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Properties of A
> Large
» SPD (symmetric positive definite)

» Sparse

Condition number
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Conjugate Gradient
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Conjugate Gradient

Figure: Eigenvalues of A
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Preconditioner

M~1Ax = M~ !b,

M: preconditioner

Requirements for M
» SPD

1 :
» M™2 exists and symmetric
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Preconditioner

Figure: Eigenvalues of M—1A
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Deflated Method

PAX = Pb

P: Deflation matrix
Z: Deflation-subspace matrix

(a) Eigenvalues of PA

(b) Eigenvalues of A
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Proper Orthogonal Decomposition (POD)

Known solutions:
AX,' = b,'

X=[x1 ... Xp]
Correlation matrix:
R=—-XX"

Eigenvalues
)\1>)\2>...>)\m

(11)

(12)
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Proper Orthogonal Decomposition (POD)

Correlation matrix:

1
R=—XxX" (13)
m
Eigenvalues
A > A > . > Ay (14)
/
i(R
T2, 2 MR)
- < (15)
; Ai(R)
where 0 < a <1
Basis matrix:
W= [y ... 1] (16)

Basis matrix as deflation-subspace matrix Z
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Deflated Preconditioner Conjugate Gradient

M~1PA% = M~ !Pb (17)

P: Deflation matrix
Z: Deflation-subspace matrix
M: Preconditioner
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Deflated Preconditioner Conjugate Gradient

Figure: Eigenvalues of M~1PA

ko(MTIPA) < kp(MT1A) (18)
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ROM-based Preconditioner

M L =M+Q(1-AM) (19)

rom

Q: Correction matrix
Z: Deflation-subspace matrix

H 5 b

Figure: Eigenvalues of M_L A
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Porous Media
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Reservoir Simulation

Mass conversation law + Darcy’s velocity =

Q0 XD

B K
ctpcpafi -V (pM(Vp - ngd)> = pq (20)

fluid density @  rock porosity

rock permeability | p  fluid viscosity

gravity constant | d  reservoir depth

source term c: total compressibility
p pressure (unknown)



Incompressible Model

Fluid density and rock porosity does not depend on pressure
+ more assumptions

1
—;V(KVP) =q. (21)
Discretization:

Tp=q (22)
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Constant Compressible Model

Fluid density depends on pressure
4+ more assumptions

Ip(p) _ po _
" . V(KVp) = p(p)q. (23)
Discretization:
k+1y k
Vp(p ) P(P ) + Tpk+1 — q(pk+1). (24)

Atk
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Newton-Raphson

o b=

Initial: p°, e

While |p“tt — p¥| > ¢
Solve J¢(p¥)op = —f(p*)
Update p“*1 = p¥ + 6p
k=k+1
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Research Question

DPCG ROM-based prec
1. Complexity ? ?
2. Memory ? ?
3. Convergence ? ?
4. |terations ? ?
5. Error ? ?
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