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Abstract

The valuation of multi-asset financial derivatives requires the computation of expectations
with respect to high-dimensional probability distributions, a task that is severely hampered
by the curse of dimensionality. Fourier-based methods such as the COS method have proven
successful in one or twodimensions, but do not scalewell to higher dimensions, as they involve
a tensor of Fourier coefficientswhose size grows exponentiallywith the dimension. This thesis
develops a new method, COS-TT, which combines the COS method with the tensor train (TT)
decomposition to efficiently compute multivariate expectations using only the characteristic
function. The approach approximates the Fourier-cosine coefficient tensor in the TT format
using cross approximation, based on the DMRG greedy algorithm. The method is shown to
be equivalent to the functional tensor train decomposition, and theoretical error bounds are
derived that quantify contributions from truncating the Fourier-cosine series, approximating
the coefficients with the COS method, truncating the TT decomposition to finite rank, and ap-
proximating the coefficient tensor with the DMRG-cross algorithm. The method is applied to
pricing European basket options under geometric Brownian motion. As part of this, analytic
expressions for the integrals required to price basket options using the COS method are de-
rived, which might be of independent interest. Numerical experiments demonstrate that the
COS-TT method converges, and is accurate for pricing European basket options for up to 26
assets, a substantial improvement over previous tensor methods based on the COSmethod, as
well as an improvement over other methods based on cross approximation, and comparable to
methods based on tensor completion, without using Chebyshev interpolation. These results
show that COS-TT provides a promising new approach for computing high-dimensional ex-
pectations from characteristic functions, with potential applications in computational finance
and beyond.
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Ch. 1

Introduction

The valuation of multi-asset financial derivatives requires the computation of expectations
with respect to high-dimensional probability distributions. While in one or two dimensions
these problems have been studied extensively[21, 2, 43, 12], these methods do not scale well
to higher dimensions, as they suffer from the curse of dimensionality. Developing numerical
methods to overcome this challenge is of both theoretical and practical interest in computa-
tional finance.

In essence, the problem boils down to solving an integral of the form

𝔼[𝑔(𝐗)] = ∫
ℝ𝑑

𝑔(𝐱)𝑓𝐗(𝐱) 𝑑x,

where 𝑓 is the joint density function of the random vector 𝐗 ∈ ℝ𝑑, and 𝑔 is a function of
the random vector. Traditional numerical quadrature methods would require a number of
function evaluations that grows exponentially with the dimension 𝑑, making them infeasible.

Furthermore, the density function 𝑓 is often not known explicitly, but its characteristic
function 𝜑𝐗(𝛚) = 𝔼[exp(𝑖𝛚 ⋅ 𝐗)] is available in closed form. This problem has successfully
been tackled in low dimensions with Fourier-based methods, such as the COS method [2],
which uses the characteristic function to reconstruct the density functionwith a Fourier-cosine
series expansion. However, this does not alleviate the curse of dimensionality, as in multiple
dimensions a tensor of Fourier coefficients arises.

Recently, tensor methods have been proposed as a promising approach to tackle multi-
asset pricing problems in finance [14, 9, 34, 52, 24, 32]. These methods exploit the low-rank
structure of high-dimensional functions to reduce the computational complexity of the prob-
lem. They formulate the problem in terms of tensors, which are multi-dimensional arrays,
and use tensor decompositions to approximate these tensors in a compressed format, which
allows for efficient computation of the integral.

Several tensor decompositions exist, eachwith its own advantages and disadvantages. Fur-
thermore, the algorithms to compute these decompositions differ in terms of complexity, sta-
bility, and robustness.

The tensor train decomposition [40] possesses several desirable properties, among theman
algorithm to compute it without requiring access to the full tensor [39]. It has been shown to
be successful in integration problems [19], and has successfully been applied to option pricing
problems [32].

While the COS method has previously been combined with other tensor decomposition
techniques[14, 9, 34, 52], no attempt has been made to combine it with the tensor train de-
composition. This thesis aims to fill this gap by developing a new method, called COS-TT,
which combines the COS method with the tensor train decomposition to efficiently compute
multivariate expectations from the characteristic function.

1



1.1. CONTRIBUTIONS

1.1 Contributions
The main contribution of this thesis is the development and analysis of a new method for
computing multivariate expectations from their characteristic functions. This method, called
COS-TT, combines the COS method for Fourier-cosine series expansions with low-rank tensor
decomposition of the coefficient tensor in the tensor-train format. The resulting approximation
is shown to be equivalent to the functional tensor train decomposition [6], and theoretical error
bounds are derived on the approximation error. The method is applied to pricing European
basket options under geometric Brownian motion, and is shown to be highly accurate for up
to 26 assets. This is a substantial improvement over previous tensor methods [14, 9] based
on the COS method, as well as an improvement over a method based on cross approximation
[32], and comparable to a method based on tensor completion [24], without using Chebyshev
interpolation.

Further contributions include the derivation of analytic expressions for the integrals re-
quired to price basket options using the COSmethod, which might be of independent interest.

Additionally, a new idea to avoid the exponential scaling of the multidimensional coeffi-
cient formula is explored. The method relies on the decomposition of the characteristic func-
tion by a functional tensor train decomposition. However, as the cores of this decomposition
inherit the regularity of the characteristic function, the number of quadrature nodes required
to accurately compute the decomposition is currently too high to be practical.

1.2 Related Work
There are several popular alternatives to compute multivariate expectations, that have been
applied in computational finance. One successful method worth mentioning is to perform
quadrature on sparse grids [3, 16, 15]. This revolves around the Smolyak sum [48], which com-
bines low-dimensional quadrature rules. The result in an approximation that achieves much
of the accuracy of full tensor-product quadrature, while using significantly fewer quadrature
nodes. This method has also been successfully applied to option pricing problems [44].

There are also other tensor decompositions can be used in place of the tensor train de-
composition. One option is the canonical polyadic decomposition (CPD) [30, 29, 13], which
represents a tensor as a sum of rank-1 tensors:

𝒜 =
𝑅

∑
𝑟=1

𝐚(1)
𝑟 ⊗ 𝐚(2)

𝑟 ⊗ … ⊗ 𝐚(𝑑)
𝑟 .

Even though it is one of the most widely used decompositions, it has several drawbacks. Most
notably, for 𝑑 ≥ 3, the sets of tensors with CP rank ≤ 𝑅 are generally non-closed, meaning
that a best rank-𝑅 approximation may not exist [18, 27, 36]. Such non-existence is not a rare
occurrence either [18]. Moreover, evenwhen a valid decomposition exists, existing algorithms
may fail to compute it [18, 35].

Nevertheless, the CPD has been successfully applied to option pricing problems [14, 9, 34,
52]. These methods combine the COS method with the CPD to efficiently compute multivari-
ate expectations from their characteristic functions.

Some of the drawbacks of the CPD can be mitigated by using the Tucker decomposition
[50, 17, 51], which is stable, and always exists for any tensor. The Tucker decomposition in-
troduces an additional core tensor, which captures the interactions between different modes.
However, the decomposition scales exponentially with the order of the tensor, and is, there-
fore, not suitable for high-dimensional problems. The Hierarchical Tucker decomposition [28,
26, 41] extends Tucker by recursively applying Tucker to subgroups of modes, replacing the

CHAPTER 1. INTRODUCTION 2



1.3. OUTLINE

single large core tensor with a hierarchy of small core tensors connected via a dimension tree.
Writing in matrix form gives the tensor train decomposition which is applied here.

1.3 Outline
The rest of this thesis is structured as follows. Chapter 2 introduces the necessary mathemati-
cal background on Fourier analysis and the COS method, in both the single dimensional and
multi-dimensional setting. This includes an analysis of the approximation errors in section 2.3.
Chapter 3 follows up with an introduction to tensor calculus, and introduces the tensor train
decomposition and the algorithms to compute it. The discrete concept is extend to a continu-
ous setting in section 3.4, where the functional tensor train decomposition is introduced and its
properties are discussed. The new COS-TT method is presented in chapter 4, which describes
how the previously introduced concepts can be combined to compute multivariate expecta-
tions from their characteristic functions. This includes a novel idea to avoid the exponential
scaling of themultidimensional coefficient formula in section 4.3. Error bounds on the approx-
imation error of the COS-TT method are derived in chapter 5. The method is then applied to
pricing European basket options under geometric Brownian motion in chapter 6, which also
presents several numerical experiments to demonstrate the performance and accuracy of the
method. Finally, chapter 7 concludes the thesis with a summary of the results and suggestions
for future work.

CHAPTER 1. INTRODUCTION 3



Ch. 2

Fourier Series and the COS Method

This chapter provides theoretical analysis on one specific type of spectral expansion: the
Fourier cosine series. This expansion gives an optimal approximation for non-periodic func-
tions on a bounded interval [8]. Section 2.1 introduces Fourier series inmore detail. Section 2.2
discusses how the Fourier coefficients can be approximated using the Fourier transform. Con-
vergence properties are discussed in section 2.3, leading to a bound on the approximation er-
ror. As this work revolves around multidimensional functions, section 2.4 extends the notion
of Fourier cosine series to multiple dimensions, and derives the coefficient approximation in
terms of the multidimensional Fourier transform. Finally, section 2.5 applies the COS method
to option pricing, deriving the details for pricing without the log-transform.

For an in-depth treatment of spectral methods, see [8], which, together with the older [7]
forms the reference for most of this chapter. Reasoning similar to section 2.3 can be found in
[23]. Additionally, a formal treatment of Fourier series can be found in [22].

2.1 Fourier Series and Cosine/Sine Expansions
Standard Fourier Series on [−𝜋, 𝜋] Let 𝑓 be a 2𝜋–periodic, piecewise smooth function. Its
Fourier series on [−𝜋, 𝜋] is

𝑓(𝑥) ∼ 𝐴0
2 +

∞
∑
𝑘=1

(𝐴𝑘 cos(𝑘𝑥) + 𝐵𝑘 sin(𝑘𝑥)) ,

with coefficients

𝐴𝑘 = 1
𝜋 ∫

𝜋

−𝜋
𝑓(𝑥) cos(𝑘𝑥) 𝑑𝑥, 𝐵𝑘 = 1

𝜋 ∫
𝜋

−𝜋
𝑓(𝑥) sin(𝑘𝑥) 𝑑𝑥.

Here ∼ is written instead of = because, in general, the Fourier series converges only pointwise
to 𝑓 at points where 𝑓 is continuous, whereby the series converges to 𝑓(𝑥). However, at points
of discontinuity, the series converges to the midpoint value:

lim
𝑁→∞

𝑆𝑁(𝑥) = 1
2(𝑓(𝑥−) + 𝑓(𝑥+)).

This is the Dirichlet convergence theorem. Therefore, the equality sign does not hold at dis-
continuities.

Fourier Cosine/Sine Series Suppose 𝑓 is defined on [0, 𝜋]. Extend 𝑓 evenly to [−𝜋, 𝜋]:

𝑓𝑒(𝑥) = { 𝑓(𝑥), 0 ≤ 𝑥 ≤ 𝜋,
𝑓(−𝑥), −𝜋 ≤ 𝑥 < 0.

Since 𝑓𝑒 is even, all sine terms vanish in its Fourier series. This leads to the Fourier-cosine
series:

𝑓(𝑥) ∼ 𝐴0
2 +

∞
∑
𝑛=1

𝐴𝑛 cos(𝑛𝑥), 𝑥 ∈ [0, 𝜋],

4



2.1. FOURIER SERIES AND COSINE/SINE EXPANSIONS

where
𝐴𝑛 = 2

𝜋 ∫
𝜋

0
𝑓(𝑥) cos(𝑛𝑥) 𝑑𝑥, 𝑛 ≥ 0.

If instead the odd extension is defined

𝑓𝑜(𝑥) = { 𝑓(𝑥), 0 ≤ 𝑥 ≤ 𝜋,
−𝑓(−𝑥), −𝜋 ≤ 𝑥 < 0,

then the Fourier-sine series is obtained:

𝑓(𝑥) ∼
∞

∑
𝑛=1

𝐵𝑛 sin(𝑛𝑥), 𝑥 ∈ [0, 𝜋],

where
𝐵𝑛 = 2

𝜋 ∫
𝜋

0
𝑓(𝑥) sin(𝑛𝑥) 𝑑𝑥, 𝑛 ≥ 1.

Hilbert Space Expansion Formulation The space 𝐿2([0, 𝜋]) with inner product

⟨𝑓, 𝑔⟩[0,𝜋] = 2
𝜋 ∫

𝜋

0
𝑓(𝑥) 𝑔(𝑥) 𝑑𝑥

is a Hilbert space. The functions

{𝐸𝑛(𝑥) = cos(𝑛𝑥) ∶ 𝑛 = 0, 1, 2, … }
form an orthogonal basis for even extensions. Therefore, for 𝑓 ∈ 𝐿2([0, 𝜋]), the Fourier cosine
expansion can be written as

𝑓 =
∞

∑
𝑛=0

⟨𝑓, 𝐸𝑛⟩[0,𝜋] 𝐸𝑛,

where convergence is understood in the 𝐿2 sense.
In the Hilbert space setting, functions are identified up to sets of measure zero, and con-

vergence is in the 𝐿2 norm. Thus, we may legitimately write = instead of ∼. This is in contrast
to the pointwise formulation, where the correct symbol is ∼ due to possible discontinuities.

General interval [𝑎, 𝑏] ∈ ℝ. If 𝑓 is defined on an arbitrary finite interval [𝑎, 𝑏] ∈ ℝ of length
𝐿 = 𝑏 − 𝑎 and set

𝜔𝑛 = 𝑛𝜋
𝐿 , 𝑛 = 0, 1, 2, … .

then the Fourier-cosine series of 𝑓 on [𝑎, 𝑏] takes the form

𝑓(𝑥) ∼ 𝐴0
2 +

∞
∑
𝑛=1

𝐴𝑛 cos(𝜔𝑛(𝑥 − 𝑎)),

with coefficients
𝐴𝑛 = 2

𝐿 ∫
𝑏

𝑎
𝑓(𝑥) cos(𝜔𝑛(𝑥 − 𝑎)) 𝑑𝑥, 𝑛 ≥ 0.

For a compact notation, this is written as

𝑓(𝑥) ∼
∞

∑′

𝑛=0
𝐴𝑛(𝜔𝑛(𝑥 − 𝑎)), (2.1)

where ∑′
denotes that the first term, the coefficient value is halved.

CHAPTER 2. FOURIER SERIES AND THE COS METHOD 5



2.2. THE COS METHOD

𝐿2 Treatment Throughout the rest of this chapter, the Fourier-cosine series is always un-
derstood in the Hilbert space sense, and therefore the equality sign = is used instead of ∼.
The functional tensor train decomposition is constructed in 𝐿2, through the Hilbert-Schmidt
decomposition, and therefore all results are naturally expressed in this norm. To remain con-
sistent, the Fourier-cosine series is therefore also treated in the 𝐿2 sense. However, it should
be noted that the Gibbs phenomenon may still occur.

Furthermore, if the cosine series is truncated after 𝐾 terms, an approximation is obtained,
which will be written as the mapping

𝑓(𝑥) ≈ 𝑃𝐾𝑓(𝑥) =
𝐾

∑′

𝑘=0
𝐴𝑘 cos( 𝑘𝜋

𝑏 − 𝑎(𝑥 − 𝑎)) . (2.2)

2.2 The COS Method
An important insight in [2] is that the Fourier coefficients can be approximated in terms of
the Fourier transform of 𝑓 . This allows one to compute the coefficients without access to the
original function 𝑓 , by knowing its Fourier transform. In probability theory, this is known as
the characteristic function, and it is often easier to obtain in closed form than the probability
density function itself. The Fourier transform and its inverse are given by1

𝜑(𝜔) = ∫
∞

−∞
𝑓(𝑥)𝑒𝑖𝜔𝑥𝑑𝑥, 𝑓(𝑥) = 1

2𝜋 ∫
∞

−∞
𝜑(𝜔)𝑒−𝑖𝜔𝑥𝑑𝜔.

Additionally, the Fourier transform operator is written as 𝔉, so that 𝜑 = 𝔉𝑓 and 𝑓 = 𝔉−1𝜑.
Suppose that a function 𝑓 is approximated by a Fourier cosine series on the interval [𝑎, 𝑏],

as in equation (2.2), and suppose that this series is truncated to 𝐾 terms. Now suppose that
[𝑎, 𝑏] ∈ ℝ is chosen such that

𝜑̂(𝜔) = ∫
𝑏

𝑎
𝑓(𝑥)𝑒𝑖𝜔𝑥𝑑𝑥 ≈ ∫

∞

−∞
𝑓(𝑥)𝑒𝑖𝜔𝑥𝑑𝑥 = 𝜑(𝜔).

This can often be done accurately thanks to the properties of the Fourier transform. As it can
be shown that the coefficients of 𝑓 can be expressed as

𝐴𝑘 = 2
𝑏 − 𝑎 Re{𝜑̂ ( 𝑘𝜋

𝑏 − 𝑎) exp(−𝑖 𝑘𝜋
𝑏 − 𝑎𝑎)} , (2.3)

they can then be accurately approximated by

𝐴𝑘 ≈ 𝐹𝑘 = 2
𝑏 − 𝑎 Re{𝜑 ( 𝑘𝜋

𝑏 − 𝑎) exp(−𝑖 𝑘𝜋
𝑏 − 𝑎𝑎)} , (2.4)

that is, by the Fourier transform on the infinite domain. If 𝐹𝑘 is then inserted into the truncated
Fourier cosine series,

𝑓(𝑥) ≈
𝐾

∑′

𝑘=0
𝐹𝑘 cos( 𝑘𝜋

𝑏 − 𝑎(𝑥 − 𝑎)) , (2.5)

1There are several conventions for defining the Fourier transform and its inverse. In mathematics, specifically
probability theory, it’s common to define the forward transformwith a positive sign, and the inversewith a negative
sign, as done here. The opposite convention is equally valid, and often used in engineering. Additionally, there
are several conventions regarding the frequency 𝜔. Probability theory typically uses the non-unitary transform, in
terms of angular frequency. As a result of these conventions, the fourier transform and the characteristic function
can be linked via

𝜑(𝜔) = ∫
∞

−∞
𝑓(𝑥)𝑒𝑖𝜔𝑥𝑑𝑥 = 𝔼 [𝑒𝑖𝜔𝑋] .
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an approximation of 𝑓 is obtained, using only the Fourier transform of 𝑓 . This result is known
as the COS method. For example, for probability distributions, this means that the density
function can be approximated by a Fourier cosine series, using only the characteristic function.

2.3 Error and Convergence Analysis
The original COS paper [2] presents error bounds for the COS method using the supremum
norm, or 𝐿∞ norm. Because 𝐿2 convergence is used throughout this work to reuse error
bounds for the functional tensor train decomposition in section 3.4, the error analysis is re-
done here in the 𝐿2 norm.

For a square-integrable function 𝑓 with support on [𝑎, 𝑏] this approximation introduces the
following errors. First, the Fourier cosine series is truncated after 𝐾 terms, and is therefore not
an exact representation of 𝑓 . Furthermore, the Fourier coefficients 𝐴𝑘 are approximated by 𝐹𝑘,
which is based on the approximation of the Fourier transform 𝜑̂ by 𝜑, the Fourier transform
of 𝑓 .

Using the triangle inequality, the approximation error can be bounded as

‖𝑓 − ̂𝑃𝐾𝑓‖𝐿2 ≤ ‖𝑓 − 𝑃𝐾𝑓‖𝐿2⏟⏟⏟⏟⏟
series truncation

+ ‖𝑃𝐾𝑓 − ̂𝑃𝐾𝑓‖𝐿2⏟⏟⏟⏟⏟⏟⏟
coefficient approximation

, (2.6)

where the series truncation error by 𝜀2 = ‖𝑓 −𝑃𝐾𝑓‖𝐿2 , and the coefficient approximation error
by 𝜀3 = ‖𝑃𝐾𝑓 − ̂𝑃𝐾𝑓‖𝐿2 . Both errors can be expressed in norms of 𝑓 , and therefore, the 𝐿1

norm of the tail of 𝑓 is introduced,

‖𝑓‖𝐿1(ℝ∖[𝑎,𝑏]) = ∫
ℝ∖[𝑎,𝑏]

|𝑓(𝑡)|𝑑𝑡.

Proposition 1 (TotalApproximationError). The total approximation error can be bounded
by

‖𝑓 − ̂𝑃𝐾𝑓‖𝐿2 ≤ 𝐶𝐾−𝑚‖𝑓 (𝑚)‖𝐿2 + 𝑄 ‖𝑓‖𝐿1(ℝ∖[𝑎,𝑏]),
where 𝐶 and 𝑄 are constants, and 𝑚 is the number of square-integrable weak derivatives
of 𝑓 on [𝑎, 𝑏], and 𝑓 (𝑚) is the 𝑚-th weak derivative of 𝑓 .

2.3.1 Series Truncation Error
The error introduced by truncating the Fourier cosine series after 𝐾 terms is well understood.
Specifically, the series truncation error can be expressed in terms of Fourier coefficients 𝐴𝑘 that
are neglected in the truncation.

Proposition 2. The series truncation error 𝜀2 is given by

𝜀2 = √𝑏 − 𝑎
2 (

∞
∑

𝑘=𝐾+1
|𝐴𝑘|2)

1/2

.

This follows from Parseval’s identity, and a proof can be found in [22], p. 124, or in section A.2.
Because of this equality, it isworthwhile to investigate the rate of convergence of the Fourier

cosine series. This requires introducing some definitions about rates of convergence, taken
from [8], or the older [7]. A similar line of reasoning can be found in [23].
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Definition 1 (Algebraic Index of Convergence). If the coefficients 𝐴𝑘 of the series satisfy

𝐴𝑘 = 𝒪(𝑘−𝑛), 𝑘 >> 1

then 𝑛 is the algebraic index of convergence.
Definition 2 (Exponential Index of Convergence). If the algebraic index of convergence 𝑛 is un-
bounded, the series is said to converge exponentially. If 𝑠 and 𝑞 > 0 are constants, and the coefficients
𝐴𝑘 satisfy

𝐴𝑘 = 𝒪(𝑠 exp(−𝑞𝑘𝑟)), 𝑘 >> 1
then the exponential index of convergence is given by 𝑟. The convergence is called subgeometric
when 𝑟 < 1. When 𝑟 = 1, the convergence is either geometric, when

𝐴𝑘 = 𝒪(𝑘−𝑛 exp(−𝑞𝑘)), 𝑘 >> 1,

or supergeometric, when

𝐴𝑘 = 𝒪 (𝑘−𝑛 exp(−𝑘
𝑗 ln(𝑘))) , 𝑘 >> 1,

for some constant 𝑗 > 0.

Proposition 3 (Convergence of Fourier cosine series, [7], p. 70). The convergence of the
Fourier cosine series on a finite interval for a function 𝑓 which is analytic everywhere on
the interval, including the endpoints, is geometric, that is,

𝐴𝑘 = 𝒪(𝑠𝑘−𝑛 exp(−𝑞𝑘)), 𝑘 >> 1,

for some constants 𝑠, 𝑛 and 𝑞. The constant 𝑞, called the asymptotic rate of convergence, is
determined by the location in the complex plane of the nearest singularity of 𝑓 to the
interval of expansion. The exponent 𝑛 is determined by the type and strength of the
singularity.

If the function 𝑓 has discontinuitiesa either in 𝑓 itself or in one of its derivatives, then
the coefficients will decrease algebraically, as

𝐴𝑘 = 𝒪(𝑠𝑘−𝑛), 𝑘 >> 1,

for some constants 𝑠 and 𝑛.
aThis leads to the well-known Gibbs phenomenon, where the series overshoots at the points of disconti-

nuity.

In summary, if 𝑓 is analytic, the Fourier cosine series converges at a geometric rate, and if 𝑓 has
finite smoothness or has discontinuities, the error decays only algebraically. This result can be
formalized by introducing the Sobolev space 𝐻𝑚([𝑎, 𝑏]), which is the space of functions with
square-integrable weak derivatives up to order 𝑚. That is,

𝐻𝑚([𝑎, 𝑏]) = {𝑓 ∈ 𝐿2([𝑎, 𝑏]) ∶ 𝐷𝛼𝑓 ∈ 𝐿2([𝑎, 𝑏])},

where 𝐷𝛼𝑓 is the 𝛼-th weak derivative of 𝑓 , and 0 ≤ 𝛼 ≤ 𝑚. The following result can then be
stated.
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Proposition 4 (Series Truncation Error, [11], p. 270). Let 𝑓 ∈ 𝐻𝑚([𝑎, 𝑏]) for some 𝑚 > 0.
Then, the series truncation error can be bounded in the 𝐿2 norm as

𝜀2 = ‖𝑓 − 𝑃𝐾𝑓‖𝐿2 ≤ 𝐶𝐾−𝑚‖𝑓 (𝑚)‖𝐿2 ,

where 𝐶 is a constant independent of 𝐾 and 𝑓 , and 𝑓 (𝑚) is the 𝑚-th weak derivative of 𝑓 .

This follows from Parseval’s identity, and a proof can be found in [11, p. 270].

2.3.2 Coefficient Approximation Error
The error introduced by approximating the Fourier coefficients 𝐴𝑘 by 𝐹𝑘 has also been studied
well [2, 23, 9]. For example, in [2, Lem. 4.1], an error similar to |𝜀3| is bounded in terms of the
tail of 𝑓 . Therefore, define by

𝜀4 ∶= ∫
ℝ∖[𝑎,𝑏]

𝑓(𝑡)𝑑𝑡 = ‖𝑓‖𝐿1(ℝ∖[𝑎,𝑏]) (2.7)

the 𝐿1 norm of the tail of 𝑓 . Then the coefficient approximation error can be bounded as
follows.

Proposition 5 (Coefficient Approximation Error). The coefficient approximation error
can be bounded as

‖𝜀3‖𝐿2 ≤ √2(𝐾 + 3)
𝑏 − 𝑎 𝜀4,

where 𝜀4 is defined in equation (2.7).

A proof can be found in section A.2. This result shows that the coefficient approximation error
is bounded by the 𝐿1 norm of the tail of 𝑓 , scaled by a factor that grows with

√
𝐾.

2.4 Extension to Multiple Dimensions
The extension of the Fourier cosine series to multiple dimensions is straightforward. To sim-
plify the derivations, some new notation is introduced. First, the multidimensional expansion
requires summation over indices 𝑘1, … , 𝑘𝑑, up to 𝐾1, … , 𝐾𝑑. Summation and integration are
then written in a reduced form, i.e.

𝐊
∑
𝐤=0

=
𝐾1

∑
𝑘1=0

…
𝐾𝑑

∑
𝑘𝑑=0

and ∫
𝐛

𝐚
𝑑𝐱 = ∫

𝑏1

𝑎1

… ∫
𝑏𝑑

𝑎𝑑

𝑑𝑥1 … 𝑑𝑥𝑑,

where the indices are gathered in 𝐤 = (𝑘1, … , 𝑘𝑑), the summation limits in 𝐊 = (𝐾1, … , 𝐾𝑑),
the integration variables in 𝐱 = (𝑥1, … , 𝑥𝑑), and the integration limits in 𝐚 = (𝑎1, … , 𝑎𝑑) and
𝐛 = (𝑏1, … , 𝑏𝑑).

The construction of the multidimensional series starts by extending the cosine basis into a
product of the one-dimensional cosine basis functions. If the scaling factors are included in
the basis functions, the resulting basis is orthonormal in 𝐿2([𝐚, 𝐛]), simplifying the expressions
even further. The scaling factors are given by

𝛽(𝑗)
𝑘𝑗

=
⎧{
⎨{⎩

√ 1
𝑏𝑗−𝑎𝑗

𝑘𝑗 = 0,
√ 2

𝑏𝑗−𝑎𝑗
𝑘𝑗 ≥ 1.

(2.8)
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Then, the product basis Φ𝐤 is defined in terms of the one-dimensional basis functions 𝜙(𝑗)
𝑘𝑗

as

Φ𝐤 =
𝑑

∏
𝑗=1

𝜙(𝑗)
𝑘𝑗

(𝑥𝑗), 𝜙(𝑗)
𝑘𝑗

(𝑥𝑗) = 𝛽(𝑗)
𝑘𝑗

cos( 𝑘𝑗𝜋
𝑏𝑗 − 𝑎𝑗

(𝑥𝑗 − 𝑎𝑗)) , (2.9)

where 𝐤 ∈ ℕ𝑑. Because the basis is orthonormal in 𝐿2([𝐚, 𝐛]), the coefficients are defined as

𝒞𝐤 = ⟨𝑓, Φ𝐤⟩ = ∫
𝐛

𝐚
𝑓(𝐱)Φ𝐤𝑑𝐱. (2.10)

This also means that there is no need to explicitly scale the first coefficient by 1
2 . This inner

product notation will be used throughout this thesis, but it must be noted that in the case
of the Fourier coefficients the domain of integration is [𝐚, 𝐛]. The resulting multidimensional
Fourier cosine series expansion is then given by

𝑓(𝐱) =
𝐊

∑
𝐤=0

𝒞𝐤Φ𝐤(𝐱). (2.11)

In fact, this is a mapping from 𝐿2([𝐚, 𝐛]) to the space spanned by the set of product basis
functions {Φ𝐤}𝐊

𝐤=0. This map will be indicated by 𝑃𝐊, so that

𝑃𝐊𝑓 =
𝐊

∑
𝐤=0

𝒞𝐤Φ𝐤. (2.12)

Remark. It is important to note that due to normalizing the cosine basis the coefficients
are different than the coefficients that would be obtained by simply extending the unor-
malized basis of equation (2.2) to multiple dimensions. The difference is in the scaling
factors 𝛽(𝑗)

𝑘𝑗
, which are included in the basis functions here, but not in equation (2.2). This

means that the coefficients here are different up to a scaling factor. Formally, the coeffi-
cients are given by

𝒞𝐤 = ⟨𝑓, Φ𝐤⟩
‖Φ𝐤‖2 = ⟨𝑓, Φ𝐤⟩,

when the basis is normalized. For product basis Φ̃𝐤 without scaling factors, i.e.

Φ̃𝐤(𝐱) =
𝑑

∏
𝑗=1

cos( 𝑘𝑗𝜋
𝑏𝑗 − 𝑎𝑗

(𝑥𝑗 − 𝑎𝑗)) ,

the norm is

‖Φ̃𝐤‖2 =
𝑑

∏
𝑗=1

{ 𝑏𝑗 − 𝑎𝑗, 𝑘𝑗 = 0
𝑏𝑗−𝑎𝑗

2 , 𝑘𝑗 ≥ 1, (2.13)

and therefore
̃𝒞𝐤 = ⟨𝑓, Φ̃𝐤⟩

‖Φ̃𝐤‖2
∶= (

𝑑
∏
𝑗=1

2
𝑏𝑗 − 𝑎𝑗

) ∫
𝐛

𝐚
𝑓(𝐱)Φ̃𝐤𝑑𝐱, (2.14)

as long as the summations where 𝑘𝑗 = 0 are weighted by 1
2 . Since Φ𝐤 = ( ∏𝑑

𝑗=1 𝛽(𝑗)
𝑘𝑗

) Φ̃𝐤
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we have the relation

̃𝒞𝐤 = 𝒞𝐤

( ∏𝑑
𝑗=1 𝛽(𝑗)

𝑘𝑗
) ‖Φ̃𝐤‖2

= 𝒞𝐤
𝑑

∏
𝑗=1

⎧{
⎨{⎩

1
√𝑏𝑗−𝑎𝑗

, 𝑘𝑗 = 0,
√ 2

𝑏𝑗−𝑎𝑗
, 𝑘𝑗 ≥ 1.

The result in equation (2.5) from the COSmethod can also be extended to multiple dimen-
sions [31, 43]. The idea is similar, and starts with the multidimensional Fourier transform,
defined as

𝑓(𝐱) = 1
(2𝜋)𝑑 ∫

ℝ𝑑
𝜑(𝛚)𝑒−𝑖𝛚⋅𝐱𝑑𝛚, 𝜑(𝛚) = ∫

ℝ𝑑
𝑓(𝐱)𝑒𝑖𝛚⋅𝐱𝑑𝐱,

The Fourier transform operator is again written as 𝔉, so that 𝜑 = 𝔉𝑓 and 𝑓 = 𝔉−1𝜑.
Again, supposing that the integral is approximated very well by truncating the domain to

[𝐚, 𝐛], i.e.
𝜑̂(𝛚) = ∫

𝐛

𝐚
𝑓(𝐱)𝑒𝑖𝛚⋅𝐱𝑑𝐱 ≈ ∫

ℝ𝑑
𝑓(𝐱)𝑒𝑖𝛚⋅𝐱𝑑𝐱 = 𝜑(𝛚),

an identity similar to equation (2.3) can be derived. Using Euler’s formula, 𝑒𝑖𝛚⋅x = cos(𝛚 ⋅x) +
𝑖 sin(𝛚 ⋅ x),

𝜑̂(𝛚) = ∫
𝐛

𝐚
𝑓(𝐱)𝑒𝑖𝛚⋅𝐱𝑑𝐱

𝑒−𝑖𝛚⋅𝑎𝜑̂(𝛚) = 𝑒−𝑖𝛚⋅𝐚 ∫
𝐛

𝐚
𝑓(𝐱)𝑒𝑖𝛚⋅𝐱𝑑𝐱

𝑒−𝑖𝛚⋅𝑎𝜑̂(𝛚) = ∫
𝐛

𝐚
𝑓(𝐱)𝑒𝑖𝛚⋅(𝐱−𝐚)𝑑𝐱

Re {𝑒−𝑖𝛚⋅𝑎𝜑̂(𝛚)} = ∫
𝐛

𝐚
𝑓(𝐱) cos(𝛚 ⋅ (𝐱 − 𝐚))𝑑𝐱. (2.15)

To apply it, the following product-to-sum identity is required.

Lemma 1. Given 𝑑 real numbers 𝐱 = (𝑥1, … , 𝑥𝑑)⊤,

𝑑
∏
𝑗=1

cos(𝑥𝑗) = 1
2𝑑−1 ∑

𝐬∈𝒮
cos (𝐬 ⋅ 𝐱) = 1

2𝑑−1 ∑
𝐬∈𝒮

cos(
𝑑

∑
𝑗=1

𝑠𝑗𝑥𝑗) ,

where the summation is over the set of all sign vectors in 𝑑 dimensions, with the first
component always being 1. That is,

𝒮𝑑 = {(1, 𝑠2, 𝑠3, … , 𝑠𝑑) ∶ 𝑠𝑖 ∈ {−1, 1} for 𝑖 = 2, … , 𝑑} ,

which means that |𝒮𝑑| = 2𝑑−1.

Proof. The proof follows by induction from the fact that the cosine is an even function and
from the trigonometric identities.

Using this identity, the product basis can be rewritten as

𝑑
∏
𝑗=1

𝛽(𝑗)
𝑘𝑗

cos( 𝑘𝑗𝜋
𝑏𝑗 − 𝑎𝑗

(𝑥𝑗 − 𝑎𝑗)) =
∏𝑑

𝑗=1 𝛽(𝑗)
𝑘𝑗

2𝑑−1 ∑
𝐬∈𝒮

cos(
𝑑

∑
𝑗=1

𝑠𝑗𝑘𝑗𝜋
𝑏𝑗 − 𝑎𝑗

(𝑥𝑗 − 𝑎𝑗)) . (2.16)
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Substituting this into the coefficients gives

𝒞𝐤 = ∫
𝐛

𝐚
𝑓(𝐱)

∏𝑑
𝑗=1 𝛽(𝑗)

𝑘𝑗

2𝑑−1 ∑
𝐬∈𝒮

cos(
𝑑

∑
𝑗=1

𝑠𝑗𝑘𝑗𝜋
𝑏𝑗 − 𝑎𝑗

(𝑥𝑗 − 𝑎𝑗)) 𝑑𝐱 (2.17)

=
∏𝑑

𝑗=1 𝛽(𝑗)
𝑘𝑗

2𝑑−1 ∑
𝐬∈𝒮

∫
𝐛

𝐚
𝑓(𝐱) cos(

𝑑
∑
𝑗=1

𝑠𝑗𝑘𝑗𝜋
𝑏𝑗 − 𝑎𝑗

(𝑥𝑗 − 𝑎𝑗)) 𝑑𝐱, (2.18)

Combining equation (2.15) and equation (2.18) yields

𝒞𝐤 =
∏𝑑

𝑗=1 𝛽(𝑗)
𝑘𝑗

2𝑑−1 ∑
𝐬∈𝒮

Re{exp(−𝑖
𝑑

∑
𝑗=1

𝑠𝑗𝑘𝑗𝜋𝑎𝑗
𝑏𝑗 − 𝑎𝑗

) 𝜑̂ ( 𝑠1𝑘1𝜋
𝑏1 − 𝑎1

, … , 𝑠𝑑𝑘𝑑𝜋
𝑏𝑑 − 𝑎𝑑

)}. (2.19)

Approximating 𝜑̂ by 𝜑 then gives the approximation for the coefficients,

𝒞𝐤 ≈ ℱ𝐤 =
∏𝑑

𝑗=1 𝛽(𝑗)
𝑘𝑗

2𝑑−1 ∑
𝐬∈𝒮

Re{exp(−𝑖
𝑑

∑
𝑗=1

𝑠𝑗𝑘𝑗𝜋𝑎𝑗
𝑏𝑗 − 𝑎𝑗

) 𝜑 ( 𝑠1𝑘1𝜋
𝑏1 − 𝑎1

, … , 𝑠𝑑𝑘𝑑𝜋
𝑏𝑑 − 𝑎𝑑

)}. (2.20)

This can then be inserted into the multidimensional Fourier cosine series expansion in equa-
tion (2.11), and truncated after 𝐊 terms, to give the multidimensional COS method:

𝑓(𝐱) ≈ 𝑃𝐊𝑓(𝐱) ≈ 𝑄𝐊𝑓(𝐱) ∶=
𝐊

∑
𝐤=0

ℱ𝐤Φ𝐤(𝐱). (2.21)

This expression retains the key property of the COSmethod, which is the ability to express the
coefficients in terms of the characteristic function, and can, therefore, be used to approximate
multidimensional functions from their characteristic functions. However, this comes at the
cost of having to evaluate 2𝑑−1 terms for each coefficient, which is computationally expensive
in high dimensions.

2.5 The COS Method for Option Pricing
The COS method arose as a technique for pricing options. As such, some background is pro-
vided in this thesis as to how the method can be applied to price options. It closely follows the
original derivations in [2]. The focus in this section is on vanilla European options.

An often employed technique in option pricing, is to price in the Fourier domain [12]. For
most classes of asset processes the probability density is not known. Instead, its Fourier trans-
form is used, which is typically easier to obtain. For example, for affine processes the characteris-
tic function is available by solving a system of Ricatti-type ordinary differential equations [20].
This includes many widely used models in mathematical finance, such as the Lévy processes
and Heston model. The application of the COS method for option pricing follows a similar
path.

2.5.1 Fundamentals
The fundamental problem of option pricing is to determine the arbitrage-free value of a finan-
cial derivative based on the underlying assets. This amounts to computing the expectation of
the discounted payoff of the option under the risk-neutral measure. For an option expiring at
time 𝑇 with payoff function Λ in terms of the asset, assuming a constant interest rate, the price
of the option at time 𝑡 = 0 is given by

𝑣(𝑥0, 𝑡0) = 𝑒−𝑟(𝑇 −𝑡0)𝔼ℚ [Λ(𝑥, 𝑇 ) ∣ 𝑥0] = 𝑒−𝑟(𝑇 −𝑡0) ∫
ℝ

Λ(𝑥, 𝑇 )𝑓(𝑥 ∣ 𝑥0) 𝑑𝑥

CHAPTER 2. FOURIER SERIES AND THE COS METHOD 12
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where 𝑟 is the risk-free interest rate, 𝔼ℚ is the expectation under the risk-neutral measure and
𝑓(𝑥 ∣ 𝑥0) is the probability density function of the asset price at time 𝑇 , conditional on the
asset price at time 𝑡0.

Assuming that the density is negligible outside the interval [𝑎, 𝑏], the integration range can
be safely truncated, so that

𝑣(𝑥0, 𝑡0) ≈ 𝑒−𝑟(𝑇 −𝑡0) ∫
𝑏

𝑎
Λ(𝑥, 𝑇 )𝑓(𝑥 ∣ 𝑥0) 𝑑𝑥.

The density can then be replaced by its Fourier cosine series expansion on [𝑎, 𝑏],

𝑓(𝑥 ∣ 𝑥0) =
∞

∑′

𝑘=0
𝐴𝑘 cos( 𝑘𝜋

𝑏 − 𝑎(𝑥 − 𝑎)) ,

where the coefficients 𝐴𝑘 are defined as

𝐴𝑘(𝑥) = 2
𝑏 − 𝑎 ∫

𝑏

𝑎
𝑓(𝑥 ∣ 𝑥0) cos( 𝑘𝜋

𝑏 − 𝑎(𝑥 − 𝑎)) 𝑑𝑥.

After substituting this into the pricing function, and interchanging the summation and inte-
gration, the pricing function becomes

𝑣[𝑎,𝑏](𝑥0, 𝑡0) = 𝑒−𝑟(𝑇 −𝑡0)
∞

∑′

𝑘=0
𝐴𝑘(𝑥0)𝑉𝑘,

where 𝑉𝑘 is defined as

𝑉𝑘 = ∫
𝑏

𝑎
Λ(𝑥, 𝑇 ) cos( 𝑘𝜋

𝑏 − 𝑎(𝑥 − 𝑎)) 𝑑𝑥,

i.e. the cosine coefficients of the payoff function. Similar to the previous derivations, this series
can be truncated after 𝐾 terms, and the coefficients 𝐴𝑘 can be approximated using 𝐹𝑘 from
equation (2.4). This results in the COS formula for option pricing,

𝑣(𝑥0, 𝑡0) ≈ 𝑒−𝑟(𝑇 −𝑡0)
𝐾

∑
𝑘=0

′ Re{𝜑 ( 𝑘𝜋
𝑏 − 𝑎 ∣ 𝑥0) 𝑒−𝑖 𝑘𝜋

𝑏−𝑎 𝑎} 𝑉𝑘. (2.22)
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Ch. 3

Tensor Calculus

This chapter provides a brief introduction to tensor calculus. It is assumed that the reader is
familiar with basic linear algebra, including matrices and vectors. Section 3.1 will introduce
the basic concepts of tensors, and define the notation used throughout this thesis. Afterward,
section 3.2 discusses discrete tensor decompositions, which are a powerful tool for approxi-
mating and manipulating tensors. These decompositions are the foundation for avoiding the
curse of dimensionality.

An in-depth treatment of tensor calculus can be found in [27], which provides both a
functional analysis of tensor spaces and a numerical treatment. Additionally, [6] treats func-
tional tensor train decompositions in great detail. This chapter draws heavily on both of these
sources.

3.1 What is a tensor?
Tensors are a generalization ofmatrices andvectors that can be used to represent high-dimensional
data. A tensorwill be defined as a 𝑑-dimensional array of real numbers, and denoted by a calli-
graphic letter, e.g. 𝒳. The natural number 𝑑 is also called the order of the tensor. The numbers
in the array are called elements or entries of the tensor. To identify an element of a tensor, 𝑑 in-
dices need to be specified, one for each dimension. Analogous to the 𝑖-th dimension, the names
”the 𝑖-th mode” or ”the 𝑖-th axis” are often used. The element at position 𝐢 = (𝑖1, 𝑖2, … , 𝑖𝑑) of a
tensor 𝒳 will be denoted by

𝒳𝐢 or 𝒳[𝑖1, 𝑖2, … , 𝑖𝑑].
Each index 𝑖𝑘 ranges from 1 to 𝑛𝑘, 𝑛𝑘 being the size of the 𝑘-th mode. Let 𝐼𝑘 be the set of all
indices for mode 𝑘, i.e. 𝐼𝑘 = {1, 2, … , 𝑛𝑘}. Then a 𝑑-th order tensor 𝒳 can be viewed as an
element of ℝ𝐼1×𝐼2×⋯×𝐼𝑑 . Often, 𝑛𝑘 is written directly in place of 𝐼𝑘, for brevity, e.g. 𝒳 ∈ ℝ5×2×3.
Figure 3.1 shows an example of a third-order tensor. The total number of elements of the tensor
is given by

𝑑
∏
𝑘=1

𝑛𝑘 = 𝒪(𝑛𝑑),

where 𝑛 = max𝑘(𝑛𝑘). As the number of elements grows exponentially with the order of the
tensor, it is apparent that storage requirements can quickly become incredibly large.

To store a multidimensional array in a computer, it needs to be flattened or unfolded to a
one-dimensional array. This is done by defining a mapping from the 𝑑-dimensional index to
a one-dimensional index, also called a lexicographic ordering. Matrices are a simple example,
which are often stored in row-major or column-major order. Tensors can also be unfolded to
matrices, which allows tensor operations to be expressed in terms of matrices. This enables
the use of highly optimized matrix routines in modern libraries.

3.1.1 Operations
Many tensor operations can be defined as generalizations of operations on matrices and vec-
tors. For example, addition and scalar multiplication are easily defined element-wise. More
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Figure 3.1: A visual example of a third order tensor 𝒳 ∈ ℝ𝐼×𝐽×𝐾 [35].

complex operations require a bit more care, as they involve multiple dimensions.
Starting from 𝑑 vectors 𝐚(𝑗) ∈ ℝ𝐼𝑗 , with 𝑗 = 1, 2, … , 𝑑, the outer product of these vectors,

written as

𝐚(1) ⊗ 𝐚(2) ⊗ … ⊗ 𝐚(𝑑) =
𝑑

⨂
𝑖=1

𝐚(𝑖)

is defined as the product resulting in the 𝑑-th order tensor with entries

𝒳[𝑖1, 𝑖2, … , 𝑖𝑑] = 𝑎(1)
𝑖1

𝑎(2)
𝑖2

… 𝑎(𝑑)
𝑖𝑑

.

A tensor constructed in this way is called an elementary or rank one tensor. Figure 3.2 shows a
visual representation of the outer product of three vectors. The resulting tensor is a cube, with
each dimension corresponding to one of the vectors.

Figure 3.2: Tensor 𝑋 represented as an outer product of three vectors 𝐚, 𝐛, 𝐜 [35].

The contraction of two tensors is a generalization of the dot product of vectors and the
matrix product. It is defined as the sum over one or more shared indices between two tensors,
thereby reducing their order. For instance, consider a third-order tensor 𝒯 ∈ ℝ𝐼×𝐽×𝐾 and a
vector 𝑣 ∈ ℝ𝐾 . Contracting over the third mode, a shared index 𝑘, produces a second order
tensor, a matrix ℳ ∈ ℝ𝐼×𝐽 , with entries

ℳ[𝑖, 𝑗] =
𝐾

∑
𝑘=1

𝒯[𝑖, 𝑗, 𝑘] 𝑣𝑘.

More generally, contracting a tensor 𝒜 of order 𝑑 with a tensor ℬ of order 𝑒 over 𝑘 shared
indices results in a new tensor 𝒞 of order 𝑑 + 𝑒 − 2𝑘. A full contraction of two tensors is the con-
traction over all shared indices, resulting in a scalar, analogous to the Euclidean inner product
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of vectors. For two tensors 𝒜, ℬ of order 𝑑, this is written as

⟨𝒜, ℬ⟩ = ∑
𝑖1

⋯ ∑
𝑖𝑑

𝒜[𝑖1, 𝑖2, … , 𝑖𝑑]ℬ[𝑖1, 𝑖2, … , 𝑖𝑑].

An example of this is a weighted sum, which would be an inner product of a rank-one weight
tensor with another tensor. As the number of dimensions of the tensors increases, the com-
putational cost of evaluating this inner product grows exponentially, making it a challenging
operation to compute in practice.

3.2 Discrete Tensor Decomposition
Even though tensors provide a framework to represent calculations with high-dimensional
data, they still suffer from the curse of dimensionality, as the number of entries grows expo-
nentiallywith the tensor’s order. Thismotivates the use of tensor decompositions, which exploits
structure hidden in the data to yieldmore compact representations1. Such decompositions can
substantially reduce storage requirements and computational complexity, thereby mitigating
the curse of dimensionality.

One option is the canonical polyadic decomposition2 (CPD), which expresses a given tensor
𝒜 as a sum of rank one tensors [30, 13, 29]:

𝒜 =
𝑅

∑
𝑟=1

𝐚(1)
𝑟 ⊗ 𝐚(2)

𝑟 ⊗ … ⊗ 𝐚(𝑑)
𝑟 .

Even though it is one of the most widely used decompositions, it has several drawbacks. Most
notably, for 𝑑 ≥ 3, the sets of tensors with CP rank ≤ 𝑅 are generally non-closed, meaning
that a best rank-𝑅 approximation may not exist [18, 27, 36]. Such non-existence is not a rare
occurrence either [18]. Moreover, evenwhen a valid decomposition exists, existing algorithms
may fail to compute it [18, 35].

3.2.1 Tensor Train Decomposition
A better alternative is the tensor train decomposition (TT-decomposition) [40], which is numer-
ically stable and guaranteed to exist for any tensor. In a TT-decomposition, the elements of a
𝑑-th order tensor 𝒜 ∈ ℝ𝑛1×𝑛2×⋯×𝑛𝑑 are represented as products of matrices,

𝒜[𝑖1, 𝑖2, … , 𝑖𝑑] = 𝐺1(𝑖1) 𝐺2(𝑖2) ⋯ 𝐺𝑑(𝑖𝑑),

where each 𝐺𝑗(𝑖𝑗) is a matrix of size 𝑟𝑗−1 × 𝑟𝑗, with 𝑟0 = 1 and 𝑟𝑑 = 1. In fact, each 𝐺𝑗 can
be seen as a three-dimensional tensor of size 𝑟𝑗−1 × 𝑛𝑗 × 𝑟𝑗, and 𝐺𝑗(𝑖𝑗) is the 𝑖𝑗-th slice of this
tensor. Although the more consistent notation would be 𝒢[∶, 𝑖𝑗, ∶] for the 𝑖𝑗-th slice of the 𝑗-th
core tensor, the convention in the TT literature is to write 𝐺𝑗(𝑖𝑗). The integers 𝑟𝑗 are called the
rank of the core tensor 𝐺𝑗. By convention, 𝑟0 = 𝑟𝑑 = 1, which is why the product evaluates to
a scalar. An alternative way to write this is elementwise,

𝒜[𝑖1, 𝑖2, … , 𝑖𝑑] =
𝐫

∑
𝛼1,…,𝛼𝑑−1=1

𝐺1(1, 𝑖1, 𝛼1)𝐺2(𝛼1, 𝑖2, 𝛼2) ⋯ 𝐺𝑑(𝛼𝑑−1, 𝑖𝑑, 1),

1Note that the terms ”decomposition” and ”representation” can be seen as two sides of the same coin. In this
work, they will be used interchangeably. For a more in-depth discussion, see [27, p. 236].

2In literature this decomposition has several names. Hackbusch [27] refers to this as the 𝑟-term representation,
as well as the (canonical) polyadic decomposition. The latter is found in literature as CPD, as well as CANDE-
COMP. In other areas, specifically chemistry, the name PARAFAC is used, short for parallel factors [29].
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where 𝐫 = (𝑟1, … , 𝑟𝑑−1). Each core is connected by a shared index 𝛼𝑘, over which the tensors
are summed. This is where the name tensor train comes from.

The TT-format is known under different names in various scientific communities. In quan-
tum physics, it is referred to as amatrix product state (MPS) [38, 47], and the algorithms associ-
atedwith its construction and optimization are often studied under the umbrella of the density
matrix renormalization group (DMRG) [53, 46, 47]. More generally, these can be seen as a spe-
cial case of a tensor network, a broader framework where a high-order tensor is represented
as a network of low-order tensors connected via contracted indices [38, 10]. Throughout this
work, however, the term tensor train (TT)will be used for consistencywith the numerical linear
algebra literature.

3.2.2 Properties
The TT-decomposition has several nice properties. Most importantly, every tensor admits an
exact TT representation [40, Thm. 2.1]. Moreover, in contrast to CP case, the sets of tensors
with bounded TT ranks are closed, so best low-rank TT approximations exist and can be com-
puted quasi-optimally [40, Cor. 2.4].

Additionally, storage requirements of a tensor in TT-format scale linearly with the dimen-
sion 𝑑. Consider a 𝑑-th order tensor 𝒜 ∈ ℝ𝑛1×𝑛2×⋯×𝑛𝑑 , with 𝑛 = max𝑘(𝑛𝑘). The full tensor
requires 𝒪(𝑛𝑑) storage. In the TT-format, however, it is only necessary to store the 𝑑 core ten-
sors 𝐺𝑘, each of which has a size of 𝑟𝑘−1 × 𝑛𝑘 × 𝑟𝑘, where 𝑟𝑘 is the rank of the 𝑘-th core tensor.
Letting 𝑟 = max𝑘(𝑟𝑘), the combined storage requirement is 𝒪(𝑑𝑛𝑟2).

The TT-format also allows for efficient tensor operations. Specifically, the contraction of a
tensor in TT-format with a rank-one tensor can be computed efficiently.

Theorem 1 (Contraction). Let 𝒳 be a tensor of order 𝑑 with modes 𝑛1, … , 𝑛𝑑 in TT-format
and let 𝒴 be a rank-one tensor, i.e.

𝒳[𝑖1, … , 𝑖𝑑] =
𝑑

∏
𝑘=1

𝐺𝑘(𝑖𝑘), 𝒴[𝑖1, … , 𝑖𝑑] =
𝑑

∏
𝑘=1

𝑦(𝑘)
𝑖𝑘

.

Then the inner product ⟨𝒳, 𝒴⟩ simplifies to

⟨𝒳, 𝒴⟩ =
𝑑

∏
𝑗=1

⎛⎜
⎝

𝑛𝑗

∑
𝑖𝑗=1

𝐺𝑗(𝑖𝑗)𝑦(𝑗)
𝑖𝑗

⎞⎟
⎠

. (3.1)

Proof. The commutative property of scalar-matrix multiplication allows the grouping into one
product.

⟨𝒳, 𝒴⟩ =
𝑛1

∑
𝑖1=1

⋯
𝑛𝑑

∑
𝑖𝑑=1

𝒳[𝑖1, … , 𝑖𝑑]𝒴[𝑖1, … , 𝑖𝑑]

=
𝑛1

∑
𝑖1=1

⋯
𝑛𝑑

∑
𝑖𝑑=1

𝑑
∏
𝑗=1

𝐺𝑗(𝑖𝑗)
𝑑

∏
𝑘=1

𝑦(𝑘)
𝑖𝑘

=
𝑛1

∑
𝑖1=1

⋯
𝑛𝑑

∑
𝑖𝑑=1

𝑑
∏
𝑗=1

𝐺𝑗(𝑖𝑗)𝑦(𝑗)
𝑖𝑗
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As each product term only depends on a single index, the sums can be separated.

⟨𝒳, 𝒴⟩ =
𝑛1

∑
𝑖1=1

𝐺1(𝑖1)𝑦(1)
𝑖1

⋅
𝑛2

∑
𝑖2=1

⋯
𝑛𝑑

∑
𝑖𝑑=1

𝑑
∏
𝑘=2

𝐺𝑘(𝑖𝑘)𝑦(𝑘)
𝑖𝑘

= (
𝑛1

∑
𝑖1=1

𝐺1(𝑖1)𝑦(1)
𝑖1

) (
𝑛2

∑
𝑖2=1

𝐺2(𝑖2)𝑦(2)
𝑖2

) ⋯ (
𝑛𝑑

∑
𝑖𝑑=1

𝐺𝑑(𝑖𝑑)𝑦(𝑑)
𝑖𝑑

)

=
𝑑

∏
𝑗=1

⎛⎜
⎝

𝑛𝑗

∑
𝑖𝑗=1

𝐺𝑗(𝑖𝑗)𝑦(𝑗)
𝑖𝑗

⎞⎟
⎠

This operation is linear in the number of dimensions 𝑑, instead of exponential, which is a signif-
icant advantage in high-dimensional settings, assuming that the tensor rank 𝑟 is not too large.
Specifically, let 𝑟 = max𝑗 𝑟𝑗 and 𝑛 = max𝑗 𝑛𝑗, the maximum tensor rank andmode size, respec-
tively. The summand is a scalar-matrix product, which has complexity 𝒪(𝑟2), hence the sum
has complexity 𝒪(𝑛𝑟2). What remains are 𝑑 matrix-matrix products, which have complexity
𝒪(𝑟3), and, therefore, total complexity is 𝒪(𝑑𝑟3 + 𝑛𝑟2).

3.3 Finding Decompositions
A central question in applying the tensor train decomposition, is how to compute it in practice.
Let 𝒜 ∈ ℝ𝑛1×𝑛2×⋯×𝑛𝑑 be a 𝑑-th order tensor. The goal is to find a rank-𝑟 TT-decomposition
𝒜TT, such that the approximation error 𝒜 − 𝒜TT is minimal.

This error can be measured in different ways. Common choices are the Frobenius norm,
defined as the square root of the sum of the squares of its elements,

‖𝒜 − 𝒜TT‖𝐹 =
√√√
⎷

𝑛1

∑
𝑖1

⋯
𝑛𝑑

∑
𝑖𝑑

(𝒜[𝑖1, … , 𝑖𝑑] − 𝒜TT[𝑖1, … , 𝑖𝑑])2,

or the Chebyshev norm, defined as the maximum absolute value of its elements,

‖𝒜 − 𝒜TT‖𝐶 = max
𝑖1,…,𝑖𝑑

|𝒜[𝑖1, … , 𝑖𝑑] − 𝒜TT[𝑖1, … , 𝑖𝑑]| .

Both will be used to derive a meaningful error bound.
Several families of algorithms exist, differing in whether they require access to the full

tensor or how ranks are selected. A brief evolution of the algorithms from the perspective of
numerical analysis literature is provided3.

The original construction of the TT-decomposition relies on successive singular value de-
compositions of unfoldings of the tensor [40], and was named TT-SVD. This procedure is
deterministic and quasi-optimal, i.e. truncating the SVD at a tolerance 𝜖 yields a TT decompo-
sition with a provable error bound of

√
𝑑 − 1𝜖 [40, Cor. 2.4]. However, access to the full tensor

is required, which is often infeasible in high-dimensional settings.
A way to address this issue is to use tensor cross approximation [39]. These methods aim

to construct a low-rank approximation by selecting a small subset of the tensor’s elements.
This technique stems from linear algebra, where it is known as cross or pseudo-skeleton approxi-
mation [5, 25]. For a matrix, this constitutes selecting a small number of rows and columns to

3Because the TT decomposition was rediscovered in the numerical analysis community, and the true evolution
encompasses developments in the quantum physics communities as well, these algorithms were not necessarily
proposed chronologically.
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approximate the full matrix. This idea is extended to tensors by selecting fibers of the tensor,
the tensor analogue of rows and columns, and arranging them into slices, which are submatri-
ces of the tensor.

The TT-Cross algorithm [39] constructs a tensor-train decomposition by considering un-
foldings of the tensor along successive modes, effectively treating it as a matrix, and applying
cross approximation to each unfolding. At each step, interpolation sets are chosen, consisting
of selected rows and columns (which are fibers of the tensor). A common strategy is to follow
the maximum-volume principle, which seeks a submatrix of size 𝑟 × 𝑟 with maximal determi-
nant in absolute value. Since finding an exact maximum-volume submatrix is NP-hard [4],
practical algorithms employ heuristics to approximate this selection.

A limitation of this approach is that the ranks need to be specified in advance. If these are
underestimated, the approximation error can be significant, while overestimating the ranks
may lead to unnecessary computational costs. The DMRG approach relaxes this by consider-
ing two neighbouringmodes simultaneously, a superblock, allowing for adaptive rank selection
[53, 46]. This rank is determined by computing a full-rank decomposition of the superblock.
After splitting the superblock into twoTT cores, the algorithmproceeds to the next pair, sweep-
ing back and forth through the train. Instead of using a full-rank decomposition a ”greedy”
interpolation approach can be used to approximate each superblock, thereby reducing cost
even further [45]. This method, called DMRG-greedy, is what is used to compute the TT de-
composition throughout this thesis.

An alternative approach is to use Riemannian tensor completion [49, 24], which aims to find
a low-rank tensor that fits a given set of observed entries. This is useful in the context where
only a subset of the tensor’s elements are known or can be computed, i.e. the tensor is only
partially observed. In this case, however, each element can be computed on demand, so a
cross-approximation method is more suitable.

3.3.1 Error and Convergence
For the following analysis, let 𝒞 be a 𝑑-th order tensor, and let 𝐫 = (𝑟1, … , 𝑟𝑑−1) be predefined
TT ranks. Denote by 𝒞⋆ the best rank-𝐫 approximation of 𝒞 in the TT format.

In the ideal scenario, a rigorous bound on the approximation error of the algorithms to
compute the TT decomposition is provided. The TT-SVD algorithm has such an error bound,
which is derived from the properties of the SVD itself. Similar to the matrix case, truncation
is performed at each unfolding, and the resulting approximation error can be bounded in
terms of the discarded singular values. As a consequence, TT-SVD provides a quasi-optimal
approximation, which is summarized as the following proposition.

Proposition 6 (Quasi-optimality of TT-SVD, [40], Cor. 2.4). Then the tensor ̂𝒞 computed
by the TT-SVD algorithm satisfies

‖𝒞 − ̂𝒞‖𝐹 ≤
√

𝑑 − 1‖𝒞 − 𝒞⋆‖𝐹 .

For cross-approximation methods the situation is different. Several results exist that pro-
vide bounds on the approximation error, but they require careful interpretation. Savostyanov
proves that if the interpolation sets are chosen according to the maximum-volume principle,
the resulting approximation is quasi-optimal [45].
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Proposition 7 (Quasi-optimality of Maximum-Volume Principle [45], Thm. 1). If, for an
approximation ̂𝒞 computed with cross approximation, the interpolation sets are chosen
according to the maximum-volume principle, and if ‖𝒞 − 𝒞⋆‖𝐹 and ‖𝒞 − 𝒞⋆‖𝐶 are suffi-
ciently small, then ̂𝒞 satisfies

‖𝒞 − ̂𝒞‖𝐶 ≤ (2𝑟 + 𝜅𝑟 + 1)⌈log2(𝑑)⌉(𝑟 + 1)‖𝒞 − 𝒞⋆‖𝐹 ,
‖𝒞 − ̂𝒞‖𝐶 ≤ (2𝑟 + 𝜅𝑟 + 1)⌈log2(𝑑)⌉(𝑟 + 1)2‖𝒞 − 𝒞⋆‖𝐶,

where 𝜅 describes the conditioning of the selected submatrices.

In practice this means that selecting interpolation indices fromwell-conditioned submatri-
ces ensures that the maximum error is close to the best possible rank-𝑟 approximation. The
bound does not grow exponentially with the dimension 𝑑, implying that this property does
not blow up in high-dimensional settings. Nevertheless, the bound is still quite pessimistic,
and for low values of 𝑑 and 𝑟 it can be very large. One of the experiments of Savostyanov shows
that the actual error is overestimated by a factor of > 219 [45, Sec. 7.1]. Furthermore, the error
bound is in terms of the Chebyshev norm, whichmeans that only themaximum absolute error
is controlled. In other words, the tensor does not have big error ’spikes’. Generalizing this to
every element of the tensor gives a bound that growswith

√
𝑛𝑑, which is very loose4, and does

therefore not say much about the stability of the method.
The global stability of cross approximation was instead proven in [42, Thm. 2], which es-

tablishes that there exists a choice of subtensors that yields an error bound scaling only loga-
rithmically with the tensor order 𝑑. Furthermore, this existence result is extended by showing
that any ”reasonable” choice of interpolation sets gives stability.

Proposition 8 (Global Stability of Cross Approximation, [42], Thm. 2). For arbitrary
choices of interpolation sets that preserve rank, the error of the approximation ̂𝒞 can be
controlled by

‖𝒞 − ̂𝒞‖𝐹 ≲ 𝑎4(𝑟 + 𝑐𝑟𝜖 + 𝑐2𝜖2)⌈log2(𝑑)⌉ ⋅ (𝜖 + 𝑐𝜖2 + 𝑐2𝜖3),

where 𝜖 is the largest low-rank approximation error in all the unfolding matrices, 𝑎 de-
scribes how well the submatrices capture the singular vectors, and 𝑐 relates to the condi-
tioning of the selected submatrices. The notation ≲ means that the inequality holds up to
a constant factor.
Reasonable can then be interpreted as having 𝑎 and 𝑐 not too large. The maximum-volume

principle provides such a choice[42].
However, computing the maximum-volume submatrix is NP-hard [4]. In practice, heuris-

tic algorithms are used to find a good approximation of the maximum-volume submatrix [45].
Therefore, these theoretical results cannot be directly applied to practical algorithms. Never-
theless, they provide insight into the stability of cross approximation methods.

4This is because, for 𝑛 = max𝑘(𝑛𝑘), it holds that

‖𝒞 − ̂𝒞‖𝐹 ≤
√

𝑛𝑑‖𝒞 − ̂𝒞‖𝐶.

This can be interpreted as the worst-case scenario, where every element of the tensor has the maximum error.
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3.4 From Discrete to Continuous: Functional Tensor Trains
In order to approximate multidimensional functions directly in their continuous form, the ten-
sor train format can be extended to the functional setting. The resulting functional tensor train
(FTT) provides a decomposition of functions rather than discrete tensors, and forms the ba-
sis for applying spectral approximation theory to high-dimensional problems. This extension
offers theoretical guarantees, such as convergence rates, regularity of the cores, and a rela-
tionship between the smoothness of the original function and the rank of the decomposition.
A rigorous treatment requires functional analysis, which is beyond the scope of this thesis.
Therefore, only a brief introduction is given, so that its theoretical results can be used. The
reasoning follows [6].

With the Singular Value Decomposition (SVD), any real 𝑚 × 𝑛 matrix 𝐀 can be written as

𝐀 = 𝐔𝚺𝐕⊤,

or, equivalently,

𝐀(𝑖, 𝑗) =
𝑟

∑
𝑘=1

𝐮𝑘(𝑖)𝜎𝑘𝐯𝑘(𝑗),

where 𝜎𝑘 are the singular values, and 𝐮𝑘(𝑖) ∈ ℝ𝑚 and 𝐯𝑘(𝑗) ∈ ℝ𝑛 are orthonormal sets of col-
umn vectors. A similar idea holds for functions of two variables. If 𝑓(𝑥, 𝑦) is square integrable,
then it can be written as

𝑓(𝑥, 𝑦) =
∞

∑
𝑘=1

√𝜆(𝑘) 𝛾(𝑥; 𝑘) 𝜑(𝑘; 𝑦),

where each 𝛾(𝑥; 𝑘) and 𝜑(𝑘; 𝑦) are orthonormal functions in the 𝑥− and 𝑦−variables, respec-
tively, with 𝑘 serving as the index. The 𝜆(𝑘) play the role of singular values. This is called the
Schmidt decomposition [6, Def. 7], and can be seen as the functional analogue of the SVD.

This decomposition can be extended to higher dimensions by applying it recursively to
different partitions of the variables. A function 𝑔(𝑥1, 𝑥2, … , 𝑥𝑑) can be considered as a function
of 𝑥1 and (𝑥2, … , 𝑥𝑑), and the decomposition would yield

𝑔(𝑥1, … , 𝑥𝑑) =
∞

∑
𝛼1=1

√𝜆(𝛼1) 𝛾1(𝑥1; 𝛼1) 𝜑1(𝛼1; 𝑥2, … , 𝑥𝑑)

This can be continued by applying the same decomposition to √𝜆(𝛼1)𝜑(𝛼1; 𝑥2, … , 𝑥𝑑). The
result is a product of ”cores” 𝛾𝑘, each depending only on a single variable 𝑥𝑘 and two neigh-
bouring index variables 𝛼𝑘−1 and 𝛼𝑘:

𝑔(𝑥1, … , 𝑥𝑑) =
∞

∑
𝛼1,…,𝛼𝑑−1=1

𝛾1(1; 𝑥1; 𝛼1) ⋯ 𝛾𝑑(𝛼𝑑−1; 𝑥𝑑; 1). (3.2)

This is the functional tensor train decomposition, the continuous analogue of the discrete tensor
train decomposition. Like the discrete version, such a decomposition always exists [6, Def. 7].
Now, each ’core’ is a function in one variable, so the 𝑑−dimensional problem has been reduced
to a sequence of 1D building blocks. Truncating the sums to a fixed rank yields an approxima-
tion of 𝑔 in the FTT format. For a rank 𝐫 = (𝑟1, … , 𝑟𝑑), this will be written as

𝑔(𝐱) ≈ 𝑔𝐫-TT(𝐱) =
𝐫

∑
𝛂

𝑑
∏
𝑗=1

𝛾𝑗(𝛼𝑗−1, 𝑥𝑗, 𝛼𝑗), (3.3)

where 𝛼0 = 𝛼𝑑 = 1, and it is understood that summation starts at 𝛂 = (1, … , 1).
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3.4.1 Inner product
Because of these 1D building blocks, the FTT inherits the contraction principle, i.e. the efficient
inner product.

Theorem 2. Let 𝐼1 ×⋯×𝐼𝑑 = 𝐈 ⊂ ℝ𝑑 be a closed and bounded domain, with finite product
measure 𝜇, and let 𝑔 ∈ 𝐿2(𝐈) be represented in the functional tensor train format as

𝑔(𝑥1, … , 𝑥𝑑) =
𝐫

∑
𝛂

𝑑
∏
𝑗=1

𝛾𝑗(𝛼𝑗−1, 𝑥𝑗, 𝛼𝑗),

and let 𝑤 ∈ 𝐿2(𝐈) be a separable function, i.e. 𝑤(𝑥1, … , 𝑥𝑑) = ∏𝑑
𝑗=1 𝑤𝑗(𝑥𝑗). Then the inner

product ⟨𝑔, 𝑤⟩𝐿2𝜇
factors into 1D integrals,

⟨𝑔, 𝑤⟩ =
𝑑

∏
𝑗=1

∫
𝐼𝑗

𝛾𝑗(⋅, 𝑥𝑗, ⋅)𝑤𝑗(𝑥𝑗) 𝑑𝜇𝑗(𝑥𝑗).

The proof of this is analogous to the discrete case. Again, the complexity is linear in 𝑑, in-
stead of exponential. The 𝑑-dimensional integral has been reduced to a sequence of 𝑑 one-
dimensional integrals. This iswhatmakes the tensor train format powerful for high-dimensional
integration.

3.4.2 Error and Convergence
Having defined the functional tensor train decomposition, the next question is how well a
rank-𝐫 FTT approximates the original function. In this discussion, the domain is taken to be
𝐼1 × 𝐼2 × ⋯ × 𝐼𝑑 = 𝐈 ⊂ ℝ𝑑, is assumed closed and bounded, and is equipped with a finite
product measure 𝜇. Then, for a function 𝑓 ∈ 𝐿2(𝐈), the aim is to derive a bound on the error

‖𝑓 − 𝑓𝐫-TT‖𝐿2𝜇
.

The FTT plays the same role for functions as the SVD does for matrices. Hence, truncating the
decomposition at rank 𝐫 yields the best possible approximation of 𝑓 in the 𝐿2

𝜇 norm, among
all tensor trains with the same rank [6, Prop. 9]. The error is controlled by the singular values
𝜆𝑖(𝛼𝑖) that were discarded when truncating to rank 𝐫.

Proposition 9 (Prop. 9 [6]). The approximation error of the rank-𝐫 FTT approximation is
bounded by the discarded singular values,

‖𝑓 − 𝑓𝐫-TT‖2
𝐿2𝜇

≤
𝑑−1
∑
𝑖=1

∞
∑

𝛼𝑖=𝑟𝑖+1
𝜆𝑖(𝛼𝑖).

Thus, faster decay of the singular values leads to better approximations for a given rank. A key
insight is that the decay is related to the smoothness of the function 𝑓 . As a result, smoother
functions can be approximated more accurately with lower ranks. This is summarized in the
following theorem.

CHAPTER 3. TENSOR CALCULUS 22



3.4. FROM DISCRETE TO CONTINUOUS: FUNCTIONAL TENSOR TRAINS

Theorem 3 (Thm. 13, eq. 56 [6]). Let 𝑓 ∈ 𝐿2(𝐈). If 𝑓 is 𝑘-times differentiable with
bounded derivatives, then the error in of the rank-𝐫 = (𝑟, … , 𝑟) FTT approximation de-
cays at least algebraically with the rank,

‖𝑓 − 𝑓𝐫-TT‖𝐿2𝜇
≤ 𝐶 ⋅ 𝑟− 𝑘−1

2 ,

for some constant 𝐶 depending on 𝑓 and the dimension.

Finally, the last important observation is that the cores 𝛾𝑘 inherit the regularity of 𝑓 [6,
Thm. 15]. If the original function is continuous, then the cores are also continuous, and if
the original function is differentiable, then the cores are differentiable as well. This implies
that the spectral approximation theory developed in Chapter 2 can be applied to the cores
individually. This theoretical result forms the backbone of the error analysis of the COS-TT
method, and will be developed further in Chapter 5.
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Ch. 4

Our Novel Method: COS-TT

As stated before, the aim is to solve the expectation

𝔼[𝑔(𝐗)] = ∫
ℝ𝑑

𝑔(𝐱)𝑓(𝐱) 𝑑𝐱. (4.1)

Often in financial mathematics, the function 𝑔 admits a factorization into lower-dimensional
components. Formally, consider a partition 𝒫 = {𝐼1, … , 𝐼𝑚} of the index set {1, … , 𝑑}, such
that the subsets are pairwise disjoint and their union covers all indices. Then 𝑔 can be written
as

𝑔(𝐱) =
𝑚

∏
𝑗=1

𝑔𝑗(𝑥𝐼𝑗
), (4.2)

where 𝑔𝑗 ∶ ℝ|𝐼𝑗| → ℝ are functions defined on the lower-dimensional spaces, and 𝑥𝐼𝑗
is the

subvector of 𝐱 corresponding to the indices in 𝐼𝑗. The simplest example is the univariate case,
where 𝑔(𝐱) = 𝑔1(𝑥1) ⋯ 𝑔𝑑(𝑥𝑑), and this is assumed throughout this section. However, the
methods derived here also hold for the more general case, and can be derived accordingly.

Such a factorization does not imply that the expectation 𝔼[𝑔(𝐗)] can be decomposed into
lower-dimensional expectations, since that requires the corresponding random variables to
be independent. In other words, the joint-distribution of the random variables must factorize
accordingly. This is what the functional tensor train decomposition offers.

With the introduction of the functional tensor train decomposition, it was assumed that 𝑓
was defined on a closed and bounded domain. Therefore, we consider that 𝑓 has support on
the bounded domain [𝐚, 𝐛] ⊂ ℝ𝑑, where 𝐚, 𝐛 ∈ ℝ𝑑 with 𝑎𝑗 < 𝑏𝑗 for all 𝑗, and the expectation is
approximated by

𝔼[𝑔(𝐗)] ≈ ∫
[𝐚,𝐛]

𝑔(𝐱)𝑓(𝐱) 𝑑𝐱 = ⟨𝑔, 𝑓⟩. (4.3)

Thus, the plan is to decompose the probability density function 𝑓(𝐱) with a functional
tensor train decomposition, and use theorem 2 together with the separability of 𝑔 to solve the
expectation. Three distinct methods are proposed:

1. If the probability density of the process is known, the FTT decomposition can be con-
structed by evaluating 𝑓 on a quadrature grid.

2. If the probability distribution is not known, each core of the FTT can be approximated
spectrally. It will be shown that a functional tensor train decomposition of 𝑓 can be
constructed differently than the Schmidt decomposition as in [6]. The target function,
which is the density function in financial applications, is expanded by a Fourier-cosine
series, and the coefficient tensor is replaced by its tensor train decomposition. This is a
novel development and will be referred to as COS-TT.

3. Alternatively, to avoid computing the Fourier coefficients, theoretically, the joint charac-
teristic function of the process can be decomposed with a functional tensor train decom-
position, which is the second novel method developed in this thesis and is referred to as
COS-TT-CHF.
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4.1. EXISTING METHOD 1: USE KNOWN PDF WITH FTT

Each method is discussed in detail in the following sections.

Remark. The derivations in this section are done using the functional tensor train decom-
position. A reasoning based on the discrete tensor train decomposition yields the same
results, and is often more intuitive. However, to provide rigorous bounds on the errors
introduced when applying these methods, the functional tensor train decomposition is
required. A derivation using the discrete tensor train decomposition is provided in ap-
pendix B to the readers to facilitate their understanding.

4.1 Existing Method 1: Use known PDF with FTT
First, consider the case where the probability density function 𝑓(𝐱) is known. An FTT of 𝑓 can
then be constructed by evaluating 𝑓 on a quadrature grid, following the methods in [6]. That
is,

𝑓(𝐱) ≈ 𝑓⋆
𝐫-TT(𝐱) =

𝐫
∑

𝛂

𝑑
∏
𝑗=1

𝛾𝑗(𝛼𝑗−1, 𝑥𝑗, 𝛼𝑗), (4.4)

where 𝑓⋆
𝐫-TT(𝐱) signifies the best rank-𝐫 approximation of 𝑓 in the functional tensor train format.

This FTT is obtained by applying the DMRG-greedy algorithm, resulting in the approximation
̂𝑓𝐫-TT(𝐱) of the form

𝑓⋆
𝐫-TT(𝐱) ≈ ̂𝑓𝐫-TT(𝐱) =

𝐫
∑

𝛂

𝑑
∏
𝑗=1

̂𝛾𝑗(𝛼𝑗−1, 𝑥𝑗, 𝛼𝑗). (4.5)

As hinted at, theorem 2 can then be applied to reduce the dimensionality of the problem.

⟨𝑔, ̂𝑓𝐫-TT⟩ =
𝐫

∑
𝛂

𝑑
∏
𝑗=1

⟨𝑔𝑗, ̂𝛾𝑗(𝛼𝑗−1, ⋅, 𝛼𝑗)⟩

=
𝐫

∑
𝛂

𝑑
∏
𝑗=1

∫
𝑏𝑗

𝑎𝑗

𝑔𝑗(𝑥) ̂𝛾𝑗(𝛼𝑗−1, 𝑥, 𝛼𝑗) 𝑑𝑥.

Thus, the problem is reduced to the computation of one-dimensional integrals, which can be
approximated using numerical quadrature. The final approximation can be expressed as

⟨𝑔, ̂𝑓𝐫-TT⟩ ≈
𝐫

∑
𝛂

𝑑
∏
𝑗=1

𝑁𝑗

∑
𝑖𝑗=1

𝑤𝑖𝑗
𝑔𝑗(𝑥𝑖𝑗

) ̂𝛾𝑗(𝛼𝑗−1, 𝑥(𝑖𝑗), 𝛼𝑗). (4.6)

4.2 Novel Method 1: COS-TT
The construction of the FTT cores requires that the density 𝑓 is known. If the density of the
process is not known, the cores of the FTT cannot be constructed directly. If, instead, the
characteristic function of the process is known, the COS method can be applied to construct
the cores by a Fourier cosine approximation. This method is named COS-TT.

The setup is as in section 2.4, where the coefficient tensor ℱ is truncated at 𝐊. The aim is to
show that the method yields an FTT representation of 𝑄𝐊𝑓 . If that is the case, the coefficients
can be approximated by ℱ.

First, assume that ℱ admits an exact rank-𝐫 TT decomposition

ℱ𝐤 =
𝐫

∑
𝛂

𝑑
∏
𝑗=1

𝐵𝑗(𝛼𝑗−1, 𝑘𝑗, 𝛼𝑗). (4.7)
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This decomposition is used to construct a spectral approximation of the cores of 𝑓𝐫-TT. From
this decomposition, define, for each 𝑗, the functional core as

Γ𝑗(𝛼𝑗−1, 𝑥𝑗, 𝛼𝑗) =
𝐾𝑗

∑
𝑘𝑗=0

𝐵𝑗(𝛼𝑗−1, 𝑘𝑗, 𝛼𝑗)𝜙(𝑗)
𝑘𝑗

(𝑥𝑗). (4.8)

In other words, the functional core is spectrally synthesized from the coefficient core and the
univariate cosine basis. Note that each core is of rank 𝐫. The resulting COS-TT approximation
of 𝑓 is then defined as

𝑓𝐫-CTT(𝐱) ∶=
𝐫

∑
𝛂

𝑑
∏
𝑗=1

Γ𝑗(𝛼𝑗−1, 𝑥𝑗, 𝛼𝑗). (4.9)

This FTT is clearly rank-𝐫. It is simple to show that this construction actually results in 𝑄𝐊𝑓 ,
thereby justifying the definition.

𝑓𝐫-CTT(𝐱) =
𝐫

∑
𝛂

𝑑
∏
𝑗=1

Γ𝑗(𝛼𝑗−1, 𝑥𝑗, 𝛼𝑗)

=
𝐫

∑
𝛂

𝑑
∏
𝑗=1

⎛⎜
⎝

𝐾𝑗

∑
𝑘𝑗=0

𝐵𝑗(𝛼𝑗−1, 𝑘𝑗, 𝛼𝑗)𝜙(𝑗)
𝑘𝑗

(𝑥𝑗)⎞⎟
⎠

=
𝐊

∑
𝐤

(
𝐫

∑
𝛂

𝑑
∏
𝑗=1

𝐵𝑗(𝛼𝑗−1, 𝑘𝑗, 𝛼𝑗))
𝑑

∏
𝑗=1

𝜙(𝑗)
𝑘𝑗

(𝑥𝑗)

=
𝐊

∑
𝐤

ℱ𝐤Φ𝐤(𝑥).

In chapter 5, the spectral tensor train decomposition from [6] is derived and it is shown that
both routes yield the same result.

4.2.1 Computing the expectation
Having defined the COS-TT approximation of 𝑓 , the next step is to show how it can be used
to compute the expectation in equation (4.3). This starts by approximating 𝑓 by the multidi-
mensional COS method approximation truncated at 𝐊, i.e.

𝑓(𝐱) ≈ 𝑄𝐊𝑓(𝐱). (4.10)

Subsequently, this is approximated by the best rank-𝐫 COS-TT approximation, yielding

𝑄𝐊𝑓(𝐱) ≈ 𝑓⋆
𝐫-CTT(𝐱) =

𝐫
∑

𝛂

𝑑
∏
𝑗=1

Γ𝑗(𝛼𝑗−1, 𝑥𝑗, 𝛼𝑗), (4.11)

obtained from the best1 rank-𝐫 TT decomposition of the coefficient tensor ℱ𝐤. However, in
practice that decomposition is obtained by applying theDMRG-greedy algorithm,which yields
the approximation ̂ℱ𝐤 of the form

̂ℱ𝐤 =
𝐫

∑
𝛂

𝑑
∏
𝑗=1

𝐵̂𝑗(𝛼𝑗−1, 𝑘𝑗, 𝛼𝑗). (4.12)

1It is important to note that now it is not assumed that this decomposition is exact.
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This is what is used to build the cores of the COS-TT approximation, resulting in

𝑓⋆
𝐫-CTT(𝐱) ≈ ̂𝑓𝐫-CTT(𝐱) =

𝐫
∑

𝛂

𝑑
∏
𝑗=1

Γ̂𝑗(𝛼𝑗−1, 𝑥𝑗, 𝛼𝑗). (4.13)

Having built the COS-TT approximation of 𝑓 , the expectation can again be computed using
theorem 2

⟨𝑔, ̂𝑓𝐫-CTT⟩ =
𝐫

∑
𝛂

𝑑
∏
𝑗=1

⟨𝑔𝑗, Γ̂𝑗(𝛼𝑗−1, ⋅, 𝛼𝑗)⟩

=
𝐫

∑
𝛂

𝑑
∏
𝑗=1

⟨𝑔𝑗,
𝐾𝑗

∑
𝑘𝑗=0

𝐵̂𝑗(𝛼𝑗−1, 𝑘𝑗, 𝛼𝑗)𝜙(𝑗)
𝑘𝑗

⟩

=
𝐫

∑
𝛂

𝑑
∏
𝑗=1

𝐾𝑗

∑
𝑘𝑗=0

𝐵̂𝑗(𝛼𝑗−1, 𝑘𝑗, 𝛼𝑗)⟨𝑔𝑗, 𝜙(𝑗)
𝑘𝑗

⟩

=
𝐫

∑
𝛂

𝑑
∏
𝑗=1

𝐾𝑗

∑
𝑘𝑗=0

𝐵̂𝑗(𝛼𝑗−1, 𝑘𝑗, 𝛼𝑗) ∫
𝑏𝑗

𝑎𝑗

𝑔𝑗(𝑥)𝜙(𝑗)
𝑘𝑗

(𝑥) 𝑑𝑥 (4.14)

Again, only one-dimensional integrals need to be computed, which can be done by numeri-
cal quadrature. Because these integrals only depend on 𝑔𝑗 and 𝜙(𝑗)

𝑘𝑗
, and not on the cores 𝐵̂𝑗,

it could also be that they can be solved analytically. Specifically, in the case worked out in
chapter 6, that is possible, thereby reducing the problem to the computation of 𝐵̂𝑗. In the case
that they can not be solved, they can at least be precomputed, as they do not depend on the
process. The final approximation is given by

⟨𝑔, ̂𝑓𝐫-CTT⟩ =
𝐫

∑
𝛂

𝑑
∏
𝑗=1

𝐾𝑗

∑
𝑘𝑗=0

𝐵̂𝑗(𝛼𝑗−1, 𝑘𝑗, 𝛼𝑗) ∫
𝑏𝑗

𝑎𝑗

𝑔𝑗(𝑥)𝜙(𝑗)
𝑘𝑗

(𝑥) 𝑑𝑥. (4.15)

Themethodderivedhere relies on the computation of the coefficientsℱ𝐤 via equation (2.20).
This computation still scales exponentially with 𝑑, which has a big impact on the computation
time of the coefficient cores.

4.3 Novel Method 2: COS-TT-CHF
An idea to avoid this exponential scaling, is to directly decompose the joint characteristic func-
tion 𝜑(𝛚) of 𝑓 . Let 𝑓 ∈ 𝐿2(ℝ), and let 𝐶𝐤 be the coefficients of the multidimensional Fourier
cosine series expansion of 𝑓 on [𝐚, 𝐛], as defined in equation (2.10). To start, replace the joint
density by its fourier transform.

𝒞𝐤 = ∫
𝐛

𝐚
𝑓(𝐱)Φ𝐤(𝐱) 𝑑𝐱

= 1
(2𝜋)𝑑 ∫

𝐛

𝐚
∫

ℝ𝑑
𝜑(𝛚)𝑒−𝑖𝛚⋅𝐱Φ𝐤(𝐱)𝑑𝛚 𝑑𝐱

Because the basis functions are bounded, i.e. |Φ𝐤(𝐱)| ≤ ∏𝑑
𝑗=1 𝛽(𝑗)

𝑘𝑗
, and |𝑒−𝑖𝛚⋅𝐱| = 1, the inte-

grand is absolutely integrable as long as 𝜑 ∈ 𝐿1(ℝ𝑑). Then Fubini/Tonelli’s theorem can be
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applied to change the order of integration, yielding

𝒞𝐤 = 1
(2𝜋)𝑑 ∫

ℝ𝑑
𝜑(𝛚) (∫

𝐛

𝐚
𝑒−𝑖𝛚⋅𝐱Φ𝐤(𝐱)𝑑𝐱) 𝑑𝛚

It turns out this integral is known analytically. A proof can be found in section A.1.

Lemma 2. The solution to the inner integral is given by

∫
𝐛

𝐚
Φ𝐤(𝐱)𝑒−𝑖𝛚⋅𝐱𝑑𝐱 = 𝐈𝐤(𝛚) =

𝑑
∏
𝑗=1

𝐼𝑗(𝜔𝑗, 𝑘𝑗), (4.16)

which, in the case 𝜔𝑗 = 0, is given by

𝐼𝑗(0, 𝑘𝑗) = { 0 𝑘𝑗 ≠ 0,
𝑏𝑗 − 𝑎𝑗 𝑘𝑗 = 0, (4.17)

and in the case 𝜔𝑗 ≠ 0 is given by

𝐼𝑗(𝜔𝑗, 𝑘𝑗) =
⎧{
⎨{⎩

𝑒−𝑖𝜔𝑗𝑎𝑗 (1−𝑒−𝑖[(𝑏𝑗−𝑎𝑗)𝜔𝑗−𝑘𝑗𝜋]

𝑖[(𝑏𝑗−𝑎𝑗)𝜔𝑗−𝑘𝑗𝜋] + 1−𝑒−𝑖[(𝑏𝑗−𝑎𝑗)𝜔𝑗+𝑘𝑗𝜋]

𝑖[(𝑏𝑗−𝑎𝑗)𝜔𝑗+𝑘𝑗𝜋] ) 𝑘𝑗 ≠ 0,
𝑒−𝑖𝜔𝑗𝑎𝑗 −𝑒−𝑖𝜔𝑗𝑏𝑗

𝑖𝜔𝑗
𝑘𝑗 = 0.

(4.18)

As a result, the coefficients can be written in terms of the joint characteristic function, as

𝒞𝐤 = 1
(2𝜋)𝑑 ∫

ℝ𝑑
𝜑(𝛚)𝐈𝐤(𝛚) 𝑑𝛚 = ⟨𝜑, 𝐈𝐤⟩

(2𝜋)𝑑 . (4.19)

The idea is to approximate the joint characteristic function using a rank-𝐫 FTT, to efficiently
compute the inner product. For that to work, 𝜑 must be defined on a closed and bounded
domain. So 𝜑 with support 𝛚 ∈ 𝐷1 × … × 𝐷𝑑 = 𝐃 ⊂ ℝ𝑑 is considered. Then, the rank-𝐫 FTT
approximation of 𝜑 is defined as

𝜑𝐫-TT(𝛚) =
𝐫

∑
𝛂

𝑑
∏
𝑗=1

𝛾𝑗(𝛼𝑗−1, 𝜔𝑗, 𝛼𝑗).

Then 𝒞𝐤 can be approximated as

𝒞𝐤 ≈ ⟨𝜑𝐫-TT, 𝐈𝐤⟩
(2𝜋)𝑑 = 1

(2𝜋)𝑑

𝐫
∑

𝛂

𝑑
∏
𝑗=1

⟨𝛾𝑗(𝛼𝑗−1, ⋅, 𝛼𝑗), 𝐼𝑗(⋅, 𝑘𝑗)⟩ (4.20)

= 1
(2𝜋)𝑑

𝐫
∑

𝛂

𝑑
∏
𝑗=1

∫
𝐷𝑗

𝛾𝑗(𝛼𝑗−1, 𝜔, 𝛼𝑗)𝐼𝑗(𝜔, 𝑘𝑗) 𝑑𝜔. (4.21)

This result is more elegant than it seems. Essentially, the coefficients have beenwritten as a
TT decomposition, as the inner product above is a function of 𝑘𝑗 only. That is, the coefficients
are decomposed as

𝒞𝐤 =
𝐫

∑
𝛂

𝑑
∏
𝑗=1

𝐵𝑗(𝛼𝑗−1, 𝑘𝑗, 𝛼𝑗),
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where the cores 𝐵𝑗 are given by

𝐵𝑗(𝛼𝑗−1, 𝑘𝑗, 𝛼𝑗) = 1
2𝜋⟨𝛾𝑗(𝛼𝑗−1, ⋅, 𝛼𝑗), 𝐼𝑗(⋅, 𝑘𝑗)⟩.

This means that the same derivations as for the COS-TT method can be applied, without ever
computing the coefficients explicitly. Thus, with COS-TT-CHF, the FTT of 𝑓 is given by

𝑓𝐫-CTT-CHF(𝐱) ∶=
𝐫

∑
𝛂

𝑑
∏
𝑗=1

Γ𝑗(𝛼𝑗−1, 𝑥𝑗, 𝛼𝑗), (4.22)

where the cores are defined as

Γ𝑗(𝛼𝑗−1, 𝑥𝑗, 𝛼𝑗) =
𝐾𝑗

∑
𝑘𝑗=0

𝐵𝑗(𝛼𝑗−1, 𝑘𝑗, 𝛼𝑗)𝜙(𝑗)
𝑘𝑗

(𝑥𝑗)

=
𝐾𝑗

∑
𝑘𝑗=0

⟨𝛾𝑗(𝛼𝑗−1, ⋅, 𝛼𝑗), 𝐼𝑗(⋅, 𝑘𝑗)⟩
2𝜋 𝜙(𝑗)

𝑘𝑗
(𝑥𝑗)

= 1
2𝜋

𝐾𝑗

∑
𝑘𝑗=0

𝜙(𝑗)
𝑘𝑗

(𝑥𝑗) ∫
𝐷𝑗

𝛾𝑗(𝛼𝑗−1, 𝜔, 𝛼𝑗)𝐼𝑗(𝜔, 𝑘𝑗) 𝑑𝜔.

4.3.1 Computing the expectation
With this method, the method to compute the expectation is similar. First, 𝑓 is approximated
by a truncated cosine expansion on [𝐚, 𝐛], yielding 𝑃𝐊𝑓 . Then, this cosine expansion is approx-
imated by the best rank-𝐫 COS-TT-CHF approximation, yielding

𝑃𝐊𝑓(𝐱) ≈ 𝑓⋆
𝐫-CTT-CHF(𝐱) =

𝐫
∑

𝛂

𝑑
∏
𝑗=1

Γ𝑗(𝛼𝑗−1, 𝑥𝑗, 𝛼𝑗).

The cores of this approximation are defined in terms of the best rank-𝐫 FTT of 𝜑(𝛚), that is,

𝜑⋆
𝐫-TT(𝛚) =

𝐫
∑

𝛂

𝑑
∏
𝑗=1

𝛾𝑗(𝛼𝑗−1, 𝜔𝑗, 𝛼𝑗).

These are constructed using the DMRG-greedy algorithm, yielding the approximation 𝜑̂𝐫-TT
of the form

𝜑⋆
𝐫-TT(𝛚) ≈ 𝜑̂𝐫-TT(𝛚) =

𝐫
∑

𝛂

𝑑
∏
𝑗=1

̂𝛾𝑗(𝛼𝑗−1, 𝜔𝑗, 𝛼𝑗).

This means that the cores Γ𝑗 are approximated by

Γ𝑗(𝛼𝑗−1, 𝑥𝑗, 𝛼𝑗) ≈ Γ̂𝑗(𝛼𝑗−1, 𝑥𝑗, 𝛼𝑗) = 1
2𝜋

𝐾𝑗

∑
𝑘𝑗=0

𝜙(𝑗)
𝑘𝑗

(𝑥𝑗) ∫
𝐷𝑗

̂𝛾𝑗(𝛼𝑗−1, 𝜔, 𝛼𝑗)𝐼𝑗(𝜔, 𝑘𝑗) 𝑑𝜔.

Now that the COS-TT-CHF approximation has been established, the expectation can be
computed using theorem 2:

⟨𝑔, ̂𝑓𝐫-CTT-CHF⟩ =
𝐫

∑
𝛂

𝑑
∏
𝑗=1

⟨𝑔𝑗, Γ̂𝑗(𝛼𝑗−1, ⋅, 𝛼𝑗)⟩

CHAPTER 4. OUR NOVEL METHOD: COS-TT 29



4.3. NOVEL METHOD 2: COS-TT-CHF

=
𝐫

∑
𝛂

𝑑
∏
𝑗=1

⟨𝑔𝑗,
𝐾𝑗

∑
𝑘𝑗=0

𝐵̂𝑗(𝛼𝑗−1, 𝑘𝑗, 𝛼𝑗)𝜙(𝑗)
𝑘𝑗

⟩

=
𝐫

∑
𝛂

𝑑
∏
𝑗=1

𝐾𝑗

∑
𝑘𝑗=0

𝐵̂𝑗(𝛼𝑗−1, 𝑘𝑗, 𝛼𝑗)⟨𝑔𝑗, 𝜙(𝑗)
𝑘𝑗

⟩

=
𝐫

∑
𝛂

𝑑
∏
𝑗=1

𝐾𝑗

∑
𝑘𝑗=0

1
2𝜋⟨𝛾𝑗(𝛼𝑗−1, ⋅, 𝛼𝑗), 𝐼𝑗(⋅, 𝑘𝑗)⟩ ⋅ ⟨𝑔𝑗, 𝜙(𝑗)

𝑘𝑗
⟩ 𝑑𝑥

=
𝐫

∑
𝛂

𝑑
∏
𝑗=1

𝐾𝑗

∑
𝑘𝑗=0

1
2𝜋 ∫

𝐷𝑗

𝛾𝑗(𝛼𝑗−1, 𝜔, 𝛼𝑗)𝐼𝑗(𝜔, 𝑘𝑗) 𝑑𝜔 ∫
𝑏𝑗

𝑎𝑗

𝑔𝑗(𝑥)𝜙(𝑗)
𝑘𝑗

(𝑥) 𝑑𝑥

What is left is a product of one-dimensional integrals. Like before, the latter might be
solvable analytically. The former needs to be approximated using numerical quadrature. This
results in the final approximation for the inner product

⟨𝑔, ̂𝑓𝐫-CTT-CHF⟩ ≈
𝐫

∑
𝛂

𝑑
∏
𝑗=1

𝐾𝑗

∑
𝑘𝑗=0

1
2𝜋

𝑁𝑗

∑
𝑖𝑗=1

𝑤𝑖𝑗
̂𝛾𝑗 (𝛼𝑗−1, 𝜔(𝑖𝑗), 𝛼𝑗) 𝐼𝑗 (𝜔(𝑖𝑗), 𝑘𝑗) ∫

𝑏𝑗

𝑎𝑗

𝑔𝑗(𝑥)𝜙(𝑗)
𝑘𝑗

(𝑥) 𝑑𝑥.

(4.23)
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Ch. 5

Error Analysis

As highlighted during the derivations in chapter 4, several approximations are made. Each of
these approximations introduces an error, which accumulates in the final approximation. To
rigorously assess the accuracy of the methods, it is crucial to define the error sources and their
impact on the overall approximation. This chapter contains an analysis of these errors.

The goal is to provide a theoretical error bound on the function approximation error 𝑓 −
̂𝑓𝐫-CTT. As the COS-TT method is the main contribution of this thesis, it will be the subject of

this analysis, but the results of this analysis can be partially reused for the other methods.
The chapter is structured as follows. Section 5.1 provides the setup necessary to formally

discuss the error components. Section 5.2 contains the main analysis, where each error com-
ponent is discussed in detail, and bounds are derived. Finally, these bounds can be applied to
the other methods, which is discussed in section 5.3.

5.1 Set up
Before delving into the specifics, it is important to set the stage for the analysis by clarifying
the assumptions and framework within which the methods operate.

Several norms are possible to measure the error of the approximations. To derive a central
result, the 𝐿2 norm is used throughout this chapter. This choice is motivated by the construc-
tion of the functional tensor train decomposition in [6], which is constructed in 𝐿2, and there-
fore all results are naturally expressed in this norm. While this provides a solid description
of the overall error, it does not directly translate to pointwise error bounds. Specifically, as
Fourier series approximations are known to exhibit the Gibbs phenomenon, it is still relevant
to study pointwise errors. For this analysis, the reader is referred to the relevant section 2.3.

The starting assumption is that 𝑓 is defined on a closed and bounded domain. However,
as 𝑓 can be a density defined on ℝ𝑑, 𝑓 is treated as having support on the bounded domain
[𝐚, 𝐛] ⊂ ℝ𝑑, where 𝐚, 𝐛 ∈ ℝ𝑑 with 𝑎𝑗 < 𝑏𝑗 for all 𝑗.

Secondly, one of the key results of the error analysis in section 3.4.2, is that the cores of the
FTT inherit the regularity of 𝑓 . For this to hold, some restrictions are needed on 𝑓 . Ideally,
these are presented without introducing too much functional analysis. However, at least the
following needs to be defined. Define by ℋ𝑘 the Sobolev spaces

ℋ𝑘 =
⎧{
⎨{⎩

𝑓 ∈ 𝐿2([𝐚, 𝐛]) ∶ ∑
|𝛂|≤𝑘

‖𝐷𝛂𝑓‖2
𝐿2 < ∞

⎫}
⎬}⎭

,

where 𝐷𝛂𝑓 is the 𝛂-th weak derivative of 𝑓 and 𝑘 ≥ 0. The subscript |𝛂| ≤ 𝑘 means that the
sum is over all vectors 𝛼 with length less than or equal to 𝑘. The 𝑘 then indicates the order
of weak derivatives that are required to exist. Thus, this is a way to formalize the regularity
properties of the functions in the space. Note that ℋ0 = 𝐿2, which validates their use for

31



5.2. ANALYSIS OF COS-TT

analysis. These spaces are equipped with a norm ‖ ⋅ ‖ℋ𝑘 and a seminorm | ⋅ |ℋ𝑘 defined as

‖𝑓‖ℋ𝑘 = ⎛⎜
⎝

∑
|𝛂|≤𝑘

‖𝐷𝛂𝑓‖2
𝐿2

⎞⎟
⎠

1/2

|𝑓|ℋ𝑘 = ⎛⎜
⎝

∑
|𝛂|=𝑘

‖𝐷𝛂𝑓‖2
𝐿2

⎞⎟
⎠

1/2

. (5.1)

Both are useful for bounding errors.

5.2 Analysis of COS-TT
A short overview of the approximations made during the COS-TT derivation is:

𝑓(𝐱) ≈ 𝑃𝐊𝑓(𝐱) =
𝐊

∑
𝐤=0

𝒞𝐤Φ𝐤(𝐱) (Series truncation)

≈ 𝑄𝐊𝑓(𝐱) =
𝐊

∑
𝐤=0

ℱ𝐤Φ𝐤(𝐱) (Coefficient approximation)

≈ 𝑓⋆
𝐫-CTT(𝐱) =

𝐫
∑

𝛂

𝑑
∏
𝑗=1

Γ𝑗(𝛼𝑗−1; 𝑥𝑗; 𝛼𝑗) (rank-𝐫 truncation)

≈ ̂𝑓𝐫-CTT(𝐱) =
𝐫

∑
𝛂

𝑑
∏
𝑗=1

Γ̂𝑗(𝛼𝑗−1; 𝑥𝑗; 𝛼𝑗) (Algorithmic approximation)

This in turn leads to the following separation of the error:

‖𝑓 − ̂𝑓𝐫-CTT‖𝐿2 ≤ ‖𝑓 − 𝑃𝐊𝑓‖𝐿2⏟⏟⏟⏟⏟
(𝐈) Series truncation

+ ‖𝑃𝐊𝑓 − 𝑄𝐊𝑓‖𝐿2⏟⏟⏟⏟⏟⏟⏟
(𝐈𝐈) Coefficient approximation

+ ‖𝑄𝐊𝑓 − 𝑓⋆
𝐫-CTT‖𝐿2⏟⏟⏟⏟⏟⏟⏟

(𝐈𝐈𝐈) rank-𝐫 truncation

+ ‖𝑓⋆
𝐫-CTT − ̂𝑓𝐫-CTT‖𝐿2⏟⏟⏟⏟⏟⏟⏟⏟⏟

(𝐈𝐕) Algorithmic approximation

(5.2)

Each of these error terms can be bounded separately, by the error bounds derived in the re-
spective subsections.

Theorem 4 (COS-TT Error Bound). The total approximation error of the COS-TT method
can be bounded by

‖𝑓 − ̂𝑓𝐫-CTT‖𝐿2 ≤ 𝐶1𝐾−𝑛| 𝑓 |ℋ𝑛 + 𝐶2‖𝑓‖𝐿1(ℝ𝑑∖[𝐚,𝐛]) + ‖𝑓‖ℋ𝑛
√

𝑑 − 1(𝑟 + 1)−(𝑘−1)/2
√

𝑘 − 1
+ 𝜀TT

where 𝐶1 is a constant depending on 𝑛 and 𝑑, respectively, and 𝜀TT is the error incurred
by the DMRG-greedy approximation.

5.2.1 Series truncation
The series truncation error is the error incurred by truncating the Fourier cosine series ex-
pansion of 𝑓 to a finite number of terms 𝐊. In the one-dimensional case, the derivations in
section 2.3 show that the resulting error can be expressed in terms of the neglected coefficients.
These coefficients are then shown to decay exponentially for sufficiently smooth functions, and
a formal bound is derived (proposition 4).

Themultidimensional extension is natural, and the conclusion is similar. Instead of repeat-
ing the full derivations here, the result from [6] is used directly, which leads to the following
bound on the error.
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Proposition 10 (Series Truncation Bound [6], Prop. 3). Let 𝑓 ∈ ℋ𝑛([𝐚, 𝐛]) such that it has
at least 𝑛 continuous weak derivatives. Then, the error incurred by truncating the Fourier
cosine series expansion of 𝑓 to 𝐊 = (𝐾, … , 𝐾) terms in each dimension is bounded by

‖𝑓 − 𝑃𝐊𝑓‖𝐿2 ≤ 𝐶1𝐾−𝑛| 𝑓 |ℋ𝑛

where 𝐶1 is a constant depending on 𝑛.

For simplicity, this is restricted to the case where the series truncation is applied uniformly
across all dimensions, as this is the most common scenario encountered in practice.

5.2.2 Coefficient approximation
The second error source to consider is the error due to approximating the Fourier coefficients
𝒞𝐤 by ℱ𝐤. This error has been studied in the one-dimensional case in section 2.3, and the
results can be extended to multiple dimensions. Because the cosine basis has been defined
differently, the result will be slightly different. Again, define

𝜀4 = ‖𝑓‖𝐿1(ℝ𝑑∖[𝐚,𝐛]) (5.3)

Proposition 11. The error incurred by approximating the Fourier coefficients 𝒞𝐤 by ℱ𝐤 is
bounded by

‖𝑃𝐊𝑓 − 𝑄𝐊𝑓‖𝐿2 ≤ 𝜀4 (
𝐊

∑
𝐤

𝑑
∏
𝑗=1

(𝛽(𝑗)
𝑘𝑗

)2)
1/2

= 𝐶2‖𝑓‖𝐿1(ℝ𝑑∖[𝐚,𝐛])

Proof. Similar to the one-dimensional case, we can express the error as

𝜀3 = 𝑃𝐊𝑓(𝐱) − 𝑄𝐊𝑓(𝐱)

=
𝐊

∑
𝐤

(𝒞𝐤 − ℱ𝐤)Φ𝐤(𝐱).

Using orthonormality of the basis functions,

‖𝜀3‖2
𝐿2 = ∫

[𝐚,𝐛]
(

𝐊
∑

𝐤
(𝒞𝐤 − ℱ𝐤)Φ𝐤(𝐱))

2

𝑑𝐱

=
𝐊

∑
𝐤

|𝒞𝐤 − ℱ𝐤|2

Then, using the definition of equation (2.17), the difference between the coefficients can
be expressed as

𝒞𝐤 − ℱ𝐤 = ∫
ℝ∖[𝐚,𝐛]

𝑓(𝐱)
∏𝑑

𝑗=1 𝛽(𝑗)
𝑘𝑗

2𝑑−1 ∑
𝐬∈𝒮

cos(
𝑑

∑
𝑗=1

𝑠𝑗𝑘𝑗𝜋
𝑏𝑗 − 𝑎𝑗

(𝑥𝑗 − 𝑎𝑗)) 𝑑𝐱

This looks cumbersome toworkwith, but the cosine basis can be restoredusing equation (2.16),
which gives

𝒞𝐤 − ℱ𝐤 = ∫
ℝ∖[𝐚,𝐛]

𝑓(𝐱)Φ𝐤(𝐱)𝑑𝐱
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In the 1D case, it was used that | cos(⋅)| ≤ 1. In the multidimensional case, it holds that

|Φ𝐤(𝐱)| ≤
𝑑

∏
𝑗=1

𝛽(𝑗)
𝑘𝑗

. (5.4)

Because 𝑓 is assumed to be non-negative, this leads to

|𝒞𝐤 − ℱ𝐤| ≤ ∫
ℝ∖[𝐚,𝐛]

|𝑓(𝐱)||Φ𝐤(𝐱)|𝑑𝐱

≤ ∫
ℝ∖[𝐚,𝐛]

|𝑓(𝐱)||
𝑑

∏
𝑗=1

𝛽(𝑗)
𝑘𝑗

|𝑑𝐱

= (
𝑑

∏
𝑗=1

𝛽(𝑗)
𝑘𝑗

) ∫
ℝ𝑑∖[𝐚,𝐛]

𝑓(𝐱)𝑑𝐱

= (
𝑑

∏
𝑗=1

𝛽(𝑗)
𝑘𝑗

) 𝜀4

Therefore,

‖𝜀3‖2
𝐿2 ≤

𝐊
∑

𝐤
(

𝑑
∏
𝑗=1

𝛽(𝑗)
𝑘𝑗

)
2

𝜀2
4 = 𝜀2

4

𝐊
∑

𝐤

𝑑
∏
𝑗=1

(𝛽(𝑗)
𝑘𝑗

)2

and the result follows by taking the square root.

5.2.3 Rank truncation
The second error source to consider is the error due to the rank-𝐫 truncation. In the ideal
scenario, the theory developed in [6], which is partially addressed in the chapter 3, is applied.
To do that, it needs to be shown that the spectral tensor train decomposition constructed in
[6, Sec. 4.5.1] yields the same results as when the coefficient tensor is decomposed directly,
thereby justifying the use of their analysis. This does not depend on the approximation of
𝒞 ≈ ℱ. However, the derivations in [6, Sec. 4.5.1] start at the rank-𝐫 FTT approximation of 𝑓 .
Instead, this starts at the untruncated FTT of 𝑓 ,

𝑓TT(𝐱) =
∞

∑
𝛂

𝑑
∏
𝑗=1

𝛾𝑗(𝛼𝑗−1; 𝑥𝑗; 𝛼𝑗).

Applying the operator 𝑃𝐊 to this FTT yields

𝑃𝐊𝑓TT =
𝐊

∑
𝐤=0

𝒞𝐤Φ𝐤(𝐱),

where the coefficients are given by

𝒞𝐤 = ⟨𝑓TT(𝐱), Φ𝐤(𝐱)⟩ = ∫
[𝐚,𝐛]

(
∞

∑
𝛂

𝑑
∏
𝑗=1

𝛾𝑗(𝛼𝑗−1; 𝑥𝑗; 𝛼𝑗)) Φ𝐤(𝐱)𝑑𝐱.
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Theorem 5 (Spectral Tensor Train). Let 𝑓TT(𝐱) be the untruncated tensor train represen-
tation of 𝑓 , as defined in equation (3.2). Then,

⟨𝑓TT(𝐱), Φ𝐤(𝐱)⟩ =
∞

∑
𝛂

𝑑
∏
𝑗=1

⟨𝛾𝑗(𝛼𝑗−1; 𝑥𝑗; 𝛼𝑗), 𝜙(𝑗)
𝑘𝑗

(𝑥𝑗)⟩, (5.5)

or in integral form,

∫
[𝐚,𝐛]

(
∞

∑
𝛂

𝑑
∏
𝑗=1

𝛾𝑗(𝛼𝑗−1; 𝑥𝑗; 𝛼𝑗)) Φ𝐤(𝐱)𝑑𝐱 =
∞

∑
𝛂

𝑑
∏
𝑗=1

∫
𝑏𝑗

𝑎𝑗

𝛾𝑗(𝛼𝑗−1; 𝑥𝑗; 𝛼𝑗)𝜙(𝑗)
𝑘𝑗

(𝑥𝑗)𝑑𝑥𝑗. (5.6)

Proof. The reasoning for this is based on partial sums, and the convergence properties of the
FTT established by [6]. To be precise, some notation is defined before proceeding.

Let the partial sums 𝑆𝐫 ∈ 𝐿2([𝐚, 𝐛]) be defined as

𝑆𝐫(𝐱) ∶=
𝐫

∑
𝛂

𝑓𝛂(𝐱), where 𝑓𝛂(𝐱) ∶=
𝑑

∏
𝑗=1

𝛾𝑗(𝛼𝑗−1; 𝑥𝑗; 𝛼𝑗),

that is, the rank-𝐫 truncated FTT of 𝑓 . Remember that themulti-index 𝐫 = (𝑟1, … , 𝑟𝑑−1) defines
the truncation in each dimension, and the notation ∑𝐫

𝛂 is shorthand for 𝑑 summations from
𝛼𝑖 = 1 to 𝛼𝑖 = 𝑟𝑖, 𝑖 = 1, … , 𝑑 − 1. Additionally, 𝛼0 = 𝛼𝑑 = 1 by convention. The partial sums
are defined in order to take a limit. See [6, eq. 54] for a similar argument. These limits will be
taken by setting 𝐫 = (𝑟, … , 𝑟), and letting 𝑟 → ∞ (i.e. uniformly over all indices). Furthermore,
it has been established in [6, Thm. 13] that 𝑆𝐫 → 𝑓 in 𝐿2 as 𝑟 → ∞.

Lastly, the basis functions Φ𝐤(𝐱) ∈ 𝐿2([𝐚, 𝐛]) are defined as before (see equation (2.9)).
With this setup, the following argument can be made,

|⟨𝑓, Φ𝐤⟩ − ⟨𝑆𝐫, Φ𝐤⟩| = |⟨𝑓 − 𝑆𝐫, Φ𝐤⟩| ≤ ‖𝑓 − 𝑆𝐫‖𝐿2‖Φ𝐤‖𝐿2

by the Cauchy Schwarz inequality in 𝐿2. This implies that

⟨𝑆𝐫, Φ𝐤⟩ → ⟨𝑓, Φ𝐤⟩ as 𝑟 → ∞,

or in other words, lim𝑟→∞⟨𝑆𝐫, Φ𝐤⟩ = ⟨𝑓, Φ𝐤⟩. The inner product in the limit now consists of
finite sums, and can therefore be expanded as

⟨𝑆𝐫, Φ⟩ = ⟨ ∑
𝛂∈𝐼𝐫

𝑓𝛂, Φ⟩ = ∑
𝛂∈𝐼𝐫

⟨𝑓𝛂, Φ⟩,

meaning that

⟨𝑓, Φ𝐤⟩ = lim
𝑟→∞

⟨𝑆𝐫, Φ𝐤⟩ =
∞

∑
𝛂

⟨𝑓𝛂, Φ𝐤⟩

The result follows by expanding the inner products into their univariate functions,

⟨𝑓𝛂, Φ𝐤⟩ =
𝑑

∏
𝑗=1

⟨𝛾𝑗(𝛼𝑗−1; ⋅; 𝛼𝑗), 𝜙(𝑗)
𝑘𝑗

⟩. (5.7)
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Theorem 5 shows that the coefficients admit a tensor train decomposition. Specifically,

𝒞𝐤 =
∞

∑
𝛂

𝑑
∏
𝑗=1

𝛽𝑗(𝛼𝑗−1, 𝑘𝑗, 𝛼𝑗) 𝛽𝑗(𝛼𝑗−1, 𝑘𝑗, 𝛼𝑗) = ⟨𝛾𝑗(𝛼𝑗−1; ⋅; 𝛼𝑗), 𝜙(𝑗)
𝑘𝑗

⟩ (5.8)

where each coefficient core 𝛽𝑗 is the projection of 𝛾𝑗 onto the univariate basis functions.
This proves the duality between the FTT of 𝑓 and the TT decomposition of the coefficient

tensor 𝒞. That is, from the FTT of 𝑓 , the coefficients admit a TT decomposition, which is given
by the projection of the functional cores onto the basis functions, equation (5.8). Similarly,
from the TT decomposition of the coefficients, the FTT of 𝑓 can be constructed by spectral
synthesis, with each core defined as in equation (4.8). This duality is the key to applying the
results from [6] to the COS-TT method. Truncating at rank 𝐫 then yields the rank-𝐫 COS-TT
decomposition of 𝑓 ,

𝐊
∑

𝐤
(

𝐫
∑

𝛂

𝑑
∏
𝑗=1

𝛽𝑗(𝛼𝑗−1, 𝑘𝑗, 𝛼𝑗)) Φ𝐤(𝐱) =
𝐫

∑
𝛂

𝑑
∏
𝑗=1

⎛⎜
⎝

𝐾𝑗

∑
𝑘𝑗=0

𝛽𝑗(𝛼𝑗−1, 𝑘𝑗, 𝛼𝑗)𝜙(𝑗)
𝑘𝑗

(𝑥𝑗)⎞⎟
⎠

= 𝑓𝐫-CTT(𝐱).

Proposition 12 (Rank-𝐫 Truncation Bound, [6], Thm. 13). Let 𝑓 ∈ ℋ𝑛([𝐚, 𝐛]) such that it
has at least𝑛 continuous derivatives (in theweak sense) on [𝐚, 𝐛]. Then, the error incurred
by truncating the COS-TT decomposition of 𝑓 to rank 𝐫 = (𝑟, … , 𝑟) is bounded by

‖𝑓 − 𝑓⋆
𝐫-CTT‖2

𝐿2 ≤ ‖𝑓‖2
ℋ𝑛 (𝑑 − 1)(𝑟 + 1)−𝑛−1

𝑛 − 1 .

5.2.4 DMRG-Greedy Approximation
To use any theoretical bounds derived on the algorithmic error, the function approximation
error needs to be related to the coefficient tensor approximation error. Luckily, there is an
equivalence relation, as summarized in the following theorem.

Theorem 6. The error between the best rank-𝐫 COS-TT approximation, and the approx-
imation obtained by the DMRG-Greedy algorithm is exactly the error in the coefficient
tensor approximation. That is,

‖𝑓⋆
𝐫-CTT − ̂𝑓𝐫-CTT‖𝐿2 = ‖𝒞⋆ − ̂𝒞‖𝐹 ,

where 𝒞⋆ is the best rank-𝐫 approximation of the coefficient tensor 𝒞, and ̂𝒞 is the coeffi-
cient tensor obtained from the DMRG-Greedy algorithm.

Proof. Remember that 𝑓⋆
𝐫-CTT and ̂𝑓𝐫-CTT can be expressed in terms of their coefficient tensors:

𝑓⋆
𝐫-CTT(𝐱) =

𝐊
∑

𝐤
𝒞⋆

𝐤Φ𝐤(𝐱), ̂𝑓𝐫-CTT(𝐱) =
𝐊

∑
𝐤

̂𝒞𝐤Φ𝐤(𝐱).

Then

𝑓⋆
𝐫-CTT − ̂𝑓𝐫-CTT =

𝐊
∑

𝐤
(𝒞⋆

𝐤 − ̂𝒞𝐤)Φ𝐤.
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Since the sum is finite, squaring, integrating and exchanging summation and integration gives

‖𝑓⋆
𝐫-CTT − ̂𝑓𝐫-CTT‖2

𝐿2 = ∫
[𝐚,𝐛]

(
𝐊

∑
𝐤

(𝒞⋆
𝐤 − ̂𝒞𝐤)Φ𝐤(𝐱))

2

𝑑𝐱

=
𝐊

∑
𝐤

𝐉
∑

𝐣
(𝒞⋆

𝐤 − ̂𝒞𝐤)2 ∫
[𝐚,𝐛]

Φ𝐤(𝐱)Φ𝐣(𝐱)𝑑𝐱

By orthonormality of the basis functions, the integral is 1 if 𝐤 = 𝐣 and 0 otherwise. Therefore,

‖𝑓⋆
𝐫-CTT − ̂𝑓𝐫-CTT‖2

𝐿2 =
𝐊

∑
𝐤

(𝒞⋆
𝐤 − ̂𝒞𝐤)2 = ‖𝒞⋆ − ̂𝒞‖2

𝐹 .

Thus, the error incurred in the approximation of the best rank-𝐫 COS-TT approximation by
using the DMRG-Greedy algorithm can be exactly quantified by the error in the coefficient
tensor approximation. A nice consequence of this theorem is that

‖𝑃𝐊𝑓 − 𝑓⋆
𝐫-CTT‖𝐿2 = ‖𝒞 − 𝒞⋆‖𝐹 , (5.9)

which means that the rank truncation error for COS-TT can also be directly interpreted as the
rank truncation error of the coefficient tensor.

Therefore, any error bounds derived for the DMRG-Greedy algorithm can be directly ap-
plied to the function approximation error. However, as discussed in section 3.3, the DMRG-
Greedy algorithm only applies the maximum-volume principle heuristically, and therefore,
proposition 8 does not directly apply.

If, instead of the DMRG-Greedy algorithm, the TT-SVD algorithm is used to compute the
rank-𝐫 approximation of the coefficient tensor, the bound from proposition 6 can be applied.
Using equation (5.9), this can be related to the function approximation error, and this yields

‖𝒞 − ̂𝒞‖𝐹 ≤
√

𝑑 − 1‖𝒞 − 𝒞⋆‖𝐹

=
√

𝑑 − 1‖𝑃𝐊𝑓 − 𝑓⋆
𝐫-CTT‖𝐿2

≤ ‖𝑓‖ℋ𝑛(𝑑 − 1)(𝑟 + 1)−(𝑘−1)/2
√

𝑘 − 1
. (5.10)

As the DMRG-Greedy algorithm is used in practice, the error incurred by this algorithm
is denoted by 𝜀TT in the total error bound.

5.3 Other Methods
The other methods developed in chapter 4 make similar approximations, and therefore the
error analysis can be adapted accordingly. The following sections briefly discuss how the error
analysis applies to these methods.

5.3.1 FTT on the density
When the an FTT is applied directly on the density, a rank-𝐫 truncation is done, as well as an
algorithmic approximation to compute the functional tensor cores. Additionally, to evaluate
expectations, the inner product needs to be approximated numerically.
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The total approximation error can be separated as

‖𝑓 − ̂𝑓𝐫-FTT‖𝐿2 ≤ ‖𝑓 − 𝑓⋆
𝐫-FTT‖𝐿2⏟⏟⏟⏟⏟⏟⏟

(𝐈) rank-𝐫 truncation

+ ‖𝑓⋆
𝐫-FTT − ̂𝑓𝐫-FTT‖𝐿2⏟⏟⏟⏟⏟⏟⏟

(𝐈𝐈) Algorithmic approximation

These errors have been bounded before in the context of the COS-TTmethod, and therefore
the same bounds can be applied here. This results in the following error bound.

Corollary 1. The total approximation error of applying the FTT method on the density
can be bounded by

‖𝑓 − ̂𝑓𝐫-FTT‖𝐿2 ≤ ‖𝑓‖ℋ𝑛
√

𝑑 − 1(𝑟 + 1)−(𝑘−1)/2
√

𝑘 − 1
+ 𝜀TT,

where 𝜀TT is the error incurred by the DMRG-greedy approximation.
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Ch. 6

Application: pricing𝑛-dimensional Bas-
ket options

In section 2.5 the COS method has been introduced as a method to price options on a single
asset. It can also be applied to options onmultiple assets [31, 43]. In the case of a basket option,
the payoff function is defined in terms of the weighted sum of multiple assets. Consequently,
calculating the expectation involves the joint distribution of the underlying assets, resulting in
a multidimensional integration problem. This is why the methods developed in chapter 4 are
well-suited to tackle this problem.

Formally, the assetmarket is expressed as a vector of𝑛 stocks, 𝐒(𝑡) = (𝑆1(𝑡), 𝑆2(𝑡), … , 𝑆𝑛(𝑡)),
each following a stochastic process under the risk-neutral measure ℚ. A European-style bas-
ket option is considered, where the value of the basket is given by the weighted sum of the
individual asset prices. It is often simpler to model the log prices of the assets, 𝐗(𝑡), where
each 𝑋𝑗(𝑡) = log(𝑆𝑗(𝑡)), under which the option has the payoffs

Λ(𝑝)(𝐗(𝑇 ); 𝐾) = (𝐾 −
𝑛

∑
𝑗=1

𝜃𝑗𝑒𝑋𝑗(𝑇 ))
+

, Λ(𝑐)(𝐗(𝑇 ); 𝐾) = (
𝑛

∑
𝑗=1

𝜃𝑗𝑒𝑋𝑗(𝑇 ) − 𝐾)
+

. (6.1)

where 𝜃𝑗 are the weights of the assets, 𝐾 is the strike price, the superscripted + indicates the
maximum of the argument and zero, and the superscripts (𝑝) and (𝑐) denote put and call
options respectively. The price of the option at time 𝑡 = 0 is then given by

𝑉 (0; 𝐾) = 𝑒−𝑟𝑇 𝔼ℚ [Λ(𝐗(𝑇 ); 𝐾)] .

This price will be determined using the COS method described in section 2.5.

6.1 Model
To apply the COS method, the price of the basket at time 𝑇 is treated as a random variable 𝐻 ,

𝐻𝐗(𝑇 ) =
𝑛

∑
𝑗=1

𝜃𝑗𝑒𝑋𝑗(𝑇 ). (6.2)

Note that 𝐻 is not in log-price, but in regular asset price, so the coefficients 𝑉𝑘 need to be
derived differently (see chapter C). This random variable has a probability density function
𝑓𝐻(𝑥), which depends on the joint distribution of the log prices 𝐗(𝑇 ). This distribution is not
known, but can be approximated. Assuming that the density is negligible outside the interval
[𝑎, 𝑏], the COS method can be applied to approximate the function, yielding

𝑓𝐻(𝑥) ≈
𝑁

∑′

𝑘=0
𝐹𝑘 cos( 𝑘𝜋

𝑏 − 𝑎(𝑥 − 𝑎)) ,
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which has coefficients

𝐹𝑘 = 2
𝑏 − 𝑎 Re{𝜑𝐻 ( 𝑘𝜋

𝑏 − 𝑎) ⋅ exp(−𝑖 𝑘𝜋𝑎
𝑏 − 𝑎)} ,

defined in terms of the characteristic function 𝜑𝐻(𝜔). This characteristic function is not known
either, but a basic change of variables shows

𝜑𝐻(𝜔) = 𝔼 [𝑒𝑖𝜔𝐻] = 𝔼 [exp(𝑖𝜔
𝑛

∑
𝑗=1

𝜃𝑗𝑒𝑋𝑗(𝑇 ))] = ∫
ℝ𝑛

𝑒𝑖𝜔𝐻𝑓𝐗(𝑇 )(𝐱) 𝑑𝐱.

This change of variables is sometimes known as the law of the unconscious statistician.

Remark. Here, the characteristic function is dependent on the maturity time 𝑇 . If 𝐗(𝑇 )
is expressed in terms of standard normal random variables, independent of 𝑇 can be
obtained. This way, a single approximation can be used for all possible maturity times.
That is,

𝑋𝑖(𝑇 ) ∼ 𝜇𝐗
𝑖 (𝑇 ) + 𝜎𝐗

𝑖 𝑍𝑖,
with 𝑍𝑖 = 1√

𝑇 𝑊𝑖(𝑇 ) ∼ 𝒩(0, 1). For simplicity, this is currently omitted.

After this transformation, the problem is expressed in terms of the joint distribution 𝑓𝐗(𝑇 ).
This means that the methods developed in chapter 4 can be applied. If the distribution is
known, it can be approximated by an FTT and the integration can be performed efficiently. If
the joint characteristic function 𝜑𝐗(𝑇 ) is known instead, the COS-TT method can be applied.
For either to work, note that 𝑒𝑖𝜔𝐻 is separable, i.e.

𝑒𝑖𝜔𝐻 = exp(𝑖𝜔
𝑛

∑
𝑗=1

𝜃𝑗𝑒𝑋𝑗(𝑇 )) =
𝑛

∏
𝑗=1

exp (𝑖𝜔𝜃𝑗𝑒𝑋𝑗(𝑇 )) .

6.1.1 Joint probability density and characteristic function
The pricing method developed here relies on the availability of the joint probability density
function, or the joint characteristic function of the random vector 𝐗(𝑇 ). For affine processes, the
joint characteristic function is available in closed form up to solving a system of Riccati-type
ordinary differential equations [20]. This includes manywidely usedmodels in mathematical
finance, such as the Lévy processes and Heston model. The class of models for which the
density function is available, is far more restrictive.

In this work the underlying assets are assumed to follow geometric Brownian motion, for
which both the joint probability density function and the joint characteristic function can be
derived, so the methods can be compared. The dynamics of the log stock prices under the
risk-neutral measure are given by

𝑑𝑋𝑖(𝑡) = (𝑟 − 𝜎2
𝑖

2 ) 𝑑𝑡 + 𝜎𝑖𝑑𝑊𝑖(𝑡).

where 𝑟 is the risk-free interest rate, 𝜎𝑖 is the volatility of the stock, and 𝑊𝑖(𝑡) is a Brownian
motion. These Brownianmotions 𝑊𝑖(𝑡) can be correlated, but it is assumed that their volatility
structure is diagonal. Let 𝛒 denote the correlation matrix of the Brownian motions, such that

𝔼[𝑑𝑊𝑖(𝑡) 𝑑𝑊𝑗(𝑡)] = 𝜌𝑖𝑗 𝑑𝑡,
with 𝜌𝑖𝑗 is the correlation coefficient between 𝑊𝑖(𝑡) and 𝑊𝑗(𝑡). Equivalently, this can be writ-
ten as 𝐖(𝑡) = 𝐋𝐁(𝑡), where 𝐁(𝑡) is a vector of independent Brownian motions, and 𝐋 is a
Cholesky factor such that 𝐋𝐋⊤ = 𝛒.
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Theorem 7. 𝐗(𝑡) = (𝑋1(𝑡), 𝑋2(𝑡), … , 𝑋𝑛(𝑡)) is normally distributed at time 𝑡, with mean
vector

𝔼[𝐗(𝑡)] = 𝐗0 + (𝑟 − 𝛔2

2 ) 𝑡,

and covariance matrix
Cov(𝐗(𝑡)) = diag (𝛔) 𝛒diag (𝛔)𝑡.

Proof. From the dynamics of 𝑑𝑋𝑖(𝑡), it follows that the mean is given directly by the drift term,
so

𝔼[𝐗(𝑡)] = 𝐗0 + (𝑟 − 𝛔2

2 ) 𝑡.

For the covariance note that standard 𝑛-dimensional Brownian motion 𝐁(𝑡) is normally dis-
tributedwithmean zero and covariance 𝐈𝑡. In other words, 𝐁(𝑡) has independent components
𝐵𝑖(𝑡), each of which is normally distributed with mean zero and variance 𝑡. Since the cor-
relation matrix 𝛒 is symmetric and positive definite, there exists a Cholesky decomposition
𝐋𝐋⊤ = 𝛒. Correlated Brownian motions 𝐖(𝑡) can be defined as 𝐖(𝑡) = 𝐋𝐁(𝑡). Then, as
matrix multiplication is linear,

𝐖(𝑡) = 𝐋𝐁(𝑡) ∼ 𝒩 (𝟎, 𝐋(𝐈𝑡)𝐋⊤) = 𝒩(𝟎, 𝛒𝑡).

Consequently, diag(𝛔) 𝐖(𝑡) has mean zero and covariance matrix diag(𝛔) 𝛒diag(𝛔)𝑡.

Because 𝐗(𝑡) is multivariate normal with mean 𝛍(𝑡) and covariance matrix 𝚺(𝑡), its char-
acteristic function is given by

𝜑𝐗(𝑡)(𝛚) = exp(𝑖𝛚⊤𝛍(𝑡) − 1
2𝛚⊤𝚺(𝑡)𝛚) .

6.1.2 Domain truncation
Another assumption that must be satisfied is the truncation to a closed bounded domain. This
has to be done twice. First, the density 𝑓𝐻 is approximated with a Fourier cosine expansion,
which relies on the assumption that 𝑓𝐻 ∈ 𝐿2([𝑎, 𝑏]). Secondly, the characteristic function𝜑𝐻(𝜔)
is reconstructed by truncating the joint density 𝑓𝐗(𝐱) to a bounded domain [𝐚, 𝐛]. The choice
of these truncation ranges is crucial for the accuracy of the method. A common approach is
to use the cumulants of the distribution to determine the truncation range [2].

The cumulant generating function is defined as the logarithm of the characteristic function,

𝐾(𝑡) = log(𝜑(𝑡)) =
∞

∑
𝑛=1

𝜅𝑛
(𝑖𝑡)𝑛

𝑛! (6.3)

The 𝑛-th cumulant 𝜅𝑛 is then found by taking the 𝑛-th derivative of the cumulant generating
function and evaluating at 𝜔 = 0. For the multivariate normal distribution 𝑓𝐗, the cumulants
are known in closed form, and given by

𝜅1 = 𝔼[𝐗], 𝜅2 = Cov(𝐗), 𝜅𝑛 = 0 for 𝑛 > 2. (6.4)

The truncation range is then defined as [𝐚, 𝐛] with

[𝑎𝑗, 𝑏𝑗] = [𝜅(𝑗)
1 − 𝐿1√𝜅(𝑗)

2 , 𝜅(𝑗)
1 + 𝐿1√𝜅(𝑗)

2 ] , (6.5)
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where 𝐿1 is a parameter that controls the size of the truncation range.
For the density of 𝐻 , however, the cumulants are not known in closed form. As an ap-

proximation of 𝜑𝐻(𝜔) is obtained, the derivatives of the cumulant generating function can be
approximated by finite differences.

𝐾(𝑛)(0) = 𝑑𝑛

𝑑𝑡𝑛 log(𝜑𝐻(𝑡))∣
𝑡=0

= 𝑑𝑛

𝑑𝑡𝑛

∞
∑
𝑚=1

𝜅𝑚
(𝑖𝑡)𝑚

𝑚! ∣
𝑡=0

=
∞

∑
𝑚=1

𝑖𝑚𝜅𝑚
𝑑𝑛

𝑑𝑡𝑛
𝑡𝑚

𝑚!∣
𝑡=0

= 0 + ⋯ + 0 + 𝑖𝑛𝜅𝑛
𝑑𝑛

𝑑𝑡𝑛
𝑡𝑛

𝑛! ∣𝑡=0
+

∞
∑

𝑚=𝑛+1
𝑖𝑚𝜅𝑚

𝑑𝑛

𝑑𝑡𝑛
𝑡𝑚

𝑚!∣
𝑡=0

= 𝑖𝑛𝜅𝑛
𝑛!
𝑛! ∣𝑡=0

+ 0

= 𝑖𝑛𝜅𝑛

After working out the imaginary factors, the cumulants are given by
𝜅1 = −𝑖𝐾(1)(0) 𝜅2 = −𝐾(2)(0) 𝜅4 = 𝐾(4)(0)

The truncation range is then defined similarly,

[𝑎, 𝑏] = [𝜅1 − 𝐿2√𝜅2 + √𝜅4, 𝜅1 + 𝐿2√𝜅2 + √𝜅4] (6.6)

where 𝐿2 controls the size of the truncation range.

6.2 Application
Now that the setup is complete, the solution methods can be applied. The approximation of
the characteristic function 𝜑𝐻(𝜔) will be derived for each method.

6.2.1 Method 1: FTT on 𝑓𝐗

Assuming that the probability density function is known, it can be approximated by a rank-𝐫
FTT, which allows for efficient approximation of the characteristic function. The characteristic
function can then be computed as equation (4.6), i.e.

𝜑𝐻(𝜔) ≈ ⟨𝑒𝑖𝜔𝐻, ̂𝑓𝐫-TT(𝐱)⟩ ≈
𝐫

∑
𝛂

𝑑
∏
𝑗=1

𝑁𝑗

∑
𝑖𝑗=1

𝑤𝑖𝑗
exp(𝑖𝜔𝜃𝑗𝑒𝑥(𝑖𝑗)) 𝛾𝑗(𝛼𝑗−1, 𝑥(𝑖𝑗), 𝛼𝑗), (6.7)

with a numerical method of choice to evaluate the integrals.

6.2.2 Method 2: COS-TT
In the case that the joint density is not known, the COS-TT method can be applied. The prob-
ability density is approximated with a multidimensional Fourier cosine series expansion, and
DMRG-greedy is applied to the coefficient tensor. The resulting approximation of the charac-
teristic function, as in equation (4.15), is then given by

𝜑𝐻(𝜔) ≈
𝐫

∑
𝛂

𝑑
∏
𝑗=1

𝐾𝑗

∑
𝑘𝑗=0

𝐵̂𝑗(𝛼𝑗−1, 𝑘𝑗, 𝛼𝑗) ∫
𝑏𝑗

𝑎𝑗

exp(𝑖𝜔𝜃𝑗𝑒𝑥)𝜙(𝑗)
𝑘𝑗

(𝑥) 𝑑𝑥 (6.8)
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Figure 6.1: Four plots with 500 samples of the integrand 𝐼𝑗(0.3, 𝑘𝑗) for 𝑘𝑗 =
0, 8, 16, 24. The integrand is highly oscillatory, making numerical quadrature chal-
lenging. A discretization error is already observed for this setup.

This approximation requires computing the integrals

𝐼𝑗(𝑘𝑗, 𝜔) = ∫
𝑏𝑗

𝑎𝑗

exp(𝑖𝜔𝜃𝑗𝑒𝑥) cos( 𝑘𝑗𝜋
𝑏𝑗 − 𝑎𝑗

(𝑥 − 𝑎𝑗)) 𝑑𝑥,

which depend on 𝜔 but are independent of the cores 𝐵̂𝑗. Unfortunately, the integrand is highly
oscillatory, as can be seen in figure 6.1. However, we found that they admit an analytic solution
in terms of the lower incomplete gamma function,

𝛾(𝑠, 𝑥) = ∫
𝑥

0
𝑡𝑠−1𝑒−𝑡 𝑑𝑡,

and this is presented as the following theorem, which is a side contribution to the existing
literature of this thesis.

Theorem 8. The integrals 𝐼𝑗(𝑘𝑗, 𝜔) can be solved in terms of the lower incomplete gamma
function 𝛾(𝑠, 𝑥) as follows. For 𝜔 = 0,

𝐼𝑗(𝑘𝑗, 0) = { 0, if 𝑘𝑗 ≠ 0,
𝑏𝑗 − 𝑎𝑗, if 𝑘𝑗 = 0.

When 𝜔 ≠ 0,

𝐼𝑗(𝑘𝑗, 𝜔) = {
1
2𝐼 (+)

𝑗 (𝑘𝑗, 𝜔) + 1
2𝐼 (−)

𝑗 (𝑘𝑗, 𝜔), if 𝑘𝑗 ≠ 0,
Ei (𝑖𝜔𝜃𝑗𝑒𝑏𝑗) − Ei (𝑖𝜔𝜃𝑗𝑒𝑎𝑗) , if 𝑘𝑗 = 0,

where Ei(𝑥) is the exponential integral function. The functions 𝐼 (+)
𝑗 and 𝐼 (−)

𝑗 are defined
as:

𝐼±
𝑗 (𝑘𝑗, 𝜔) = 𝑒∓𝑖𝜂𝑗𝑎𝑗(−𝑖𝜔𝜃𝑗)±𝑖𝜂𝑗 (𝛾 (±𝑖𝜂𝑗, −𝑖𝜔𝜃𝑗𝑒𝑏𝑗) − 𝛾 (±𝑖𝜂𝑗, −𝑖𝜔𝜃𝑗𝑒𝑎𝑗)) .

where 𝜂𝑗 = 𝑘𝑗𝜋/(𝑏𝑗 − 𝑎𝑗). The complex power 𝑧𝑠 is evaluated as exp(𝑠 log(𝑧)), for which
the principal branch of the complex logarithm is chosen.

Proof. For simplicity the subscripts are omitted, and the integral under consideration is

𝐼 = ∫
𝑏

𝑎
exp (𝑖𝜔𝜃𝑒𝑥) cos (𝜂(𝑥 − 𝑎)) 𝑑𝑥. (6.9)
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Before proceeding, it is important to treat the case where 𝜔 = 0 separately. In that case,

𝐼 = ∫
𝑏

𝑎
cos (𝜂(𝑥 − 𝑎)) 𝑑𝑥 = {

1
𝜂 sin (𝜂(𝑏 − 𝑎)) = 1

𝜂 sin (𝑘𝜋) = 0, if 𝜂 ≠ 0,
∫𝑏
𝑎 𝑑𝑥 = 𝑏 − 𝑎, if 𝜂 = 0.

Now, for the case when 𝜔 ≠ 0, the cosine terms can be separated as follows:

cos (𝜂(𝑥 − 𝑎)) = 1
2 (exp (𝑖𝜂(𝑥 − 𝑎)) + exp (−𝑖𝜂(𝑥 − 𝑎))) . (6.10)

This enables rewriting the integral into two parts, 𝐼 = 1
2 (𝐼+ + 𝐼−), where

𝐼 = 1
2 (∫

𝑏

𝑎
exp (𝑖𝜔𝜃𝑒𝑥) exp (𝑖𝜂(𝑥 − 𝑎)) 𝑑𝑥 + ∫

𝑏

𝑎
exp (𝑖𝜔𝜃𝑒𝑥) exp (−𝑖𝜂(𝑥 − 𝑎)) 𝑑𝑥) . (6.11)

Now substitute 𝑢 = 𝑒𝑥, which gives 𝑑𝑥 = 𝑑𝑢/𝑢, and integral bounds 𝑒𝑎𝑗 , 𝑒𝑏𝑗 . Then

𝐼± = 𝑒∓𝑖𝜂𝑎 ∫
𝑒𝑏

𝑒𝑎
𝑢±𝑖𝜂−1𝑒𝑖𝜔𝜃𝑢 𝑑𝑢. (6.12)

This representation allows for the use of the lower incomplete gamma function to evaluate the
integrals more easily. The substitution is

∫ 𝑢𝑠−1𝑒𝑖𝜔𝜃𝑢 𝑑𝑢 = (−𝑖𝜔𝜃)−𝑠𝛾(𝑠, −𝑖𝜔𝜃𝑢). (6.13)

where the power is interpreted via the principal branch of the complex logarithm. Then, for
𝜂 ≠ 0:

𝐼± = 𝑒∓𝑖𝜂𝑎(−𝑖𝜔𝜃)±𝑖𝜂 (𝛾 (±𝑖𝜂, −𝑖𝜔𝜃𝑒𝑏) − 𝛾 (±𝑖𝜂, −𝑖𝜔𝜃𝑒𝑎)) , (6.14)
and for 𝜂 = 0:

𝐼 = ∫
𝑏

𝑎
exp (𝑖𝜔𝜃𝑒𝑥) 𝑑𝑥 = Ei (𝑖𝜔𝜃𝑒𝑥) ∣

𝑏

𝑎
, (6.15)

where Ei(𝑥) is the exponential integral function

Ei(𝑥) = − ∫
∞

−𝑥

𝑒−𝑡

𝑡 𝑑𝑡. (6.16)

While this is not a solution in terms of elementary functions, it does provide amore feasible
way to compute the integrals numerically.

6.3 Numerical results
A number of numerical experiments were performed, with the aim of showing the conver-
gence and performance of the COS-TT method, in the context of pricing basket options. For
that reason, the experiments are run in a variety of dimensions, and for different truncation
parameters 𝐿1, 𝐿2 and number of Fourier terms 𝐾𝑗 and 𝑁 . The Fourier series truncation 𝐊 is
chosen uniformly in all dimensions, 𝐾𝑗 = 𝐾, and the rank 𝐫 is done similarly, 𝑟𝑗 = 𝑟.

Because the options are priced under the assumption that the underlying assets follow
geometric Brownian motion, the joint density 𝑓𝐗 is known in closed form, as given in theo-
rem 7. This allows for a direct analysis of the error in the reconstruction of the joint density
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Figure 6.2: Decay of the cosine coefficients ℱ[𝑘, 0, 0, 0] for a 4-dimensional basket
option computed using the COSmethod, with 𝐾 = 64 terms and truncation range
parameter 𝐿1 = 10. The coefficients are plotted on a logarithmic scale, showing
an supergeometric decay.

𝑓𝐗, by comparing the approximation with the exact density on a set of samples. Furthermore,
as an approximation of the coefficients is available due to the COS method, the error in the
approximation of the coefficient tensor ℱ can be determined for low dimensions.

For the final calculation of the option price, the COS-TT method is directly compared with
a Monte Carlo reference simulation.

Other tensor methods for option pricing include the COS-CPD method [14, 9] a cross ap-
proximation based method in [32] and a tensor completion method in [24]. The results of
COS-TT are compared in terms of performance and computational time.

The common parameters of the option are as follows. The initial asset price is 𝑆0 = 100,
and the stocks in the basket are equally weighted, 𝜃𝑗 = 1/𝑑. The volatilities are 𝜎𝑗 = 0.4 and
the stocks are equally correlated by 𝜌𝑖𝑗 = 𝜌 for 𝑖 ≠ 𝑗. Furthermore, the risk-free interest rate is
𝑟 = 0, and the maturity time is 𝑇 = 1 and the strike price is fixed at 100.

The code to run these experiments is publicly available on GitHub1. All experiments were
run on a single node of DelftBlue [1] with 64 cores and 250 GB RAM, unless stated otherwise.
The TT decompositions were computed using the DMRG-greedy algorithm [19], which is
implemented in Fortran, and accelerated byOpenMP, and using IntelMKL as a BLAS backend.

The computation of the lower incomplete gamma and exponential integral functions can
be done accurately using numerical libraries such Python’s mpmath2 or C++’s Boost3. A faster
method for the lower incomplete gamma function is to use a Lanczos approximation [37],
which was implemented specifically for this work. The performance of the exponential inte-
gral function from mpmath.ei was deemed satisfactory.

6.3.1 Convergence
The convergence of the COS-TT method starts with the convergence of the cosine coefficients.
These are known to converge rapidly for smooth functions, with a supergeometric rate of con-
vergence. The same is observed here, as shown in figure 6.2, where the decay of the cosine
coefficients approximation ℱ[𝑘, 0, 0, 0] is plotted for a 4-dimensional basket option, i.e. a fiber
of the coefficient tensor ℱ.

The error of approximating the coefficient tensor ℱ with a low-rank tensor decomposition
can be determined exactly in low dimensions, by reconstructing the full tensor from the TT-
decomposition. For 56 Fourier terms in each dimension, this tensor has approximately 107

entries, which is still feasible to store in memory. This error is due to both the low-rank ap-
1https://github.com/aukeschaap/msc-thesis
2https://mpmath.org
3https://www.boost.org
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Max Rank Rank Method Time (s) Error

24
24 CPD 19.4 4.4 × 10−4

24 TT-SVD 2.37 6.4 × 10−12

24 DMRG -Greedy 0.12 2.6 × 10−11

40
40 CPD 27.8 2.0 × 10−4

40 TT-SVD 4.96 1.3 × 10−15

33 DMRG -Greedy 0.25 4.2 × 10−15

56
56 CPD 36.8 1.6 × 10−4

56 TT-SVD 7.71 1.2 × 10−15

33 DMRG -Greedy 0.22 5.0 × 10−14

Table 6.1: Frobenius-norm error of the rank-𝑟 decomposition of ℱ for a basket of
4 stocks, with corr = 0.5, 𝐿1 = 8, 𝐾 = 56. The computations were performed on
an 11th Gen Intel Core i5 with 8 cores @ 2.4 GHz.

proximation as well as the accuracy of the algorithm used to obtain the approximation.
Table 6.1 compares the Frobenius-norm error of the CPD, TT-SVD and DMRG-greedy

methods for a basket of 4 stocks, for several ranks. Because the DMRG-greedy method is
adaptive, there is a difference between the maximum allowed rank and the actual rank of the
approximation. In the case of rank 40 and 56, the actual rank is lower than the maximum al-
lowed rank, indicating that the tensor can be approximated accurately enough with a lower
rank. This behaviour is also observed in the other experiments. Both TT-SVD and DMRG-
greedy achieve machine precision accuracy, while CPD is limited to an error of around 10−4.
Note that the rank of the CPD approximation can not be increased further, as it has been shown
in [14] that overfitting occurs for 𝑟 > 𝐾. Furthermore, DMRG-greedy is significantly faster
than TT-SVD, without sacrificing accuracy.

Because the joint density 𝑓𝐗 is known in closed form, the error in its approximation can
be determined directly. This can be used to study the convergence of the COS-TT method
for the approximation of 𝑓𝐗. This is tested on a sample of 104 uniformly distributed points
for different truncation range parameters 𝐿1 and number of Fourier terms 𝐾. The sampling
interval is taken as the smallest truncation range, 𝐿1 = 4, to compare the errors in the same
points. This means that for approximations with smaller truncation ranges, the values are
closer to the boundary than for larger truncation ranges, which is why for those values the
error can not achieve machine precision. The results are shown in figure 6.3, where the mean
absolute error is plotted for different dimensions.

As expected, the error decreases as 𝐾 increases, showing the supergeometric convergence
of the COS method in this scenario. For larger truncation intervals, the initial error is higher,
and more terms in the Fourier series are required to reach a certain accuracy. This is expected;
doubling the truncation interval doubles the period of the cosine functions, i.e.

cos( 𝑘𝜋
𝑏 − 𝑎(𝑥 − 𝑎)) = cos( 2𝑘𝜋

2(𝑏 − 𝑎)(𝑥 − 𝑎)) ,

which means that double the number of terms is required to achieve the same accuracy. Thus,
a balancemust be found between a truncation range that is large enough to capture the density
accurately, and small enough to allow for an accurate approximation with a limited number
of Fourier terms.

Lastly, it must be noted that relatively more of the uniform samples are outliers as the
dimension grows. This results in lower average values of the density, seen in table 6.2, and
therefore a lower absolute error for the same approximation. Figure 6.4 instead shows the
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Figure 6.3: Error in the joint probability density function of a basket option in dif-
ferent dimensions, computed using the COS-TT method with DMRG-greedy, for
different truncation range parameters 𝐿1 and number of Fourier terms 𝐾. The er-
ror is computed as the mean absolute error at 104 uniformly distributed samples
within the smallest truncation range, 𝐿1 = 4.

𝑑 Mean value
4 7.4 × 10−3

6 1.7 × 10−4

8 6.3 × 10−6

10 5.2 × 10−8

Table 6.2: Mean values of the gaussian density 𝑓𝐗 of the test sample for different
dimensions 𝑑.
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Figure 6.4: Error in the joint probability density function of a basket option in dif-
ferent dimensions, computed using the COS-TT method with DMRG-greedy, for
different truncation range parameters 𝐿1 and number of Fourier terms 𝐾. The
error is computed as the mean relative error at 104 uniformly distributed samples
within the smallest truncation range, 𝐿1 = 4.

relative error, which better accounts for this effect. However, as values are close to machine
precision, the relative error can blow up. To prevent this, samples where the density is below
10−14 are assumed to have no error.

Convergence is observed here as well, although the relative error is higher than the abso-
lute error. The same effect of the truncation range on the number of Fourier terms required to
reach a certain accuracy is also observed.

Using these convergence results, parameters for further experiments are determined. To
capture enough of the tail of the density, 𝐿1 = 8 is chosen, which is expected to require 𝐾 ≈ 56
Fourier terms to reach machine precision. It must be noted that these parameters are depen-
dent on the model under consideration, i.e. the distribution of 𝐗, and should be determined
for each model separately.

After reconstructing the characteristic function 𝜑𝐻(𝜔), the cumulants of 𝑓𝐻 are approxi-
mated using finite differences, which are used to determine a truncation range for 𝐻 . A step
size of ℎ = 10−3 is used for the finite differences. With the characteristic function, 𝑓𝐻 is then
reconstructed using the COSmethod. Figure 6.5 shows 𝑓𝐻 for a 15-dimensional basket option,
with 𝐿2 = 10 and several values of 𝑁 , which follows the expected shape.

It is worthwile to investigate the tail behaviour of the reconstructed density 𝑓𝐻 . Using a
logarithmic scale, oscillations in the tail are observed for low values of 𝑁 , i.e. the bottom plot
of figure 6.6. These are attributed to the number of terms 𝑁 in the COSmethod approximation
of 𝑓𝐻 . That is, to construct an accurate approximation of 𝑓𝐻 , on an interval 𝐿2 of choice, a suffi-
cient number of terms 𝑁 must of course be used. However, if 𝑁 is too large, the approximation
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Figure 6.5: Reconstructed density 𝑓𝐻 for a 15-dimensional basket option, with
𝐿1 = 8 and 𝐾 = 56, for various values of 𝑁 . The width of the truncation range for
𝐻 is set to 𝐿2 = 10. The top plot shows the full density on a linear scale, while the
bottom plot shows the plot density on a logarithmic scale, to highlight oscillations.

of coefficients 𝐹𝑘 is not accurate enough.
Similarly, a balancemust be struck here, between the accuracy of𝜑𝐻(𝜔), which is controlled

by 𝐿1 and 𝐾, and the truncation range 𝐿2 and number of terms 𝑁 used to reconstruct 𝑓𝐻 .
Higher values of 𝐿2 with an appropriate 𝑁 will lead to a better approximation the option
price.

The effect of 𝐿2 on the tail is shown in figure 6.6. For low values of 𝐿2, a smaller portion
of the tail is captured, but a lower number of terms 𝑁 is required to reach a good accuracy.
For higher values of 𝐿2, more of the tail is captured, but oscillations appear in the tail for low
values of 𝑁 . Increasing 𝑁 removes these oscillations, but at a higher computational cost.

This behaviour is dependent on the accuracy of the approximation of 𝜑𝐻(𝜔), which is con-
trolled by 𝐿1 and 𝐾. Figure 6.7 shows these effects. For low values of 𝐿1, the approximation of
𝜑𝐻(𝜔) is not accurate enough to reconstruct 𝑓𝐻 well, and oscillations appear in the tail, which
are independent of 𝑁 . For higher values of 𝐿1, the approximation of 𝜑𝐻(𝜔) is more accurate,
and the oscillations in the tail can be controlled by 𝑁 . This information can be used to choose
appropriate parameters for the calculation of the option price, but it must be noted that these
parameters are dependent on the model under consideration.

6.3.2 Performance
To assess the performance of the COS-TT method, several experiments were run to determine
how the execution time scales with the parameters 𝐿1, 𝐾, and the dimension 𝑑.

Table 6.3 shows the execution time and error of the COS-TT method for a for a varying
number of dimensions 𝑑, with 𝐿1 = 8 and 𝐾 = 56. It can be seen that the training time,
i.e. the time to compute the TT decomposition, grows exponentially with the dimension. The
cause of this is the calculation of the coefficients via the COS method, i.e. equation (2.20),
which requires computing the exponential sum

ℱ𝐤 =
∏𝑑

𝑗=1 𝛽(𝑗)
𝑘𝑗

2𝑑−1 ∑
𝐬∈𝒮

Re{exp(−𝑖
𝑑

∑
𝑗=1

𝑠𝑗𝑘𝑗𝜋𝑎𝑗
𝑏𝑗 − 𝑎𝑗

) 𝜑 ( 𝑠1𝑘1𝜋
𝑏1 − 𝑎1

, … , 𝑠𝑑𝑘𝑑𝜋
𝑏𝑑 − 𝑎𝑑

)},
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Figure 6.6: Tail behaviour of 𝑓𝐻 for different
values of the truncation parameter 𝐿2, for a 10-
dimensional basket option, with 𝐿1 = 8 and 𝐾 =
56. The number of terms 𝑁 is varied to show its
effect on the oscillations in the tail.
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Figure 6.7: Tail behaviour of 𝑓𝐻 for different
values of the truncation parameter 𝐿1, for a 4-
dimensional basket option, with 𝑁 = 144 and
𝐿2 = 10. The number of terms𝐾 is varied to show
its effect on the oscillations in the tail.

where 𝒮 is the powerset of all sign combinations of length 𝑑, with the first element fixed to 1.
That is,

𝒮𝑑 = {(1, 𝑠2, 𝑠3, … , 𝑠𝑑) ∶ 𝑠𝑖 ∈ {−1, 1} for 𝑖 = 2, … , 𝑑} ,
and |𝒮𝑑| = 2𝑑−1.

While this can not be avoided, choosing a lower maximum rank requires computing less
coefficients, which can help to reduce the execution time. Table 6.4 and figure 6.9 show the
execution time for 𝑑 = 16, with varying 𝐿1 and 𝐾. The rank has been set to 𝐾, and therefore,
the execution time grows as 𝐾 increased. Choosing a lower value of 𝐿1 can help to reduce the
number of coefficients required, and will therefore also reduce the execution time. However,
this comes at the cost of accuracy, as shown in figure 6.3 and figure 6.4.

To push the method to its limits, the values of 𝐿1 and 𝐾 are lowered. The result is shown
in table 6.5, where the execution time and error in the option price is shown for dimensions
25 and 26, with 𝐿1 = 5 and 𝐾 = 28. The resulting approximation of the option price is still
within 10−4 of the reference Monte Carlo simulation.

6.3.3 Comparisons
Beside the comparison with a Monte Carlo simulation, the COS-TT method can also be com-
pared with other tensor methods for multi-asset option pricing, such as the COS-CPDmethod
[14, 9], a cross approximation based method in [32] and a tensor completion method in [24].
All these methods have been tested on multi-asset options, but the parameters are different.
Therefore, a comparison is given in terms of performance and computational time.

COS-CPD The COS-CPDmethod is very similar to the COS-TTmethod; the main difference
lies in the replacement of the (functional) TT decomposition with a CPD decomposition. This
requires different algorithms to compute the decomposition. The method is tested in [9] by
pricing a basket option with 6 underlying assets. The training times were not reported.
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Figure 6.8: The training time of the underly-
ing DMRG-greedy algorithm for different di-
mensions 𝑑, with 𝐿1 = 8 and 𝐾 = 56. The
training time grows exponentially with the di-
mension.

𝑑 𝑟 𝑛evals Time (s)
8 39.5 634,390 0.25
10 41.7 924,261 1.6
12 46.0 1,364,666 6.4
14 52.5 2,125,586 46.7
16 54.3 2,580,027 235

Table 6.3: Training times and number of eval-
uations of the underlying DMRG-greedy algo-
rithm for different dimensions 𝑑, with 𝐿1 = 8
and 𝐾 = 56. The reported rank 𝑟 is the aver-
age rank of the decomposition.
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Figure 6.9: The training time of the underly-
ing DMRG-greedy algorithm for 𝑑 = 16, with
varying 𝐿1 and 𝐾.

𝐿1 𝑑 𝐾 𝑟 𝑛evals Time (s)
16 32 32.0 505,200 53
16 40 39.9 968,374 88
16 48 47.3 1,647,906 143

8 16 56 54.3 2,580,027 235
16 32 31.9 505,035 46
16 40 39.4 965,750 87
16 48 46.7 1,640,066 146

6 16 56 53.4 2,561,046 244

Table 6.4: Training time and number of func-
tion evaluations of the underlying DMRG-
greedy algorithm for 𝑑 = 16, with varying
𝐿1 and 𝐾. The reported rank 𝑟 is the average
rank of the decomposition.

𝑑 𝑁 Call Error Put Error Time (h)
25 16 1.43 × 10−2 1.56 × 10−2 11.2

24 2.71 × 10−4 1.85 × 10−3

32 9.12 × 10−5 2.98 × 10−4

40 1.36 × 10−4 2.05 × 10−4

26 16 1.43 × 10−2 1.53 × 10−2 22.5
24 2.70 × 10−4 1.84 × 10−3

32 8.47 × 10−5 2.94 × 10−4

40 1.29 × 10−4 2.00 × 10−4

Table 6.5: Error in call and put option price for 25 and 26 dimensions, with 𝐿1 = 5
and 𝐾 = 28, for several values of 𝑁 , compared to a reference Monte Carlo simu-
lation of 109 samples. The reported time is the training time of the DMRG-greedy
algorithm.
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The training was done with 12 training points per dimension, resulting in a total training
set size of 126 points. The training set size grows exponentiallywith the number of dimensions,
which quickly becomes infeasible in higher dimensions. The COS-TT method does not suffer
from this problem. While the rank grows with the dimension, and the number of function
evaluations required grows as well, the growth is not exponential. This allows for accurate
pricing up to 26 dimensions, as shown in table 6.5.

Cross approximation In [32], the authors price basket options under geometric Brownian
motion, using a quantum-inspired algorithm. The option price is rewritten as an integral of
the characteristic function and the Fourier transform of the payoff function. This integral can
then be efficiently computed in tensor train format. The decompositions are computed using
TT-Cross [39]. With this method the authors are able to price basket options up to 15 dimen-
sions, after which themethod becomes unstable. The accuracy can be controlled by a tolerance
parameter, which is set to 5 × 10−5 in the experiments. Furthermore, it is also reported that
the training time grows only weakly with the dimension, and is, for example, ≈ 327 seconds
for 15 dimensions.

While the training time of the COS-TT method for 15 dimensions is slower, i.e. ≈ 100
seconds, the training has been done in parallel, and not on a standard laptop. Furthermore,
the training time of the COS-TT method grows exponentially with the dimension.

Nevertheless, the COS-TTmethod is able to price options of up to 26 dimensions, as shown
in table 6.5, which is significantly higher than themaximum of 15 dimensions reported in [32].
Additionally, the accuracy of the COS-TT method can be controlled by the parameters 𝐿1, 𝐾,
𝐿2 and 𝑁 , which lead to a provable higher accuracy if desired.

Tensor completion Lastly, the method in [24] uses Riemannian tensor completion to price
basket options parametrically. The option price is treated as a multivariate function over a
parameter space, and approximated with a Chebyshev polynomial tensor. Instead of pricing
on the full grid, only a small subset is priced using a reference pricer. Using tensor completion,
a low-rank tensor train decomposition of the full tensor is constructed. It is shown that this
method can be used to price basket options up to at least 25 dimensions, with an accuracy of
at least 10−4. The reported training time is around 22 minutes for 25 dimensions, but does not
include the time required to price the samples using the reference pricer, which is not reported.

The COS-TT method is able to achieve a similar accuracy, as shown in table 6.5. However,
the training time is significantly higher due to the exponential scaling in the calculation of the
coefficients. The accuracy in the COS-TTmethod can be controlled by the method itself, while
the accuracy of the method in [24] is dependent on the accuracy of the reference pricer.

Furthermore, the method in [24] is parametric, meaning that the option can be priced for
different values of the parameters, such as the strike price 𝐾 or maturity time 𝑇 . The COS-TT
method is independent of the strike, and the training can also be made independent of the
maturity time.

6.3.4 COS-TT-CHF
Unfortunately, constructing the decomposition of the joint characteristic function discretiza-
tion for COS-TT-CHF was not successful. The reason for this lies within the oscillatory struc-
ture of the characteristic function 𝜑𝐗(𝛚). While the function is smooth, it requires a high
amount of quadrature points to be accurately approximated, as shown in figure 6.10.

Currently, these nodes are sampled incorrectly, leading to an inaccurate approximation of
the characteristic function. For three dimensions, TT-SVD was able to achieve a reproduction
error of 10−2. To test a higher number of dimensions, the DMRG-greedy algorithmwas rewrit-
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Figure 6.10: Oscillatory structure of the characteristic function Re{𝜑𝐗(𝛚)} for a 3-
dimensional basket option, with corr = 0.5. The function is plotted on the square
[−10, 10]2. There are 32 Gauss-Legendre nodes.

ten to support complex numbers. However, due to undersampling of the area of interest, the
algorithm was not able to converge to a satisfactory solution.

In any case, it is likely that the rank required to capture the oscillations would be high,
leading to long training times and high evaluation times.
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Ch. 7

Conclusions and Future Work

This thesis proposed and analysed a new method, COS–TT, for computing multivariate ex-
pectations from their characteristic functions. It combines the COS method for Fourier-cosine
series expansions with low-rank tensor decomposition of the coefficient tensor in the tensor-
train format. This formulation was shown to be equivalent to the functional tensor train de-
composition [6], and theoretical error bounds were derived on the approximation error. The
method is accurate for pricing European basket options under geometric Brownian motion up
to 26 assets, but is applicable to the calculation of any high-dimensional expectation where the
characteristic function is known. Themethodwas confirmedwith numerical experiments, and
was shown to outperform previous tensor methods based on the COS method [9] and cross
approximation [32], and to achieve a similar result to a method based on tensor completion
[24], without using Chebyshev interpolation.

7.1 Summary of Results
The method works as follows. First, the multivariate density function is approximated with a
truncated Fourier-cosine series expansion, where the coefficients are computed directly from
the characteristic function using the COSmethod. The coefficient tensor is then approximated
in the tensor-train format using the DMRG-cross algorithm. Because this format has the prop-
erty that the multidimensional inner product reduces to a sequence of univariate inner prod-
ucts, the expectation can be computed efficiently.

A central error bound was derived, describing the convergence of the method in the 𝐿2

norm, and additional pointwise results were provided wherever possible. The error consists
of four parts. First, an error due to truncating the Fourier-cosine series expansion, which de-
creases exponentially in the number of terms if the density is sufficiently smooth, and alge-
braically close to the points of singularity. The second error is due to the approximation of the
coefficients by the COS method, which is shown to depend on the tail of the density. Further,
an error is incurred by truncating the tensor-train decomposition to finite rank. Using the func-
tional tensor train decomposition, this error was expressed in terms of the density. Finally, an
algorithmic error is made by approximating the coefficient tensor with the DMRG-cross algo-
rithm, which can not be bounded in general, but is observed to be small in practice.

Part of this theoretical analysis was the derivation of the duality between the functional
tensor train decomposition and the tensor-train decomposition of the coefficient tensor. This
duality has proven the equivalence between the two decompositions, and allowed the appli-
cation of the COS-TT method to the spectral tensor train decomposition, and vice-versa. This
duality was used to derive a bound on the error incurred by truncating the COS-TT decompo-
sition to finite rank.

The method was applied to pricing European basket options under geometric Brownian
motion. The basket option was priced with the COS method, which required expressing the
characteristic function of the value of the basket as a function of the joint density. This density
was reconstructedwith the COS–TTmethod, and the characteristic functionwas reconstructed
by solving the multidimensional expectation using the tensor-train inner product. This re-
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quired computing the integrals

𝐼𝑗(𝑘𝑗, 𝜔) = ∫
𝑏𝑗

𝑎𝑗

exp(𝑖𝜔𝜃𝑗𝑒𝑥) cos( 𝑘𝑗𝜋
𝑏𝑗 − 𝑎𝑗

(𝑥 − 𝑎𝑗)) 𝑑𝑥,

for which solutions were derived in terms of the lower incomplete gamma function.
To demonstrate the convergence and performance of the method, several numerical exper-

iments were run. The approximation of the joint density was shown to converge exponentially
up to machine precision, in both low- and high-dimensional settings. The method was then
used to price European basket options for up to 26 assets, and was shown to converge to the
reference solution in all cases. The COS-TT method improves the previous result of 6 assets
significantly [9], outperforms a comparable cross approximation method [32] in both accu-
racy and speed, and achieves a similar result to a method based on tensor completion [24],
without using Chebyshev interpolation.

7.2 Future Work
While the COS-TT method is a promising new approach for the valuation of multi-asset op-
tions, and for computing high-dimensional expectations from characteristic functions in gen-
eral, there are several avenues for future research.

First and foremost, the method is only tested in the context of pricing European basket op-
tions under geometric Brownian motion. There are many other options, models and scenarios
to which the method can be applied.

Additionally, the method can be improved in several ways. The main bottleneck of the
method is the calculation of the Fourier-cosine coefficients, which requires 𝑂(𝑛𝑑−1) evalua-
tions of the characteristic function. Interpolation methods such as Chebyshev interpolation
have been used successfully in the context of tensor methods [24], and could be applied here
as well. This would open the door to higher-dimensional problems.

Furthermore, the quantized tensor-train format [33] can be used to reduce the complexity
of the expectation calculation, if necessary. After quantics folding, the inner product can be
computed in 𝑂(𝑑 log𝑞(𝑛)𝑟2) operations instead of 𝑂(𝑑𝑛𝑟2), whichwould result in larger speed-
ups as 𝑛 increases.

There are also several theoretical questions that remain open. The error bound derived
in this thesis is a first step in the analysis of the method, but the analysis is not yet complete.
Specifically, the error due to the DMRG-greedy algorithm remains unbounded, and while the
analysis in the 𝐿2 norm is a good start, pointwise results should be added whereever possible.
Finally, the duality between the functional tensor train and the tensor-train decomposition of
the coefficient tensor should be explored further, as it might have applications beyond the
COS-TT method.

Lastly, the COS-TT-CHF method can be investigated further. Currently, a TT can not be
produced for more than three dimensions. However, with better sampling strategies, and the
new complex-valued implementation of the DMRG-greedy algorithm, this might be possible.
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Ch. A

Proofs

This appendix contains the proofs of theorems and propositions stated in the main text.

A.1 Inner integrals

Lemma 3. The solution to the inner integral is given by

∫
𝐛

𝐚
𝑒−𝑖𝛚⋅𝐱

𝑛
∏
𝑗=1

cos(𝑘𝑗𝜋
𝑥𝑗 − 𝑎𝑗
𝑏𝑗 − 𝑎𝑗

) 𝑑𝐱 =
𝑛

∏
𝑗=1

(𝑏𝑗 − 𝑎𝑗)
2 𝐼𝑗(𝜔𝑗, 𝑘𝑗), (A.1)

which, in the case 𝜔𝑗 = 0, is given by

𝐼𝑗(0, 𝑘𝑗) = { 0 𝑘𝑗 ≠ 0,
𝑏𝑗 − 𝑎𝑗 𝑘𝑗 = 0, (A.2)

and in the case 𝜔𝑗 ≠ 0 is given by

𝐼𝑗(𝜔𝑗, 𝑘𝑗) =
⎧{
⎨{⎩

𝑒−𝑖𝜔𝑗𝑎𝑗 (1−𝑒−𝑖[(𝑏𝑗−𝑎𝑗)𝜔𝑗−𝑘𝑗𝜋]

𝑖[(𝑏𝑗−𝑎𝑗)𝜔𝑗−𝑘𝑗𝜋] + 1−𝑒−𝑖[(𝑏𝑗−𝑎𝑗)𝜔𝑗+𝑘𝑗𝜋]

𝑖[(𝑏𝑗−𝑎𝑗)𝜔𝑗+𝑘𝑗𝜋] ) 𝑘𝑗 ≠ 0,
𝑒−𝑖𝜔𝑗𝑎𝑗 −𝑒−𝑖𝜔𝑗𝑏𝑗

𝑖𝜔𝑗
𝑘𝑗 = 0.

(A.3)

Proof. Start begin by turning it into a product of one-dimensional integrals.

∫
𝐛

𝐚
𝑒−𝑖𝛚⋅𝐱

𝑛
∏
𝑗=1

cos(𝑘𝑗𝜋
𝑥𝑗 − 𝑎𝑗
𝑏𝑗 − 𝑎𝑗

) 𝑑𝐱 = ∫
𝐛

𝐚

𝑛
∏
𝑗=1

𝑒−𝑖𝜔𝑗𝑥𝑗 cos(𝑘𝑗𝜋
𝑥𝑗 − 𝑎𝑗
𝑏𝑗 − 𝑎𝑗

) 𝑑𝐱

=
𝑛

∏
𝑗=1

∫
𝑏𝑗

𝑎𝑗

𝑒−𝑖𝜔𝑗𝑥𝑗 cos(𝑘𝑗𝜋
𝑥𝑗 − 𝑎𝑗
𝑏𝑗 − 𝑎𝑗

) 𝑑𝑥𝑗

These one-dimensional integrals can be solved explicitly.
First, consider the case 𝜔𝑗 = 0. If 𝑘𝑗 = 0, then the integral evaluates to 𝑏𝑗 − 𝑎𝑗. If 𝑘𝑗 ≠ 0,

then the integral evaluates

∫
𝑏𝑗

𝑎𝑗

cos(𝑘𝑗𝜋
𝑥𝑗 − 𝑎𝑗
𝑏𝑗 − 𝑎𝑗

) 𝑑𝑥𝑗 = (𝑏𝑗 − 𝑎𝑗)
𝑘𝑗𝜋

sin(𝑘𝑗𝜋
𝑥𝑗 − 𝑎𝑗
𝑏𝑗 − 𝑎𝑗

)∣
𝑏𝑗

𝑎𝑗

= 0.

Now consider the case where 𝜔𝑗 ≠ 0. Again, if 𝑘𝑗 = 0, then this gives ∫𝑏𝑗
𝑎𝑗

𝑒−𝑖𝜔𝑗𝑥𝑗𝑑𝑥𝑗. This is a
standard integral of the form ∫ 𝑒−𝑖𝛼𝑢𝑑𝑢 = 1−𝑒−𝑖𝛼

𝑖𝛼 , which evaluates to

∫
𝑏𝑗

𝑎𝑗

𝑒−𝑖𝜔𝑗𝑥𝑗𝑑𝑥𝑗 = 𝑒−𝑖𝜔𝑗𝑎𝑗 − 𝑒−𝑖𝜔𝑗𝑏𝑗

𝑖𝜔𝑗
.
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In the case that both 𝜔𝑗 ≠ 0 and 𝑘𝑗 ≠ 0, substitute 𝑢𝑗 = 𝑥𝑗−𝑎𝑗
𝑏𝑗−𝑎𝑗

, which gives 𝑥𝑗 = 𝑢𝑗(𝑏𝑗 −𝑎𝑗)+𝑎𝑗
and 𝑑𝑥𝑗 = (𝑏𝑗 − 𝑎𝑗)𝑑𝑢𝑗. The limits of integration change accordingly: when 𝑥𝑗 = 𝑎𝑗, 𝑢𝑗 = 0;
when 𝑥𝑗 = 𝑏𝑗, 𝑢𝑗 = 1. Thus, this gives

∫
𝑏𝑗

𝑎𝑗

𝑒−𝑖𝜔𝑗𝑥𝑗 cos(𝑘𝑗𝜋
𝑥𝑗 − 𝑎𝑗
𝑏𝑗 − 𝑎𝑗

) 𝑑𝑥𝑗 = ∫
1

0
𝑒−𝑖𝜔𝑗(𝑢𝑗(𝑏𝑗−𝑎𝑗)+𝑎𝑗) cos (𝑘𝑗𝜋𝑢𝑗) (𝑏𝑗 − 𝑎𝑗)𝑑𝑢𝑗

= (𝑏𝑗 − 𝑎𝑗)𝑒−𝑖𝜔𝑗𝑎𝑗 ∫
1

0
𝑒−𝑖𝜔𝑗(𝑏𝑗−𝑎𝑗)𝑢𝑗 cos (𝑘𝑗𝜋𝑢𝑗) 𝑑𝑢𝑗.

Noting that cos(𝑘𝑗𝜋𝑢𝑗) = 1
2 (𝑒𝑖𝑘𝑗𝜋𝑢𝑗 + 𝑒−𝑖𝑘𝑗𝜋𝑢𝑗), we can continue, and write

= (𝑏𝑗 − 𝑎𝑗)
2 𝑒−𝑖𝜔𝑗𝑎𝑗 ∫

1

0
𝑒−𝑖𝜔𝑗(𝑏𝑗−𝑎𝑗)𝑢𝑗 (𝑒𝑖𝑘𝑗𝜋𝑢𝑗 + 𝑒−𝑖𝑘𝑗𝜋𝑢𝑗) 𝑑𝑢𝑗

= (𝑏𝑗 − 𝑎𝑗)
2 𝑒−𝑖𝜔𝑗𝑎𝑗 (∫

1

0
𝑒−𝑖[(𝑏𝑗−𝑎𝑗)𝜔𝑗−𝑘𝑗𝜋]𝑢𝑗𝑑𝑢𝑗 + ∫

1

0
𝑒−𝑖[(𝑏𝑗−𝑎𝑗)𝜔𝑗+𝑘𝑗𝜋]𝑢𝑗𝑑𝑢𝑗) .

The integrals are again standard integrals of the form ∫ 𝑒−𝑖𝛼𝑢𝑑𝑢 = 1−𝑒−𝑖𝛼
𝑖𝛼 , which gives us

= (𝑏𝑗 − 𝑎𝑗)
2 𝑒−𝑖𝜔𝑗𝑎𝑗 (1 − 𝑒−𝑖[(𝑏𝑗−𝑎𝑗)𝜔𝑗−𝑘𝑗𝜋]

𝑖 [(𝑏𝑗 − 𝑎𝑗)𝜔𝑗 − 𝑘𝑗𝜋] + 1 − 𝑒−𝑖[(𝑏𝑗−𝑎𝑗)𝜔𝑗+𝑘𝑗𝜋]

𝑖 [(𝑏𝑗 − 𝑎𝑗)𝜔𝑗 + 𝑘𝑗𝜋]) ,

which concludes the proof.

A.2 Error Analysis of COS Method

Proposition 13. Let 𝑓 ∈ 𝐿2([0, 𝐿]), and define the cosine basis functions

𝜙𝑘(𝑥) = cos(𝑘𝜋
𝐿 𝑥) , 𝐴𝑘 = 2

𝐿 ∫
𝐿

0
𝑓(𝑥)𝜙𝑘(𝑥)𝑑𝑥, 𝑘 ≥ 0 (A.4)

and the truncated cosine series

̂𝑓(𝑥) = 𝐴0
2 +

𝐾
∑
𝑘=1

𝐴𝑘𝜙𝑘(𝑥) (A.5)

Then
‖𝑓 − ̂𝑓‖2

𝐿2 = 𝐿
2

∞
∑

𝑘=𝐾+1
|𝐴𝑘|2.

This follows from Parseval’s formula, and the necessary details can be found in [22], p. 124,
for example in equation 8.2.4 or the proof of 8.2.1. Alternatively, a proof can be found below.

Proof.

𝑓 − ̂𝑓 =
∞

∑
𝑘=𝐾+1

𝐴𝑘𝜙𝑘

Then the norm can be computed as

‖𝑓 − ̂𝑓‖2
𝐿2 = ‖

∞
∑

𝑘=𝐾+1
𝐴𝑘𝜙𝑘‖2

𝐿2 =
∞

∑
𝑘=𝐾+1

∞
∑

𝑗=𝐾+1
𝐴𝑘𝐴𝑗⟨𝜙𝑘, 𝜙𝑗⟩𝐿2
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Using the orthogonality of cosines,

⟨𝜙𝑘, 𝜙𝑗⟩𝐿2 = ∫
𝑏

𝑎
𝜙𝑘(𝑥)𝜙𝑗(𝑥)𝑑𝑥 =

⎧{
⎨{⎩

0 𝑘 ≠ 𝑗,
𝑏−𝑎

2 𝑘 = 𝑗 ≠ 0,
𝑏 − 𝑎 𝑘 = 𝑗 = 0,

(A.6)

The sum reduces to
∞

∑
𝑘=𝐾+1

∞
∑

𝑗=𝐾+1
𝐴𝑘𝐴𝑗⟨𝜙𝑘, 𝜙𝑗⟩𝐿2 =

∞
∑

𝑘=𝐾+1
|𝐴𝑘|2⟨𝜙𝑘, 𝜙𝑘⟩𝐿2 = 𝐿

2
∞

∑
𝑘=𝐾+1

|𝐴𝑘|2

Proposition 14 (Coefficient Approximation Error). The coefficient approximation error
can be bounded as

‖𝜀3‖𝐿2 ≤ √2(𝐾 + 3)
𝑏 − 𝑎 𝜀4,

where 𝜀4 is defined in equation (2.7).

Proof. First, the difference between the two approximations can be expressed as

𝜀3 =
𝐾

∑′

𝑘=0
(𝐴𝑘 − 𝐹𝑘) cos( 𝑘𝜋

𝑏 − 𝑎(𝑥 − 𝑎))

=
𝐾

∑′

𝑘=0

2
𝑏 − 𝑎 (Re{𝑒−𝑖 𝑘𝜋

𝑏−𝑎 𝑎 (𝜑̂ ( 𝑘𝜋
𝑏 − 𝑎) − 𝜑 ( 𝑘𝜋

𝑏 − 𝑎))}) cos( 𝑘𝜋
𝑏 − 𝑎(𝑥 − 𝑎))

=
𝐾

∑′

𝑘=0

2
𝑏 − 𝑎 Re{𝑒−𝑖 𝑘𝜋

𝑏−𝑎 𝑎 ∫
ℝ∖[𝑎,𝑏]

𝑓(𝑡)𝑒𝑖 𝑘𝜋
𝑏−𝑎 𝑡𝑑𝑡} cos( 𝑘𝜋

𝑏 − 𝑎(𝑥 − 𝑎))

=
𝐾

∑′

𝑘=0

2
𝑏 − 𝑎 Re{∫

ℝ∖[𝑎,𝑏]
𝑓(𝑡)𝑒𝑖 𝑘𝜋

𝑏−𝑎 (𝑡−𝑎)𝑑𝑡} cos( 𝑘𝜋
𝑏 − 𝑎(𝑥 − 𝑎))

Noting that 𝑓 is real-valued, and using Euler’s formula, this can be simplified to

𝜀3 =
𝐾

∑′

𝑘=0

2
𝑏 − 𝑎 (∫

ℝ∖[𝑎,𝑏]
𝑓(𝑡) cos( 𝑘𝜋

𝑏 − 𝑎(𝑡 − 𝑎)) 𝑑𝑡) cos( 𝑘𝜋
𝑏 − 𝑎(𝑥 − 𝑎)) .

Now, define
𝐸4(𝑘) ∶= 2

𝑏 − 𝑎 ∫
ℝ∖[𝑎,𝑏]

𝑓(𝑡) cos( 𝑘𝜋
𝑏 − 𝑎(𝑡 − 𝑎)) 𝑑𝑡.

Then it follows that

‖𝜀3‖2
𝐿2 = ∫

𝑏

𝑎
∣

𝐾
∑′

𝑘=0
𝐸4(𝑘) cos( 𝑘𝜋

𝑏 − 𝑎(𝑥 − 𝑎))∣
2

𝑑𝑥.

Using orthogonality of the cosine basis, this can be simplified to

‖𝜀3‖2
𝐿2 = (𝑏 − 𝑎)|𝐸4(0)|2 + 𝑏 − 𝑎

2
𝐾

∑
𝑘=0

|𝐸4(𝑘)|2
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A.2. ERROR ANALYSIS OF COS METHOD

Focussing on 𝐸4(𝑘), it can be bounded by

|𝐸4(𝑘)| ≤ 2
𝑏 − 𝑎 ∫

ℝ∖[𝑎,𝑏]
|𝑓(𝑡)| ∣cos( 𝑘𝜋

𝑏 − 𝑎(𝑡 − 𝑎))∣ 𝑑𝑡

≤ 2
𝑏 − 𝑎 ∫

ℝ∖[𝑎,𝑏]
|𝑓(𝑡)|𝑑𝑡

≤ 2
𝑏 − 𝑎 ∫

ℝ∖[𝑎,𝑏]
𝑓(𝑡)𝑑𝑡 = 2

𝑏 − 𝑎𝜀4,

Thus, the resulting 𝐿2 error can be bounded as

‖𝜀3‖2
𝐿2 ≤ (𝑏 − 𝑎) ( 2

𝑏 − 𝑎𝜀4)
2

+ 𝑏 − 𝑎
2 (𝐾 + 1) ( 2

𝑏 − 𝑎𝜀4)
2

= 4
𝑏 − 𝑎𝜀2

4 + 2(𝐾 + 1)
𝑏 − 𝑎 𝜀2

4

= 2(𝐾 + 3)
𝑏 − 𝑎 𝜀2

4

The result then follows by taking the square root.
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Ch. B

Discrete Approach

A consequence of theorem 1, is that multidimensional quadrature can be performed linearly
in 𝑑, as shown in the following corollary.

Corollary 2 (Multidimensional quadrature with TT). Suppose we have a function 𝑓(𝐱),
and we want to compute the integral

𝐼 = ∫
[𝑎,𝑏]𝑑

𝑓(𝐱) 𝑑𝐱

using numerical quadrature. Let {𝑥(𝑖𝑗)}𝑛𝑗
𝑖=1 be quadrature nodes and {𝑤𝑖𝑗

}𝑛𝑗
𝑖=1 the corre-

sponding quadrature weights for each dimension 𝑗. Then, the integral is approximated
by

𝐼 ≈
𝑛1

∑
𝑖1=1

⋯
𝑛𝑑

∑
𝑖𝑑=1

𝑤𝑖1
⋯ 𝑤𝑖𝑑

𝑓(𝑥(𝑖1), … , 𝑥(𝑖𝑑)).

If 𝑓 is decomposed in tensor train format, i.e. 𝑓 (𝑥(𝑖1), … , 𝑥(𝑖𝑑)) = ∏𝑑
𝑗=1 𝐹𝑗(𝑖𝑗), then the

integral can be approximated by

𝐼 ≈
𝑑

∏
𝑗=1

⎛⎜
⎝

𝑛𝑗

∑
𝑖𝑗=1

𝑤𝑗𝐹𝑗(𝑖𝑗)⎞⎟
⎠

.

B.1 Existing Method 1: Use known PDF with TT
First, consider the casewhere the probability density function 𝑓(𝐱) is known. We apply numer-
ical quadrature to compute the expectation. Let {𝑥(𝑖𝑗)}𝑁𝑗

𝑖=1 be quadrature nodes and {𝑤𝑖𝑗
}𝑁𝑗

𝑖=1
the corresponding quadratureweights for each dimension 𝑗. Then, with full numerical quadra-
ture, the integral can be approximated as

∫
ℝ𝑑

𝑔(𝐱)𝑓(𝐱) 𝑑𝐱 ≈
𝑁1

∑
𝑖1=1

⋯
𝑁𝑑

∑
𝑖𝑑=1

𝑤𝑖1
𝑔1(𝑥(𝑖1)) ⋯ 𝑤𝑖𝑑

𝑔𝑑(𝑥(𝑖𝑑)) 𝑓(𝑥(𝑖1), … , 𝑥(𝑖𝑑))

Next, treat the discretized function 𝑓 as a tensor𝒢, with elements𝒢[𝑖1, 𝑖2, … , 𝑖𝑑] = 𝑓(𝑥(𝑖1), … , 𝑥(𝑖𝑑)).
If 𝒢 is decomposed by a tensor train decomposition, 𝒢[𝑖1, 𝑖2, … , 𝑖𝑑] ≈ ∏𝑑

𝑗=1 𝐺𝑗(𝑖𝑗), the contrac-
tion principle can be used to avoid explicit summation. That is,

𝑁1

∑
𝑖1=1

⋯
𝑁𝑑

∑
𝑖𝑑=1

𝑤𝑖1
𝑔1(𝑥(𝑖1)) ⋯ 𝑤𝑖𝑑

𝑔𝑑(𝑥(𝑖𝑑)) 𝑓𝐗(𝑥(𝑖1), … , 𝑥(𝑖𝑑)) ≈
𝑑

∏
𝑗=1

⎛⎜
⎝

𝑁𝑗

∑
𝑖𝑗=1

𝑤𝑖𝑗
𝑔𝑗(𝑥(𝑖𝑗))𝐺𝑗(𝑖𝑗)⎞⎟

⎠
. (B.1)
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B.2. NOVEL METHOD 1: COS-TT

B.2 Novel Method 1: COS-TT
If the probability distribution of the process is not known, it can be approximated by the mul-
tidimensional COS method aproximation in equation (2.21). The coefficient tensor ℱ admits
a rank-𝐫 tensor train decomposition, and can be decomposed into tensor train format,

ℱ[𝑘1, … , 𝑘𝑑] ≈
𝑑

∏
𝑗=1

𝐹𝑗(𝑘𝑗)

The resulting approximation of 𝑓 is then

𝑓(𝐱) ≈
𝑑

∏
𝑗=1

⎛⎜
⎝

𝐾𝑗

∑
𝑘𝑗=0

𝐹𝑗(𝑘𝑗)𝜙(𝑗)
𝑘𝑗

(𝑥𝑗)⎞⎟
⎠

(B.2)

To compute the expectation, the contraction principle of theorem 1 can be applied again. This
leads to the following result.

Theorem 9 (COS-TT). The expectation in equation (4.3) can be approximated by

∫
𝐛

𝐚
𝑔(𝐱)𝑓(𝐱) 𝑑𝐱 ≈

𝑑
∏
𝑗=1

⎛⎜
⎝

𝐾𝑗

∑
𝑘𝑗=0

𝐹𝑗(𝑘𝑗) ∫
𝑏𝑗

𝑎𝑗

𝑔𝑗(𝑥)𝜙(𝑗)
𝑘𝑗

(𝑥𝑗) 𝑑𝑥⎞⎟
⎠

. (B.3)

Proof. The assumption when approximating 𝑓(𝐱) by a cosine expansion is that [𝐚, 𝐛] is chosen
such that the integral is sufficiently approximated by the truncated one, i.e.

∫
ℝ𝑑

𝑔(𝐱)𝑓(𝐱) 𝑑𝐱 ≈ ∫
𝐛

𝐚
𝑔(𝐱)𝑓(𝐱) 𝑑𝐱.

Continuing, we substitute the cosine expansion for 𝑓(𝐱), and take the integral inside the sum.

∫
𝐛

𝐚
𝑔(𝐱)𝑓(𝐱) 𝑑𝐱 ≈ ∫

𝐛

𝐚
𝑔(𝐱) (

𝐊
∑

𝐤
ℱ𝐤Φ𝐤) 𝑑𝐱

=
𝐊

∑
𝐤

ℱ𝐤 ∫
𝐛

𝐚
𝑔(𝐱)Φ𝐤 𝑑𝐱

=
𝐊

∑
𝐤

ℱ𝐤
𝑑

∏
𝑗=1

∫
𝑏𝑗

𝑎𝑗

𝑔𝑗(𝑥)𝜙(𝑗)
𝑘𝑗

(𝑥𝑗) 𝑑𝑥

Then,we approximate the coefficient tensor by a tensor train decomposition, i.e. ℱ𝐤 ≈ ∏𝑑
𝑗=1 𝐹𝑗(𝑘𝑗).

Together with the contraction principle, we find the final result.
𝐊

∑
𝐤

ℱ𝐤
𝑑

∏
𝑗=1

∫
𝑏𝑗

𝑎𝑗

𝑔𝑗(𝑥)𝜙(𝑗)
𝑘𝑗

(𝑥𝑗) 𝑑𝑥 ≈
𝐊

∑
𝐤

𝑑
∏
𝑗=1

𝐹𝑗(𝑘𝑗) ∫
𝑏𝑗

𝑎𝑗

𝑔𝑗(𝑥)𝜙(𝑗)
𝑘𝑗

(𝑥𝑗) 𝑑𝑥

=
𝑑

∏
𝑗=1

⎛⎜
⎝

𝐾𝑗

∑
𝑘𝑗=0

𝐹𝑗(𝑘𝑗) ∫
𝑏𝑗

𝑎𝑗

𝑔𝑗(𝑥)𝜙(𝑗)
𝑘𝑗

(𝑥𝑗) 𝑑𝑥⎞⎟
⎠
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B.3. METHOD 3: COS-TT-CHF

As shown in theorem 8, for certain payoff functions, the integral

∫
𝑏𝑗

𝑎𝑗

𝑔𝑗(𝑥)𝜙(𝑗)
𝑘𝑗

(𝑥𝑗) 𝑑𝑥

has a closed-form solution. In the case that no explicit solution is available, numerical integra-
tion methods can be employed. The resulting approximation is then

∫
ℝ𝑑

𝑔(𝐱)𝑓(𝐱) 𝑑𝐱 ≈
𝑑

∏
𝑗=1

⎛⎜
⎝

𝐾𝑗

∑
𝑘𝑗=0

𝐹𝑗(𝑘𝑗)
𝑁𝑗

∑
𝑖𝑗=1

𝑤𝑖𝑗
𝑔𝑗(𝑥(𝑖𝑗))𝜙(𝑗)

𝑘𝑗
(𝑥(𝑖𝑗))⎞⎟

⎠
. (B.4)

B.3 Method 3: COS-TT-CHF
An idea to avoid the exponential scaling of the COS-TT method is to directly decompose the
joint characteristic function 𝜑(𝛚) of the process. As derived in section 4.3, the coefficients can
be written in terms of the joint characteristic function by equation (4.19), as

𝒞𝐤 = 1
(2𝜋)𝑑 ∫

ℝ𝑑
𝜑(𝛚)𝐈𝐤(𝛚) 𝑑𝛚 = ⟨𝜑, 𝐈𝐤⟩

(2𝜋)𝑑 . (B.5)

Instead of decomposing the joint characteristic function with a functional tensor train de-
composition, we discretize it on quadrature nodes {𝜔(𝑖𝑗)}𝑁𝑗

𝑖𝑗=1. Then, the discretized joint char-
acteristic function can be approximated

𝜑(𝜔(𝑖1), … , 𝜔(𝑖𝑑)) ≈
𝑑

∏
𝑗=1

𝐺𝑗(𝑖𝑗).

We then substitute this into the integral, and approximate the integral by numerical integra-
tion.

⟨𝜑, 𝐈𝐤⟩ ≈
𝑁1

∑
𝑖1=1

⋯
𝑁𝑑

∑
𝑖𝑑=1

𝑤𝑖1
⋯ 𝑤𝑖𝑑

𝜑(𝜔(𝑖1), … , 𝜔(𝑖𝑑))𝐈𝐤(𝜔(𝑖1), … , 𝜔(𝑖𝑑))

≈
𝑁1

∑
𝑖1=1

⋯
𝑁𝑑

∑
𝑖𝑑=1

𝑑
∏
𝑗=1

𝑤𝑖𝑗
𝐺𝑗(𝑖𝑗)𝐼𝑗(𝜔(𝑖𝑗), 𝑘𝑗)

=
𝑑

∏
𝑗=1

⎛⎜
⎝

𝑁𝑗

∑
𝑖𝑗=1

𝑤𝑗 𝐺𝑗(𝑖𝑗) 𝐼𝑗(𝜔(𝑖𝑗), 𝑘𝑗)⎞⎟
⎠

Thus we conclude that the coefficients can be approximated by

𝒞𝐤 ≈
𝑑

∏
𝑗=1

⎛⎜
⎝

1
2𝜋

𝑁𝑗

∑
𝑖𝑗

𝑤𝑗 𝐼𝑗(𝜔(𝑖𝑗), 𝑘𝑗) 𝐺𝑗(𝑖𝑗)⎞⎟
⎠

. (B.6)

This result is more elegant than it seems. We have essentially written the coefficients as
matrices 𝐻𝑗(𝑘𝑗), where each 𝐻𝑗(𝑘𝑗) is a function of the index 𝑘𝑗. We note that each 𝐻𝑗(𝑘𝑗) is
of size 𝑟𝑗−1 × 𝑟𝑗, just like the matrices in the TT format. Thus, we can treat the coefficients as
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B.3. METHOD 3: COS-TT-CHF

a transformation of the tensor train of 𝜑(𝛚) on quadrature points 𝜔(𝑖𝑗), to a tensor train of the
coefficients 𝒞𝐤 on the cosine terms 𝑘𝑗. Therefore, we write

𝒞𝐤 ≈
𝑑

∏
𝑗=1

𝐻𝑗(𝑘𝑗)

From this point on, the derivation is exactly the same as for theorem 9. Thus, we find

∫
𝐛

𝐚
𝑔(𝐱)𝑓(𝐱) 𝑑𝐱 ≈

𝑑
∏
𝑗=1

⎛⎜
⎝

𝐾𝑗

∑
𝑘𝑗=0

𝐻𝑗(𝑘𝑗) ∫
𝑏𝑗

𝑎𝑗

𝑔𝑗(𝑥)𝜙(𝑗)
𝑘𝑗

(𝑥) 𝑑𝑥⎞⎟
⎠

.

or, substituting for 𝐻𝑗(𝑘𝑗),

∫
𝐛

𝐚
𝑔(𝐱)𝑓(𝐱) 𝑑𝐱 ≈

𝑑
∏
𝑗=1

⎛⎜
⎝

𝐾𝑗

∑
𝑘𝑗=0

⎛⎜
⎝

1
2𝜋

𝑁𝑗

∑
𝑖𝑗

𝑤𝑗 𝐼𝑗(𝜔(𝑖𝑗), 𝑘𝑗) 𝐺𝑗(𝑖𝑗)⎞⎟
⎠

∫
𝑏𝑗

𝑎𝑗

𝑔𝑗(𝑥)𝜙(𝑗)
𝑘𝑗

(𝑥) 𝑑𝑥⎞⎟
⎠

.
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Ch. C

Pricing without log-transform

The COS method, as introduced in section 2.5, relies on the characteristic function of the log-
asset price. However, in some cases, the characteristic function of the regular asset price is
known instead. This requires different coefficients 𝑉𝑘 in the COS pricing formula in equa-
tion (2.22). In this section the coefficients are derived for pricing under the asset price, and
under the ratio of the asset price and the strike price.

Consider an asset with price 𝑆𝑡 at time 𝑡, and initial price 𝑆0 at time 𝑡0. The payoff for
European call and put options is given by

Λ(𝑥, 𝑇 ) = (𝛼(𝑥 − 𝐾))+ with 𝛼 = { 1 for a call,
−1 for a put,

where 𝐾 is the strike price and the + denotes the positive part, i.e. 𝑥+ = max(𝑥, 0). Further-
more, let 𝜓𝑘, 𝜉𝑘 and 𝜒𝑘 be the following integrals:

𝜓𝑘(𝑐, 𝑑) = ∫
𝑑

𝑐
cos(𝑘𝜋𝑦 − 𝑎

𝑏 − 𝑎 ) 𝑑𝑦,

𝜉𝑘(𝑐, 𝑑) = ∫
𝑑

𝑐
𝑦 cos(𝑘𝜋𝑦 − 𝑎

𝑏 − 𝑎 ) 𝑑𝑦,

𝜒𝑘(𝑐, 𝑑) = ∫
𝑑

𝑐
𝑒𝑦 cos(𝑘𝜋𝑦 − 𝑎

𝑏 − 𝑎 ) 𝑑𝑦.

The solutions to these integrals, when 𝑘 ≠ 0, are given by

𝜓𝑘(𝑐, 𝑑) = 𝑏 − 𝑎
𝑘𝜋 [sin(𝑘𝜋𝑦 − 𝑎

𝑏 − 𝑎 )]
𝑑

𝑐
,

𝜉𝑘(𝑐, 𝑑) = 𝑏 − 𝑎
𝑘𝜋 [𝑦 sin(𝑘𝜋𝑦 − 𝑎

𝑏 − 𝑎 ) + 𝑏 − 𝑎
𝑘𝜋 cos(𝑘𝜋𝑦 − 𝑎

𝑏 − 𝑎 )]
𝑑

𝑐
,

𝜒𝑘(𝑐, 𝑑) = 1
1 + ( 𝑘𝜋

𝑏−𝑎)2 [cos(𝑘𝜋𝑦 − 𝑎
𝑏 − 𝑎 ) 𝑒𝑦 + 𝑘𝜋

𝑏 − 𝑎 sin(𝑘𝜋𝑦 − 𝑎
𝑏 − 𝑎 ) 𝑒𝑦]

𝑑

𝑐

and, when 𝑘 = 0, are given by

𝜓0(𝑐, 𝑑) = 𝑑 − 𝑐,

𝜉0(𝑐, 𝑑) = 1
2(𝑑2 − 𝑐2),

𝜒0(𝑐, 𝑑) = 𝑒𝑑 − 𝑒𝑐.
Asset price
Assume that the characteristic function of the asset price, given by𝜑𝑆𝑇

(𝜔 ∣ 𝑦) = 𝔼 [𝑒𝑖𝜔𝑆𝑇 ∣ 𝑆0 = 𝑦]
is known. The coefficients 𝑉𝑘 are then given by the integral

𝑉𝑘 = 2
𝑏 − 𝑎 ∫

𝑏

𝑎
(𝛼(𝑥 − 𝐾))+ cos(𝑘𝜋𝑥 − 𝑎

𝑏 − 𝑎 ) 𝑑𝑥.
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Call For a call option, the integral has non-zero contribution only when 𝑥 − 𝐾 ≥ 0, so for
𝑥 ≥ 𝐾.

𝑉𝑘 = 2
𝑏 − 𝑎 ∫

𝑏

𝐾
(𝑥 − 𝐾) cos(𝑘𝜋𝑥 − 𝑎

𝑏 − 𝑎 ) 𝑑𝑥

As a result,

𝑉 call
𝑘 = 2

𝑏 − 𝑎 (∫
𝑏

𝐾
𝑥 cos(𝑘𝜋𝑥 − 𝑎

𝑏 − 𝑎 ) 𝑑𝑥 − 𝐾 ∫
𝑏

𝐾
cos(𝑘𝜋𝑥 − 𝑎

𝑏 − 𝑎 ) 𝑑𝑥)

= 2
𝑏 − 𝑎 (𝜉𝑘(𝐾, 𝑏) − 𝐾𝜓𝑘(𝐾, 𝑏)) .

Put For a put option, the integral has non-zero contribution only when 𝐾 − 𝑥 ≥ 0, so for
𝑥 ≤ 𝐾.

𝑉𝑘 = 2
𝑏 − 𝑎 ∫

𝐾

𝑎
(𝐾 − 𝑥) cos(𝑘𝜋𝑥 − 𝑎

𝑏 − 𝑎 ) 𝑑𝑥

As a result,

𝑉 put
𝑘 = 2

𝑏 − 𝑎 (𝐾 ∫
𝐾

𝑎
cos(𝑘𝜋𝑥 − 𝑎

𝑏 − 𝑎 ) 𝑑𝑥 − ∫
𝐾

𝑎
𝑥 cos(𝑘𝜋𝑥 − 𝑎

𝑏 − 𝑎 ) 𝑑𝑥)

= 2
𝑏 − 𝑎 (−𝜉𝑘(𝑎, 𝐾) + 𝐾𝜓𝑘(𝑎, 𝐾)) .

Price ratio
To price under the price ratio 𝑌𝑇 ∶= 𝑆𝑇 /𝐾, the variables need to be transformed accordingly.
Then

Λ (𝑥, 𝑇 ) = (𝛼 ( 𝑥
𝐾 − 𝐾))

+
= (𝛼𝐾(𝑥 − 1))+ .

Assuming that the characteristic function of the asset price price is known, 𝜑𝑆𝑇
(𝜔 ∣ 𝑦), the

characteristic function of the ratio can be derived.

𝜑𝑌𝑇
(𝜔 ∣ 𝑦) = 𝔼 [𝑒𝑖𝜔𝑌 ∣ 𝑌0 = 𝑦]

= 𝔼 [𝑒𝑖𝜔 𝑆𝑇
𝐾 ∣ 𝑆0

𝐾 = 𝑦]

= 𝔼 [𝑒𝑖 𝜔
𝐾 𝑆𝑇 ∣ 𝑆0 = 𝑦𝐾]

= 𝜑𝑆𝑇
( 𝜔

𝐾 ∣ 𝑦𝐾)

Thus, the COS pricing formula in equation (2.22) can be applied with 𝜑 ( 𝜔
𝐾 ∣ 𝑦𝐾), and coeffi-

cients 𝑉𝑘 given by the integral

𝑉𝑘 = 2
𝑏 − 𝑎 ∫

𝑏

𝑎
(𝛼𝐾(𝑥 − 1))+ cos(𝑘𝜋𝑥 − 𝑎

𝑏 − 𝑎 ) 𝑑𝑥

Call For a call option, the integral has non-zero contribution only when 𝑥 − 1 ≥ 0, so for
𝑥 ≥ 1.

𝑉𝑘 = 2
𝑏 − 𝑎 ∫

𝑏

1
𝐾(𝑥 − 1) cos(𝑘𝜋𝑥 − 𝑎

𝑏 − 𝑎 ) 𝑑𝑥
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As a result,

𝑉 call
𝑘 = 2

𝑏 − 𝑎𝐾 (∫
𝑏

1
𝑥 cos(𝑘𝜋𝑥 − 𝑎

𝑏 − 𝑎 ) 𝑑𝑥 − ∫
𝑏

1
cos(𝑘𝜋𝑥 − 𝑎

𝑏 − 𝑎 ) 𝑑𝑥)

= 2
𝑏 − 𝑎𝐾 (𝜉𝑘(1, 𝑏) − 𝜓𝑘(1, 𝑏)) .

Put For a put option, the integral has non-zero contribution only when 1 − 𝑥 ≥ 0, so for
𝑥 ≤ 1.

𝑉𝑘 = 2
𝑏 − 𝑎 ∫

1

𝑎
𝐾(1 − 𝑥) cos(𝑘𝜋𝑥 − 𝑎

𝑏 − 𝑎 ) 𝑑𝑥

As a result,

𝑉 put
𝑘 = 2

𝑏 − 𝑎𝐾 (∫
1

𝑎
cos(𝑘𝜋𝑥 − 𝑎

𝑏 − 𝑎 ) 𝑑𝑥 − ∫
1

𝑎
𝑥 cos(𝑘𝜋𝑥 − 𝑎

𝑏 − 𝑎 ) 𝑑𝑥)

= 2
𝑏 − 𝑎𝐾 (−𝜉𝑘(𝑎, 1) + 𝜓𝑘(𝑎, 1)) .
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