV-MODULATED FRAMEWORK

Table 5.1: Parameters and moments of the OU process and Normal distributions

Process Parameters Mean Variance

kK 0 o
Oou _ 20 10
5 20 10
/’LS O_S
3 5 23 25
Normal 10 5 30 25

The high peak and narrow spread are representative of its relatively low variance.

In figure 5.1b, we can observe the effect of mixing the two regimes. Specifically, the
stationary probability of being in the spike state increases, leading to a shift in the mean
and an increase in the variance. As for the mean, the central peak of the distribution
shifts progressively to the right, moving from 20 towards 23. As for the variance, the
peak of the density function becomes lower, and the distribution becomes wider.

In figure 5.1c, the stationary probability of being in the spike state is greater than that
of being in the base state, so the previously observed trend is emphasized. The mean of
the distribution is now closer to 23 than to 20 and the variance continues to increase,
leading to a progressively lower and wider density curve.

Finally, in figure 5.1d, the process is effectively confined to the spike state. The result-
ing PDF is simply the N(u, = 23,02 = 25) distribution defined for the spike regime.
Again, the density is symmetric and compared to 5.1a, this distribution is significantly
wider and has a lower peak.

In the second case, the parameters of the spike regime are adjusted to increase
the separation between the means of the two states in order to further investigate the
versatility of the Markov-modulated process. The mean of the normal distribution is
shifted from pys = 23 to pus = 30, while all other parameters remain the same.

In figure 5.2a we observe an asymmetric distribution which exhibits a positive skew,
given by the long right tail. The PDF has two peaks, one on the left which is more
pronounced and centered around the mean of the OU process, and the second, less
pronounced, around the mean of the normal distribution. This is because the transition
probability of being in the base state P(S; = 0) = pb:’j;sb = 0_30:0_7 = 0.7 is higher than
that of being in the spike regime (P(S; = 1) = 0.3), therefore the overall distribution is
dominated by the features of the base regime. The contribution from the spike state is
not sufficient to form a distinct second mode, but it nevertheless pulls the right tail of
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Markov modulated process: pps=0, psp=1, T=1 Markov modulated process: pys = 0.4, ps» =0.6, T=1

A —— Analytical A —— Analytical
012 o COS:N=200,L=8 - IR COS:N=200,L=8

(a) Pvs = 07 Psb = 1 (b) Pbs = 047 Psb = 0.6

Markov modulated process: pps = 0.6, psp =0.4, T=1 Markov modulated process: pps=1, psp=0, T=1

— Analytical 0.08 ~ —— Analytical
COS:N=200,L=8 [\ COS:N=200,L=8

-20 -10 0 10 20 30 40 50 60 -20 -10 0 10 20 30 40 50 60

(C) DPvs = 067 DPsb = 0.4 (d) Pvs = 17 DPsb = 0

Figure 5.1: Effect of the changing Markov chain probabilities on the density function,
with the first set of parameters for the price process

the distribution, creating the observed shoulder and the positive skew.

Figure 5.2b, displays the case where the regimes are perfectly balanced, and there is
an evident bimodality caused by the separation between the means which is sufficiently
large relative to the standard deviations of the distributions. The difference in the
peak heights is due to the difference in variances. On the one hand, the base state
concentrates its probability mass into a narrow region because of its small variance,
resulting in a high peak. On the other hand, the spike state spreads its probability
mass over a wider range because of its larger variance, resulting in a lower and broader
peak.

Lastly, figure 5.2c portraits the opposite situation to figure 5.2a, because the stationary
probabilities are now inverted. The PDF is unimodal but exhibits strong negative skew.
The dominant peak is now located around the mean of the normal distribution and is
visibly broader than the dominant peak in Figure 5.2a. A distinct shoulder is present
on the left side of the distribution, around the mean of the OU process.
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larkov modulated proces:

5t Pps =03, psp=07, T=1

tarkov modulated proces:

S: Pos = 0.5, pp =05, T=1

larkov modulated proces:

5t Pos =07, Psp =03, T=1

— Analytical
--- cos:N=200.L=8

(a) pps = 0.3, psp = 0.7 (b) pps = 0.5, psp, = 0.5 (¢) pps = 0.7, psp, = 0.3

Figure 5.2: Effect of the changing Markov chain probabilities on the density function,
with the second set of parameters for the price process

5.4.2 Option pricing

In this section, we present the results on pricing electricity storage contracts in the
context where the electricity price is described by a Markov-modulated process, as
defined in section 5.1.3. Figure 5.3 displays some simulated paths of the process X;.

Simulated Price Paths (5 paths)

|
wd“‘
i

T P AL
L e ol
"W‘J"‘M Gl MA M TR A

U
i A " !4 (N
175 ‘I ‘v ﬂ‘ \‘WM ( J# h*d\l ‘;*\'”M A w ‘ “

0.0 0.2 0.4

Time (years)

Figure 5.3: Simulation of the Markov-modulated price process X; with parameters:
Rbase = 3a9base = 20>0ba56 = ]-Oa,uspike = 8apbs = 0-05apsb = 087 and
maturity 7" = 1.

37 Ospike =

We discuss the results for the same contracts defined in section 4.3. The COS
experiments are performed with varying values of the parameters L € {6,7,8,9,10}
and N € {50,100,150,200}. As for the benchmark, we use the LSMC confidence
interval, defines as:

— i — g
Confidence Interval = |V — 240 | —= | ;V + 202 | — | | ,
7 () 7 (55
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where V is the sample mean obtained with ten experiments, & is the standard deviation
and z,/o = 1.96 is the critical value for the 95% confidence interval. These confidence
intervals are the result of 10 runs of the LSMC method with 20000 trajectories.

Contract 1: Standard electricity storage
Contract 1 is described in section 4.3.1. The results can be found in Table 5.2 and in
Figure 5.4a.

Table 5.2: Contract 1: LSMC confidence interval and COS prices for various L and V.

LSMC Confidence Interval: [47.9549, 48.2784]

N values
L N =50 N =100 N = 150 N = 200
6  48.03668443 48.0360353 48.03603198 48.03603198
7  48.01308196 48.03603809 48.03603199 48.03603198
8  47.97212243 48.0358958  48.03603215 48.03603198
9 479195795 48.03542725 48.03603228 48.03603198
10 47.84752502 48.03502395 48.03602671  48.036032

The COS prices fall within the confidence interval for all values of L when N > 100.
However, when N = 50, we see that the greater L, the further the price is from the
value to which the COS prices converge. An explanation of this phenomenon is that
when L is large but N is small, the series approximation error is dominant. Basically,
we are asking the model to stretch a small number of cosine waves over a very wide
interval, which results in a poor approximation of the function, leading to inaccurate
prices. When L is small, with N = 50, the number of terms is more adequate to ap-
proximate the function over the smaller range. While the truncation error is technically
larger (since we are ignoring a greater portion of the tails), the series approximation
error is smaller. In this case, this leads to a price that is much closer to the value to
which the COS prices converge.

Contract 2: Highly efficient electricity storage
Contract 1 is described in section 4.3.2. The results can be found in Table 5.3 and in
Figure 5.4b.

We can observe here a similar situation to what we described above, with the only
difference that when N = 50 and the value of L increases, the COS prices are higher,
rather than lower, than the value to which they converge. We can also notice how the
prices of this contract are higher than the prices of Contract 1, and this is because the
100% efficiency of the battery allows the holder of the contract to better exploit the
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Table 5.3: Contract 2: LSMC confidence interval and COS prices for various L and N.

LSMC Confidence Interval: [71.4886,71.7919]

N values

&

N =50

N =100

N =150

N = 200

= © 00 3 O

71.61310678
71.68398552
71.8213078
72.00017226
72.21793153

71.59544324
71.59548444
71.59576803
71.59689983
71.5998399

71.59543802
71.59543804
71.59543818
71.59543961
71.59545181

71.59543802
71.59543802
71.59543802
71.59543802
71.59543804

fluctuations in the price process.

Contract 3: Car-park as Power Plant

Contract 3 is described in section 4.3.3. The results can be found in Table 5.4 and in

Figure 5.4c.

Table 5.4: Contract 3: LSMC confidence interval and COS prices for various L and N.

LSMC Confidence Interval: [26.3324,26.4788]

e

N values

N =50

N =100

N =150

N = 200

= © 00 3 O

26.44378935
26.42628408
26.38786368
26.32587164
26.24915128

26.44465928
26.44467517
26.44476296
26.44469425
26.44366845

26.44465896
26.44465897
26.44465891
26.44465707
26.444657

26.44465896
26.44465896
26.44465896
26.44465896
26.44465895

These results are very similar to what we presented above, and the COS prices have
a similar behavior to those of Contract 1. In fact, the COS prices fall within the LSMC
interval for all values of L when N = {100,150,200}, and when N = 50, they fall
within the interval for small values of L, L = {6,7,8}.

Contract 4: Cost optimization of charging electric vehicles
Contract 4 is described in section 4.3.4. The results can be found in Table 5.5 and in
Figure 5.4d.

In this case, the COS prices always fall within the LSMC interval, yet still exhibit
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Table 5.5: Contract 4: LSMC confidence interval and COS prices for various L and .

LSMC Confidence Interval: [—184.9461, —184.6735]

N values
L N =50 N =100 N = 150 N = 200

6 -184.79513047 -184.78917776 -184.78917899 -184.78917899
7 -184.81867616 -184.78916646 -184.78917899 -184.78917899
8  -184.85088088 -184.78911584 -184.78917906 -184.78917899
9
1

-184.88265674 -184.78926493 -184.78918027 -184.78917899
0 -184.91007381 -184.79014249 -184.78917731 -184.78917899

the behavior described previously for N = 50.

Tables 5.6, 5.7, 5.8, 5.9 display the computational times required to recover the
prices using the LSMC algorithm and the COS method for all four types of contracts.
The COS method produces accurate results already when N = 100, increasing N leads
to only marginal changes in the computed prices, while incurring a higher computational
cost. For all contracts, the computational time of the COS method with N = 100 and
L = 6 is approximately 5 times less than that required by the LSMC algorithm. This
advantage decreases as L increases, reducing to a speed-up factor of about 4 when
L =10.

All these results confirm that the COS method is an extremely efficient option
pricing tool, even when the framework is further complicated by the presence of multiple
Markov states. The COS method converges rapidly, yielding stable and accurate prices
for a modest number of expansion terms N.

A critical advantage of the COS method over the benchmark LSMC algorithm lies
in its deterministic nature. As a numerical integration technique, the COS method
produces a single and repeatable solution for a given set of parameters. This contrasts
with the stochastic nature of the LSMC method. If the experiments with this method
are performed multiple times, we might observe a slight difference in the confidence
intervals. This is a consequence of the sampling error, meaning that the resulting price
and confidence interval are themselves random variables. Therefore, the COS method
proves to be a more reliable and practical tool for this application, since it provides
consistent and computationally efficient solutions.
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Caontract 1: COS Price Convergence vs LSMC Benchmark Contract 2: COS Price Convergence vs LSMC Benchmark
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Figure 5.4: Convergence of the COS prices to the LSMC confidence interval with dif-
ferent values of L and N

Table 5.6: Contract 1: Computational times needed to recover the LSMC confidence
interval and COS prices for various L and N.

LSMC CPU time: 8 min 44.07 sec
COS CPU times
L N = 50 N =100 N =150 N = 200

6 Omin 47.82 sec 1 min 37.84 sec 2 min 49.40 sec 4 min 14.69 sec
7 Omin 52.79 sec 1 min 47.26 sec 2 min 57.67 sec 4 min 20.65 sec
8 O min 57.82 sec 1 min 56.66 sec 3 min 12.21 sec 4 min 37.68 sec
9
1

1 min 3.19 sec 2 min 5.84 sec 3 min 25.46 sec 4 min 55.65 sec
0 1 min 897sec 2 min 15.34 sec 3 min 39.37 sec 5 min 12.23 sec
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Table 5.7: Contract 2: Computational times needed to recover the LSMC confidence
interval and COS prices for various L and N.

LSMC CPU time: 8 min 5.90 sec
COS CPU times

L

N =50

N =100

N = 150

N = 200

6
7
8
9
1

0

0 min 45.26 sec
0 min 50.59 sec
0 min 56.17 sec
0 min 59.94 sec
1 min 6.68 sec

1 min 32.59 sec
1 min 41.24 sec
1 min 52.25 sec
2 min 1.40 sec
2 min 9.29 sec

2 min 32.41 sec
2 min 45.74 sec
3 min 1.51 sec
3 min 14.87 sec
3 min 26.91 sec

3 min 46.68 sec
4 min 2.01 sec
4 min 21.17 sec
4 min 39.22 sec
4 min 57.10 sec

Table 5.8: Contract 3: Computational times needed to recover the LSMC confidence
interval and COS prices for various L and N.

LSMC CPU time: 6 min 54.25 sec

COS CPU times

N =50

N =100

N =150

N = 200

6
7
8
9
1

0 min 32.67 sec
0 min 34.81 sec
0 min 39.77 sec
0 min 44.13 sec

0 0 min 47.61 sec

1 min 4.07 sec
1 min 12.60 sec
1 min 20.62 sec
1 min 28.68 sec
1 min 34.83 sec

1 min 43.17 sec
1 min 56.52 sec
2 min 10.67 sec
2 min 21.26 sec
2 min 33.41 sec

2 min 32.14 sec
2 min 48.80 sec’
3 min 7.84 sec’
3 min 21.76 sec
3 min 37.01 sec

Table 5.9: Contract 4: Computational times needed to recover the LSMC confidence
interval and COS prices for various L and N.

LSMC CPU time: 7 min 2.64 sec

L

COS CPU times

N = 50

N = 100

N = 150

N = 200

6
7
8
9
1

0 min 30.99 sec
0 min 34.92 sec
0 min 39.94 sec
0 min 43.92 sec

0 0 min 46.95 sec

1 min 3.78 sec
1 min 15.89 sec
1 min 20.33 sec
1 min 26.62 sec
1 min 34.34 sec

1 min 43.10 sec
1 min 57.25 sec
2 min 8.92 sec
2 min 19.23 sec
2 min 28.28 sec

2 min 34.30 sec
2 min 55.86 sec
3 min 4.04 sec
3 min 18.68 sec
3 min 31.60 sec
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5.4.3 Discrepancies in the prices

In the previous section, we have shown results in which the prices for the various
contracts obtained with the COS method fall within the LSMC confidence intervals.
However, some of our experiments do not show a completely accurate match. We
present here an example using a different set of parameters to describe the underlying
electricity price process (simulated in Figure 5.5). Figures 5.7 display the convergence

Simulated Price Paths (1 paths)

N
S
N

=
©
@

0.0 0.2 0.4 Time (years) 0.6 0.8 1.0
Figure 5.5: Simulation of the Markov-modulated price process X; with parameters:
Kbase = 0.5:365, Opgse = 20, Opase = 0.1v/365, frspike = 0.001-365, 05pike = 0.01v/365, pps =
0.01, psp, = 0.3, and maturity 7' = 1.

of the LSMC prices with an increasing number of paths (N € {10000, 20000, 40000}) to
the COS value obtained with N = 200, L = 10. These experiments are conducted with
different maturities 7" € {0.1,0.5,1} and number of exercise dates B € {30, 50, 70}.
A consistent pattern that can be observed is that for most of the cases the LSMC price
estimates are higher than the COS prices, except for Figure 5.7c where they are lower.
We are inclined to attribute the observed discrepancy to the LSMC algorithm rather
than the COS method, since the latter accurately reproduces the density functions
across all maturities, as shown in Figure 5.6.

This section seeks to explain this mismatch by referencing the biases that are com-
mon to the LSMC algorithm, which are explained in more detail in Appendix A. Specif-
ically, there are two main sources of bias in the LSMC estimator:

o Low-bias, which arises from the use of a finite number of basis functions Mps;s.

In short, the regression determines an exercise strategy that is suboptimal, and
hence yields an option value which is less than or equal to the true one.
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arkov modulated process: T = 0.1 Markov modulated proce: Markov modulated proc

(a) T =0.1 (b) T = 0.5 ()T =

Figure 5.6: COS recovered density and analytical density for different maturities.

« High-bias, caused by the use of the same set of simulated paths for estimating
the regression coefficients and for valuing the option, which leads to overfitting.

In these figures, the high-bias is the dominant effect. We can observe how the confidence
intervals become tighter as the number of simulation paths increases, but the mean
estimate does not converge to the COS price.

In an attempt to mitigate these discrepancies, we tried two different remedies. First,
we increased the number of basis functions from Mp.ss = 3 t0 Myusis = {6,9, 12},
however, as shown in Figure 5.8, this did not lead to a significant improvement compared
to Figure 5.7c. An explanation for this phenomenon might be that the chosen basis
functions are inadequate to capture the true shape of the continuation value function
for some parameter sets. Another reason is that the number of simulated paths Ny
might be insufficient to correctly estimate the regression coefficients for the higher
number of basis functions Mp,;s.

Second, we have tried to address the high-bias by using two independent sets of
paths: one to estimate the regression coefficients and one to valuate the options. As
illustrated in Figure 5.9, this approach also failed to fix the price mismatch, since the
price behavior is analogous to the original in Figure 5.7h. This outcome suggests that
the number of simulation paths Np.s remains insufficient to accurately approximate
the optimal exercise strategy and the corresponding option values. Further increasing
Npatns could potentially improve the accuracy but would also involve a considerable
computational cost, given the complexity of the problem.

The bias is likely due to an insufficient number of basis functions My,s;s and simu-
lation paths Np.ns. The attempted remedies did not successfully solve the issue, which
means that the estimation of the prices through LSMC is particularly challenging for
this set of parameters. Achieving higher accuracy would probably require a substan-
tially larger number of simulation paths, a more advanced choice of basis functions, or
the use of alternative approximation techniques.
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Figure 5.7: Mismatch in the convergence of LSMC prices to the COS price for different
maturities (7") and numbers of exercise dates (B).
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Figure 5.8: Mismatch in the convergence of LSMC prices to the COS price w.r.t the
number of basis functions Mp,s;s.

94



5. ELECTRICITY STORAGE CONTRACTS: APPLYING THE COS METHOD IN
A MARKOV-MODULATED FRAMEWORK

uuuuu
aaaaaaaaaaaaaaaaaaaaaaa

Figure 5.9: Mismatch in the convergence of LSMC prices to the COS price using two
different sets of paths for the regression.
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6 Conclusions

Energy commodities exhibit some unique features, such as mean-reversion, seasonality
and sudden price spikes, that distinguish them from traditional financial assets. This
creates challenges for the valuation of energy derivatives.

This thesis investigates and demonstrates the efficiency of the COS Method for
pricing instruments within this domain. This goal is achieved gradually by consider-
ing cases of escalating difficulty, where each chapter builds upon the last to address
increasingly advanced valuation problems.

The starting point of our analysis are Energy Quanto options, European-style con-
tracts whose value depends on two correlated underlying processes which incorporate
jumps within a Markov-modulated framework. We analyze two different cases, taken
from [2], where these options are priced using a FFT based method. Based on some
useful numerical results provided in [2], our analysis focuses on the derivation of the
components of the characteristic functions of the two proposed models, which are re-
quired to use the COS method. The numerical results prove that the COS method is
extremely efficient, as the results not only match the benchmarks, but also provide a
significant computational speed-up compared to the FFT and Monte Carlo benchmarks.

The study is then extended to Electricity Storage contracts, which introduce the
complexity of early-exercise features and operational constraints. Our analysis of this
type of contracts starts from the replication of the main results of [7]. After giving a
mathematical definition of the contracts and their physical and operational constraints,
the COS method is integrated within the dynamic pricing algorithm and is used to
determine the continuation values at each exercise date and at each feasible energy
level of the storage. Specifically, the analysis covers four different storage contract
types under various volatility scenarios. The produced results converge within the
LSMC confidence interval, demonstrating the adaptability of the COS method to handle
the recursive nature of early-exercise feature combined with the constraints of energy
storage.

Lastly, the final and main contribution of this work is to synthesize the challenges
presented in the previous chapters by valuing electricity storage contracts within a
two-state Markov-modulated framework. To do so, the COS-based dynamic pricing
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algorithm is extended to handle the state-dependent price dynamics. This extension
is successful in the sense that the method manages to accurately recover the complex
probability densities, and the pricing results for the four different types of contracts show
rapid and stable convergence. Moreover, the analysis highlights the interplay between
the two COS parameters L and N and proves the COS method’s deterministic nature to
be more reliable than the stochastic LSMC benchmark. Indeed, while the results for this
framework generally converge within the LSMC confidence intervals, the analysis also
highlights challenging parameter sets where the LSMC method exhibits a persistent
high-bias and fails to converge to the COS price. This observation demonstrates a
notable limitation of the benchmark, and further highlights the reliability of the COS
method.

This work succeeds in demonstrating the high versatility of the COS method, whose
efficiency is not only confined to financial markets. The COS method is proven to
be capable of handling the distinct features of energy derivatives, including regime-
switching, jump dynamics and also early-exercise features.

Across all experiments, the COS method outperforms the benchmark methods, by
orders of magnitude in speed, showcasing computational efficiency. Moreover, a clear
advantage over the benchmark LSMC method is that the COS method, as a numerical
integration technique, produces a single and repeatable solution. On the other hand,
the LSMC method is subject to statistical errors. Our analysis identified challenging
scenarios where the LSMC method shows a persistent high-bias that standard remedies
failed to correct, highlighting its susceptibility to sampling error and overfitting. In
contrast, the COS method’s deterministic nature makes it more reliable for producing
stable and accurate results.

However, this work has some limitations that can be starting points for future
work. First of all, the chosen models for the underlying prices, while sophisticated,
remain abstractions of reality. It might be interesting to apply the pricing frameworks
developed in this thesis to other models, such as those that incorporate more than
two Markov states or alternative dynamics, and see if they can better fit the prices
from real markets. Building on this, a significant extension would be to calibrate the
Markov-modulated models to real market data for electricity prices, as this study relies
on predefined parameters. Another limitation of this work concerns electricity storage
contracts. Our analysis relies on a discretization of the storage capacity into a finite
number of equally spaced energy levels. This uniform grid may not fully represent
the operational realities, therefore future research could explore more complex and
realistic discretization schemes and see how that affects the final contract prices and the
performance of the algorithm. Directly related to this previous point, this thesis does
not include a formal error analysis concerning the energy storage discretization. It would
be of great interest to conduct such an analysis and test how the numerical stability is
affected by the grid choice. Lastly, our work focuses on energy markets, but we only
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consider two classes of options. A natural extension is to adapt the developed Markov-
modulated COS framework to other contracts which may involve different constraints
or higher-dimensional state spaces, to further investigate its flexibility and scalability.
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A Appendix: LSMC algorithm

This section focuses on the LSMC algorithm, which is used to create benchmarks for
the experiments conducted in this thesis, see Chapters 4 and 5.

A great example of the usefulness of this algorithm can be found in (23], where it was
introduced for the first time as a powerful tool to approximate the value of American
options. The main idea behind the algorithm is that the conditional expectation, needed
to determine the continuation value, can be approximated using least squares applied
to simulation. We give here a mathematical framework for this algorithm, inspired
by [23]. Consider the usual complete probability space (2, F,P), the EMM @, and
a finite time horizon [0,7]. We define the finite set of K early-exercise time points
0=t <...<tg =T and we represent a sample path with w.

We introduce the notation C(w,s;t,T) to describe the path of cash flows generated
by the option, conditional on the fact that the option is not exercised until time ¢ and
assuming that the holder of the option is always following the optimal stopping strategy.
Following the no-arbitrage theory we know that the value of an option, assuming that
it cannot be exercised until after time t;, is equal to the discounted expectation of the
remaining cash flows C(w, s;t;, T) w.r.t the measure ). Mathematically, this reads:

K ”
F(w,t,) = EC LZ e @B O it T) | F | (A1)

j=k+1

where 7(w, s) is the risk free discount rate.
For a time step t;_; we assume that F'(w,?;_1) can be represented as a linear combi-
nation of a countable set of F;, ,-measurable basis functions, leading to:

F(watk—l) = Zaij(X)v

where X is the underlying process, L;(-) is the j-th basis function and a; are constants.
The approximation of F(w, 1) is denoted by Fyy,, .. (w,tx—1), with My,s being the
number of the first basis functions used. As stated in [23], it can be proven that the
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fitted value of the regression Fyy,  (w,tz_1) converges in mean square and probability
to Fu,,.,.(w,tk—1) as the number of simulation paths Np.ms increases. In addition
to this, it is also stated that 3 My, (W, Tk—1) is the best linear unbiased estimator of
FMbasis (wv tkfl)'

However, due to approximation errors, Fyy . (w,tx—1) is not an unbiased estimator of
the real continuation value F'(w,t;_1). Specifically, the quality of the approximation
depends on two main factors:

e The number of basis functions M,,s;s: a more flexible set of basis functions pro-
vides a better representation of the continuation value;

o The number of simulation paths Npgs: a larger number of simulated paths im-
proves the estimation of the regression coefficients.

Proposition 1 in [23] states that the true value of the option is greater than or equal to
the expected value of the LSMC estimator, implying that the estimator is low-biased.
The intuition behind this result is that the true value of the option corresponds to the
optimal exercise strategy, while any other (suboptimal) strategy yields a value that
is less than or equal to the true one. Since the LSMC algorithm determines an ap-
proximate exercise strategy based on a finite number of basis functions, it produces a
suboptimal, hence low-biased, estimate.

Although this estimator is biased for a finite number of basis functions Mp,;s, Propo-
sition 2 in [23] shows that it is consistent, meaning that as Mp,ss — +00, the LSMC
estimate converges in probability to the true value.

A second type of bias, known as high-bias, arises when the same set of paths is used
both to estimate the exercise rule and to value the option. This can be explained by
the fact that the algorithm overfits the specific realization of paths, resulting in an
exercise rule that appears overly favorable for that sample and leads, on average, to an
upwardly biased price estimate (Theorem 1 from [16]).

A.1 Application to Electricity Storage contracts

We focus now on the application of this method to price electricity storage contracts,
as explained in [7]. The following notation is introduced:

o S!: The asset price of trajectory i at time t,,;

o CV%¢: The continuation value at energy level ¢ € E after action Ae € A is taken
at time t,,;

o CF"¢: The cash flow at time t,, and energy level ¢ € E;
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o ACFE!¢: The total value of the future cash flows for times t, k € {m,..., B+1},
at energy level e € F;

« DACFif = e ™. ACFE!S ;
o Q4° = q,(Ae): the penalty function;
o POUA¢ = g(t,,, S, Ae): the payoff function.

The LSMC pricing algorithm is described in Algorithm 1, and the LSMC 95% confidence
interval is determined with the following formula:

~ ~

g g
e A+ 196 ——— |,
NT‘U/I'LS /II/ NT"U/I’LS

where N,..,s is the number of independent runs of the algorithm, /i is the sample mean
of N,uns experiments and ¢ is the sample standard deviation.

CI: |fi—1.96-
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Algorithm 1 The LSMC algorithm for electricity storage contracts

1: fore =0,..., Ne,p do

—_
—_

12:

13:
14:
15:
16:
17:

18:
19:
20:
21:

22

23:

._.
=

fori=1,..., Npans do
CFgly = as(S'(tp11),€)
ACFy,, = CFy,

end for

end for
:form=B,...,1do

Xi :Sz(tm) VZ: 17---7Npath5
for e=0,..., Ngp do '
DACFi = e ™SACF,S, Yi=1,..., Npans

Estimate regression coefficients 3¢ by least squares:

Npaths

o = wsmin 3 (DACK — o))

Compute continuation value:
CVie=o(X]) 8% Vi=1,..., Nyatns,

where the function ¢(X) € RMeasis is a vector of basis functions used to
approximate the continuation value as a linear combination of nonlinear
transformations of the state variable X.
end for
fore=0,..., Ngp do
fori=1,..., Npgns do
Aeh* = arg maXAeeA(tm,e){POjﬁAe + CVJ‘{eJrAe + QAe}
CFﬁf _ PO%A@** + QAei’*
ACFLe = CFie + e ™MACE R
end for
end for

end for
: fore=0,..., Ngp do

v(to, S(to), €) = 5 i DACK; = 5 30" e "8 ACF)

paths Npaths

24: end for
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