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Abstract

The incorporation of renewable energy sources into daily life is necessary to reduce the emission of
greenhouse gases and combat climate change. Due to the variability of these renewable sources
and the mixing of different energy carriers, this is not a straightforward task. It is important to have
reliable and fast simulations that can show the effects of coupling various energy carriers, to be used
by policy makers and network operators. Direct solution methods are often used, but these scale
poorly in problem size, increasing computational efforts significantly. It is therefore recommended to
use preconditioned iterative solvers for large energy network simulations.

This research investigates the performance of the additive Schwarz (AS) preconditioner in the solution
process of the steady-state load flow equations of large single-carrier and coupled energy networks.
This is done by defining the construction of the AS preconditioner for gas, electricity and coupled net-
works, and by presenting the results of its application to both small- and large-scale networks. Various
AS-related parameters are varied to study its effect on the accuracy, speed, robustness and scalability
of the load flow solution process.

This study shows that the AS preconditioner can successfully accelerate convergence of the steady-
state load flow equations of single-carrier and coupled energy networks, resulting in an algorithmically
stable solution process that maintains feasibility for large energy networks. The restricted AS precon-
ditioner variant is preferred in terms of accuracy, speed and robustness. For large-scale single-carrier
energy networks, reusing the AS preconditioner of a previous non-linear iteration can save in computa-
tional costs, while not significantly affecting the final solution. Additionally, this research found several
aspects of the used gas network models that can hinder or negatively impact the effectiveness of the
AS preconditioner. Solutions and alternatives are also presented. Future work can consist of further
developing and investigating the approach of constructing AS preconditioners, by considering different
partitioning strategies, parallel implementations, two-level variants and larger test datasets.
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Introduction

Climate change is one of the biggest challenges of the twenty-first century [16]. Since the industrial
revolution, human actions have increased the atmospheric concentration of greenhouse gas emissions
[17]. The shifts in recent global climate patterns, primarily driven by human activities, are referred to
as contemporary climate change. It involves shifts in long-term averages and variations, with extreme
weather events occurring more frequently [17, 25]. By 2017, the average temperature had increased
with 1.0 °C compared to pre-industrial levels [25]. To combat climate change, the Paris Agreement [59]
was signed and adopted by 195 parties at the UN Climate Change Conference (COP21) in Paris in
2015. Its overarching goal is to

“Hold the increase in the global average temperature to well below 2.0 °C above pre-
industrial levels and to pursue efforts to limit the temperature increase to 1.5 °C above pre-
industrial levels.”

—Paris Agreement, 2015

Additionally, the Dutch Climate Act that was signed in 2019 [32] states that

“The Netherlands must be climate neutral in 2050 with an energy system with green-
house gas emissions that are 95% lower than 1990.”
—Dutch Climate Act, 2019

To achieve climate goals such as the Paris Agreement and Dutch Climate Act, the emissions of green-
house gases have to be reduced. This requires fossil fuel burning to be significantly reduced, while
rapidly growing the share of sustainable energy. This type of energy largely consists of renewable en-
ergy, which is derived from natural sources that are replenished on a human timescale, such as wind
or solar power. Itis projected that ultimately renewable energy will account for the vast majority of elec-
tricity generation around 2050 [52]. These renewable energy sources are often inherently intermittent
and variable, meaning that they are not constantly available [14, 55]. Incorporation of renewables is
therefore not straightforward. Energy networks that include more than one carrier of energy, such as
electricity, heat or hydrogen gas, are referred to as multi-carrier energy networks (MCNs) [35]. In order
to properly incorporate renewable energy in MCNs, it is important to have reliable and fast simulations
that can show the effects of coupling various energy carriers [5, 52], to be used by policy makers or
network operators [46].

1.1. Load Flow Analysis of Energy Systems

Energy systems can often be represented by a graph, consisting of links and nodes, which visualise
the flow of energy through the network via the links, and the consumption or generation of energy at
certain nodes. Electricity and gas networks are based on different physical laws (see Chapter 2), but
share this energy network graph structure. Analysis of these energy systems is often done by deter-
mining the flow of energy within the network, also referred to as ‘load-flow analysis’. Mathematically,
the load-flow analysis leads to the network’s load-flow equations (see Chapter 3). The solution of these
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load-flow equations results in the flow of energy within the network, when a steady-state is reached.
The steady-state implies that the system has settled, such that there is no more change happening
over time.

The load-flow equations are often non-linear and lead to large-scale systems. Extensive research
has been conducted into solving the steady-state load flow equations of electricity networks, varying
from small- to large-scale applications [1, 10, 12, 23, 24, 34, 38, 43, 47, 48]. Analysis of solution meth-
ods for the steady-state load flow of gas networks has also been conducted, but not as extensively as
for electricity networks [40, 41, 45]. The coupling of energy networks into MCNs introduces coupling
units and unifies systems operating with potentially different physical laws, increasing model complex-
ity (see Chapter 4). In recent studies, it has been shown that a steady-state load-flow analysis can be
performed for MCNs [26, 35, 37, 62, 64, 65].

The most commonly used and standard approach to solve the non-linear steady-state load flow equa-
tions of energy systems is Newton-Raphson (NR) [10, 20, 23]. This is an iterative method where the
system is linearised around the current network state. Solving the linearised system involves the Jaco-
bian matrix and results in an updated state of the network. This process is repeated until the load flow
equations are sufficiently satisfied. Various linear solution methods are used to solve the linearised
systems, such as a direct solve, basic iterative methods, or Krylov-type methods (see Chapter 5).
Computing the solution of the linearised systems can be expensive and tedious, especially when the
corresponding energy network is large and complex. Extensive research has been done on linear solu-
tion methods, considering different applications [49]. The efficiency of the overall load flow calculation
is strongly influenced by the efficiency of the linear solver and the Jacobian matrix [48].

Direct solvers scale poorly in problem size, increasing the computational efforts needed to converge
significantly [23]. It is generally recommended to use iterative solvers for solving large power flow
problems [12, 38, 34]. The same results have been observed for gas networks [45, 40]. However,
for smaller networks, the direct solver shows an advantage over the iterative (preconditioned Krylov)
solvers due to their big overhead [45]. Thus, for smaller energy networks a direct solver is more suit-
able, while for larger networks the class of Krylov solvers should be considered [63].

Preconditioning is a technique used to improve the efficiency and robustness of iterative solution meth-
ods, such as Krylov solvers (see Chapter 6) [49]. A class of preconditioners that is often used in energy
systems modelling is based on an incomplete LU (ILU) factorisation. Various studies investigated the
application of ILU preconditioners in the linear solution process of energy networks [23, 48], generally
showing good performance in terms of accuracy, speed and scalability. The application of ILU pre-
conditioners to gas networks has not been studied as extensively. It was even concluded that the ILU
preconditioner is not suitable for load flow analysis of gas networks [40].

A different class of preconditioners is based on the principle of divide-and-conquer. This principle refers
to methods where the global domain is split into several subdomains, so that solving the local prob-
lems sequentially leads to solving the global problem. This class of methods is referred to as domain
decomposition (DD). Such DD methods have been applied in the load flow solution process of electric-
ity, gas and district heating networks, although test problems were mostly small- or medium-scale [34,
56, 64]. A commonly used class of DD preconditioners is based on Schwarz alternating procedures
(SAPs), such as the multiplicative Schwarz (MS) and additive Schwarz (AS) preconditioners [49]. The
performance of AS variants was studied in a power flow setting [1, 2, 19], but not yet for gas and cou-
pled networks. In the context of energy network modelling, a partition of the global network graph can
either be done based on the physical properties of the network, or on the mathematical properties of
the network graph. Research on partitioning methods has been done in other fields where DD is often
used and in some single-carrier (SC) energy network settings, but not in the context of gas and coupled
energy networks.
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1.2. Scope and Boundaries of the Research

From the literature review, several conclusions and recommendations can be drawn. Integrated so-
lution methods for MCNs are at an early stage and present research opportunities. The numerical
performance of solution methods is the limiting factor for fast, robust and accurate simulations for large
scale MCNs and required research into preconditioned iterative methods using a decomposition of the
network. The selection of an appropriate preconditioner can be as important as the choice of itera-
tive solution method. Furthermore, the performance of a preconditioned iterative method is problem-
dependent and the number of hyperparameters often makes them highly customizable. The application
of preconditioners based on SAPs and graph-based partitioning algorithms applied to gas and coupled
networks present research opportunities. Additionally, DD methods applied to SC energy networks
have shown promising results thus far [1, 34, 56]. Based on these literature findings and recommen-
dations, the scope of this research consists of the application of AS (an SAP preconditioning strategy)
in electricity, gas and coupled energy networks.

The application of ILU preconditioners in power flow problems has been studied extensively and is
generally found to perform well. ILU preconditioning is not appropriate for gas network simulations,
and alternative preconditioning strategies are therefore an open problem. The ILU preconditioner will
therefore not be further investigated in this research. Additionally, dynamic energy simulations, market-
based models, control strategies, and optimization problems are considered outside the scope for this
research, and should be considered as applications of the models mentioned in this report. Further-
more, the formulation and models used to represent energy networks are mentioned and discussed in
this thesis report, but are not part of the scope of the research.

1.3. Research Questions

Based on the presented literature and the scope of this research, the preliminary research question is
formulated as follows:

How does an additive Schwarz preconditioner perform when applied to a Krylov solver
in the solution process of the steady-state load flow equations of large scale coupled
gas-electricity energy networks?

In order to answer this research question, there are several sub-questions formulated to support the
main research goal:

1. How does an additive Schwarz preconditioner perform when solving steady-state load flow equa-
tions of gas and electricity networks separately?

2. How do different partitioning strategies affect the performance of the additive Schwarz precondi-
tioner when solving steady-state load flow equations of gas, electricity and coupled networks?

3. How do the basic, interpolated and restricted variants of the additive Schwarz preconditioner
compare when solving steady-state load flow equations of gas, electricity and coupled networks?

4. What is the effect of coupling gas and electricity networks on the performance of the additive
Schwarz preconditioner when solving steady-state load flow equations of coupled networks?

1.4. Thesis Structure
The rest of this thesis is structured as follows:

» Chapter 2 ‘Single-Carrier Energy Systems’ provides an introduction to the relevant topics related
to gas and electrical energy systems, required to derive the steady-state load flow equations of
gas and electrical networks.

» Chapter 3 ‘Modelling Single-Carrier Energy Networks’ contains the derivation and discussion of
the steady-state load flow equations of SC gas and electrical networks, based on the physical
concepts discussed in Chapter 2.

» Chapter 4 ‘Modelling Multi-Carrier Energy Networks’ discusses the modelling of multi-carrier en-
ergy networks. The methods used for coupled energy systems and the coupled load flow equa-
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tions are derived and discussed.

* Chapter 5 ‘Linear and Non-Linear Solution Methods’ gives an overview of the linear and non-
linear solution methods used in literature and this research, focussing on linear Krylov methods
and the non-linear Newton Raphson method. Additionally, the usage of linear and non-linear
solution methods in recent studies on energy systems are discussed.

» Chapter 6 ‘Preconditioning’ introduces the principle of preconditioning a linear system. The pre-
conditioners related to incomplete LU factorization and alternating Schwarz procedures are dis-
cussed in more detail. The usage of the before-mentioned preconditioners in recent studies on
energy systems is also presented.

» Chapter 7 ‘Partitioning of Energy Networks’ gives an overview of multi-level graph partitioning
algorithms often applied in the solution process of energy networks.

» Chapter 8 ‘Methodology and Experimental Setup’ discusses the setup of the conducted experi-
ments as well as the methodology used to construct and analyse the results to answer the pre-
sented research questions.

» Chapter 9 ‘Additive Schwarz Preconditioning for Single-Carrier Energy Networks’ presents the
results of the application of the AS preconditioner in the solution process of SC energy networks.
First, the results for small-scale gas networks are analysed in detail, after which the same is done
for small-scale electricity networks. The chapter ends with a section presenting the results of
large-scale gas and electricity networks.

» Chapter 10 ‘Additive Schwarz Preconditioning for Coupled Multi-Carrier Energy Networks’ presents
the results of the application of the AS preconditioner in coupled energy networks, focussing on
the effect of coupling and interaction between the different carriers.

» Chapter 11 ‘Conclusion and Discussion’ summarizes the conclusions drawn from the conducted
experiments and provides answers to the research questions. Additionally, the limitations of this
research and possibilities for future research are discussed.



Single-Carrier Energy Systems

The modelling of large scale multi-carrier energy networks (MCNSs) is based on the coupling and inter-
action between different energy carriers, such as electricity, gas and heat. These carriers are based
on different physical concepts and operate on different time-scales. In order to interpret and work with
the models and equations of MCNs, it is important to have a good understanding of the physics and
underlying principles of each energy carrier individually. The aim of this chapter is to get a basic under-
standing of the physical phenomena in each single-carrier (SC) network considered in this research,
focussing on mathematical formulation of energy network components. The concepts of this chapter
are used in Chapter 3 to formulate mathematical models of SC energy networks. The contents and
aim of this chapter are based on the work of Markensteijn [35].

This chapter gives the concepts and models used in the modelling of electricity and gas networks.
Electricity networks are discussed in Section 2.1, by introducing fundamental concepts and transmis-
sion line modelling. Section 2.2 introduces gas networks by considering gas mass flow through a pipe
and other gas network elements.

2.1. Electricity Networks

Electricity plays a central role in many modern technologies as a carrier of electric energy. It is based
on electric charge, a physical property of matter that can result in attraction or repulsion in the presence
of other matter with charge. The movement of this electric charge is known as electric current. The
charge can flow along a closed path, referred to as a circuit, and is used to power components, such as
lamps, motors and other electronic devices. In practice, electricity is generated at a centralized source
and transported over power lines to the end users.

This section provides an overview of electricity as an energy carrier and introduces some fundamental
concepts. Additionally, the modelling of power transmission lines is presented. The contents of this
section are based on [51, 6, 3, 31].

2.1.1. Electricity Network Fundamentals
Fundamental concepts of electricity networks include voltage, current and power, as well as important
physical laws and properties of circuit elements.

Voltage and Current in AC Circuits

A circuit with alternating current (AC) is one where the current alternates between positive and negative
over time. The currents and voltages in an AC power system usually follow a time-dependent sinusoidal
function. In a steady-state system, the behaviour of the system no longer varies over time. In an AC
circuit this implies that the current and voltage still follow a time-dependent sinusoid, but with a fixed
frequency w. The steady-state voltage is then as follows

v(t) =V, cos (wt + 6y),

5
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with V,, the voltage amplitude in volt (V), w the angular frequency in hertz (Hz) and 6, the phase of the
voltage. Similarly, for the current we have

i(t) = I, cos (wt + &),

with I,, the current amplitude in ampere (A), w the angular frequency in hertz (Hz, and §, the phase of
the current. The fixed angular frequency w is usually 50 or 60 Hz for domestic use, depending on the
country or region.

In AC power system modelling it is customary to work with the root mean squared (RMS) value, de-
noted with | - |, which is the value of the equivalent direct voltage (or current) that dissipates the same
amount of power in a given resistor during one time period of the alternating voltage (or current). They

are computed as
4 ! fT (6)? dt ! %4
= —_ v = — ,
T Jo vz
1| - fT i(t)? dt y
= —_ L = — .
T Jo vz "

Without loss of generality, we can write the sinusoidal expressions for voltage and current as

v(t) = V2|V| cos (wt), (2.1)
i(t) = V2|I| cos (wt — ). (2.2)

Here, phase shift angle ¢ represents the difference in phase of the voltage and current sinusoids.

Phasor Notation

A phasor is a complex number that represents the amplitude and phase of a sinusoid. The angular
frequency w is constant in a steady-state system. Therefore, we are only interested in the amplitude and
phase shift of the voltages and currents, which is why phasor notation is widely used. In the phasor
domain the time-dependency is not denoted, as the frequency is constant in a steady-state system.
The use of phasor notation allows to switch from the time domain to the phasor domain, so that time-
dependency is dropped, simplifying steady-state calculations and analysis. Using Euler’s identity, we
see the equivalence relation between a sinusoid, complex number and phasor as follows

v(t) = V2|V| cos (wt + &) = V2Re (|V[ei@t+8V)) = V2Re (Vel®t),
where V = |V|el% is the voltage phasor. In phasor notation we denote the amplitude and phase angle,

V =|V]eldv = |V|265y.

Resistance and Ohm’s Law

Various materials are known to resist the flow of electric charge, where the amount of resistance to
the flow is a material property. This resistance is measured in ohms (Q). Ohm’s law states that the
voltage v across an element (resistor) is directly proportional to the current i flowing through. This
proportionality is defined as the resistance R of an element, which in computed in the phasor domain
as

R=T. (2.3)

Kirchhoff’s Voltage and Current Laws in AC Systems
Besides Ohm'’s law, there are two other important physical laws often used in circuit analysis. There
are Kirchhoff’s current law (KCL) and Kirchhoff’s voltage law (KVL).
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+ KCL is based on conservation of charge and states that the sum of current phasors entering and
leaving a node is always zero,
N
Z I, =0, (2.4)
n=1

This implies that the magnitude of currents entering the node equals the magnitude of currents
leaving the node.

+ KVL is based on conservation of energy and states that the sum of all voltage phasors around a

closed path is zero,
M
Z Vi, = 0.

m=1

This implies that the sum of all voltage drops within a closed loop equals the sum of all voltage
rises.

Power

The concept of power is defined as the time rate of the expending and absorbing energy, and is mea-
sured in watts (W = Js™1). The instantaneous power p(t), is the power absorbed or supplied by an
element in a circuit at a specific time. It is computed as the product of the voltage across the element
and the current through it,

p(t) = v(t) - i(t). (2.5)

Substitution of voltage and current definitions (2.1) and (2.2) into instantaneous power (2.5) results in

p(t) = 2|V||I| cos (wt) cos (wt — @),

= |V||I| cos (¢) (1 + cos Rwt)) + |V||I| sin (¢) sin Rwt). (2.6)

In an AC circuit, the voltage and current are constantly changing over time, and thus the power is as
well. Similarly to how RMS values of voltage and current are used in AC circuits, the real power P is
defined as the average of the instantaneous power during one time period,

1 T
P= ?fo p(t) dt = |V]|I]| cos (). (2.7)
Note that the real power P corresponds to the time-independent part of the first term in (2.6). The real
power can be interpreted as the useful power that is actually dissipated by the load, and is measured
in watt (W).

Besides the real power, in AC systems there is also a reactive power, denoted by Q. This is the power
that oscillates back and forth between the source and the load, and does not do work. It is however
a necessary part for the functioning of AC systems. The reactive power is measured in volt-ampere
reactive (VAR) and corresponds to the time-independent part of the second term in (2.6), which has
an average of zero. We thus have

Q = [V|[I] sin (¢). (2.8)

Both the real and reactive power depend on phase shift angle ¢, which indicates how in phase the
voltage and current are. If ¢ > 0, the current is lagging behind the voltage, and when ¢ < 0, the
current is leading the voltage. The power factor is defined as

pf = cos (¢p) = cos (6y — 6)).

The phase shift angle ¢ influences the magnitude of the real and reactive powers. If ¢ is zero, the
power factor is 1 and the voltage and current sinusoids are in phase, resulting in a large true power P,
and zero reactive power Q. This can be interpreted as a perfect system where all electricity from the
source is used to do work. On the other hand, when ¢ is near i%, and the power factor is thus near 0,
the true power P becomes zero, and reactive power Q becomes large. This implies that no electricity
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is used to do work and is instead stored in magnetic or electric fields.

In order to simplify power relations and expressions, the complex power S is used. It combines the
real and reactive powers into a single complex number, defined as

S=Vvr, (2.9)

the product of the voltage phasor VV and complex conjugate of current phasor I. The complex power
can equivalently be written in polar coordinates, phasor notation and Cartesian coordinates as follows

§=VI" = |V|[I| (cos (¢) + isin (¢)),

= |V||I|e'®, Polar
=|VI||l|£¢ = |S|£9, Phasor
=P +iQ. Cartesian

In the phasor notation, the complex power has magnitude |S| = |V||I| = /P? + Q2, defined as the
apparent power. This is a practical quantity often used as an electrical apparatus specification.

Impedance and Admittance

Besides resistors, there are also other passive circuit elements. The most relevant in power system
analysis are the storage elements capacitors and inductors. A resistor dissipates energy, whereas ca-
pacitors and inductors store energy.

A capacitor stores energy in an electric field. The amount of energy stored is proportional to the applied
voltage. The effect of a capacitor in an AC circuit is that the voltage sinusoid will lag behind the current
sinusoid, making them out of phase. With a lagging voltage there is a decrease in the real power and
increase in the reactive power. The energy stored in the electric field is indicated as the reactive power.

Similarly, an inductor stores energy, but in a magnetic field. The amount of energy stored is pro-
portional to the current flowing through. The effect of an inductor in an AC circuit is that the current
sinusoid will lag behind the voltage sinusoid, making them out of phase as well. With a lagging current
there is a decrease in the real power and increase in the reactive power. The energy stored in the
magnetic field is indicated as the reactive power.

Similar to the complex power notation, the resistance, capacitance and inductance as voltage-current
relations in the phasor domain, can be combined into one complex quantity, the impedance Z. Impedance
represents the opposition that the circuit exhibits to the flow of sinusoidal current. The general expres-
sion of the impedance is given as

V
7= =R+, (2.10)

a complex number measured in ohm (Q). The real component R is the resistance and the imaginary
component X is the reactance. If the reactance is positive, so X > 0, the component is inductive and
results in a lagging current. If the reactance is negative, X < 0, the component is capacitive and results
in a lagging voltage. Note that impedance is a ratio of two phasors, but is not itself a phasor.

Conversely, admittance Y represents how easily current flows through a circuit. It is defined as the
reciprocal of the impedance,

1 __ R X
Z R+x2 'R+ X2

Y = =G +1iB. (2.11)
The real component G is referred to as the conductance, while the imaginary component B is called
the susceptance. Similar but opposite to the reactance, if B > 0 the component is capacitive, while it
is inductive when B < 0.
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2.1.2. Transmission Line Modelling

Transmission lines are an important part of power systems modelling, as they transport electricity to the
end user. The derivation of different transmission line models can be found in more detail in Chapter 4
of [6] and Appendix E of [51]. This section discusses the properties of transmission lines and uses the
derivation of the transmission and admittance matrices to relate sending currents, receiving currents
and related voltages. Besides transmission lines, there are also other electricity network components
that have to be modelled, most commonly transformers. More about the modelling of transformers can
be found in Chapter 6 of [31], Chapter 3 of [51] and Chapter 13 of [3].

There are four different important parameters to consider for the modelling of a transmission line, which
are series resistance, series inductance, shunt capacitance and shunt conductance. The series resis-
tance and inductance refer to resistance and voltage lagging in line with the path of the current, whereas
shunt capacitance and conductance refer to leakage current that is in parallel with the transmission line.
The series impedance can be written as

z=r+iwx,

where z is the series impedance, r the series resistance and x the series inductance. Similarly, the
shunt admittance is given by
y=g+iwb,

where y the shunt admittance, g the shunt conductance and b the shunt capacitance.

An equivalent circuit of a transmission line can be found in Figure 2.1. The left side of the circuit,
with subscripts i is the sending side, while the right side corresponds to the receiving side, indicated
with subscripts j. The shunt admittance is split into half, with one part on the sending end and one
part on the receiving end of the line. Define the total series impedance and total shunt capacitance per
phase as

Z=zL, Y =yl

where L is the transmission line length in meter (m). The equivalent circuit given in Figure 2.1 is a so-
called lumped equivalent circuit. The term ‘lumped’ refers to the assumption that circuit components
are concentrated at discrete points, rather than being spread out along the entire line. Therefore, we
define the equivalent lumped series impedance and shunt admittance as

inh (yL tanh (yL/2
pog SUROL L tanh(rL/2)

yL - yL/2 '

respectively. Here, y = ./zy is the propagation constant. Notice the dependence of the lumped
impedance and admittance on the transmission line length L.

I z' I

=~

- - P
- - P

Figure 2.1: Equivalent lumped circuit of a long transmission line.

Transmission parameters refer to the parameters that relate the input variables V;, ;; to the output
variables V;, —I;;. The corresponding transmission matrix of the lumped equivalent circuit in Figure 2.1
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follows from two-port theory and is given as

z'y’
[Z;]: (Z A ) o [ ] (2.12)

Using this transmission matrix for the lumped equivalent circuit we can express sending current I;; in
terms of the sending and receiving voltages V;, V;,

1 1,
IU=(V1-—VJ-)?+EY V. (2.13)

Note that impedance and admittance are related through (2.11). Therefore, we will from now on denote
the series elements with the superscript -5¢, and the shunt elements with the superscript -". Substituting
Z' and Y' and working out the series and shunt admittances, (2.13) becomes

1
lij = [Y’Se 5 Y’Sh] Vi — Yy,

1 . (2.14)
= [—(Gi +iBj}) + IBSh)] [ P +iB;} ] v,
=Yii,; Vi = Yi;Vj,

sinh (yL) __ tanh(yL/2)

, Gy = and coefficients
yL yL/2

where Cl -
— se se 2 Sh SII
— se s Rse

llJ——l(Gl] +1Bij .

These coefficients describe the relation between the sending current /;; and related voltages V; and V;
The termY;; ; is the sum of the shunt and series admittances connected to element i via the transmission
line with sending current /;;. The termY;; is the series admittance of the direct transmission line between
elements i and j. Since admittances are a property of the line itself, Y;; = Y;; and Y;;; = Yj;;. The
relations from the transmission matrix (2.13) can also be represented by the matrlx

AR ]
u} VJ
The total current at element i is defined as the sum of all sending currents leaving the element,
- Z Iij Z [ ll] Yl]V]] (215)
YBE] IBE

Substitution of the sending current expression in terms of voltages (2.14) into the total current leads to
the admittance matrix Y,

I 2 %1 Y11, —Yi2 —Yiy Vi
LI__| Y2 Xjje2 Yoz —Yon V2
I =Y. =Y o Yun il LV,
N 1N 2N 2 j=n Ynn, i Vn (2.16)
Yii. Yz - Yin][Va
__|Y1 Y2 o TVan|| V2
Yy Yyz o YunllVy
with coefficients
Yii = ZYujr Yij =Y = =Yij.
]}il

The admittance matrix of a circuit can be constructed by observing that the elements are determined
as:
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» The diagonal terms Y;; are the sum of all admittances directly connected to element i.
* Y;; equals the negative value of the admittance connected between elements i and ;.

With the derived expression of sending current in terms of voltages (2.14), we can formulate the com-
plex power S;; at the sending end of the transmission line using (2.9)

Sij = Vil
) A _ . Gse _ iBse 1 )
= |Vile®i! [(mw“‘vi‘ = ile™ i) T + = (6% = 1B%") G, Vil (2.17)
G, 2
= P; +1Qy;,
with sending real and reactive powers
AE Vi||V; 1
P = %Gse - % [GS® cos (¢;)) + B sin (¢;)] + E|vl-|2c;shc2, (2.18)
Vi|? Vi||V; 1
Qi = —%Bse - %llfl [GS® sin (¢;;) — BS® cos (¢)] — §|Vi|zBShC2. (2.19)

Note that the length of the transmission line L appears in the definition of the equivalent lumped
impedance and admittance in constants C; and C,. When modelling a transmission line, one therefore
has to distinguish between long, medium and short length lines. In a long transmission line (L > 240
km) all components in the series impedance and shunt admittance are non-zero and thus have to be
taken into account. For a medium length transmission line (80 < L < 240 km), simplifications can be
made by assuming that sinh (yL) = yL. Therefore, Z' ~ ZandY' = Y (Cy, C, = 1). Additionally, we can
assume that the shunt conductance g*" becomes negligible. For a short transmission line (L < 80 km),
even more simplifications apply such that the shunt capacitance b*" also becomes negligible. For a
short transmission line the shunt admittance Y is therefore assumed to be zero. The equivalent circuits
of medium- and short-length transmission lines can be found in Figure 2.2.

;

=~
=
S

NI
|

i
i
i
i

(a) Medium transmission line. (b) Short transmission line.

Figure 2.2: Equivalent circuits of medium and short transmission lines, taken from [51].

2.2. Gas Networks

The energy carrier gas refers to any gaseous substance that is transported or consumed for its en-
ergy content. Some common gas energy carriers are natural gas, hydrogen and biogas. The gas is
transported and converted into other energy carriers, such as electricity and heat, via processes like
combustion. The modelling of a gas network focuses on the transport of gas through pipes based on
mass flow and pressure.

This section gives a brief derivation of the mass flow of a gas in a pipe, based on [35], Chapter 4
of [41] and Chapter 2 of [33]. The section ends with a brief discussion on other common gas network
elements.

2.2.1. Mass Flow in a Pipe
According to [41], there are many different models and formulas used to describe steady-state flow
of gas through a pipe. The gas dynamics within a single pipe are described by a set of PDEs, often
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called the Euler equations. For our use-case, assumptions have to be made, as we are interested in
steady-state isothermal flow. This implies that there is no time-dependence and the gas temperatures
are constant. Additionally, assumptions are made to simplify calculations and derivations. We thus
assume negligible kinetic energy change in a pipe, constant compressibility of gas in a pipe, constant
friction coefficient along the pipe length, validity of Darcy friction loss relationship across the pipe and
horizontal pipes.

Under steady-state isothermal conditions, the governing Euler equations reduce to

LS Ll L (2.20)
0x 2D ’

where we have gas pressure p(x) in pascal (Pa), dimensionless constant friction factor f, gas velocity
v(x) in ms™?, gas density p(x) in kgm™3, and constant inner pipe diameter D in meter (m). Denote
by q(p1, p2) the constant gas mass flow in a pipe in kg s™!, depending on the pressure p, at the inlet of
the pipe, and pressure p, at the outlet side of the pipe. Solving (2.20), as is done in detail in [41] and
[33], results in the following expression of the mass flow,

A
aup) = sign@ap)ce |2, (2.21)

with C9 the pipe constant defined differently for high-pressure and low-pressure systems as

SD5

s .
s\ 7r.1z’ High pressure,
g — air
C x [2posps (2.22)
- , Low pressure.
8+ TpRairl

The pressure drop Ap in (2.21) is also defined differently for high- and low-pressure systems as

(2.23)

Ap = p% —p2, High pressure,
p1 —p2, Low pressure.

In the pipe constant expression (2.22) we have S the dimensionless specific gravity of the gas, T the
constant gas temperature in kelvin (K), R, the gas constant of air in Jkg_1 K1, L the length of the
pipe in meter (m), and Z the dimensionless compressibility factor.

For low-pressure systems we are able to make the following additional assumptions:

1. Z = 1: In a low pressure system the real gas is close to ideal gas.

2. T = T,: Inthe low-pressure system we can assume that the temperature T is close to the standard
temperature T,,.

3. p? — p? ~ 2p,(p, — p,): Linearization around p,, the standard pressure.

There are various models that one can use for the friction factor. It can be assumed that the friction is
a constant, dependent on the pipe parameters or dependent on the gas mass flow, f = f(q). Several
models are discussed in Chapter 2 of [35] and Chapter 4 of [41].

2.2.2. Gas Network Elements
Besides pipes, there are also other important network elements in gas networks.

» Valves: Valves are used to route or block gas flow, and can be either closed or open. If the valve
is open, we have p; = p;, T; = T; and q;; # 0. If the valve is closed the gas is prevented from
flowing, which results in g;; = 0 and p;, p; are decoupled.

» Control valves: Also known as pressure regulators, control valves are used to interconnect net-
work parts operating at high pressure with the low pressure parts. If the valve is active, the
pressure at the outlet can be reduced to a controllable value. As a result of the pressure drop,
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the temperature of the gas also drops. If the control valve is closed, we have g;; = 0 and p;, p;
are decoupled. If the control valve is active, the pressure difference can be kept within a prede-
termined range around pressure p,, so we have 0 < p., — € < Ap;j < p., + € and q;; = 0.

» Compressor machines: Compressors are used to increase the pressure of the incoming gas to
a higher outflow pressure. There are different types of compressor machines that can be some
of the most complex parts of gas networks. A general compressor can be described by p; = rp;,
with the constant » depending on the compressor, and g;; > 0.



Modelling Single-Carrier Energy
Networks

The aim of this chapter is to formulate the mathematical models of the single-carrier (SC) energy net-
works, focussing on the carriers electricity and gas. The contents and aim of this chapter are based
on the work of Markensteijn [35]. The carrier-specific concepts, terms and definitions can be found in
Chapter 2.

Section 3.1 describes how energy networks are represented as graphs, in a general setting as well
as carrier-specific. Next, these graph formulations are used in Section 3.2 to derive, formulate and
understand the steady-state load flow equations of electricity and gas networks.

3.1. Graph Representation of Energy Networks

Energy systems can be represented by graphs to visualize the connection between network com-
ponents, producers of energy and consumers. This section discusses some general concepts from
networks in graph theory to understand network modelling, based on Chapters 1 and 6 of [15]. Ad-
ditionally, it discusses how electricity and gas networks can be interpreted as graphs, using notation,
concepts and principles from [41] and [36].

3.1.1. Graphs and Networks

A graph G is a pair (V, ) of sets such that £ € [V]2. The set V is a set of nodes/vertices v;, while € is
a set of pairs of nodes e, = {v;, v;}, referred to as links/edges. A graph is undirected if the links £ form
an unordered set of nodes. Conversely, a graph is directed if the links form an ordered set of nodes
ex = (v;,v;), so that the link has a direction from node v; to v;. The size/order of a graph, denoted by
[V|, is the number of nodes of the graph. Similarly, let |€] denote the number of links.

The incidence matrix A € RIVI*I€l describes the interconnection between nodes V = {v,, ..., v,} and
links € = {ey, ..., v, } in @ graph G. If the graph is undirected, the incidence matrix is defined as

1, link e is connected to node v;

the = 0, otherwise.
If the graph is directed, the incidence matrix is defined as

1, link e, leaves node v;,
Ay ={—1, link ¢, enters node v;, (3.1)
0, otherwise.

A terminal link or half link is a special type of link that is only connected to one node and can be denoted
by t; = {v;}. By definition, a terminal link can only be connected to one node, while a node can have

14
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more than one terminal link connected to it. The set of terminal links t; in a graph is denoted by 7 and
the set of terminal links connected to node v; is denoted by T (v;).

A network is a graph with an associated physical model. The links of a network carry some kind of
flow, such as water, electricity or data. In this research, we will focus on a network that represents the
flow/transport of energy along its links, called an energy (transportation) network. Denote the energy
network by V' = {G, 7} = {V,&,T}, a graph with a set of nodes and links, and a set of terminal links.
Note that if graph G is (un)directed, then so is network V.

The terminal links in an energy network are used to model inflow (source) and outflow (sinks) of energy.
A node can represent such a source or sink, but since flow in a network is defined through links we
associate the inflow and outflow of the sources with the terminal links. The terminal links thus represent
the in- or outflow of the source or sink.

3.1.2. Electricity Network

A balanced alternating current (AC) power grid is represented by an undirected network, which we
denote with V¢ = {V¢,£¢,7¢}. In an electricity network a node, also called a bus, is an electrical
component in the circuit. A link represents a transmission line. An example of an electricity network is
given in Figure 3.1.

. e v;

Vil 6; '; __________________ ke )|V 6
P: O: P. O
i Ql : Iij Pij Qij : J Q]
“ 3
\ \

Py, Qi Pi, Qji,

Figure 3.1: Electricity network with two nodes.

Generators and loads are represented by nodes and terminal links, and are modelled as power in-
Jections, which is the complex power supplied (consumed) by the generator (load). It consists of the
injected real power P and injected reactive power Q. The injected real and reactive power through
terminal link t; supplied to node v; are denoted by P;; and Q;,;, respectively. Note that multiple loads or
generators can be connected to a single node. Therefore, define the fotal real power and total reactive

power at node v; as
Py = z Py, Q= z Qi (3.2)
1 1

respectively. Additionally, we denote the real power flow from node v; to v; with P;;. Similarly, the
reactive power flow Q;; denotes the flow of reactive power between the two nodes. The convention is
to denote consumed power as positive, and generated power as negative, following the direction of the
terminal link arrows in Figure 3.1.

Additional variables of interest are the nodal voltage V and link current I. The voltage at node v; is
denoted as V;. The current leaving node v; and flowing to v; is called I;;. Conversely, the current
leaving node v; and flowing to v; is denoted as ;. Note that if a transmission line does not contain
any admittances, we have [;; = —I;. Such a line is referred to as a lossless line. If there are series
and/or shunt admittances present, we generally have I;; # —I;; and the relation between [;; and [;; is
determined via the transmission matrix (2.12), as described in Section 2.1.2. The total injected current
at node v; is defined as
Ii = Z Ii,l'
l

The admittance matrix Y (2.16) or transmission matrix T (2.12) of the network describes the relation
between the link current injected at the nodes and the nodal voltages. Note that the admittance matrix
describes the currents in terms of voltages, whereas the transmission matrix describes sending current
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and voltage in terms of receiving current and voltage. They can be used interchangeably for the mod-
elling of a single link that connects two nodes. Using the admittance matrix Y or transmission matrix
T, we can express the link currents I;; in terms of the nodal voltages V;. As a result, the state of an
electricity network can be fully described by four nodal parameters. For each node we thus describe:

 Voltage phasor magnitude |V;|: The magnitude of the voltage phasor at node v;,
» Voltage phasor angle §;: The angle of the voltage phasor at node v;,
+ Total real power P;: The net generation or consumption of real power connected to node v;,

+ Total reactive power Q;: The net generation or consumption of reactive power connected to node
Vi.

There are different types of nodes/buses in a system. They represent different types of circuit elements
and mathematically differ by which two of the four nodal parameters listed above are known. The three
node types that occur in an electrical system are:

» PQ bus: Also known as a load bus, loads are modelled as constant power sinks. They do not
have control over voltage levels, but their consumption is known through the total injected real
and reactive powers P; and Q;. The unknown quantities are therefore the voltage magnitude |V;|
and voltage phase angle §;. The number of PQ-buses in a system is denoted by |PQ|.

* PV bus: At a PV bus, also called a generator bus, the total real power P; supplied by a generator
and the voltage magnitude |V;| are known. In a real-life power system, the voltage at a generator
is usually kept within a predetermined range, which is required for the functioning and efficiency
of the power system. The unknown quantities are therefore the reactive power Q; and voltage
phase angle 6;. The number of PV-buses in a system is denoted by |PV]|.

» Slack bus: Aslack bus is a special type of bus that acts as a reference point for the entire network.
The voltage magnitude |V;| and voltage phase angle §; are specified. Within a power network
the total injected power supplied, minus the total injected power consumed and total losses must
balance to be zero. This balance is done by the slack node(s). The total injected real power P; and
injected reactive power Q; are thus unknowns. The slack bus can be interpreted as a generator
load that injects exactly the remaining power the system needs. The voltage magnitude |V;| and
phase angle §; are known quantities and serve as a reference for the other voltages, meaning
that we compute the voltage phase angles of the PQ and PV buses relative to the slack bus.
There is typically only one slack bus in a system. However, in larger or specific systems there
can be multiple slack buses. The number of slack buses in a system is denoted by |S]|.

An overview of electricity network node types can be found in Table 3.1.

Table 3.1: Electricity network node types

Node type Specified | Unknown | Size notation
PQ or load bus P,Q [V],8 |[PO|
PV or generator bus P,|V| Q,6 |PV|
Slack bus V], 6 P,Q [S]

3.1.3. Gas Network

A gas system is represented by a directed network, which we denote with &9 = {V9,£9,79}. In a gas
network a node can represent a sink, source or junction. The latter is an intersection of pipes where the
gas is redistributed. A link can represent a pipe, compressor, valve and other gas network elements.
An example of a gas network is given in Figure 3.2. The arrows in the directed graph show the direction
of flow.
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bidi @ q‘ @ Pj 4q;
ij
ty, ty,
ai,1, aj,1,

Figure 3.2: Gas network with two nodes.

The gas mass flow from a sink or source through terminal link t; flowing to node v; is denoted by gq; ;.
Note that multiple sinks or sources can be connected to a single node. Therefore, the total injected gas
flow at node v; is defined as
4= au (3.3)
l

The convention is to denote a supply of gas as negative and a sink as positive q;;, following the direc-
tion of the arrow in Figure 3.2.

We can describe a gas network with the following parameters:
» Nodal pressure p;: The pressure at node v;,
* Link gas flow g;;: The gas mass flow from node v; to node v;.

There are different types of nodes in a gas network system. They represent different network elements
and mathematically differ by which of the two nodal parameters are known.

* Load node: Loads are modelled as gas flow sinks. Their consumption of gas flow is known
through the total injected gas mass flow g;. The unknown quantity is therefore the pressure p;.
The number of load nodes in a system is denoted by |Q]|.

» Slack node: A slack node is a special type of node that acts as a reference point for the entire
network. There is only one slack node in a system, and the pressure p; is specified. Within a gas
network, the total gas mass flow must balance to be zero. This balancing is done by the slack
node where the total injected gas mass flow g; is unknown. The slack bus can be interpreted as
a generator or load that injects (consumes or supplies) exactly the remaining gas flow the system
needs for a steady-state operation. The pressure p; serves as a reference for the other nodal
pressures. We therefore compute the pressure of the load nodes relative to the slack node. The
number of slack nodes in a system is denoted by |P|.

An overview of gas network node types can be found in Table 3.2.

Table 3.2: Gas network node types

Node type | Specified | Unknown | Size notation
Load node q p 12|
Slack node p q 1P|

3.2. Load Flow Equations

This section mathematically derives the load flow equations used in simulations of energy networks for
electricity and gas networks, based on the energy network principles discussed in previous sections of
this chapter and Chapter 2.

3.2.1. Load Flow Equations: Electricity Networks

A steady-state AC power grid is completely described by Kirchhoff’s current law (KCL) (2.4), an equa-
tion linking the current and voltages through admittance (based on Ohm'’s law), and the complex power
equation (2.9). These lead to the load flow or power flow equations. They relate the four quantities
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described in Section 3.1.2 at all nodes v; € V¢, by expressing nodal real power P; and nodal reactive
power Q; in terms of system voltage magnitudes and phase angles.

In every node v; € V¢, KCL (see Section 2.1.1) holds, stating that the sum of all injected currents
must equal the sum of all outgoing currents. Following the notation used in Section 3.1.2, we can write

KCL as
Zli,l ==~ Z Lij, (3.4)
1

Jj#i
the sum of all injected currents in node v;, I;;, equals the sum of all currents leaving the node, /;;, where
the minus sign follows from the convention of choosing the direction of flow.

Additionally, the complex power equation (see Section 2.1.1) holds in every node. It states that in
every node v;, the product of the nodal voltage V; and complex conjugate of the nodal current I; can
be expressed as a complex number that relates the real and reactive powers P; and Q;, so

ZSi,l =5 =Vi(ly)" = P +i0Q;,
l
with S; the total injected complex power at node v;.

Using Ohm’s law, we can denote the current I;; from node v; to node v; in terms of the voltages
and total admittance. The result of this substitution is the admittance matrix (2.16) or the transmission
matrix (2.12). The derivation of both matrices can be found in Section 2.1.2. Using the transmission
matrix we can substitute (2.14) into KCL (3.4), resulting in

Iy = — Z (Y, Vi +Y35Y5),

Jj#t
== D
J

Here, Y;; is a component of the admittance matrix Y. Therefore, one can alternatively directly use
the admittance matrix (2.16) in place of substitution of the transmission matrix into KCL to obtain this
same result. We denote the real and complex parts of the admittance term Y;; as Re(Y;;) = G;; and
Im(Y;;) = B;;. As a result, we can compute the complex conjugate of the current, I,

Ii = _Z YijVix = _Z (Gij = iBy;) (1Vle™07).
J j

Using this expression, the nodal complex power equation can be expressed in nodal real and reactive
powers,
Si =Vi(1y)",

= —|Vj|e%! z (Gij —iBij) (Iv;le~%7)],
J

= —|V;|? (G — iBy) — Z (Gij — 1Byj) IV ||V;|e im0k,

JJj#

(3.5)
= — |VL’|ZGii + Z |VL||V}| (GU COS(SU + BU sm(‘)‘u)‘ -
Jj#i

i|—|ViI*By; — Z [VillV;| (Bij cos &;j — Gyj sin§y) |,
JJ#l
= P; +10Q;,
where §;; = §; — §;. This result for the complex power equation leads us to the formulation of the load
for equations for electricity networks.
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Load Flow Equations
The load flow equations for an electricity network can be written as the following non-linear system of
equations

Fé(x) =0. (3.6)

eslil

The vectors § and V contain the unknown nodal voltage angles and magnitudes. The number of un-
known voltage angles is |V¢| — |S|, as the slack nodes have a known voltage angle. Similarly, the
number of unknown voltage magnitudes is |V¢| — |S| — |PV|, as the slack nodes and PV nodes have
prescribed voltage magnitude. The vector x¢ thus has 2(|V¢| — |§|) — |PV] entries.

The argument x¢ is defined as

The function F¢(x?) is defined as
FP (x¢
Fe (x¢) = [FQEX% , (3.7)

The vectors F” (x¢) and F?(x®) contain the complex power equation for the nodes with known injected
real and reactive power, respectively. The number of nodes with known total real power is [PV|+ |PQ],
whereas the number of nodes with known total reactive power is |PQ|. The vector F¢(x¢) thus has
|PV| + 2|PQ| components. Suppose that the i-th entry of F(x®) corresponds to node v;,, which has
known total real power, and that the I-th entry of F¢(x¢) corresponds to node v;,, Which has known
total real power, then the entries of F¢(x®) are determined using the result in (3.5),

F?(Xe) = Pi1 + |Vi1|ZGi1i1 + Z |V11||V]| (Gilj COS(S,:U' +Bi1j siné‘ilj),
JJ#l

F?(Xe) = Qi, — Vi, I*Biyi, — Z Vi, 1Vj| (Biyj cO8 8y, — Giyj sin 6y, ).

Ji#iz

(3.8)

Recall that P;, and Q;, are defined as the sum of injected powers, (3.2).

Note that |[V¢| = |PQ| + |PV| + |S], so |PV| + 2|PQ| = 2(|V¢]| — |S]) — |PV|. The total system (3.6)
thus contains |[PV]| + 2|PQ| equations with |PV| + 2|PQ| unknown variables.

3.2.2. Load Flow Equations: Gas Networks

A steady-state gas network can be completely described by conservation of mass and link equations
that model the network elements. This leads to the load flow equations that relate the nodal pressures
and total injected gas flow described in Section 3.1.3 at all nodes v;.

In every node v; € V9, conservation of mass must hold. Therefore, the sum of all flows going into
node v; and all flows going out of node v; must balance to be zero. This leads to

Z qji — Z qij — q: = 0. (3.9)

Jj#t JJ#t

The first term corresponds to gas flowing into node v; from other connected nodes, the second corre-
sponds to the gas flowing out of node v; to other connected nodes, and the final term g; is the total
injected gas flow (3.3). The signs follow from the convention of choosing the direction of flow.

Additionally, each link has a link equation, which differs per gas network element. If a link represents a
pipe, then the results of Section 2.2.1 can be used, leading to the pipe link equation. For the pipe that
allows for gas mass flow between nodes v; and v;, we have pipe link equation

, |Ap;;|
q:ij(pi, vj) = sign(Ap;;)CY T” (3.10)
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where Ap;; represents the pressure difference between the nodes v; and v;, defined in (2.23), and
constant C9 is given by (2.22). Alternatively, instead of expressing the gas mass flow in terms of
pressure difference as q(Ap), one can express the pressure difference in terms of gas mass flow as
Ap(q). This leads to equivalent pipe link equation

Apij = (C9)*flaijlai;. (3.11)

Load Flow Equations
The load flow equations for a gas network can be written as the following system of equations

F(x9) = 0. (3.12)

There are various formulations used for the load flow equations of a gas network. All describe the
same network but define F and x9 differently. The formulations used are the nodal, loop, nodal-loop
and full formulations. In the nodal formulation there is a substitution of link equations (3.10) into the
conservation of mass equations (3.9), as is done in [41]. The unknown quantities then consist of the
unknown total injected gas flows and the unknown nodal pressures. However, one can only substitute
link equations into conservation of mass if the link equations contain the variable g;;. If the link repre-
sents a pipe, this is the case, (see (3.10)), but if the link represents a different network element, such
as a compressor, the gas mass flow term is not necessarily present in the equation, see Section 2.2.2.
The nodal formulation is therefore only used where all links represent pipes. In the full formulation,
there is no substitution. The unknown quantities consist of the unknown nodal pressures, the unknown
total injected gas flows and gas mass flows along all links. This formulation is more widely applicable
as it can include all types of gas network elements. Therefore, the full formulation is considered in the
remainder of this research.

In the full formulation, the argument x9 is defined as

o

The vector q contains the unknown link flows. Since all link flows are unknown, this vector is of length
|E9|. The vector p consists of all unknown nodal pressures. The number of unknown nodal pressures
is |V9] — |P| = |9|, the total number of nodes minus the number of slack nodes with specified nodal
pressure. The vector x9 thus has |£9] + |Q] entries.

The function F9(x9) is defined as

FI(x9) = [EZ gj; . (3.13)

The vector F4(x9) is the vector of conservation of mass, and contains the components as in (3.9) for
only the nodes with known total injected gas flow. Suppose that the i-th entry of F4(x9) corresponds
to node v;, which has known total injected gas flow gq;, then we have

Fl(x9) = Z qji — Z qij — qi-
Jy#t Jg#t

Note that this is a linear relation of components and we can therefore write conservation of mass as
a linear system using the directed incidence matrix of the network as defined in (3.1). Since we are
only considering the conservation of mass equation for nodes with known total injected gas flow, the
reduced incidence matrix A8’ of the network is used, which only contains the rows of the incidence
matrix corresponding to the nodes with known total injected gas flow. This results in the linear system

F7 =A8'q—q", (3.14)
where q'" is the vector with all known total injected gas flows. The vector F4 thus has length |Q].

The vector F-(x9) is the vector of unknown link flows. If the network consists of only pipes, the link



3.2. Load Flow Equations 21

equations are given by (3.10) or (3.11). In this derivation, we will use (3.11), as this formulation is gener-
ally more robust when linearising and solving the load flow equations. Additionally, for a low pressure
system, (3.11) results in an equation that is linear in the pressures. Suppose that the k-th entry of
FL(x9) corresponds to a link (gas pipe) from node v; to node v;, then we have

-2
Fi(x9) = Ap;j — (C9) " flaijlaij (3.15)
The vector F-(x9) is of length |£9|, as we assume all link flows are unknown.

The total system (3.13) thus contains |Q| + |£9] equations with |Q] 4+ [£9] unknowns.



Modelling Multi-Carrier Energy Networks

Different energy carriers such as electricity, gas and heat, can interact with each other, leading to one
combined system, referred to as a multi-energy system (MES). Such a system can be represented by
a multi-carrier energy network (MCN) by coupling nodes of different carriers. An integrated network
can be used to more realistically model and analyse the energy grid as a whole.

This chapter discusses various methods of coupling that can be used for an MCN in Section 4.1, and
includes the formulation introduced in [35]. The integrated load flow equations and node types of an
MES can be found in Section 4.2.

4.1. Coupling

The coupling of single-carrier (SC) energy networks to form an MCN is a key element of integrated
network modelling. This section first briefly introduces types of coupling units that convert energy
from one carrier to another. These coupling units can be included in an MCN in various ways, which is
discussed next. Finally, the coupling method proposed by Markensteijn [35] is described in more detail.

4.1.1. Coupling Units

In an MES, the SC systems interact with each other through various elements, called coupling units.
These elements represent conversion units that transfer energy from one carrier to one or more other
carriers. Table 4.1 shows an overview of conversion units in an MES that transform energy from one
carrier to another. A combined heat and power plant (CHP) makes use of the residual heat that might
occur during energy conversion in a coupling unit. As a result, less energy is lost during conversion.

Table 4.1: Conversion units and examples in multi-carrier energy networks

Input carrier | Output carriers | Abbreviation Example
Electricity Gas P2G Electrolyser
Electricity Heat E2H Electric boiler
Gas Electricity GFG Gas-fired generator
Gas Heat G2H Gas boiler
Gas Electricity, heat CHP Combined heat and power plant

When a gas is combusted, it releases energy. A gas-specific property is the gross heating value (GHV),
that represents how much energy is released by complete combustion. Additionally, when energy is
transformed from one carrier to another, there is likely to be a loss of energy. Therefore, the efficiency
term 7 is introduced, where 0 < n < 1 indicates how much energy is actually transferred from one
carrier to another.

In coupled gas-electricity networks, two types of coupling units can occur, which are the power-to-
gas (P2G) and gas-fired generator (GFG). The coupling unit determines the direction of flow of energy

22
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as well as the way in which the energy is transformed. In this research, a GFG unit is modelled as
P =nx* (GHV *q), (4.1)

where P is the electrical active power leaving the coupling unit, and q the gas mass flow entering.
This equation indicates that the gas is combusted, releasing a total energy indicated by GHV * q. The
number of energy that is then actually transformed into active power P is computed via efficiency 7.
Similarly, a P2G unit is modelled as
nx*Pp
1= GV’
where P is the active power entering the coupling unit, and q the gas mass flow leaving. This equation
indicates that the active power supplied by the electrical component is transformed into energy using
efficiency n, which is then transformed into gas mass flow via its GHV.

4.2)

4.1.2. Methods for Coupling Single-Carrier Networks
As described in [35], there are three main methods generally used to couple different energy carriers
into an MES:

1. Coupling link: Connect two nodes of a different energy carrier through a coupling link, such that
this coupling link represents the coupling unit. This method has no straightforward interpretation
of a coupling link and it is less intuitive how more than two different energy carriers are coupled.

2. Merged node: Merge two nodes of a different carrier into one node, such that the incoming carrier,
outgoing carrier and coupling unit are represented by one node. This method has the practical
downside that nodal parameters might have to be doubly defined. Additionally, it has to be pos-
sible to differentiate between links of different carriers connected to the merged node in order to
apply Kirchhoff’s law in constructing the load flow equations.

3. Coupling nodes and dummy links: Introduce an additional coupling node and connect the two
different energy carrier nodes with dummy links to the coupling node, such that the coupling
node represents the coupling unit. With this method the models of the SC parts are only slightly
altered and the connection between the carriers is shown explicitly.

In the rest of this report the coupling of SC parts is considered to be done with coupling nodes and
dummy links, and is further discussed in Section 4.1.3.

4.1.3. Coupling Nodes and Dummy Links

The coupling node represents an MES coupling unit as described in Section 4.1.1 that couples at least
two energy carriers. An example of a graph representation of an MES with one coupling node is given
in Figure 4.1. By definition, no nodal parameters are associated with the coupling node and it is not part
of any of the SC parts, but rather belongs to its own coupling part. If a coupling node couples nodes
of the same carrier, it is referred to as homogeneous. Such a node can be introduced when, for ex-
ample, coupling high-voltage and low-voltage electricity networks. A network with only homogeneous
(coupling) nodes is a homogeneous network. Conversely, if a coupling node couples nodes of different
carriers, it is referred to as heterogeneous. A network with at least one heterogeneous coupling node
is a heterogeneous network. The total number of coupling nodes in an MES is denoted by V°¢.

The different SC parts in an MES are connected to the coupling node via dummy links. They only rep-
resent connections between the SC parts and therefore do not represent physical system components.
However, they have the same parameter types associated with them as the links of the SC network
they are connected to and could therefore be interpreted as lossless links. Gas and electricity dummy
links are interpreted as follows:

» Gas dummy link: A gas dummy link only has a gas mass flow g along the link as link parameter,
but not a link equation.

* Electricity dummy link: An electricity dummy link has a current I and real and reactive powers
P and Q associated with it. Since the dummy link can be interpreted as a lossless power line, it
must therefore hold that I;; = —1;; as well as that P;; = —P;; and Q;; = —Qj;.
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Figure 4.1: Taken from [35]: ‘Network representation of a coupling node, showing quantities of interest for LF and the network
elements they are associated with.’

Following the introduction of dummy links, the MES can be easily separated in SC parts by transforming
the dummy links into terminal links. This flexibility allows for general application to MESs.

4.2. Load Flow Equations

Using the coupling method described in Section 4.1, this section describes the mathematical formula-
tion of an MCN. The newly introduced coupling equations and occurrences of new node types lead to
the load flow equations of an MCN. In the remainder of this research, only coupled electricity and gas
networks will be considered.

4.2.1. Coupling Equations

Denote an MCN with V' = {V, &, T3}, where V = {Uyex V*,V¢}, € = {Ugex €%, €Y and T = {Uyex 7%}
with included SC energy networks X. The set V¢ contains all coupling nodes, while €€ is the set of
dummy links. Note that there are no terminal links associated with the coupling, as coupling nodes
don’t have terminal links associated to them.

In every heterogeneous coupling node, one or more (non-)linear coupling equations hold that rep-
resent the conversion of energy from one carrier to the other. The general form of the nodal coupling
equations associated with coupling node v; € V¢ connected to homogeneous node v; is given as

F¢(x) = 0. 4.3)

Note that one coupling unit can result in one or more coupling equations. The coupling parameters for
coupled electricity and gas networks are given as

x¢ =P, (4.4)
Q.

where q_, is the vector of gas mass flows of the gas dummy links, and P, and Q. are the real and reac-
tive power of the electricity dummy links.

In this research, the function F¢(x¢) consists of GFG and P2G equations, given in (4.1) and (4.2),
respectively. This gives
FgSFG (qc' Pc) =F - TI(GHch): (4-5)

for a GFG unit. For a P2G unit we get
F&rc (a0, P.) = nP. — GHVq_. (4.6)

Note that Q. does not appear in the equations for a GFG or P2G unit. In the remainder of this research,
the Q. therefore does not occur.
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4.2.2. Additional Node Types

Generally, the coupling of SC networks results in more added variables than added equations. A nec-
essary condition for a well-posed linear system is to have as many variables as equations, called a
square system. The load flow equations of the electricity and gas networks are generally non-linear.
As a result of the non-linearity, it is no longer necessary to have as many unknown variables as equa-
tions for the system to be well-posed. However, these non-linear systems are often linearised during
the solution process, such as in the Newton-Raphson (NR) method. A necessary condition for the
existence of the inverse of the system Jacobian in NR is that it must be square. It is thus generally
desirable for the non-linear system of equations for an MES to be square, by having as many unknown
variables as equations. In order for the multi-carrier load flow problem to have as many equations as
unknown parameters, we require additional parameters to be known beforehand. More practically, the
interpretations of the scenarios modelled using coupling nodes often naturally result in more known pa-
rameters in order to solve the load flow problem. For example, parameters of the slack node in one SC
network can be replaced by the coupling parameters, essentially using the other coupled SC network
as the slack. Consequently, new node types are introduced that only occur in MCNs.

Possible gas and electricity node types in an MCN are given in Table 4.2 and 4.3, respectively. Math-
ematically, more electrical node types are possible than indicated in the table, by combining different
known and unknown parameters. However, the node types mentioned in Table 4.2 and 4.3 are the
node types that are generally physically possible in an MES with an electrical component. As a result
of the additional node types, and thus a possible transfer of the slack function from one carrier to an-
other, it can occur that the load flow problem of one SC network is overdetermined, while the load flow
problem of another SC network is underdetermined. However, the final MCN has as many equations
as unknowns.

Table 4.2: Gas node types in a multi-carrier network

Node type Specified | Unknown
Load node q p
Slack node p q
Reference load node ».q -
Slack node - p,q

Table 4.3: Electricity node types in a multi-carrier network

Node type Specified | Unknown
PQ or load bus P,Q V], &
PV or generator bus P,|V| Q,6
Slack bus V], 8 P,Q
PQV bus P,Q,|V| 8
QVS§ bus Q,|V|,6 p
PQV$§ bus P,Q,|V|, 6 -

4.2.3. Load Flow Equations: Multi-Energy Systems

To construct the load flow equations of a coupled network, one first constructs the load flow equations
of the SC parts according to carrier-specific formulation. The load flow equations for electricity and gas
are described in Sections 3.2.1 and 3.2.2, respectively. During the construction of the SC components,
the dummy link variables are taken into account, whereas the coupling nodes are not. The load flow
equation(s) for the coupling nodes follow from the specific unit used for coupling and are of general
form (4.3). Combining the load flow equations of the individual electricity and gas networks and the
coupling nodes results in the following MES load flow problem:

F9(x9,x°) x9
F(x) = [Fexe,x) [ =0, x=[x°|. (4.7)
F¢(x%) x°
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The load flow equations for the gas network in the multi-carrier system are included in FI that depend
on the gas network parameters included in x9 (the nodal pressures and link gas mass flows), as well as
on the dummy link gas mass flows included in x¢. Similarly, the load flow expressions corresponding
to the electricity network are included in F¢ that depend on the electricity network parameters in x¢,
which are the nodal voltage magnitudes and angles. Additionally, electricity load flow also depends on
the real and reactive powers of the dummy links included in x€¢. Finally, the nodal coupling expressions
are included in F¢ that model the coupling units. The coupling equations only depend on the dummy
link coupling variables x€.

4.3. Solution Methods for Multi-Carrier Energy Systems

Studies on hybrid energy flow of MESs often focus on the establishment of models and formulations [62,
65], while only a few studies are dedicated to the solution methods used in such load flow calculations
[44]. Several studies on smaller MCNs make use of NR, combined with direct solvers for the linear
systems [37, 62]. Solving large integrated energy networks all at once remains an open challenge [39].

4.3.1. Decomposed Methods
Some studies on solving MESs investigate the possibility of decoupling a coupled MES, and using di-
rect solvers to solve the smaller or simpler sub-systems, categorised as decomposed methods.

Markensteijn [35] formulated a decoupled approach to solve load flow problems of coupled MCNSs.
Through the use of interface conditions (IFCs), she describes how a coupled network can be formu-
lated such that the SC networks can be solved separately. The blocks in the Jacobian of a coupled
network are generally not square. In her decoupled formulation, the SC sub-matrices in the Jaco-
bian are made square by including information obtained from the coupling in the SC subnetwork. It is
mentioned that the decoupled formulation is equivalent to a permutation of the Jacobian matrix of the
coupled system, as in (5.7). Markensteijn states that when the Jacobian matrix of a coupled network
is permuted such that the SC sub-matrices are square, domain decomposition (DD) or block iterative
methods can be used to solve the linear system.

Zhang et al. [64] introduced a partial decoupling method for fast calculation of energy flow in large-
scale heat and electricity integrated energy systems, which operate in a heat-load-following mode.
Although the focus of the study is on the partial decoupling method for a district heating system (DHS),
they also solve a coupled electro-thermal system. Since they consider a coupled system in heat-load-
following mode, their methodology of solving the coupled system consists of first solving the DHSs
iteratively, then updating the electric power of the combined heat and power (CHP) units, and finally
calculating the electric power flow using NR combined with a direct solver. The errors in the partial
decoupling method for the DHS have little effect on the convergence of NR for the coupled electrical
network, which is desirable.

4.3.2. Integrated Methods

Jia et al. [26] conducted an investigation into problems of the integrated method for electro-thermal
energy systems. The integrated method fails in exceptional cases when energy reverses during itera-
tions. Additionally, it is sensitive to the choice of initial values.

Qi, Li, and Bie [44] studied the inexact NR method with preconditioned generalized minimum resid-
ual (GMRES) for hybrid energy flow calculation of integrated energy systems, using an electro-thermal
coupling system as a test case [44]. Their results show a significant acceleration effect on the calcu-
lation speed compared to classical methods, and it is therefore recommended to further investigate
(preconditioned) iterative solvers applied to integrated energy systems.



Linear and Non-Linear Solution Methods

An energy network can be represented by a system of load flow equations. The systems of equations
for electricity and gas networks are described in Chapter 3. The systems of equations for a multi-energy
system (MES) where different energy carriers are combined are described in Chapter 4. In order to
solve the energy flow problems they represent, these systems of, generally non-linear, equations have
to be solved.

A general energy load-flow problem is represented by a non-linear system of equations. The most
commonly used principle in solving non-linear systems is to linearize and use an appropriate linear
solution method. The non-linear solution method Newton-Raphson (NR) is therefore introduced in
Section 5.1. The linearization step includes the computation of the energy network Jacobian matrix,
whose structure is influential in solver performance and convergence. Therefore, the general Jacobian
matrix structures of electricity, gas and multi-carrier energy networks (MCNSs) are also included.

A general linear system of equations can be written as a matrix-vector product
Ax =f, (5.1)

with A € R™™ a non-singular coefficient matrix, f € R™ a right-hand side or forcing vector and x € R"
the unknown solution vector. The goal is to solve this system reliably and efficiently. Generally, a
direct computation of the inverse A is computationally expensive and inefficient, especially for larger
systems. Different solution methods have been developed to determine the solution vector x without
directly computing the inverse. They are either direct methods or iterative methods. In a direct solution
method the coefficient matrix A is factorized into a product of matrices in such a way that computation of
solution vector x is simplified and less expensive. Direct solution methods that are used in solving MES
problems can be found in Section 5.2. The second class of solution methods is based on an iterative
process that aims to improve an approximation of the solution vector x or minimise errors during each
iteration. Such iterative methods are often used for large systems due to their efficiency compared to
direct solution methods. In [24] and [12], it is concluded that an iterative method is the optimal method
for large-scale power systems. Iterative methods that are used in solving MES problems can be found
in Section 5.3. Finally, Section 5.4 introduces and discusses domain decomposition (DD) methods,
based on the principle of divide-and-conquer. Preconditioning is another important aspect of linear
solution methods. These techniques are discussed in the next chapter, Chapter 6.

5.1. Non-Linear Solution Methods

The systems of equations that describe steady-state load flow of energy networks are generally non-
linear. A commonly used principle in solving these non-linear equations is to linearize and use a direct
or iterative linear solution method, as described in Section 5.2 and Section 5.3. This section introduces
the NR as well as the inexact NR method. Additionally, the general Jacobian matrices of electricity, gas
and coupled networks are derived.
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5.1.1. Newton-Raphson

The NR method is used to iteratively solve systems of non-linear equations of the form

F(x) = 0.

The Jacobian matrix | of F(x), F: RV - R", x € RV is given by
o, 9R
0x4 Ixy

Jr=VF=| 1 - 1|
9Fn . 9N
0x4 oxy

The NR method is based on a first-order multivariate Taylor expansion around iterate x,,, such that for
the next iterate x;,.,; we have

F(Xp+1) = F(Xp) + Jr(Xp) Xper1 — Xg) +hot.

The aim is to find x,.,; such that F(x,, ) gets close to zero. The above equation therefore reduces to
JrXp)sk = —F(xy),

where s;, = x;.,1 — Xy, referred to as the update. The NR update equation is thus given as
Jr(Xi)sk = —F(xg).

During each iteration, this linear system is solved using a linear solution method (direct or iterative), af-
ter which the new solution approximation x,, ; is determined using the computed update, x; .1 = X} +Sg-

(5.2)

The class of Inexact NR methods compute an approximate solution to the Newton equations (5.2)
in some unspecified manner such that il
Ty

RGN~ ™
Here r, = Jr(x3)sy + F(Xy) is the residual, ||r||/||F(Xx)]|| the relative residual and 7, a non-negative
forcing sequence used to control the level of accuracy [13, 44, 23]. Under the assumption that the
forcing sequence is uniformly less than one, all such inexact NR methods are locally convergent and
exhibit the same quadratic convergence as the NR method [13].

(5.3)

5.1.2. Jacobian Matrices of Energy Networks

The Jacobian matrix of a (non-)linear system of equations is fundamental in the application of NR. It
is insightful to investigate the general form of the Jacobian matrices of energy networks, since their
spectral properties influence the convergence and accuracy of NR and the linear solution methods.
This section gives the general form of the Jacobian matrix of electricity, gas and coupled networks,
using the load flow equations of Section 3.2.1, Section 3.2.2 and Section 4.2, respectively.

Jacobian matrix electricity network
The Jacobian matrix of an electricity network based on steady-state load flow (3.7) is given as

as oV
Jre = | gpe aLJ (54)
25 av|

Note that in (3.5), the load flow equations contain the components

:Pij = |Vl||V]| (GU COS(SL']' +Bl] Sil’lé‘i]‘), Ql} = —|VL||V}| (BU COS(SL']' - G” sin6l~j).

Therefore, we can write the non-linear steady-state load flow equations for an electricity network as

FP() = Pt ) Py(x0) = P+ V26 + ) P(x%) =0,
J

FP(x) = Q; + ZQij(Xe) =0Qi-
7

Jj#

[Vi|*B;; — z Q;;(x) = 0.

Jj#t
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The Jacobian (5.4) then contains the components

OFf .
35 —|VillV;] (Bij cos 6;; — Gyj sin §;;) = Qij,
j
P
o _ [V;1|V;| (Bij cos 8;; — Gy sin &;;) =— ) 0;;=-0; —|ViI*B;;
35 iy ij ij ij ij ij i i iir
b jgw JJ#i
OF? .
35, = —|Vl||V]|(Gl] COS(SL']' +B” s1n6ij) = _Pijl
j
Q
0¥ _ Vi||Vi| (Gij cos 8;; + By sin &;;) = ) P, =P, —|Vi|?Gy
95, | I.” ]l ij COS 0 ij SN 0y ij i | I.l iir
b g JJ#i
OF; Py
= |V;| (G;; cos &;; + B;; sin &;; = U
OFF ) Yiizi Pij P + |V;|2G;;
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V| VilBii |1|( ij ij ij u) Vil [Vi|Bii A

Jj#t

P Q
The matrices ‘% and ‘% have the property that the diagonal element is the negative value of the sum
of the other elements in the row. The Jacobian is a non-symmetric matrix.

Jacobian matrix gas network
The Jacobian of a gas network based on steady-state load flow (3.12) is given as

okt ore
a a

Jrs =\ opt ot |» (5.5)
aq ap

where conservation of mass system F? is given by (3.14). If all links in the network represent gas pipes,
then F% is given by gas pipe link equation (3.15). The components of the Jacobian are given as

5) )
— =A%,

— =0,

_ 1 0fx
— = —=2(C9)72|qy| (fk + Eqk@>;

0:

op; 2p;, high-pressure.
OFE

oF} {1, low-pressure,

-1, low-pressure,
—2pj, high-pressure,

where link g represents gas flow from nodes v; to v;. It follows that 0F*/0q is a diagonal matrix. If the
pipe friction factor f;, is independent of the gas pipe flow, then df;, /dq; = 0. Note that in a low-pressure
gas network we have

JFL _ Ag,T

op ’
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the transpose of the reduced incidence matrix. The general matrix structure of the Jacobian of a low-
pressure gas network where all links are gas pipes is

!

A8 0
= /T . .
The Jacobian matrix of a gas network is thus a (non-symmetric) lower block-triangular matrix.

Jacobian matrix coupled energy network

The non-linear system of equations for steady-state load flow of a coupled energy network with elec-
tricity and gas is given by (4.7). The Jacobian of such a coupled electricity and gas network is given
as

JF9 (x9 x°) 0 dF9 (x9 x°) 0 dF9 (x9 x°)
an aFE( e C) aFE?Xg C) ]Fg aFE?Xg C)
x€x x€x _ XX
]FE = 0 axe aFachC - 0 ]Fe aFaT (57)
0 0 IF(xT) o o X&)
ox¢ ox°¢

The coupling parameters x, consist of q., P, and Q., as in (4.4). In the gas component F9, only the
conservation of mass equations F{ can depend on q.. The matrix dFj /dq¢ is thus a slice of the reduced
incidence matrix of the coupled gas network of the columns corresponding to the dummy links. Denote
this incidence matrix by AZ.

dF9 oqc 0P 0Qc | _ Ac 0 0
ox, \9F OF OoF |7 \0 0 O

dqc oP¢ Q.

A similar observation can be done for the energy network components. The coupling parameters P,
only occur in Fg, and Q. only in F§. The matrices dF;/dP¢ and 0F;/dQ° are slices of the incidence
matrix of the coupled electrical network of the columns corresponding to the dummy links. Denote these
matrices by AZ and AQ, respectively. Since a dummy link connects to only one node in a single-carrier
network, the matrices A2, Af and A? are square with the number of rows/columns equal to the number
of connected coupling units.

) )

oF® _ oa, op, 29, | _ (0 AL 0
ox, | %o % %R 0 0 A2

0qc oP; 0Qc

The components of matrix ‘;—iz depend on the equations used to model the coupling units.

The non-zero blocks in (5.7) are generally not square, due to the occurrence of new node types in
coupled networks, see Section 4.2.2. Actually, if the Jacobian of a coupled network is upper block-
triangular with square sub-matrices on the diagonal, the single-carrier parts of the network are not
interdependent on each other [35].

5.1.3. lll-Conditioned Jacobian Matrices

The convergence of Krylov solution methods is highly dependent on the conditioning of the coefficient
matrix. If a matrix has poor spectral properties, the method will converge very slowly or even diverge.
The application of an appropriate preconditioner should improve the condition number, and therefore
the convergence behaviour of the Krylov solver. It is thus relevant to investigate how the coefficient
matrices (Jacobians) are conditioned prior to applying an iterative solver. Literature mentions several
aspects that worsen the conditioning of the Jacobian matrices of electricity and gas networks.

In [12], it was observed that electricity systems with more buses have larger condition numbers and
that the eigenvalues take up larger regions than systems with less buses. The same observation was
done for differently-sized gas networks in [40].
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High and extreme loading of electricity systems leads to a higher condition number of the associated
Jacobian [23, 48, 27]. High loading of an electricity system pushes it closer to an infeasible operation
zone, leading to an ill-conditioned Jacobian. The methods used in [23] were able to solve the load-flow
problems of sample networks with loading levels up to 160%, which they mention is beyond practical
loading levels.

The electrical properties of the transmission lines also affect the condition number of the Jacobian
of electricity systems [12, 27]. The R/X-ratio is the ratio of the inductive reactance and the resistance
and a high ratio indicates that the system is more inductive. It results in the off-diagonal elements of
the Jacobian to become much smaller than the diagonal elements, leading to near singularity.

A fourth aspect that influences the structure and conditioning of electricity system Jacobians is the
topology of the network. In [27], it is mentioned that radial electricity systems have high condition num-
bers. In a radial electricity system, there is only one path in the network from a source to a load point.
This topology occurs often in distribution systems. There are no loops in a radial network, thus a fault
anywhere in the network will result in a loss of power for all downstream users. The corresponding
Jacobian matrix has more zero-entries, leading to a highly sparse structure that can result in a high
condition number. In [12], the condition numbers of longitudinal and meshed networks are compared.
A longitudinal network models weak and long-distance power grids, often with a radial structure. A
meshed network models an interconnected network where power can flow along multiple paths (loops).
It was concluded that the longitudinal systems have condition numbers that are significantly higher than
meshed systems. Additionally, they conclude that the location of the slack bus is more influential in
meshed networks than in longitudinal networks.

5.2. Direct Solution Methods for Linear Systems

A commonly used direct solution method is LU factorization, which is based on the Gaussian elimination
principle. In this method one factorizes the coefficient matrix A as

A=1LU, (5.8)

with L a lower-triangular matrix and U an upper-triangular matrix. This factorization is unique with the
requirement that all diagonal elements of either L or U consist only of ones. The solution vector x is
then found by sequentially solving the systems

Ly=f, Ux=y.

The lower-triangular system with Ly = f is solved first using forward substitution. With the intermediate
result y, the upper-triangular system with Uy = x is solved using backward substitution, resulting in the
solution vector x.

Determining the solution vector x with LU factorization consists of computing the factorization (5.8),
the forward substitution and backward substitution. For a dense coefficient matrix, the LU decompo-
sition requires 0 (n3) flops. The computational cost of both substitution steps is 0 (n?) flops. The total
complexity of determining the solution vector x is thus dominated by the factorization of the coefficient
matrix.

LU factorization is used in solving load flow equations of single-carrier as well as multi-carrier net-
works. Itis often used as the linear solution step in the non-linear NR solution method, as is mentioned
in for example [47] and done in [39]. The NR method is discussed in more detail in 5.1.1.

Direct methods, such as LU decomposition, are often used in practice [48], as there are powerful
direct solvers available that can solve large, sparse and ill-conditioned systems. Additionally, a direct
method is usually less difficult to work with and implement than iterative methods. Methods based on
LU decomposition have become the standard for the linear systems solve in the electricity systems
community [47], and are also employed for small coupled gas-electric systems [37]. Current research
on direct solvers for electricity systems focuses on their performance and implementation based on
central processing unit (CPU)/graphics processing unit (GPU) accelerations [47, 10]. Direct solvers
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scale poorly in problem size, increasing the computational efforts needed to converge significantly.
This indicates that iterative solvers are more suitable to the problem.

5.3. lterative Solvers for Linear Systems

In an iterative solution method, one starts with an initial guess x, of the solution vector and aims to
iteratively improve the approximation of x. When after k iterations, the iterate x, is sufficiently close
to the exact solution x, x;, can be used as an approximation. The error vector of the k-th iteration is
defined as the difference between the exact solution and the solution approximation,

€ = X — Xg.

In practice, the exact solution x is unknown. Therefore, the residual vector is used instead. The residual
vector of the k-th iteration is the difference between the right-hand side and left-hand side of (5.1),

I, = f_AXk.

The residual can be computed for every solution approximation x, and is used as a measure of the
quality of the approximation. Note that the residual vector can be computed from the error vector via
the residual equation Ae;, = ry.

There are various classes and types of iterative methods. The basic iterative methods (BIMs) such
as Jacobi, Gauss-Seidel and Successive Overrelaxation are methods based on relaxation steps. In
each iteration one or more components of the approximation are modified in a certain order such that
components in the residual vector reduce to zero. These methods are rarely used on their own in prac-
tice, but form the basis of more advanced methods. Since they are not often used in solving load-flow
equations, they are not discussed in more detail in this report. More about BIMs can be found in Chap-
ter 4 of [49].

Other classes of methods employed in energy system modelling are Krylov subspace methods. These
methods are commonly used in practice in many different fields of research and are discussed in Sec-
tion 5.3.1. Section 5.3.2 discusses the generalized minimum residual (GMRES) method, which is
popular due to its practical applicability. Another commonly used method is Bi-CGSTAB, the derivation
of which is given in Appendix A. Finally, Section 5.3.3 presents an overview of Krylov methods used in
energy systems modelling.

5.3.1. General Krylov Subspace Methods
The class of Krylov subspace methods is based on generating solution vector approximations x;, of the
form

Xy € Xo + Ky (4, 19), (5.9)

where K (4, 1y) is the Krylov subspace, defined as
ng(A, ro) = Span {ro,Aro, ...,Ak_lro}. (5.10)

Krylov subspace methods can be interpreted as projection methods. In a general projection method
the k-th solution approximation is based on the initial guess x,, updated with a vector from the search
subspace X, such that the new residual has no components in the left subspace £;, (the new residual
is orthogonal to all components in £;,),

Xk:X0+6, 66.7(]{,
(rp —46,w) =0, Vw € L.
In Krylov subspace methods the search subspace X, is the Krylov subspace ¥ (4, r,) as defined in

(5.10). The choice of subspace £, in part determines the type of Krylov subspace method. In orthog-
onal projection methods one chooses £, = X, whereas in oblique methods one takes £, = AX.

The general procedure of a Krylov subspace method is described in Algorithm 1. As can be seen
from the general Krylov subspace method algorithm, there are different methods used to compute the
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expanded basis vectors of the Krylov and left subspaces as well as computing the reduced systems.
Two main methods to compute an orthogonal basis of the Krylov subspace are Arnoldi’s orthogonal-
ization method and Lanczos’ biorthogonalization method. These methods give rise to different solvers.

Algorithm 1 General Krylov Subspace Method

1: Choose initial guess x, and compute initial residual ry = f — Ax,
2. fork=1,2,..,n—1do
3 Expand the Krylov subspace K (4, 1,) = span{ry, Ary, ..., A*"1r,}

4: Generate/update basis vectors V,, of K} (4,1,) and possibly W, of £, (method-dependent)
5: Form the projected matrix H, = W AV,

6: Solve the reduced system for y,, (method-dependent)

7 Update approximate solution x;, = x¢ + Vi yx

8: Compute residual r;, = f — Ax;

9: if converged then

10: break

11: end if

12: end for

Arnoldi’s orthogonalization method computes an orthonormal basis of a Krylov subspace K, 1 (4, 1p). It
determines the basis vector v, ., that contains the components of A¥v, not spanned by span {v,, vy, ..., Vy_1} =
span {vo,Avo, ...,A"‘lvo}. This is done by multiplying previous basis vector v, by A and orthonormalis-

ing it against all previous basis vectors by a standard Gram-Schmidt procedure. As a result, the basis

V; satisfies V'V, = I. The Arnoldi method results in the Arnoldi relation,

AVk = Vka + Wkelz, VIZAVk = Hk' (511)

where H, is the Hessenberg matrix. It represents how the coefficient matrix A acts inside the Krylov
subspace. The shape of Hy, is called upper-Hessenberg, where all entries below the first sub-diagonal
are zero. It thus follows that solving a system with the Hessenberg matrix Hy, is generally cheaper than
solving a system with the original (possibly dense) coefficient matrix A.

The bi-Lanczos algorithm (see Appendix A) is cheaper to execute than the Arnoldi algorithm. In bi-
Lanczos, basis vectors have to be orthogonalized against only the previous two, whereas for Arnoldi
the new basis vector has to be orthogonalized against all previous basis vectors. Additionally, the ma-
trix T}, that follows from bi-Lanczos requires less storage than the full Hessenberg matrix H,. However,
in the bi-Lanczos algorithm there are more opportunities for breakdown due to sensitivity to rounding
errors.

In some scenarios, the coefficient matrix A is symmetric positive definite (SPD), for example when
the Poisson equation is solved using a finite difference method. When the coefficient matrix is SPD,
the Arnoldi method reduces to Lanczos. The SPD property is an advantageous property of the coeffi-
cient matrix to have and there are therefore several methods that make use of this property, such as
the well-known conjugate gradient (CG) method. However, the coefficient matrices that arise from lin-
earization of load flow problems of energy systems are generally not symmetric. This class of methods
will thus not be discussed in this report, but are described in detail in [49].

5.3.2. The Generalized Minimum Residual (GMRES) Method

The GMRES method is a Krylov subspace method commonly used in practice for solving linear systems
of equations [50]. Is it a projection method, taking X = X, the Krylov subspace, and £ = AKX, (oblique
projection method). The iterations are based on Arnoldi’s orthogonalization method. The procedure
for computing the k-th iterate with GMRES is given in Algorithm 2. Each iteration of GMRES consists
of the following steps:

1. Construct an orthonormal basis of the Krylov subspace X, using Arnoldi’'s method by finding a
vector v, orthogonal to all vectors in V,._4, an orthonormal basis of K;_; (lines 3-14 in Algorithm
2).
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2. Find the vector y, that minimizes ||r||,, the k-th residual (line 16 in Algorithm 2).
3. Compute iterate x;, = x¢ + V¥, (line 17 in Algorithm 2).

The second step of each GMRES iteration is to determine the vector y,, that minimizes the k-th residual.
During this step, the Hessenberg matrix computed during Arnoldi’'s orthogonalization step is used to
define a minimization problem that is equivalent to minimizing the residual, but is less costly to compute.
Using the Hessenberg matrix and Arnoldi relation (5.11),

f—Ax=f—AXq + Vy),
=1y — AV,y,
= Bvi = Visr Hiy,
= Vis1 (Bes — Hyy).

Since Vi1 is an orthonormal basis, it follows that computing the x;., that minimizes ||f — Ax||,, is
equivalent to finding the y; that minimizes ||fe; — Hyyl|, and computing x; 11 = Xg + Vit 1Vi+1-

(5.12)

The GMRES method is a suitable method for solving large power systems as it is a robust method
for non-symmetric coefficient matrices A that is well-suited for preconditioning.

Algorithm 2 Generalized minimum residual method (GMRES) algorithm

1: Choose initial guess x,

21 == A%y, f =|Fo|lz, v = 3
3 forj=1,2,..,kdo
4: w; = Av;
5 fori=1,2,..,jdo
6: hij = (w;,v))
7: VV] = W] - hUV}
8: end for
9 hjv1i = [lwjll2
10: if h’j+1,i = 0 then
11: k=j
12: end if
13: Vi, = —d

' J+1 hjt1,1
14: end for

15: I:Ik = {hij}lsisk+1,15f5k_
16: y = argmin  [|fe; — Hyll2
17: Xk = XO + VkYk

Restarted GMRES(m)

With the GMRES method as described above and in Algorithm 2, the number of vectors requiring
storage increases with k, the dimension of the Krylov subspace. To remedy this difficulty, the GMRES
algorithm can be restarted every m steps, where m is a fixed parameter. This restarted version is
denoted by GMRES(m) [50]. After the restart, the current iterate x,, is taken as the initial guess for
the next cycle of iterations [54]. In certain implementations, the GMRES(m) algorithm is often such
that a restart either occurs after m iterations, or when the relative (preconditioned) residual decreased
sufficiently or stagnates. The restarted GMRES algorithm can stagnate when the matrix A is not positive
definite. The full GMRES algorithm is guaranteed to converge in at most n steps, where 4 € R™", but
this is impractical when there are many iterations required for convergence.

5.3.3. lterative Solution Methods in SC Energy Systems

Direct solvers scale poorly in problem size, increasing the computational efforts needed to converge
significantly. This indicates that iterative solvers are more suitable to the problem. In research by
Idema et al. [23], all considered preconditioned GMRES methods converged in less than one minute,
whereas the direct linear solver took more than an hour to solve the large-scale linear problem. It is
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thus generally recommended to use iterative solvers for solving large power flow problems [12, 38,
34]. The same results have been observed for transient gas networks [45]. In their experiments with
large-scale networks, the direct solver either took up too much CPU time or ran out of memory, while
the Krylov solvers converged. However, for smaller networks, the direct solver shows an advantage
over the preconditioned Krylov solvers due to their big overhead. Thus, for smaller energy networks a
direct solver is more suitable, while for larger networks the class of Krylov solvers should be considered.

The most commonly used Krylov solver for the linear solution step in power flow, as well as gas network
simulations, is the GMRES method, although different arguments are given for this choice. The only
general requirement for the coefficient matrix for GMRES is non-singularity, making it widely applicable,
also to coupled networks [44]. Other argumentations for using GMRES is related to its behaviour and
convergence properties. Full GMRES solves the problem in the least number of matrix-vector multipli-
cations, which is the reason for Idema et al. [23] to use this method. Additionally, they state that the
performance of GMRES can indicate whether bi-conjugate gradient stabilized (Bi-CGSTAB) or IDR(s)
would be more suitable. Another advantage of GMRES is given in [48], where it is mentioned that GM-
RES is free of problems that interrupt the iterative process of constructing an orthonormal basis due to
the underlying use of the Arnoldi method with Gram-Schmidt, opposed to methods based on Lanczos’
method.

Another Krylov subspace method that is mentioned in literature is Bi-CGSTAB. The performance of
Bi-CGSTAB is investigated in [38] as it is a variant of the extended (preconditioned) CG method, which
had shown good convergence characteristics in DC power flow calculations. The preconditioned Bi-
CGSTAB method outperformed the preconditioned conjugate gradient squared (CGS) method and
preconditioned conjugate residual (CR) method in terms of computational effort. Additionally, pre-
conditioned Bi-CGSTAB outperformed other Krylov methods such as CGS, GMRES and Bi-CG in the
experiments done in [12]. In the application of steady-state gas networks, the authors of [40] observed
similar performance for preconditioned GMRES, Bi-CGSTAB and IDR(s).

The iterative Krylov method applied to energy system modelling that is used most often in practice
is GMRES. It is a robust method that is applicable to a large range of problems and serves as a good
method to start with. Moreover, the choice of preconditioner is at least as important and influential on
the convergence and performance as the selected method [49].

5.4. Domain Decomposition Methods

The class of DD methods consists of methods where a problem on a global domain is split into several
problems on smaller domains, and iterating to determine the global solution. These methods revolve
around the principle of ‘divide-and-conquer’, where a large problem is split into smaller sub-problems
of the same type, until the sub-problems become simple enough to solve. Domain decomposition
techniques can be advantageous, since sub-problems might be easier to solve, but also for their natural
parallelizability. The DD principle additionally leads to a class of preconditioners that are based on the
principle of divide-and-conquer. These are discussed in more detail in Section 6.2.3. This section
describes the Schur complement approach and discusses applications of DD methods in single-carrier
(SC) energy systems modelling.

5.4.1. Schur Complement Approaches

Assume that the linear system Ax = f can be written in block-form

o A A A

such that B is non-singular. The reduced system of Ax = f is given by

(C-FB™'E)z=g—FB™'b. (5.13)

The matrix
S=(C-FB'E),
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is called the Schur complement of A. Solving the original system Ax = f is then equivalent to solving
the reduced system, whose result can be used to compute

y=B"1(b—-Ez),
which leads to the solution vector x.

Schur complement methods are based on solving the reduced system (5.13) by a (preconditioned)
Krylov subspace method.

5.4.2. Domain Decomposition in Single-Carrier Energy Networks
Several applications of DD methods in SC electricity, gas and heat networks can be found in literature.

A study of Kootte, Sereeter, and Vuik [34] reviewed the numerical performance of connection methods
of integrated transmission-distribution electricity networks. A transmission network is often modelled
differently than a distribution network due to differences in assumptions, simplifications and physical
properties. It is therefore not straightforward to integrate these separate domains. The study considers
unified methods that solve the integrated network as a whole using a transformer, and splitting meth-
ods that keep the sub-networks separate to iteratively solve on the boundary of the domain. These
splitting methods are also referred to as master-slave splitting (MSS) methods. The study results show
that the unified methods outperform the splitting methods for the considered test cases, since splitting
methods must solve the separate transmission and distribution networks multiple times until conver-
gence, increasing the total CPU time. However, the authors mention that MSS methods are suitable in
practical situations where full network information cannot be shared. For future work, they recommend
to consider preconditioned Newton-Krylov methods for very large systems and note that MSS methods
are parallelizable.

Zhang et al. [64] introduced a partial decoupling method for fast calculation of energy flow in large-
scale heat and electricity integrated energy systems, that operate in a heat-load-following mode. They
propose a partial decoupling method for district heating system (DHS) to decouple a network of ar-
bitrary topology into several radial subsystems and one main system. Radial systems are preferred
over looped systems as the hydraulic part of the load-flow equations of radial systems are linear. All
unknowns of the subsystems are initialized, after which the DHS load-flow equations are solved itera-
tively. The values of the boundary nodes are updated after each subsystem solve. The global system
has converged when the differences in temperatures and nodal mass flows of the boundary nodes in
both systems become sufficiently small. This principle is similar to the multiplicative Schwarz (MS)
procedure. Their partial decoupling method for various DHS performs about the same as traditional
methods in terms of accuracy, while improving computational efficiency and sensitivity to improper hy-
draulic initialization.

The study of Srinivasan and Sundar [56] presents an algorithm that utilises a given partition of a network
to compute a global solution for the full non-linear system through local solutions of smaller subsys-
tems induced by the partition. Their research is on potential-driven steady-state non-linear network
flow, but is applied and visualised on gas network datasets. They describe a bi-level reformulation
of the load-flow equations, modifying the Jacobian matrix structure such that it is block-diagonal via
a smart choice of interface nodes. These interface nodes are determined by considering permissible
vertex separators, which are referred to as nodes whose removal increases the number of connected
components, not connected to any other vertex separator. It is also shown that their method is equiv-
alent to the Schur complement of the Newton step of the full non-linear problem. Their approach was
tested successfully on gas network test datasets, but details on convergence and performance were
not included. They emphasize that their method ensures that in practice, different network operators
can solve their network flow system corresponding to their own domain, ensuring data sharing only
occurs at the interface nodes.



Preconditioning

Preconditioning is a technique used to improve the efficiency and robustness of iterative solution meth-
ods. The principle is based on transforming the original linear system into a system that is easier to
solve, but has the same solution vector. The quality of the preconditioner that is used is influential
on the performance of the iterative method. Preconditioning is done by incorporating a non-singular
preconditioning matrix M, such that the linear system Mx = f is cheap and easy to solve. This chapter
first discusses how iterative solution methods can be preconditioned in Section 6.1. Next, Section 6.2
highlights different types of preconditioners by providing their purpose and derivations as well as their
applications in energy systems modelling research.

6.1. Preconditioning Methods

The general principle of preconditioning is to transform the original linear system one aims to solve to
an easier system that has the same solution. There are various ways to incorporate a preconditioner
and thus to compute the preconditioned system. The three most common methods are left, right and
split preconditioning.

A preconditioner can be applied from the left, resulting in the preconditioned system
M~Ax = M71f. (6.1)
Alternatively, the preconditioner can be applied to the right, leading to system
AM™tu=f, x=M1u (6.2)
When the preconditioning matrix can be factorized as M = M, M,, one can apply split preconditioning
M{1AM; u = M7, x = M7t (6.3)

Note that taking M1 = I leads to right preconditioning as in (6.2), while M;! = I leads to left precon-
ditioning as in (6.1).

Once a preconditioned system has been determined, it is solved using a linear solution method. The
structure of the system matrix has an influence on the convergence behaviour of iterative linear solu-
tion methods, and most methods fit best to a certain types of matrix structures and properties. Since
the choice of preconditioning matrix affects the preconditioned system matrix, the preconditioner has
an effect on the convergence of the iterative solution method. The remainder of this section describes
how the preconditioning matrix is incorporated in the generalized minimum residual (GMRES) Krylov
methods.

37
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6.1.1. Preconditioned GMRES
In the left-preconditioned GMRES algorithm, Arnoldi’s orthogonalization method constructs an orthog-
onal basis of the left-preconditioned Krylov subspace

K (M™2A, M~ ry) = span {M~1ry, M 1AM 'ry, ..., (M71A)F 1M1y}, (6.4)

resulting from linear system (6.1). The algorithm of the left-preconditioned GMRES method is similar
to the un-preconditioned GMRES as in Algorithm 2, but all actions of coefficient matrix A are replaced
with M~1A. A downside of the left-preconditioned GMRES method is that the un-preconditioned resid-
uals, 1y are not explicitly computed. It is therefore difficult to define a stopping criterium based on these
residuals, unless they are explicitly computed.

In the right-preconditioned GMRES algorithm, Arnoldi’s orthogonalization method constructs an or-
thogonal basis of the right-preconditioned subspace

K (AM~1,1y) = span {rg, AM~'ry, ..., (AM~ 1)k 1y}, (6.5)

based in linear system (6.2). The algorithm of the right-reconditioned GMRES method is similar to
the un-preconditioned GMRES as in Algorithm 2, but all actions of coefficient matrix A are replaced
with AM~1, and the iterate solution computation is replaced with x,, = x, + M~1V,y,. The transformed
variable u is not directly computed.

The preconditioned algorithms for GMRES can be found in Chapter 9 of [49]. The difference in con-
vergence behaviour of the left- and right-preconditioned GMRES is not significant, unless the precon-
ditioner M is ill-conditioned [49].

6.2. Preconditioning Techniques

Finding a good preconditioner is an important step in the application of iterative solvers, such as Krylov
subspace methods. Despite general results and guidelines, there are no fixed or detailed theoretical
results on how a preconditioner should be constructed and what their effect is on the solver perfor-
mance. However, a general principle is that the preconditioning matrices are derived from the original
coefficient matrix and the action of the preconditioner should be inexpensive to apply to a vector. This
section includes the preconditioning techniques based on incomplete LU factorization and alternating
Schwarz procedures.

6.2.1. Incomplete LU Factorization
An intuitive way of defining a preconditioner is by an incomplete LU (ILU) factorization of the original
coefficient matrix,

A=1L0-R,

where R is the residual matrix of the factorization, making the factorization incomplete. For a sparse
matrix 4, the matrices L and U often become more dense during the factorization process. The term
fill-in refers to elements of the upper triangular part of U and lower triangular part of L that are non-zero,
that were originally zero in the coefficient matrix A. This is an undesirable phenomenon since sparse
matrices are less computationally expensive to work with.

There are different variations of ILU methods and preconditioners. Most ILU preconditioning meth-
ods aim at reducing the number of fill-ins so that the preconditioner is inexpensive to apply. How one
determines which fill-ins to tackle differs per method and can be done in various ways. Most commonly
either the location of the fill-in or its magnitude is used. Below, several commonly used ILU precon-
ditioning techniques will be discussed. A more comprehensive list can be found in Section 10.3 of
[49].

ILU(0)

The zero fill-in ILU factorization technique, denoted by ILU(0), takes the zero pattern of the incomplete
factorization to be precisely the zero pattern of A. Nofill-in is thus allowed, which is what the ‘0’ indicates.
The zero pattern of the factorization refers to the zero pattern of the lower triangular part of L and the
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upper triangular part of U. Note that the product LU can therefore have a different zero pattern than A4,
see Figure 6.1.

A u’ L Lo

Figure 6.1: Taken from [38]: ‘ILU(0) Factorization.’

ILU(p)

In the ILU(p) factorization technique, all fill-in elements of level p or smaller are kept during the fac-

torization process. For example, in ILU(1) only first-level fill-in elements are allowed. The rationale

of the fill level is that the level of an element should be indicative of the size, such that a higher level

corresponds to smaller elements. The initial level of fill of an element a;; of sparse matrix A is defined

by

0, ifa;#0o0ri=j

lev(a;;) =1’ Y '
(@) o, otherwise.

During the Gaussian elimination process (the LU factorization) the fill-level is updated through

lev(a;;) = min {lev(a;;), lev(ay,) + lev(ay;) + 1}.

According to the above definition, the fill-level of an element does not increase during the elimination
process. The zero pattern of ILU(p) may thus be written as

P, ={(i,)) : lev(a;j) < p}.

An example of the zero patterns of the ILU(1) factorization is given in Figure 6.2, based on the same
coefficient matrix A as the zero pattern of the ILU(0) factorization from Figure 6.1.

A® v Lo’ JIURILE

Figure 6.2: Taken from [38]: ‘ILU(1) Factorization.’

ILUT(p,7)

Another commonly used ILU factorization uses a dropping tolerance in determining which fill-in ele-
ments to keep or discard. This can be done in various ways, but the general aim of applying a dropping
rule to an element is to replace the element with a zero when it satisfies a set of criteria. In the ILUT
approach, where ‘T’ stands for ‘threshold’, denoted by ILUT(p,t), two general dropping criteria can be
considered. First, during the Gaussian elimination process an element is dropped if it is less than the
relative tolerance t; obtained by multiplying 7 by the original norm of the i-th row. The goal of this
criterion is to drop all elements that are of small magnitude. As the second dropping criteria, keep only
the p largest elements in the row in addition to the diagonal element (which is always kept). The goal of
this dropping rule is to control the number of elements per row, which can help reduce memory usage.
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Pivoting

The ILUT approach can be combined with pivoting of the original coefficient matrix, leading to the
ILUTP approach. Using pivoting is beneficial when the ILUT method encounters a zero pivot, over- or
underflow or results in an unstable preconditioner. At the i-th step of the elimination process the largest
entry of the row is selected to be the new i-th variable. The corresponding permutation matrices are
updated accordingly.

Target matrix

An ILU preconditioner can be based on different matrices related to the coefficient matrix A. In the i-th
Newton-Raphson (NR) iteration, the coefficient matrix is given by the Jacobian J;. In [23], the perfor-
mance of ILU preconditioners based on the Jacobian J;, initial Jacobian J, and a Jacobian simplification
known as fast decoupled load flow (FDLF) were compared. More about the conclusions of this research
can be read in Section 6.2.2.

6.2.2. Incomplete LU Factorization in SC Energy Systems

The class of ILU preconditioners is often used in energy system modelling. Roque et al. [48] com-
bined an ILU preconditioner with GMRES to study the performance of Krylov solvers for ill-conditioned
systems resulting from the NR method applied to electricity systems. They investigate the effect drop-
ping tolerance on the performance of the preconditioner. In the LU decomposition, every element with
li;| < ey and |u;;| < €,y is replaced with a zero, with dropping tolerances ¢;,,; ranging from 1073 to
10~7. A larger tolerance drops more fill-in elements, making the preconditioner cheaper to apply, but
the approximation of the ILU preconditioner of the original coefficient matrix is less accurate. As the
dropping tolerance increases, the preconditioner gets closer to the full LU matrix and the linear system
tends to converge faster. In later work, the authors mentioned that this tolerance-based dropping rule
can introduce large errors, resulting in a low quality preconditioner [43]. As a remedy, they propose a
dropping rule based on different criteria and highlight the effects reordering can have on the precondi-
tioner quality.

Nguyen, Romate, and Vuik [40] also combined an ILU preconditioner with GMRES, but in the applica-
tion of gas network load-flow equations. More specifically, the ILUTP preconditioner is used, which is
based on an incomplete LU factorization with a dropping threshold and pivoting. They conclude that
for the used test networks, the ILU preconditioner is not suitable, since the computation of the precon-
ditioner requires nearly the same amount of work as for the LU factorization. In that scenario, using a
direct solver based on LU is more suitable. For future research they recommend the Inexact-Newton
method, keeping the same ILU factorization until the non-linear system has changed sufficiently.

Idema et al. [23] compared different ILU(k) preconditioners in simulations of large power flow prob-
lems, where good performance of ILU(k) with GMRES was observed. Additionally, they emphasize
the importance of reordering methods in computing ILU factorizations. They concluded that using
the approximate minimum degree (AMD) reordering for an ILU(k) preconditioner in GMRES resulted
in around 25% less iterations needed for convergence compared to using no reordering. They also
compared the performance of the ILU(k) preconditioner of different target matrices, the Jacobian J;,
the initial Jacobian J, and the FDLF matrix ®. Using J, or @ generally performed better than J;. Since
the J, preconditioner is the same in each iteration, only a single expensive factorization has to be made.

Mori and lizuka [38] compared the performance of the ILU(k) preconditioner for k = 0, 1, 2 for three dif-
ferent Krylov subspace methods, applied to three differently sized electricity networks. For the largest
test case considered, the use of the ILU(2) preconditioner resulted in the lowest total computation times
as well as iterations. For the smaller test cases, the ILU(2) preconditioner always resulted in the fewest
number of iterations needed for convergence, but not always the lowest computation time. This is at-
tributed to the more expensive factorization of ILU(2) compared to ILU(1) or ILU(0).

The differences in performance and results of ILU preconditioned GMRES for electricity and gas net-
works, highlight that preconditioning is problem-dependent. The different versions and techniques
used in ILU preconditioning such as reordering, dropping rule definitions and tolerances, all influence
convergence and performance. On one hand this can lead to customized ILU preconditioners that
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can enhance convergence of Krylov methods. On the other hand, this makes the search for the best
combination of parameters a complicated procedure.

6.2.3. Schwarz Alternating Procedures

The methods referred to as Schwarz alternating procedures (SAPs), fall under a larger class of solu-
tion methods called domain decomposition (DD) methods. In these methods, a problem on a global
domain is split into several problems on smaller domains. These subdomain solutions are then used
to iteratively determine the global solution. These methods revolve around the principle of ‘divide-and-
conquer’, where a large problem is split into smaller sub-problems of the same type, until the sub-
problems become simple enough to solve. DD techniques can be advantageous, since sub-problems
might be easier to solve, but also for their natural parallelizability. Saad [49] mentions that DD tech-
niques are distinguished by four features: Type of partitioning, overlap between subdomains, process-
ing of interface values, and subdomain solution methods and qualities. One method of processing
interface values is demonstrated in the SAPs. These methods are based on alternating between over-
lapping subdomains, solving a new problem on each subdomain and exchanging boundary information.
It will be shown that SAPs are equivalent to left-preconditioned fixed-point iterations.

Suppose we have subdomains Q‘f such that

with a §-level overlap between neighbouring subdomains. There is a distinction between multiplicative
and additive Schwarz procedures, based on how boundary information is exchanged. In the multi-
plicative Schwarz (MS) procedure, the algorithm sweeps through the N subdomains and solves the
original problem in each subdomain by using the most recent boundary information (initial guess or
solution of a previous subdomain). In the additive Schwarz (AS) procedure, the boundary components
in each subdomain are updated after the sweep through all subdomains, not during. The MS procedure
uses the most recent available information and will thus require less iterations than the AS procedure.
However, the subdomain solves in the AS procedure can be done in parallel, which can reduce total
computational time to find the global solution. Note that the MS procedure is analogous to the block
Gauss-Seidel iteration, whereas the AS procedure is analogous to the block Jacobi iteration.

We aim to solve a general linear system Ax = f, on global domain Q using an iterative Schwarz proce-
dure. Let Q € R™ and Qf © R™:s for overlapping subdomains Q. Define R? : Q - Qf as the restriction
operator from global domain Q) to subdomain Q‘f. It keeps only those components of a vector in Q that
are also in Q‘f, and thus Rf is an n; s X n matrix. Conversely, define the transpose of the restriction

operator as a prolongation operator, RfT : Q? - , which takes the variables from a vector with com-
ponents in Q? and extends them to the equivalent components of Q. The prolongation operator is thus
an n xn; s matrix. Using the restriction and prolongation operators, we can define the associated linear
system on a subdomain. Consider the subdomain system matrix

T
A; =RPAR? . (6.6)
Here, 4; is an n; 5 X n; s matrix, which is the restriction of global matrix A to subdomain Q?.

Multiplicative Schwarz preconditioner
In the MS procedure, the global solution x is updated after each local solve. Here, the subscript -; is

used to denote the restriction of x to subdomain Q;, thus x; = R{STx. The superscript - denotes the
global solution x after updating with the solution of subdomain Q‘f. With Ax;, denote the update on the

subdomain Q?, such that the global update is computed using the prolongation operator R{STAxi. The
local update is thus denoted by _ _
xi =x71 + Ax;, (6.7)

while the global update is given by
x' = xi1 + R% Ax,. (6.8)
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The local update is computed through solving local problem Aix§ = f;. Substitution of (6.7) in the local
solve and rewriting results in

T T .
R® Ax; = RS A7'RO(f — AxI™h).

This update is performed for each subdomain Q?, and X, = x" after all N subdomain updates. The
MS procedure can be found in Algorithm 3. Note that in the update formula there is an inverse of the
restricted coefficient matrix 4;. This does not necessarily imply that the inverse is directly computed,
but indicates that the smaller subdomain problem has to be solved. Depending on the problem size
and application, the resulting linear system subdomain problem can be solved with a direct or iterative
method.

Algorithm 3 Multiplicative Schwarz procedure
1: fori=1,..,N do
. . T
2. xt=x"1+R§ ATIRI(f - Ax)
3: end for
4: Xpew = XV

From the MS procedure, one can derive that it is equivalent to solving a left-preconditioned system
using a fixed-point iteration, which is done in the remainder of this paragraph.

The error after each subdomain update is given by e; = x* — x!, where x* is the exact solution. The
following relation holds for this error

e;=(—P)ei s, P,=R ATIRIA,
This relation indicates that the final error e, = ey can be expressed using the P; and initial error e,
enew =€y = —Py) (I —Py_1)...(00 —P) (I —Py) e
Denote this product by Qy such that

enew = Qneo, Qv =(U—Py)..(I—Py),

where the product in Q@ explains the name of the multiplicative Schwarz method. This relation implies
that the updated solution vector x,,, can be computed from x directly,

Xpew = QnX + (I — Qn)X". (6.9)

This MS procedure update formula is written as a fixed-point iteration. Let a general fixed point iteration
be of the form
Xpew = GX + b. (6.10)

For the MS update (6.9) we then have
G=0Qy b=({I-QNXx"

Note that a left-preconditioned system M~14Ax = M~f is also solved using a fixed-point iteration of the
form (6.10), where
G=1-M"14, b=Mf. (6.11)

Therefore, the MS procedure sweep is equivalent to a fixed-point iteration for the left-preconditioned
system in which
M™*A=1-Qy, M =(-Qyx"

referred to as the MS preconditioner. The exact solution x* is of course unknown and cannot be used
directly in computing x,,.,,. However, one can operate with M~1 iteratively without having to explicitly
form A1, using new definitions and recurrence relations. Define

T
T,=R? AT'R}, Z;=1-Q;, M;=ZA"", (6.12)
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such that M~1 = My. Then the following recurrence relations hold

Zy=P, Zi=Zi1+P(-Zi1), (6.13)

My =Ty, M;=M;_+Ti(I—-AM;_1). .
Using these definitions and recurrence relations, we can compute the action of M~ = My on an
arbitrary vector v and on Av iteratively, see Algorithm 4. In the algorithm, the contribution of each
subdomain solve to the preconditioner application is computed and added to form the final application
of the preconditioner. Note that the T; and P; include local solves with 4;, which can be done using an
appropriate direct or iterative method.

Algorithm 4 Multiplicative Schwarz preconditioner action on v

1: Input: v

2: 21 =Tyv

3 fori=2,..,Ndo

4 ;=21 +Ti(V-Az1) =241 + RESTAi_lR?(V —Az;_y)
5. end for

6: Output: Myiv =1zy

Additive Schwarz preconditioner
In the AS procedure, the updates from the local solves in the form of (6.8) are added to the global
solution vector after all updates have been computed, leading to Algorithm 5.

Algorithm 5 Additive Schwarz procedure
1. fori=1,..,Ndo
T
2. Ax; =R¥ A7RY (b — Ax)
3: end for N
4: Xpew = X + X AX;

The update in line 4 of Algorithm 5 is already in a fixed-point form, (6.10), with

N N

G=I—ZPL', b=ZTiA_1f'
i=1

=1

The left-preconditioned system is solved using a fixed-point iteration with (6.11). Therefore, the AS
procedure sweep is equivalent to a fixed-point iteration for the left-preconditioned system in which

N N N

M4 = 2 P, M= 2 T, = Z RS"ATTRS, (6.14)
i=1

i=1 i=1

where the sum in M~ explains the name of the additive Schwarz method. Using the same definitions
(6.12) as for the MS preconditioner, the action of the preconditioner on an arbitrary vector v and Av can
be computed iteratively, see Algorithm 6. Similarly to the multiplicative procedures, the contribution
of each subdomain solve to the preconditioner application is computed and stored. Once all updates
have been computed, the final application of the preconditioner is returned. Note that the computations
in line 4 of Algorithm 6 can be done in parallel.

Schwarz Preconditioners and Krylov Subspace Methods

The multiplicative and additive Schwarz preconditioners can be applied when solving the general sys-
tem Ax = f with a Krylov subspace method, such as GMRES. The algorithm of the preconditioned
Krylov method is used, as described in Section 6.1, combined with the algorithms used to compute the
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Algorithm 6 Additive Schwarz preconditioner action on v
: Input: v
- fori=1,..,Ndo
T
z; = T;v = R} A7'RSv
end for
Z2=2+-+Zy
. Output: Mjdv =1z

R o

action of the preconditioner on the desired vector, see Algorithms 4 and 6. These Schwarz precondi-
tioners apply local corrections that are easier to fix than the global error. The overlap of the subdomains
allows for propagation of the corrections such that the global error is smoothed. The combination of
the local corrections results in a reduction of the global error. The level of overlap § used in SAPs has
an influence on the performance and effectiveness of the multiplicative and additive Schwarz precon-
ditioners.

Additive Schwarz Variants: Interpolated and Restricted AS

Several variants of the AS preconditioner exist, that differ in the manner of using the local updates to
construct the global solution. Two commonly used variants of the AS preconditioner are referred to as
interpolated AS and restricted additive Schwarz (RAS).

The interpolated RAS preconditioner is a variant of the AS preconditioner where the updates of the
overlapping indices are weighted. An index that is contained in more than one subdomain will receive
an update from both subdomains, according to the AS procedure. This summation can result in over-
or under-correction in these overlap areas. The interpolated AS preconditioner introduces a partition
of unity (the weighting or interpolation operator) to combine local solutions. The interpolated AS pre-
conditioner is defined as

N
Mips = 2 RS WiATIR, (6.15)
i=1

where w; contains the global weight of all elements in subdomain i. The weight is determined by the
number of subdomains the element is contained in, after adding overlap. This way, the elements that
are included in multiple subdomains receive an averaged update.

The RAS preconditioner is a variant of the AS preconditioner that reduces the number of iterations
needed and CPU time required to compute the preconditioner, proposed by Cai and Sarkis [7]. The
RAS preconditioner is defined as

AT
Mghs = Z RY A7'R?. (6.16)

AT
Here, R} is the prolongation operator corresponding to a zero-level overlap R?T, extended with zero-
A~ T
columns such that it is a n x n; s matrix. Equivalently, R? is the prolongation operator corresponding

to a 5-level overlap, RfT, where the non-zero entries of the columns corresponding to the overlap
points are set to zero. This RAS preconditioner uses known information from all points in Q¢ including
overlap, to compute the local update. However, only the update for the internal points, so those in Q,
is used for the global update. As a result, half of the communication costs can be saved in a parallel

AT
implementation, since RY A;* does not involve any data exchange. Cai and Sarkis [7] found that the
RAS preconditioner outperformed the standard AS preconditioner for all considered test cases, in terms
of iteration counts, CPU time and communication costs if implemented in parallel. It was also shown
that for M-matrices the RAS preconditioner does not require a damping parameter for convergence,
while AS often does [18].

Two-level additive Schwarz preconditioners
The principle of a multigrid method can also be combined with AS preconditioners, referred to as two-
level AS methods. In addition to the regular AS preconditioner, as in (6.14), that consists of the sum
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of solves on subdomains, a coarse-level solve on a coarse domain is also done. This results in the
two-level AS preconditioner, given by

N
T
Mg, = Z R ATR} + @TA' 10, (6.17)
i=1

where @ : Q — Q' is the restriction operator for coarse space ', and A’ = ®APT is the restriction of the
global matrix A to the coarse subdomain [58, 9]. The goal of the added coarse space correction to the
preconditioner is to correct global errors that are not fixed by the local subdomain solves. The coarse
subspace does not have to coincide or depend on the subdomains Qf, but it is done often in practice.
As an example, a node v; in the coarse space representing a gas network can represent the average
value of the nodal pressures for the nodes in subdomain Q9.

6.2.4. Additive Schwarz Preconditioning in SC Energy Systems
The AS preconditioner is popular in research focussing on reducing total computation time to solve
load flow problems, due to its natural parallelizability.

The overlapping RAS preconditioner applied to very large power flow problems was evaluated by Ab-
hyankar, Smith, and Constantinescu [1] and in [2]. They combine the RAS preconditioner with the
GMRES method to solve several large power flow problems. They compare the performance of the
preconditioner with a block-Jacobi preconditioner and a parallel direct solver based on LU decompo-
sition. Their results show a substantial speed-up of the RAS preconditioner compared to the other
methods, ranging from 6 to 9 on 16 cores. The influence of the level of overlap was also investigated,
and the authors concluded that a speed-up saturation and slowdown were observed for a level of over-
lap higher than 3. This observation is attributed to the increase in communications for higher levels of
overlap.



Partitioning of Energy Networks

The partitioning of single-carrier (SC) as well as multi-carrier energy networks (MCNs) occurs in various
ways in simulations. For SC energy networks, a partition of the corresponding graph is made when
using a domain decomposition (DD) method, or when applying a preconditioner based on Schwarz
alternating procedures (SAPs). For MCNs, a partition of the graph is done often in decoupled meth-
ods to solve the MCN load flow equations based on the SC components. Therefore, it is necessary
to have some understanding of various types of partitioning methods and their underlying principles.
Section 7.1 introduces general graph partitioning methods and concepts, as well as multi-level parti-
tioning algorithms often used in practice. Section 7.2 describes the usage of partitioning methods in
energy network simulations.

7.1. Graph Partitioning

The method used for partitioning of an energy network directly determines the computational efficiency
of preconditioner-based algorithms [8]. There are various methods to partition a graph, generally clas-
sified as link-based (or edge-based) and node-based (or vertex-based) partitioning, see Figure 7.1.

1. Alink-based partitioning does not allow links to be split between two subdomains. Instead, the
boundary is made up of vertices. Interface links are the links that connect nodes that do not
belong to the same subdomain, such as the link connecting nodes 6 and 7 in Figure 7.1a.

2. A node-based partitioning does not allow vertices to be split between two subdomains such that
the boundary consists of links. Interface nodes are the nodes that are connected by links be-
longing to at least two different subdomains, such as node 6 in Figure 7.1b. In a node-based
partitioning, the links are cut to create the subdomains. The number of link-cuts refers to the
number of links e, = {v;, v;} between nodes v; and v}, such that v; € Q,, while v, € Q.
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(a) Link-based partitioning (b) Node-based partitioning

Figure 7.1: Taken from [49]: ‘Link-based and node-based partitioning of a of a 4 x 3 mesh into two subregions.’
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A metric often used for node-based graph partitioning algorithms is the edge-cut (also called cut-set),
which refers to the number of links (edges) whose incident nodes belong to different partitions [30]. In
node-based partitions, the edge-cut gives an indication of how connected or separated the partitions
are. When using a partition for an additive Schwarz (AS) or multiplicative Schwarz (MS) preconditioner,
the edge-cut gives an indication of how much communication between the subdomains is required. An
edge-cut is minimum if there is no other partition that results in a lower edge-cut. The sparsest cut
problem refers to partitioning the nodes of a graph with the objective to minimize the ratio of the number
of links across the cut, divided by the number of nodes in the smallest partition. This objective aims to
both minimize the edge-cut while also favouring balanced partitions [8]. This sparsest cut problem is
known to be NP-hard.

7.1.1. Multi-Level Partitioning Methods
A multi-level graph partitioning algorithm is an algorithm that determines a partition of a graph in different
phases, generally the following three steps [28]:

1. Coarsening phase: The original graph is transformed into a sequence of coarsened graphs,
such that each coarsening reduces the number of nodes.

2. Partitioning phase: A partitioning of the coarsened graph is determined, using a suitable parti-
tioning algorithm.

3. Un-coarsening and refinement phase: The partition is projected back to the original graph and
refined.

The steps are visualized in Figure 7.2. The aim is to reduce the computationally expensive problem of
partitioning the original graph to a less expensive partition of a coarsened version of the graph. Reduc-
ing the graph to a coarser version is done with the aim of maintaining the graph structure as best as
possible, while significantly reducing its complexity. During the second phase, the choice of partitioning
method for the coarse graph should not only concern the quality of the coarse graph partition, but also
the resulting partition of the original graph after the un-coarsening and refinement phase. During this
last phase, local refinement heuristics should be used to improve the un-coarsened partitions.
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Figure 7.2: Taken from [30]: ‘The various phases of the multilevel k-way partitioning algorithm. During the coarsening phase,
the size of the graph is successively decreased; during the initial partitioning phase, a k-way patrtitioning of the smaller graph is
computed (a 6-way partitioning in this example); and during the un-coarsening phase, the partitioning is successively refined as

it is projected to the larger graphs.’

Multi-level graph partitioning algorithms that are often applied in parallel processes are METIS, ParMETIS,
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Scotch and CHACO [8, 21, 28, 29, 42]. The METIS algorithm is based on the three steps mentioned
previously, and is widely applicable to both structured and unstructured graphs. It is an efficient al-
gorithm for balanced partitions, but slower on irregular structures. The ParMETIS algorithm is a par-
allelized version of the METIS algorithm, using parallel methods in the coarsening and un-coarsening
and refinement phase. Runtime improves with the parallelized algorithms, but scalability diminishes
due to synchronization costs.

7.2. Partitioning Methods in SC Energy Networks

Various methods of partitioning SC and MCNs are used in research. Section 5.4.2 and Section 4.3.1
discussed the effects of the partitioning on solving the load flow equations of the various energy net-
works. In this section, the partitioning methods used in literature are mentioned and compared.

The coupled multi-energy system (MES) in the study of Markensteijn [35] are partitioned using a node-
based partitioning, by cutting all dummy links that connect a homogeneous node to a coupling node.
This cutting of dummy links results in two terminal links, one in each subdomain. Due to this natural
partition, the subdomains consist of the individual electricity, gas and heat networks, as well as a sub-
domain with only coupling nodes. A similar partitioning was used in [64] to decouple an electro-thermal
system into several district heating systems (DHSs), one large electricity system and coupling units.

The partial decoupling method for a DHS used by Zhang et al. [64] makes use of link-based parti-
tioning (see Section 7.1) by splitting an intermediate node (branch bus, no load or source) into a load
node for the first subsystem, and a slack node for the second subsystem. The goal of the partitioning
is to create only radial subsystems that are more robust regarding initialization.

Abhyankar, Smith, and Constantinescu [1] also make use of a partitioning method of electricity sys-
tems in order to use a restricted additive Schwarz (RAS) preconditioner. It is mentioned that obtaining
a good graph partition is a critical aspect for parallel linear solution methods, but that it is beyond the
scope of their research. For the partitioning of the electricity network, they used a multi-level graph
partitioning algorithm.

The study of [8] compares efficient graph partitioning algorithms for sparse matrices, considering vari-
ous multi-level algorithms. The application of METIS and ParMETIS, among other methods, to standard
datasets showed that METIS had consistent performance, ideal for small and medium number of par-
titions. ParMETIS demonstrated superior scalability for a higher number of partitions.

From the literature mentioned above we can see that partitioning used in energy systems can be based
on the physical structure of the network as well as computational optimality. The physics-based par-
titioning used to partition a MCN is generally node-based, such that nodes of the same carrier are
partitioned together. The partitioning of nodes of the same carrier is done in various ways, either fo-
cussing on accuracy of the obtained solution of the partitioned system or computational efficiency.



Methodology and Experimental Setup

The aim of this research is to gain insights into the performance of the additive Schwarz (AS) precondi-
tioner when applied in the solution process of the load flow analysis of energy networks. These energy
networks can be of single-carrier (SC) type, such as gas and electricity networks, or be a coupled en-
ergy network. The application of the AS preconditioner has been studied in the context of electricity
networks [1], showing good performance for large-scale networks. For gas networks a domain decom-
position (DD) method has been applied [56], but AS preconditioning in gas networks has not yet been
considered. For coupled energy networks, various studies on integrated and decomposed methods
were done [26, 35, 44, 64]. These studies show promising results for smaller networks and suggest
further research into DD type methods for coupled load flow analysis.

This chapter establishes the methodology and experimental framework used to evaluate the perfor-
mance of the AS preconditioner, applied in the solution process of steady-state load flow analysis of
gas, electricity and coupled networks. Section 8.1 describes the datasets used to which the AS pre-
conditioner is applied. Next, Section 8.2 discusses the implementation of the AS preconditioner used in
this research, including choices made during the implementation phase. The last section, Section 8.3
includes the set-up of the conducted experiments and the performance metrics used to analyse and
quantify the AS preconditioner performance.

8.1. Test Networks and Data

This section introduces the datasets used in this study to analyse the AS preconditioner performance.
For gas networks, the GasLib datasets [53] are considered, as was also done in the research into
steady-state gas load flow by Nguyen, Romate, and Vuik [40] and Srinivasan and Sundar [56]. For
electricity networks, the datasets included in the PandaPower database are used [57], which includes
the IEEE datasets often used in research into steady-state load flow of electricity networks. The largest
PandaPower datasets were also considered in the research by Abhyankar, Smith, and Constantinescu
[1], who applied the AS preconditioner to large power flow problems. This section concludes by de-
scribing the construction of coupled energy network data used in this research.

8.1.1. Gas Networks: GasLib

The test networks and data for the experiments with gas networks in this research are taken from the
GasLib database [53]. It is an open-source database with data of gas transmission networks based
on the German gas network. The gas networks used from the database are GasLib-11, GasLib-24,
GasLib-40, GasLib-135, GasLib-582, GasLib-2607 and GasLib-4197, where the number in the name
indicates the number of nodes in the network. A summary of the GasLib gas networks is given in Ta-
ble 8.1. A selection of the corresponding graph representations is given in Appendix B, in Section B.1.
The nodes in the GasLib networks are either sources, sinks or junctions. A link can represent a gas
pipe, compressor, resistor, short pipe, valve or control valve. The gas type used in this research is
hydrogen gas. Alternatively, natural gas can be used.

49
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The network GasLib-11, the smallest available GasLib network, is used in this research to illustrate
the partitioning methods and the effect of the AS preconditioner on the network Jacobian. The net-
works GasLib-11, GasLib-24, GasLib-40 and GasLib-135 are considered small-scale networks. The
GasLib-582, GasLib-2607 and GasLib-4197 datasets are used as large-scale test networks.

Table 8.1: Summary of the gas network test data from GasLib [53], including the size classification within this research.

Network name | Nodes | Links | Jacobian size | Classification
GasLib-11 11 11 21x21 Small
GasLib-24 24 25 48x48 Small
GasLib-40 40 45 84x84 Small
GasLib-135 135 170 304x304 Small
GasLib-582 582 609 1190%x1190 Large

GasLib-2607 2607 3083 5689x5689 Large
GasLib-4197 4197 4466 8662x8662 Large

8.1.2. Electricity Networks: PandaPower

The test networks and data for the experiments with electricity networks are taken from the PandaPower
database [57]. Itis an open-source Python library that combines the data analysis library Pandas and
the power flow solver PYPOWER. In this research, only the network datasets of PandaPower are used,
that consist of the data from the PYPOWER library and MatL.AB MATPOWER toolbox. The test networks
range from a 4-node network to a 9241-node network. The number in the name indicates the number
of nodes in the network. The datasets are based on various European and American transmission
networks. A summary of the PandaPower electricity networks is given in Table 8.2. A selection of the
corresponding graph representations is given in Appendix B, in Section B.2.

This research considers a selection of the test networks in the PandaPower database. The network
case9, consisting of 9 nodes, is used as the smallest network to illustrate the partitioning methods and
the effect of the AS preconditioner on the network Jacobian. The networks case30 and case89pegase
are used as small-scale test networks to investigate the performance of the AS preconditioner.

Table 8.2: Electricity network test data from PandaPower [57], with the network name, information on the types of nodes and
links, the size of the corresponding Jacobian matrix and the size classification.

Network name | Nodes | Generators | Loads | Lines | Jacobian size | Classification
case9 9 2 3 9 14x14 Small
casel14 14 4 11 15 22x22 Small
case30 30 5 20 41 53x53 Small

case89pegase 89 17 29 160 165x165 Small

case300 300 79 193 283 530x530 Small
case2869pegase | 2869 689 1311 4051 5227x5227 Large
case6495rte 6495 1644 3380 7416 | 12491x12491 Large
case6515rte 6515 1650 3410 7422 | 12536x12536 Large
case9241pegase | 9241 1878 4461 | 13797 | 17036x17036 Large

8.1.3. Coupled Networks

The test networks and data used for the experiments with coupled networks are constructed using the
PandaPower database for the electrical network component, and the GasLib database for the gas net-
work component. For this research, a coupled network consists of one gas network component and
one electrical network component, with one or more coupling units between the two components.

Due to restrictions on nodes suitable for coupling power-to-gas (P2G) and gas-fired generator (GFG)
units, it is not possible to couple all PandaPower electrical networks to all GasLib gas networks us-
ing an arbitrary number of coupling units. The restrictions are further elaborated on in Section 8.2.2.
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Appendix C contains Table C.1 and Table C.2, which indicate the maximum number of P2G and GFG
coupling units possible per SC network.

Within a coupled energy network, there can be one-sided or two-sided interaction. With one-sided
interaction, the steady-state solution can be found by first computing the solution to one SC compo-
nent, which automatically determines the steady-state solution of the second SC component through
the coupling unit(s). The SC that determines the input or output for the coupling unit, is referred to as
the leading carrier. When all node type changes occur in the leading carrier, there is one-sided inter-
action. Note that when one coupling unit is present, the interaction is always one-sided. Two-sided
interaction occurs when the conversion of energy can go both ways, thus when both networks have
adjusted node types. The test networks used in this research consist of both one-sided interaction with
P2G and GFG units, as well as two-sided interaction scenarios.

Since it is insightful to also investigate the effect the coupling units have on the AS preconditioner
and solution method, it was decided to consider the PandaPower and GasLib networks that allow both
P2G and GFG coupling units. From Table C.2, one can see that for most small electrical networks there
are no nodes suitable for a GFG unit. Only the case89pegase and case300 datasets are suitable for
coupling both P2G and GFG units, where the total number of nodes in the dataset is less than 1000.
Therefore, these datasets will be used as the electrical network components within the smaller coupled
networks. All GasLib datasets are suitable for both P2G and GFG unit coupling. Although coupling us-
ing a GFG generator is not possible for the smallest PandaPower network, the case14 dataset coupled
to the GasLib-11 network using a P2G unit is used to more clearly illustrate the coupling configuration
and Jacobian matrix structure. Table 8.3 gives an overview of coupled networks used as test data in
this research.

Table 8.3: Coupled networks test data, indicating the SC network components and possible coupling interactions.

Electrical Network | Gas Network Interaction
casel14 GasLib-11 One-sided
case89pegase GasLib-40 One-sided and two-sided

case2869pegase GasLib-2607 | One-sided and two-sided
case9241pegase GasLib-4197 | One-sided and two-sided

8.2. Implementation

For this research, the AS preconditioner is implemented within an existing codebase. With this soft-
ware, simulations of steady-state gas, electricity and coupled energy networks can be performed and
analysed. The same codebase was used in [40]. This section includes all information related to the
implementation of the AS preconditioner, as investigated in this research. This includes the general
solver framework of the employed codebase, the construction of coupled networks, the partitioning and
translation of network graphs to the linearised systems and the implementation of the AS preconditioner
variants. The software used in this research is available on GitHub [61].

8.2.1. Solver Framework

The codebase is implemented in Python in an object-oriented manner. Electricity and gas network
data are extracted and stored in Pandas data frames. It makes use of the standard NumPy library to
perform numerical linear algebra operations, where sparse matrices are stored and handled in sparse
formats using the sciPy library. Visualisations of data and results are generated with the Matplotlib
library. In order to monitor iteration counts and times, the tgdm library was also utilized.

Additionally, PETSc [4] is used in the codebase via petsc4dpy [11], the Python wrapper for PETSc
libraries. PETSc (the portable, extensible toolkit for scientific computation) is a scalable (parallel) solu-
tion of scientific application modelled by partial differential equations, primarily written in C. Itis intended
for use in large-scale application projects and includes an expansive suite of parallel linear and non-
linear equation solvers.
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The non-linear systems corresponding to the steady-state load flow calculations of SC energy net-
works are computed and constructed in the codebase using the methods and equations as described
in Chapter 2 and Chapter 3. The coupled networks and their load flow equations are constructed using
the principles in Chapter 4. Solving the non-linear system of equations is done using the Newton-
Raphson (NR) method, see Section 5.1. During each non-linear iteration, a (preconditioned) linear
system is solved. The implemented solvers are LU decomposition (direct linear solve), and the iter-
ative solvers generalized minimum residual (GMRES), bi-conjugate gradient stabilized (Bi-CGSTAB),
IDR and least-squares QR (LSQR). All solvers, except IDR, are the corresponding solvers of the SciPy
library. The included preconditioners are Jacobi, Gauss, incomplete LU (ILU) and Kaczmarz. Alter-
natively, the solvers of the PETSc library can be used. If the linear solver is chosen to be one of the
PETSc solvers, any of the PETSc preconditioners can be used.

8.2.2. Coupled Networks

Within the codebase, a heterogeneous coupled network is created by first creating two separate net-
works, one with gas and one with electricity as a carrier. The type of coupling unit is determined
beforehand, as well as the number of each type of coupling unit. Chapter 4 discusses the coupling and
coupling units in more detail. Next, a heterogeneous network is created that consists of the coupling
nodes. The coupling units available in the codebase for coupled gas-electricity networks are P2G and
GFG.

Power-to-gas (P2G)

A P2G unit converts energy from electricity to gas. As a result, in a P2G unit energy can only flow from
the electrical node to the gas node. In the codebase, a P2G unit can only be coupled to an electri-
cal PQ node, where the real power is positive. Such a PQ node corresponds to an electrical network
element where energy is already leaving the electrical network. Similarly, the gas node that the P2G
unit is connected to has to be a load node with negative gas mass flow. For such a load node, there
is already energy entering the gas network. In theory, a P2G unit can be connected to any electrical
and gas node. It was decided to only connect P2G units to the specific nodes described above in the
codebase, due to a more realistic interpretation and implementation of real-life coupled networks and
to simplify the implementation in the codebase.

The coupling variables associated with a P2G unit are the dummy link variables. A gas dummy link has
gas mass flow associated with it, denoted with g.. The electrical dummy link results in a real coupling
power, denoted with P.. The P2G unit introduces one coupling equation, see (4.2). In order for the lin-
earized coupled system to be square, at least one more system variable has to be considered known.
Within the codebase, the node type of the electrical node the unit is connected to is changed from a
PQ node to a PQV node. The voltage magnitude at this node is set to its reference voltage. Beside this
node type change, it is also possible to change any other node type (see Section 4.2.2). The codebase
uses this type of node change due to the interpretation and feasibility for a real-life coupling unit and to
simplify the implementation in the codebase.

Gas-fired generator (GFG)

A GFG unit converts energy from gas to electricity. As a result, in a GFG unit energy can only flow
from the gas node to the electrical node. Within the codebase, a GFG unit can only be coupled to a
PQ electrical node, where the injected real power is negative. This corresponds to a load node where
energy is already entering the electrical network. The gas node that the GFG is connected to must be
a load node with positive gas mass flow, such that energy is already leaving the system at that node.
Similarly to a P2G node, a GFG unit can be connected to any electrical and gas nodes in theory. It
was decided to only connect GFG units to the specific nodes described above in the codebase, due
to a more realistic interpretation and implementation of real-life coupled networks and to simplify the
implementation in the codebase.

The coupling variables associated with a GFG unit are the same as for a P2G unit, the dummy link
variables for gas mass flow and real power. The GFG unit introduces one coupling equation, see (4.1).
In order for the linearized coupled system to be square, at least one more system variable has to be
considered known. Within the codebase, the node type of the gas node the unit is connected to is
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changed from a load node to a reference load node, where both the nodal pressure p and injected gas
mass flow q are known. The pressure at this node is set the same as the pressure on the slack node.
Beside this node type change, it is also possible to change any other node type (see Section 4.2.2). The
codebase uses this type of node change due to the interpretation and feasibility for a real-life coupling
unit and to simplify the implementation in the codebase.

8.2.3. Graph Partitioning

The goal of partitioning an energy network is to determine the sub-systems for the AS preconditioner.
This is done by creating a partition of the energy network graph, and translating the partition to construct
sub-matrices of the global Jacobian matrix.

Partitioning the Network Graph: Single-Carrier Networks

A partition of the nodes of an energy network is made using built-in partitioning functions of the PETSc
library. The partitioning algorithms that one can use are ParMETIS, METIS, CHACO and average.
These multi-level partitioning algorithms are described in Chapter 6. The average partitioning algorithm
creates a partition based on the node index in ascending order, and thus does not take the graph
structure into account. The ParMETIS, METIS and CHACO partitions are constructed using the graph
adjacency matrix. Electricity networks consist of undirected graphs, and as a result, the non-zero
structure of the network admittance matrix can be used as the adjacency matrix. The adjacency matrix
of a gas network is constructed in order to create a partition using the mentioned multi-level algorithms.
For all partitioning algorithms, the number of subdomains has to be specified beforehand. The node
types of the SC networks are not taken into account when constructing the partition. The subdomains
are a result of a purely graph-based partitioning algorithm.

Partitioning the Network Graph: Coupled Networks

For this research, it was decided to partition a coupled energy network graph per carrier. In this way
each subdomain has one SC network as main network. Since the coupled network always consists
of an electricity and gas network, there are always 2 subdomains. The first subdomain contains all
gas nodes and links, as well as the gas dummy links. The second subdomain consists of all electrical
nodes and the electrical dummy links.

Other methods of partitioning a coupled energy network are also possible. For example, a partition
per carrier can be made, as described above, after which the gas and electrical network components
are again divided into multiple subdomains. Alternatively, a partition can be made based on the en-
tire coupled network graph, where the carrier of each node is not (necessarily) taken into account. In
this research the carrier-based partition is made to study the effect of coupling units and interaction
between different carriers, and to simplify the implementation in the codebase. The usage of other
coupled network partitioning methods is included in the discussion in Section 11.3.

Including the Links
The load flow equations of an electricity network consist only of nodal equations. It is thus not neces-
sary to include the links into a partition.

The load flow equations of a gas network consist of nodal as well as link equations. Therefore, the
links should also be included in the partition. There are various methods of including the links. Two
link-inclusion methods are considered in this research.

+ A simple link-inclusion method is to include those links in subdomain i that are outgoing links of
the nodes in subdomain i. As a result, each link is included in exactly one subdomain.

» A second link-inclusion method is to include those links in subdomain i that are adjacent to the
nodes in subdomain i. As a result, internal links are included in exactly one subdomain, while
links between nodes in different subdomains are included in both the subdomains.

When the simple link-inclusion method is used such that only outgoing links are included in the sub-
domain, it is not guaranteed that the corresponding sub-system Jacobian is non-singular. When a
subdomain graph consists of n nodes, the minimum number of links is n — 1, a minimal spanning tree
(under the assumption that the graph is connected). It was found during implementation that when
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there are more nodes than links in a subdomain, the corresponding sub-system Jacobian matrix has
two linearly dependent rows in the upper left 0F?/dq block, see Equation 5.6. The dF?/dq block is
given by the reduced incidence matrix. The incidence matrix of a graph with more nodes (rows) than
links (columns), always has linearly dependent rows. When the sub-system Jacobian matrix is singu-
lar, the construction of the AS preconditioner fails. A subdomain must thus contain at least as many
links as nodes. Therefore, the simple link-inclusion method is not an appropriate in the setting of AS
preconditioning.

When the second link-inclusion method is used such that all incoming and outgoing links are included in
the subdomain, it is guaranteed that there are at least as many links as nodes in the subdomain. When
a subdomain with n nodes is a minimal spanning tree, there are n — 1 internal links. Since the global
graph is connected, there is at least one link in the subdomain that is not internal, but is connected to
a node in another subdomain. The minimum number of links included in the subdomain is therefore
n. Thus, with the second link-inclusion method, it is guaranteed that a subdomain contains at least as
many links as nodes. This research will therefore only consider the second link-inclusion method.

Overlap

An overlap is added to each subdomain by including nodes adjacent to the internal nodes of the sub-
domain. A §-level overlap refers to including all nodes that are § steps away from any internal node,
where § € N. Section 6.2.3 describes the §-overlap notation and principle in more detail. For a gas
network graph, the links adjacent to the overlap nodes are also included, according to the employed
link-inclusion method.

Translating to a Partition of the Jacobian: Electricity Networks

The partition of the electricity network graph has to be translated to a partition of the corresponding
linearized system. Each node in the graph results in either 0, 1 or 2 equations in F¢ and unknowns in
x¢, depending on the node type. The node types of electricity networks are described in Section 3.1.2.
A slack node does not directly correspond to an equation or unknown, due to the combination of known
and unknown nodal parameters. Similarly, a PV node (generator) corresponds to one equation and
one unknown, while a PQ node (load) results in two equations and unknowns. The partition of the
network graph is translated to the linearized system by taking those elements of the global Jacobian
which correspond to the equations and unknowns associated with the nodes in that subdomain. Thus,
global Jacobian element 9F7 /0x} is only included in the sub-system Jacobian matrix when the node
corresponding to equation F{ as well as the node corresponding to unknown xf are part of the corre-
sponding subdomain. An example of the partitioning of the global Jacobian is given in Figure 8.1. The
node types are not taken into consideration when constructing the partition. As a result, when a subdo-
main consists of n nodes, the size of the sub-system Jacobian matrix can range between (n—1)x(n—1)
and 2n X 2n (assuming that a subdomain contains at most one slack node).
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Figure 8.1: Subdomain inclusion pattern of the global Jacobian, indicating which entries are included in at least one subdomain
as a result of partitioning the PandaPower case14 graph into 4 subdomains using the PETSc ParMETIS algorithm, without
overlap.

Translating to a Partition of the Jacobian: Gas Networks

The partition of the gas network graph has to be translated to a partition of the corresponding linearized
system. Each node in the graph results in either 0 or 1 equation in F¢ and unknown in x9, depending on
the node type. The node types of gas networks are described in Section 3.1.3. A slack node does not
have a corresponding nodal equation, since the pressure is specified beforehand, whereas each load
node leads to one nodal equation in F4 and unknown in x9. All the links of a gas network have unknown
gas mass flow, and are thus all of the same type. As a result, each link in the subdomain corresponds
to one equation in FI9 and unknown in x9. The partition of the gas network graph is translated to the
linearized system by taking those elements of the global Jacobian which correspond to the equations
and unknowns associated with the nodes in that subdomain. Thus, global Jacobian element ang/ax]g

is only included in the sub-system Jacobian matrix when the node or link corresponding to equation Fig
as well as the node or link corresponding to unknown xj-’ are part of the subdomain.

The node types and number of adjacent links are not considered when constructing the partition. When
the subdomain consists of n nodes, the minimum number of links is n — 1 in the case of a tree (as-
suming connectedness). Assuming that the gas network graph is connected, there is at least one
link that connects the subdomain to an adjacent subdomain. Therefore, the minimum size of the sub-
system Jacobian is (2n — 1) x (2n — 1) (assuming that a subdomain contains at most one slack node).
The maximum size of the sub-system Jacobian depends on the number of outgoing links to adjacent
subdomains. At maximum, all m links of the global network graph are included in a subdomain, even
if not all nodes are included. The maximum size of a sub-system Jacobian is therefore (n+m) x (n+m).

The vector F9 consist of two parts, first the nodal conservation laws corresponding to the nodes, and
next the link flow equations, which correspond to the links. The vector x9 also consists of two parts,
but first contains the unknown link flows, corresponding to the links, and second the unknown nodal
pressures, corresponding to the nodes. As a result, the indices of the global Jacobian that make up
the sub-system Jacobians are not the same for the rows and columns. In Figure 8.2 the translation of
a nodal partition of GasLib-11 into 4 subdomains without overlap to the global Jacobian is visualized.
It can be seen in Figure 8.2a that the blocks included in each sub-system Jacobian are not necessarily
symmetric, as a result of the node/link order for the rows and columns. The total sub-system Jacobians
are always square. In Figure 8.2b, the global Jacobian is visualized, where a grey entry implies that
the entry is contained in one subdomain. The darker colour of several entries in the left lower block
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(link-link block) indicate that these are contained in 2 or more subdomains. These are exactly the links
that connect two different subdomains. Note that this pattern is also not symmetric.
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Figure 8.2: Subdomain inclusion pattern of the global Jacobian, indicating which entries are included in in at least one
subdomain as a result of partitioning the GasLib-11 graph into 4 subdomains using the PETSc ParMETIS algorithm, without
overlap. The red lines indicate a change from nodal to link equations for the rows, and link to nodal parameters for the columns.

Translating to a Partition of the Jacobian: Coupled Networks

The partition of the coupled network graph has to be translated to a partition of the corresponding lin-
earized system. This is done by taking those elements of the global Jacobian which correspond to
the equations and unknowns associated with the nodes and links in that subdomain. The structure of
the Jacobian of a coupled gas-electricity network is described in Section 5.1.2. Note that the Jacobian
matrices of the SC components in a coupled network, /,, and J.. are not necessarily the same as the
Jacobian of the SC when solved separately. This is due to a change of the node types as a result of the
coupling. The SC Jacobian components J,, and /.. are thus not necessarily square, so the indices of
the global Jacobian that make up the sub-system Jacobians are not the same for the rows and columns.

The first subdomain of a coupled network consists of all gas nodes and links, the gas dummy links
and the coupling nodes. To construct the sub-system Jacobian associated with the gas subdomain,
we thus take the rows of the global Jacobian matrix associated with all gas nodal and link equations
and all coupling equations. For the columns, we take exactly those column indices of the global Jaco-
bian matrix associated with all gas nodal and link variables, as well as the gas dummy link variables.
With the overlap, the electrical dummy links and electrical nodes associated with that overlap-level are
also included. Therefore, the rows of the global Jacobian matrix associated with the included electrical
nodal equations are added. For the columns, exactly those columns associated with the included nodal
electrical variables are added, as well as the columns associated with the coupling real powers.

The second subdomain of a coupled network consists of all electrical nodes, the electrical dummy
links and the coupling nodes. To construct the sub-system Jacobian associated with this electrical sub-
domain, we take the rows of the global Jacobian association with all electrical nodal equations and all
coupling equations. For the columns, we take exactly those indices associated with all electrical nodal
variables. With the overlap, the gas dummy links, as well as the gas nodes and links associated with
the included gas network components are also included. Therefore, the rows of the global Jacobian
matrix corresponding to the gas nodal and link equations are added. For the columns, the indices
association with the overlap gas nodes and links are added, as well as the column indices associated
with the coupling gas mass flows.
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8.2.4. Additive Schwarz Preconditioner Construction

In the codebase, the AS preconditioner is constructed according to (6.14), by computing the action of
the preconditioner on an arbitrary vector, as described in Algorithm 6. In this way, the full computation
of the preconditioned matrix is not necessary, and computation time is improved by avoiding matrix-
matrix multiplications. In the codebase, the AS preconditioner action on an arbitrary vector is passed
to the selected SciPy solver as an operator.

The local systems corresponding to each subdomain consist of a set of nodes (nodes and links for
gas networks), as determined by the chosen partitioning algorithm. During the construction and ap-
plication of the AS preconditioner, these local systems have to be solved. The local solve of the i-th
subdomain consists of solving

Aixi = bi'

This can be done using a direct solver, or again an iterative solution method. In practice, a direct solver
such as LU decomposition is often used, especially for smaller subdomains where a direct solve is usu-
ally most efficient and accurate. In the codebase, an LU decomposition is used for the local solution
step. This factorization is computed and stored beforehand to prevent repeated computation of the
factorization and thus improving total runtime.

Three different variants of the AS preconditioner are implemented. First is the basic AS precondi-
tioner, given by (6.14). The second version is the interpolated AS preconditioner, see (6.15), where
each entry in the preconditioner is scaled by the number of subdomains it is included in to prevent
over-correcting the overlap entries. Finally, the restricted additive Schwarz (RAS) preconditioner can
be used, which is implemented as (6.16).

Additive Schwarz Preconditioner Construction in PETSc

The AS preconditioner is also a preconditioner option in the PETSc library. One can choose between
the variants ‘Basic’, ‘Restrict’ and ‘Interpolate’. The ‘Basic’ variant refers to the standard AS procedure,
as in (6.14). The option ‘Restricted’ uses the definition of (6.16), and ‘Interpolate’ refers to the AS
variant where weights are included. When using the PETSc AS preconditioner, it is possible to only
provide the number of subdomains, so that a built-in partitioning method is used to decompose the
global Jacobian matrix into subdomains. Alternatively, one can provide a custom partition of the global
Jacobian to use. Note that the built-in partitioning of the AS preconditioner in PETSc is constructed
based on the Jacobian matrix, not based on the energy network graph. The default local solver used
is one step of the ILU factorization, but can be set to any built-in direct or iterative solution method.

8.3. Methodology

This section describes and formalises the methodology used to study the AS preconditioned iterative
solvers. First, the setup of the various experiments is discussed, focussing on solver configuration.
The section concludes with a discussion of the parameters and metrics that are varied in this research
to analyse their impact on the AS preconditioner performance.

8.3.1. Experiment Setup
This section includes the setup of the conducted experiments, focussing on the linear and non-linear
solver configuration and the initial iterate.

Non-Linear solution method

The non-linear solution method used in this report to determine an x; such that F(x;) = 0 is the NR
method, which is described in more detail in Section 5.1.1. During each NR iteration k, the non-linear
system is linearised. The Jacobian matrix J of F(x,) is computed, using current iterate x,. For the
stopping criterium the residual ||F(x;)||, is used. The method terminates when the residual is smaller
than the pre-set tolerance of 1.00 - 10~ or when the maximum number of iterations is reached.

Linear solution method
The linear system to be solved during each non-linear NR iteration is given as

J(X)Axy = —F(xy),
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as derived in Section 5.1.1. Using the general linear system notation A% = b for the linear solution step,
we thus have A := J(x;), X := Ax,, and b := —F(x;). The linear solver used in this report is restarted
GMRES(m). The GMRES method is described in more detail in Section 5.3.2. When a preconditioner
is used, it is applied from the left. The restart value is set to m = 100, so that a new orthonormal basis
of the Krylov subspace is constructed after at most m = 100 inner iterations, based on the most recent
iterate X,,,. The maximum number of restart cycles is set to n = 100. Therefore, the total maximum
number of iterations is n X m = 10.000. The linear solver terminates when one of the following criteria
is met:

* The total maximum number of iterations of n x m = 10.000 is reached.

* When the true residual is smaller than the preset absolute tolerance ¢, so that ||r,,]l. = ||b —
A& |l2 < €. In this research, the absolute tolerance is set to €, = 1.00 - 1076. The true residual
is only computed after each restart cycle, not during, due to high computational costs of evaluating
the true residual. The solver can therefore only terminate based in this criterium after a restart
occurs.

» When the estimated preconditioned relative residual is smaller than an adaptive relative residual
1
IV Tmlly - €. The adaptive relative tolerance is initially set to 1.00 - 1076, but is

€, SO that |||1|:I\/I—1b||
updated after restért cycle based on whether the inner solve failed to converge after m iterations
or when the inner solve converged, but the true residual has not yet reached absolute tolerance
€q- The aim of this adaptive relative tolerance is to reduce the true residual, but to avoid over-
solving during each restart cycle. After each restart cycle, the tolerance e, is multiplied by the
minimum of a relative tolerance factor r, initially set to 1, and the relative absolute tolerance.
When the restart cycle terminated, but the true residual did not yet sufficiently converge, the
relative tolerance factor r is tightened by multiplying with a factor 0.25. When the restart cycle
terminated and the true residual converged sufficiently, the relative tolerance factor r is relaxed
by multiplying by 1.5, aiming to prevent over-solving during the next restart cycle.

Initial iterate

The initial iterate when solving steady-state load flow for a gas network consists of the initial link gas
mass flows and initial nodal pressures. The link gas mass flows are initiated as ¢q; = 0.1, such that each
link has a flow of 0.1 per unit. This initial value is chosen so that the link flow is small, but non-zero. The
nodal pressures are initiated as an index-based sequence that starts as 0.95 per unit and decreases
linearly to 0.90 per unit. The node that got assigned index 1 will thus have an initial pressure of 0.95
per unit, and the node with the highest index an initial pressure of 0.90 per unit. This sequence of initial
values is chosen so that the initial nodal pressures are close to the reference pressure but to prevent two
equal nodal pressures. When two connected nodes have the same pressure, their pressure difference
is exactly zero, implying that the link flow between these nodes is initially zero. The initial iterate xJ is
thus given as

0.1 p.u.

The initial iterate when solving steady-state load flow for an electrical network consists of initial nodal
voltage angles and magnitudes. In this research, a flat start is used, implying that all nodal voltage
angles are initiated as §; = 0, and all nodal voltage magnitudes as |V;| = 1.0 per unit. The initial iterate
x§ is thus given as

0 p.u.

x€ = |- 5 - _Opu.
0 V| 1.0 p.u. |

1.0 p.u.
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In the case of coupled networks, the initial iterate consists of three components, the gas network vari-
ables, electrical network variables and the coupling variables. The gas and electrical network variables
are initialised the same when the networks are not coupled as described above. The coupling variables
are initiated as q. = 0 and P, = 0 for all coupling units.

8.3.2. Performance Metrics

This section introduces the parameters (independent variables) that are varied during the experiments
to investigate the performance of the AS preconditioner. They include the parameters associated with
the AS preconditioner construction, as well as the variable parameters of the datasets of gas-, electricity
and coupled networks.

» Overlap level: The level of overlap is a fundamental part of the AS preconditioner, and allows for
information propagation among the subdomains. From theory, it is expected that a higher level
of overlap results in better conditioning of the preconditioned system that are more expensive to
compute, compared to lower overlap levels. In this research, the overlap levels will be varied,
depending on the network size.

* Number of subdomains: The number of subdomains used to construct the AS preconditioner
affects the sub-system size and the number of sub-systems to solve. From theory itis known thata
higher number of subdomains results in smaller sub-systems that are computationally cheaper to
solve, but can less accurately capture global system behaviour and errors, compared to a smaller
number of subdomains. In this research, the number of subdomains will be varied, depending on
the test network size. For coupled networks, the number of subdomains is by construction 2.

» AS variant: The type of AS preconditioner used determines how the sub-system solutions are
used to precondition the global system. It affects how information is propagated through the
network and effects the accuracy and computational costs required. In this research, the basic,
interpolated and restricted variants are considered.

Partitioning algorithm: The partition algorithm refers to method used to partition the network
graph into several subdomains. The partitioning algorithms considered in this research are ParMETIS,
CHACO and an average method. The average method does not take the graph structure into ac-
count and thus functions as a base to get an indication of the effectiveness of considering the
network graph topology. Each partitioning algorithm can result in a different set of subdomains.
The effect of the partitioning algorithm will be investigated, as well as the effect of the distribution

of certain node types among the subdomains.

» Network configuration: The configuration and test network data determines the global Jacobian
structure and spectrum. Gas and electricity network load flow problems have different underlying
physical properties and the AS performance can therefore be different for both network types.
Additionally, there are various network components that are modelled differently. By considering
test datasets with different configurations of network components, the effect on the AS precondi-
tioner can be determined.

Coupling: For coupled energy networks new parameters are introduced. The types of coupling
units considered in this research are P2G and GFG. Both units are modelled differently. Addition-
ally, a change of node type is necessary for a square system when a coupling unit is introduced.
In this research, the type of coupling unit, the node type change and the number of coupling units
is varied, depending on the test network size and configuration.

The performance of the AS preconditioner is analysed by considering various metrics (dependent vari-
ables), which are analysed when changing the parameters mentioned above.

» Accuracy: The accuracy of the AS preconditioned solvers are judged by compute and keeping
track of the residual during the linear and non-linear iterative solution processes. Mostimportantly,
this indicates whether the methods converge. Additionally, this gives an indication of how accurate
the approximate solution is at what iteration and how many iterations are required to reach a
predetermined tolerance. In this research, the linear and non-linear residuals are used to indicate
the accuracy of the solver.
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» Speed: The speed of the solver is monitored by keeping track of the number of iterations required
for convergence, for the inner as well as the outer loop. Additionally, it is insightful to measure
the CPU time of the phases of the solution process. Both of these metrics indicate how fast the
solution is computed, and what potential bottlenecks are. In this research, the number of linear
and non-linear iterations is used as the main indicator for method speed.

* Cost: The amount of memory and number of matrix-vector products required by the solution
method indicates how much storage is required and how costly it is to execute the method. These
results can also be used to identify potential bottlenecks and areas of improvement. The cost of
the methods in this research is analysed by considering the known general cost of steps included
in the methods as well as the matrix size.

* Robustness: The conditioning of the underlying coefficient matrix is influential on the perfor-
mance of the methods. Comparing the robustness of solution methods indicates how robust the
method is and whether it is sensitive to the matrix conditioning or initialization. The robustness
can be indicated by considering condition number, eigenvalues and singular values, but also by
varying the initial iterate. This research considers the spread of the singular values, eigenvalues
as well as the condition number of the linearised system matrices.

» Scalability: The research area of this study includes large scale energy networks. Therefore, it
is important to consider the scalability of the solution method, such that it is able to solve large
systems of linearized load-flow equations. The algorithmic scalability is therefore determined in
this research by comparing the performance of the solution method in terms of speed, accuracy
and/or cost for test problems varying in problem size.



Additive Schwarz Preconditioning for
Single-Carrier Energy Networks

This chapter presents the results of the load flow analysis when applying the additive Schwarz (AS)
preconditioner in the solution process of the steady-state load flow equations of single-carrier (SC)
energy networks. The methodology and setup of the performed experiments is discussed in Chap-
ter 8, including the performance metrics in Section 8.3.2. First, the results for small-scale energy
networks are presented. Section 9.1 contains the experiments with small-scale gas networks, while
Section 9.2 discusses the experiments with small-scale electricity networks. Both sections have the
same setup, consisting of sections discussing the general performance of the AS preconditioner, the
effect of partition-related parameters and finally the effect of the different AS types considered in this
research. For gas networks, an additional section discusses the observed effects of certain network
components on the AS preconditioner. After the discussion of the small-scale SC network experiments,
Section 9.3 presents the results of AS application to large-scale energy networks. This includes both
gas and electricity networks. This section also presents the effects of considering a different target ma-
trix for large-scale datasets. Additionally, Appendix D presents an overview of the solver performance
of different solver configurations.

9.1. Small-Scale Gas Networks

This section presents the results of the application of the AS preconditioner in the solution process
of steady-state load flow equations of small-scale gas networks. The setup of the experiments and
test networks is given in Chapter 8. The gas network test data and configurations consist of several
GaslLib datasets [53], and are discussed in Section 8.1. The graph presentations of several small-scale
networks are given in Appendix B, in Section B.1.

9.1.1. General Effect of AS Preconditioning

The goal of using a preconditioner is to find a system that has the same solution as the original sys-
tem, but is more efficient to solve than the original system. The effect of the AS preconditioner can
thus be analysed by comparing the spectrum and structure of the original Jacobian | with the pre-
conditioned Jacobian M~1J. Ideally, the preconditioned Jacobian should resemble a diagonal matrix
more closely than the original Jacobian, since a system with a diagonal matrix can be solved efficiently.

The structure of the GasLib-24 Jacobian matrix can be found in Figure 9.1a. It is clear that the Ja-
cobian is of lower block-triangular form, and has the structure as indicated in Equation (5.6). The lower
block-triangular structure is not used during the construction of the AS preconditioner. Instead, each
sub-system Jacobian is also lower block-triangular. Optionally, one can take advantage of this structure
during the solution process of the sub-systems by choice of solution method.

61
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(a) Structure heatmap of the global Jacobian. (b) Eigenvalue distribution of the global Jacobian.

Figure 9.1: Structure heatmap and eigenvalues of the global Jacobian of GasLib-24, evaluated at initial iterate xg.

Structure of the Jacobian

The structure of the preconditioned Jacobian of the GasLib-24 dataset with the basic AS preconditioner
can be found in Figure 9.2. Comparing the figures to Figure 9.1a, one can see that the preconditioned
Jacobian matrix shows a more diagonal structure. All elements on the diagonal are non-zero. All other
non-zero elements only occur in the right part of the Jacobian, which correspond to the derivatives
of F9 with respect to the nodal pressures. The columns that contain non-zero entries are exactly
those associated with the nodal pressures of the nodes adjacent to nodes included in an overlap with
another subdomain. The exact location of the non-zero entries in a column is determined by the other
subdomain the adjacent overlap node is included in. For example, in Figure 9.2a, columns 27, 33 and
41, that correspond to nodes 3, 9 and 17, have the same non-zero structure, since they are all adjacent
to overlap nodes in subdomain 2, see Figure B.2 for the network graph.
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Figure 9.2: Structure heatmaps of the global Jacobians of GasLib-24, preconditioned with a basic AS preconditioner for 4
subdomains with ParMETIS, with 1 and 2 level overlaps, evaluated at initial iterate xJ.

Spectrum of the Jacobian

The eigenvalues of the original Jacobian matrix of the GasLib-24 dataset can be found in Figure 9.1b.
From the plot, one can see that there are eigenvalues with negative real parts, indicating that the orig-
inal Jacobian matrix is not symmetric positive definite (SPD), and that they are centred around zero.
The condition number and the extreme singular values or the original Jacobian as well as various pre-
conditioned Jacobians are given in Table 9.1.
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The eigenvalues and singular values of the basic AS preconditioned Jacobians can be found in Fig-
ure 9.3. It shows that all eigenvalues of the preconditioned systems have a positive real part. Ad-
ditionally, the imaginary parts of some of the eigenvalues are very small, and considered negligible.
The figures with the sorted eigenvalues show that there are multiple eigenvalues with value 1, 2 or 3.
This is the result of certain nodes and links in the gas network graph being included in either 1, 2 or 3
subdomains due to the added overlap. Note that for both overlap cases, there is one smallest eigen-
value that is an order smaller than the second smallest eigenvalue. From the figure, the spectra of
the preconditioned Jacobians are distributed more favourably for the iterative linear solution methods
employed, compared to the original Jacobian matrix, as they are no longer centred around 0. The fig-
ure also contains the singular values for both overlap cases. Most singular values are centred around
one. The extreme singular values range from an order of 10~2 to 102. These are likely the result of an
imbalance between the updates of the different subdomains. For the 2-level overlap case, the smallest
and largest singular value are of more extreme orders, namely 10=¢ and 10°, respectively. Since the
extreme singular values play an important role in the convergence of iterative solution methods, this is
not desirable. More on the cause of these extreme singular values can be found in Section 9.1.2.
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Figure 9.3: Eigenvalues and singular values of the preconditioned global Jacobian of GasLib-24, preconditioned with a basic
AS preconditioner for 4 subdomains with ParMETIS, with 1 and 2 level overlaps, evaluated at initial iterate xg.

The eigenvalues and singular values of the interpolated AS preconditioned Jacobians can be found
in Figure 9.4. Similarly to the basic AS case, all eigenvalues have positive real part. As a result
of the weighting, the eigenvalues are more clustered around 1, which is different from the basic AS
preconditioner in Figure 9.3. The weighting also results in eigenvalues that have a non-zero imaginary
part. The singular values show a similar pattern as the basic AS case. The most prominent difference,
best visible in the 1-level overlap case, is that in due to the interpolation, the non-extreme singular
values are more clustered around 1, whereas for the basic AS the non-extreme singular values also
take on the value of 2 or 3. The number of singular values not centred around 1 is the same as when
the basic AS preconditioner is applied.
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Figure 9.4: Eigenvalues and singular of the preconditioned global Jacobian of GasLib-24, preconditioned with an interpolated
AS preconditioner for 4 subdomains with ParMETIS, with 1 and 2 level overlaps, evaluated at initial iterate x§.

The eigenvalues and singular values of the restricted additive Schwarz (RAS) preconditioned Jacobians
can be found in Figure 9.5. Similarly to the basic and interpolated AS cases, all eigenvalues have
positive real part. Although the imaginary parts of the complex eigenvalues in the 1-level overlap case
are small, they are not negligible. For the 2-level overlap case, the imaginary parts are of the same
order as the real parts. The clustering of the eigenvalues and middle singular values is more centred
around 1 than when using the basic AS preconditioner, but more spread compared to interpolated AS. In
the RAS case, only the internal nodes and links of a subdomain are updated with the local subdomain
solve. Therefore, only those elements that are contained in more than one subdomain are updated
more than one time. As a result of the used link inclusion method, the doubly updated elements are
the gas mass flows through the links that connect one subdomain to another, which explains why there
are some eigenvalues and singular values with value 2. In the interpolated AS case, these link updates
are also weighted. Compared to the two other AS types, the number of extreme singular values has
decreased in the restricted case. An explanation could be that there are less boundary links between
subdomains in the prolongation step where a mismatch between subdomain updates can occur. Note
that the largest and smallest singular values are no longer of orders 10> and 107, respectively.
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Figure 9.5: Eigenvalues and singular values of the preconditioned global Jacobian of GasLib-24, preconditioned with a RAS
preconditioner for 4 subdomains with ParMETIS, with 1 and 2 level overlaps, evaluated at initial iterate xg.

The condition number and extreme singular values of the 3 AS types with 1-level and 2-level overlap
are given in Table 9.1. Note that in all cases, the AS preconditioner increases the condition number due
to the extreme singular values. In Section 9.1.2, more is commented on the high condition numbers of
the 2-level overlap cases with the basic and interpolated AS preconditioner.

Table 9.1: The condition number and extreme singular values of the original GasLib-24 Jacobian and the basic, interpolated,
and restricted AS preconditioned Jacobians for 4 subdomains with ParMETIS, and varying levels of overlap.

System AS Type Condition Number | Largest SV | Smallest SV
Original - 4.64 - 10° 4.18-10° 9.00-107°
Basic 2.79-10° 3.65 - 102 1.31-1073
1-level overlap | Interpolated 1.78 - 10° 2.21-102 1.24-1073
Restricted 2.14 -10° 2.67 - 102 1.25-1073
Basic 2.51-1011 7.08 - 10° 2.82-107°
2-level overlap | Interpolated 1.25- 101" 3.54-10°% 2.82-107°
Restricted 6.46 - 10* 1.50 - 102 2.71-1073

Convergence History

Figure 9.6 contains the linear and non-linear convergence history of the RAS preconditioned GasLib-24
gas network. The RAS preconditioner was constructed using the ParMETIS algorithm with 4 subdo-
mains and a 2-level overlap. For the linear solution steps during each Newton-Raphson (NR) iteration,
restarted generalized minimum residual (GMRES) was used. The preconditioned system converged
after 3 iterations. The residual ||F9 (x‘?)”2 at the start of each NR iteration i is also given in Table 9.2.

From Figure 9.6 one can see that in each NR iteration there is super-linear convergence, as is ob-
served often for GMRES. Also note that no restarts were needed during any of the three linear solution
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steps.

Table 9.2: Non-linear convergence history of the RAS preconditioned GasLib-24 network, for 4 subdomains and 2-level

overlap. Iteration 0 refers to the initial residual.

NR iteration Residual GMRES iterations
0 3.731-1071 -
1 1.239-1072 8
2 3.612-107° 8
3 2.994 - 10710 8
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Figure 9.6: Convergence history of GasLib-24, preconditioned with a RAS preconditioner for 4 subdomains with ParMETIS,
with 2 level overlap, using restarted GMRES as linear solution method.

In Figure 9.7, the convergence history of the GasLib-24 gas network is shown, when the basic AS pre-
conditioner is applied, using a partition from the ParMETIS algorithm with 4 subdomains and a 2-level
overlap. Comparing the convergence history to the RAS case, the linear convergence history of the
first NR iteration differs, since a restart occurred. After the restart, the same super-linear convergence
behaviour can be seen. The preconditioned Jacobian matrix of the first NR iteration in this case has
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one very large and one very small singular value, see Figure 9.3f. In the first GMRES cycle, they pre-
vent further convergence. After the restart, the noise of these extreme singular values is no longer
dominating the search direction, allowing for further convergence.
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Figure 9.7: Convergence history of GasLib-24, preconditioned with a basic AS preconditioner for 4 subdomains with
ParMETIS, with 2 level overlap, using restarted GMRES as linear solution method.

9.1.2. Effect of Network Elements

Gas networks consist of various elements, see Section 2.2. The underlying physical laws per link can
thus differ, depending on the element that it represents. In the GasLib datasets, link elements are either
a gas pipe, compressor, resistor, short pipe or control valve. In the employed codebase, the links are
either modelled as a high-pressure gas pipe, compressor or resistor. The elements representing short
pipes and (control) valves are modelled as resistors, with pipe constant €9 = 1 (unscaled). It is ob-
served that certain network elements can significantly affect the performance of the AS preconditioner,
by worsening its conditioning or preventing its construction.

Resistors
During the construction of the AS preconditioner, various sub-matrices of the Jacobian are computed,
that correspond to a selection of nodes and links of the global gas network graph. As a result, there
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are links included such that one connected node is also part of the subdomain, while the other is not.
The pressure at the included node is taken into account during the subdomain solve, while the other
nodal pressure remains constant. It can thus occur that the pressure difference along the link, and thus
the gas mass flow, can increase or decrease beyond standard values and/or flip defined flow direction.
The mismatch between updates of the same network elements from different subdomain solves can
influence the conditioning of the AS preconditioned Jacobian.

The basic AS preconditioned Jacobian applied to the GasLib-24 dataset, that consists of 4 subdomains
following from the ParMETIS algorithm and a 2-level overlap, shows a very high condition number for
the initial guess x§, see Table 9.1 and Figure 9.3f. The order is not comparable to the order of the
condition numbers when a 1-level overlap is used, using more or less subdomains or applying a RAS
preconditioner.

Figure 9.8a shows the singular values of the sub-system Jacobian matrices of each subdomain when
the GasLib-24 network graph is partitioned into 4 subdomains with the ParMETIS algorithm, using a
2-level overlap. It can be seen that subdomain 2 contains a very small singular value, with an order of
1076, while the smallest singular values following from the other subdomains are of order 10~3. Subdo-
main 2, with a 2-level overlap, contains node 9, which is connected to 2 boundary links, both modelled
as resistors. During the preconditioner construction, an update of subdomain 2 is computed. The
pressure of node 9 is updated, while the pressures of the other nodes connected to the two boundary
links are not. Since both boundary links are modelled as resistors, they are more sensitive to pressure
differences. As a result, the update in link flows through the boundary links has to be of a much larger
order than the other links in the subdomain, eventually causing the very large condition number in the
sub-system Jacobian.

Figure 9.8b shows the singular values of the sub-system Jacobian matrices of each subdomain when
the GasLib-24 network graph is partitioned into 4 subdomains using the ParMETIS algorithm, using a
2-level overlap, but where gas link 3 is modelled as a high-pressure gas pipe instead of a resistor. It
is clear that the smallest singular value is no longer of a different order compared to the other subdo-
mains, highlighting that the sensitivity of the two resistors to the pressure differences is the root issue
of the high condition number.

Note that when both links are modelled as resistors, but when the RAS preconditioner is used, this
issue does not arise, since the link flow through boundary links is not included in the prolongation step.
When the interpolated AS preconditioner is used, the effect of the large update is dampened. During
the prolongation step, the average of the updates from all subdomains is used. In this case the link is
included in 2 subdomains, and the large update is thus roughly halved. This effect can also be seen in
the magnitude of the largest and smallest singular values, that are roughly a half of the basic AS pre-
conditioner, see Table 9.1. To avoid errors in the boundary link updates of the individual subdomains
from propagating to the AS preconditioner, it is recommended to use the RAS type.
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(a) Gas link 3 modelled as a resistor. (b) Gas link 3 modelled as a high-pressure gas pipe.

Figure 9.8: Singular values of each subdomain of GasLib-24, partitioned into 4 subdomains with the ParMETIS algorithm and a
2-level overlap. In Figure 9.8a, gas link 3 is modelled as a resistor, while in Figure 9.8b it is modelled as a high-pressure gas

pipe.

Compressors

During the application of an AS preconditioner to the first linear solution step for the GasLib-135 dataset,
an issue arises. The sub-system Jacobian matrices of subdomains containing certain nodes are sin-
gular. As a result, the AS preconditioner cannot be computed and applied. The culprit of the singularity
are compressor stations. The link equation used to model a compressor does not contain the gas mass
flow along the link. Instead, the nodal pressures of the connected nodes are related through a constant.
As a result, 0F% /dq, = 0 for all compressor links k. When a compressor is a boundary link during the
construction of the AS preconditioner, only the nodal pressure of the internal node is included in the
subdomain solve. The k-th row of the sub-system Jacobian matrix, J(x?), ., corresponding to the link
equation of the compressor, has only one non-zero entry, namely 0F;dp;, where p; is the nodal pres-
sure of the internal node adjacent to the compressor. When 2 compressors connected to the same
node are boundary links as a result of the partition with overlap, the corresponding rows of the sub-
system Jacobian matrix are linearly dependent. Therefore, the sub-system Jacobian is singular.

In the GasLib-135 dataset, see Figure B.4 for the network graph, there are 11 nodes with two or more
compressor stations connected to it. These 11 nodes lie closely to each other, such that there are only
few nodes and links between them. In order for any AS variant preconditioner to be constructed suc-
cessfully, none of the 11 nodes can be boundary nodes. Unfortunately, in many partitions and overlaps,
at least one such node becomes a boundary node. However, it was found that when the ParMETIS
algorithm is used to create a partition of 5 subdomains, and a 3-level overlap is applied, all sub-system
Jacobian matrices are non-singular. The application of the RAS preconditioner using this partition leads
to convergence of the non-linear solver in 9 iterations. The convergence history and singular values of
the preconditioned Jacobian matrix are given in Figure 9.9.
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Figure 9.9: Non-linear residual history and sorted singular values of the preconditioned Jacobian matrix of GasLib-40,
partitioned into 5 subdomains with the ParMETIS algorithm, and a 3-level overlap.

9.1.3. Effect of the Partition

An essential part of the application of an AS preconditioner to solving the linearised load flow equations
of a gas network is to divide the original problem into multiple smaller overlapping networks. The overlap
allows for propagation of information along the sub-networks so that a global solution can be computed.
A higher level of overlap thus allows for a more accurate approximation of the global solution and thus
better conditioning of the preconditioned Jacobian matrix. However, a high-level overlap results in
larger sub-system Jacobian matrices, increasing the cost of computing the preconditioner. The level
of overlap should thus be chosen such that there is sufficient propagation of information between the
subdomains for effective preconditioning, while minimizing the extra computational costs associated
with the overlap. A similar argument holds for the number of subdomains. A high number of subdomains
results in multiple smaller sub-systems that are relatively cheap to solve and can be done in parallel.
On the other hand, a small subdomain might not be able to sufficiently capture the global system
behaviour. This can in turn negatively influence the quality of the preconditioner. When the number of
subdomains is small, the computation of each subdomain contribution is computationally expensive,
but it more accurately captures the global system behaviour and errors. The number of subdomains
should thus be chosen such that each subdomain captures the global behaviour sufficiently well, while
minimizing the extra computational costs of each subdomain solve. Additionally, the parallelizability on
the employed hardware should be taken into consideration.

Level of Overlap

The effect of the level of overlap is investigated by considering the GasLib-40 gas network data. A par-
tition into 4 subdomains of the network graph is constructed using the ParMETIS algorithm. The RAS
preconditioner is then applied, where 1-, 2-, 3- and 4-level overlaps were used. The GasLib-40 dataset
is used instead of the GasLib-24 dataset, since the effect of gas network elements on the singular val-
ues and convergence behaviour clouds the effect of the level of overlap for the GasLib-24 case, see

Section 9.1.2.

The condition number, largest and smallest singular value, number of linear iterations per NR itera-
tion and the relative size of the sub-system Jacobian for each subdomain can be found in Table 9.3.
Note that the original Jacobian matrix of the GasLib-40 dataset evaluated at x§ has a condition num-
ber of 1.27 - 102. For all levels of overlap included, 5 NR iterations were required. Additionally, the
non-linear residual history is similar for each overlap level. The data in the table is in line with what
is expected from the theory of the AS preconditioner. The condition numbers of the preconditioned
Jacobians decrease when the overlap level increases, indicating a higher quality preconditioner. This
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can also be seen in the number of linear iterations required per NR iteration, that generally decrease
as a result of a higher overlap level. The bold numbers indicate that a restart occurred during the lin-
ear solution process. The table also indicates the range of relative sizes of the sub-system Jacobian
matrices. In the case of the 4-level overlap, the largest subdomain consists of 82.1% of the equations
and unknowns of the global system. This local subdomain solve comes therefore closer to the cost
required to solve the entire global system directly than when a lower level of overlap is used.

Table 9.3: Spectral properties and linear solver performance for the GasLib-40 network, using a RAS preconditioner,
constructed with a ParMETIS partition of 4 subdomains and varying levels of overlap. Bold values in the linear iterations
column indicate a restart.

Overlap | Cond. Number | Largest SV | Smallest SV | Linear lterations | Sub-System Size
1-level 1.16 - 10* 5.75- 101 495-1073 1, 11,11, 11,10 32.1% - 40.5%
2-level 6.97 - 102 9.69 1.39-1072 9,10, 10, 16, 10 40.1% - 53.6%
3-level 9.88 - 10! 7.90 7.99-1072 9,938,8,8 54.8% - 69.0%
4-level 5.77 - 10t 7.00 1.21-1071 11,8,8,8,8 71.4% - 82.1%

Number of subdomains

The effect of the number of subdomains on the performance of the AS preconditioner is investigated
by considering the GasLib-40 network dataset. A partition of the network graph into 2, 4, 6 and 14
subdomains is made using the ParMETIS algorithm. A partition into 14 subdomains was included in
this comparison as it is the maximum number of subdomains such that the ParMETIS algorithm does
not favour returning empty subdomains over further dividing the nodes. The RAS preconditioner is
applied, with a 2-level overlap. The condition number, largest and smallest singular values, number of
linear iterations per NR iteration and the relative size of the sub-system Jacobian for each subdomain
can be found in Table 9.4. Note that the original Jacobian matrix of the GasLib-40 dataset evaluated at
xJ has a condition number of 1.27 - 102. For all numbers of subdomains included, 5 NR iterations were
required. Additionally, the non-linear residual history is similar for each number of subdomains. The
minimum residual after the first iteration is observed in the case of 4 subdomains, while the maximum
residual occurs when 14 subdomains are used.

Table 9.4: Spectral properties and linear solver performance for the GasLib-40 network, using a RAS preconditioner with a
2-level overlap, constructed with a ParMETIS partition of a varying number of subdomains. Bold values in the linear iterations
column indicate a restart.

Subdom. | Cond. Number | Largest SV | Smallest SV | Linear lterations | Sub-System Size
2 4.97 - 102 2.12- 10t 4.26- 1072 4,4,4,4,4 65.5%
4 6.97 - 102 9.69 1.39-1072 9,10, 10, 16, 10 40.1% - 53.6%
6 1.58 - 103 2.06 - 101 1.31-1072 11,16, 21, 11, 11 27.4% - 57.1%
14 1.89 - 103 2.25-101 1.19-1071 25, 33,36,17,17 11.9% - 47.6%

The data in the table is in line with what is expected from the theory of the AS preconditioner. The
condition number is smallest in the minimum case of 2 subdomains. For this preconditioner, the number
of linear iterations required per non-linear iteration is also lowest compared to the other cases. These
metrics both indicate a higher quality preconditioner. On the other hand, both subdomains with a 2-level
overlap result in sub-system Jacobians consisting of 65.5% of the total number of unknowns, which can
make computation of the preconditioner expensive. When the number of subdomains is increased, the
condition number of the preconditioned Jacobian also increases. Note that the difference between
the largest and smallest condition numbers is of order 101. The effect of increasing the number of
subdomain is more prominent for the number of linear iterations required during each NR iteration.
The bold values indicate that one or more restarts were needed. Not only is there an increase in the
number of iterations, but also in the number of restarts. The range of relative sub-system Jacobian size
also increases when the number of subdomains increases. If a subdomain contains a relatively little
number of nodes, the nodes added to the subdomain by overlap can become dominating in the sub-
system Jacobian size. When a node has many adjacent nodes, the overlap can significantly increase
the number of nodes within the subdomain. If a large number of subdomains is used, there is more
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variation in the topology and connectedness of each sub-system network, resulting in a wider range of
relative sub-system Jacobian sizes.

Partitioning Method

The effect of the partitioning method is investigated by considering the GasLib-40 test network data.
This dataset is considered since it is small enough to visualise the partition, but large enough that
variations in the partitions can occur. When no preconditioner is applied, the GasLib-40 initial Jacobian
has a condition number of 1.27 - 102, and requires 84 linear iterations for each of the 5 NR iterations to
converge. This is the maximum number of linear iterations required, as it corresponds to the system
size. The ParMETIS, CHACO and average algorithms are used to partition the GasLib-40 network
graph, see Figure 9.10. The average algorithm does not take the network topology into account. It
computes the average number of nodes required per subdomain to distribute the total number of nodes
evenly among the subdomains. Then the nodes are added to the subdomain based on their index, such
that the first n nodes are included in the first subdomain, and so on. The number of the nodes is such
that the slack node is the first node, then come all sources, and finally all sinks.

(a) ParMETIS (b) CHACO (c) Average

Figure 9.10: Network graph of the GasLib-40 dataset, partitioned into 4 subdomains using the ParMETIS, CHACO and
average partitioning algorithms.

From Figure 9.10, one can see that the ParMETIS and CHACO partitioning algorithms both contain
subdomains with disconnected components. For example, subdomain 3 as a result of the CHACO
partitioning algorithm, that consists of three disconnected components. Such a subdomain is more
likely to have a higher number of adjacent nodes and links. When an overlap is added during the AS
construction, such disconnected components can become connected when overlap is added.

The RAS preconditioner is constructed using the three partitioning methods mentioned above, using 1-
and 2-level overlaps. Table 9.5 contains the condition number, number of linear iterations and relative
sub-system sizes of the considered cases. For all three partitioning algorithms, the application of all the
AS preconditioner variants increased the condition number compared to the original un-preconditioned
Jacobian, but improved the number of linear iterations required per NR iteration. Based on the data
available in Table 9.5, the ParMETIS and CHACO partitions result in less linear iterations required.
After adding overlap, the average method leads to larger relative sub-system sizes, for both the 1-
and 2-level overlap cases. This is due to the higher number of total adjacent nodes and links of the
subdomains when there are disconnected components. Despite the larger sub-system size, the pre-
conditioner performance is not improved, compared to the CHACO and ParMETIS cases. Based on
the presented data, there are no large difference between the CHACO and ParMETIS algorithms in
terms of preconditioner performance. The condition numbers associated with the CHACO algorithm are
lower for both levels of overlap, and, on average, 1 to 2 linear iterations less are required. The ranges
of relative sub-system sizes for both algorithms are similar. Particularly for smaller network graphs and
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subdomains, the topological connectedness of the individual nodes can dictate the sub-system size
rather than the partition itself.

Table 9.5: Spectral properties and linear solver performance for the GasLib-40 network, using a RAS preconditioner
constructed with a partition into 5 subdomains using the ParMETIS, CHACO and average partitioning algorithms, with a 1- and
2-level overlap. Bold values in the linear iterations column indicate a restart.

Algorithm | Overlap | Condition number | Linear iterations | Sub-system size
ParMETIS 1-Level 1.16 - 10* 11,11, 11, 11,10 32.1% - 40.5%
2-Level 6.97 - 102 9,10, 10, 16, 10 40.5% - 53.6%
CHACO 1-Level 2.46-103 9,9,999 31.0% - 46.4%
2-Level 2.54 - 102 10, 10, 9, 10, 11 33.3% - 56.0%
Average 1-Level 2.57-103 22,15, 32,24, 15 60.7% - 71.4%
2-Level 3.33- 102 11, 11,16, 10, 10 70.2% - 88.1%

9.1.4. AS Types: Basic, Interpolated and Restricted

The three types of AS preconditioner considered in this research are basic, interpolated and restricted,
see Section 6.2.3. They differ in the prolongation step, where the local updates are transferred back to
the global space. The basic AS preconditioner is constructed as

N
T
Mzd = Z RS AT'R?.
i=1

A local system corresponding to subdomain i, 4;, is computed and solved (directly), after which all com-
ponents associated with subdomain i are updated. The interpolated AS preconditioner is constructed
as

N
T
-1 _ 9 -1pd
i=1

The weighting vector w; contains the global weight of all elements in subdomain i. The weight is
determined by the number of subdomains the element is contained in, after adding overlap. This way,
the elements that are included in multiple subdomains receive an average update. Finally, the RAS is
constructed as

N
-1 _ o y-1ps
MAg_ZRi A7IR?.
i=1

Here, only the elements that are contained in the subdomain without overlap are updated. The variables
associated with the overlap are taken into account when computing the update, but are not updated
in the global space. The RAS has the advantage that the prolongation step can be done in parallel,
as there is no communication necessary between the subdomains. Note that due to the employed
link-inclusion method (see Section 8.2, there are gas link elements included in two subdomains, even
when there is no added overlap. With this link-inclusion method, there has to be some communication
between the subdomains, even if the RAS preconditioner is used. Alternatively, each link that is shared
between subdomains can be assigned to one subdomain for the prolongation step.

This section investigates the performance of the three different variants of the AS preconditioner. The
effect on the preconditioned Jacobian spectrum, convergence history and error propagation are dis-
cussed.

Spectrum of the preconditioned Jacobian

Figure 9.11 gives an overview of the eigenvalues and singular values of the preconditioned Jacobian
of the GasLib-40 network, comparing the basic, interpolated and RAS types. The condition numbers,
extreme singular values and linear iteration counts are summarised in Table 9.6. For all types, the
eigenvalues have positive real part. For the basic AS, all eigenvalues are real, whereas the interpolated
and RAS result in some complex eigenvalues. Additionally, the sorted eigenvalue magnitudes of the
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basic AS case shows clusters of eigenvalues at 1, 2, 3 and 4. This pattern is also present for the singular
values, where multiple singular values are exactly 1, 2, 3 or 4, although there are less of these integer-
valued singular values in total compared to the eigenvalues. When the interpolated AS preconditioner
is used, all integer-valued eigenvalues and singular values are 1. Finally, the RAS preconditioner also
shows most integer-valued eigenvalues and singular values being 1, and a few are 2. This can be
explained by noticing that there are several links between the subdomains, that are thus included in
2 subdomains (without overlap). The extreme eigenvalues of the basic AS preconditioned system are
slightly more extreme than those of the interpolated and RAS cases.
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Figure 9.11: Eigenvalues and singular values of the preconditioned global Jacobians of GasLib-40, with a basic, interpolated
and RAS preconditioner for 4 subdomains with ParMETIS and 2-level overlap, evaluated at initial iterate xg.
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Table 9.6: Spectral properties and linear solver performance for the GasLib-40 network, using a basic, interpolated and RAS
preconditioner, constructed with a ParMETIS partition of 4 subdomains and a 2-level overlap. Bold values in the linear
iterations column indicate a restart.

AS type Cond. number | Largest SV | Smallest SV | Linear iterations | Final residual
Basic 2.63-10° 8.89 - 10! 338-1072 | 12,14,18,24,24 | 7.492203-1078
Interpolated 1.28-103 2.41-101 1.88-1072 11,18, 11,12,13 | 7.492185- 1078
Restricted 6.97 - 102 9.69 - 10° 1.39-1072 9,10, 10,16, 10 | 7.492076-1078

Convergence history

Table 9.6 contains the number of linear iterations per NR iteration, as well as the final residual when
solving the steady-state load flow equations of the GasLib-40 dataset, using basic, interpolated and
RAS preconditioners. The RAS preconditioner has the smallest condition number, indicating a better
performing preconditioner. This is confirmed by the number of linear iterations, that is in general lowest
for the restricted case out of the three.

Error propagation

When a basic AS preconditioner is constructed, network elements that are included in more than one
subdomain (after adding the overlap) are influenced by multiple subdomains at the same time. This can
lead to inconsistent corrections of the nodal pressures and link flows, which slows down convergence.
When weights are added in the interpolated AS preconditioner, these corrections from the different
subdomains are blended more smoothly. This dampens sharp jumps at the boundary nodes and links
and can make the preconditioner more robust. In the case of RAS, the update is influenced by only one
subdomain. This reduces the exchange of information and errors between subdomains, usually lead-
ing to more efficient error damping. These expected performances of the different AS types is reflected
in the data of Table 9.6, where the RAS preconditioner improved conditioning most, and required the
least number of linear iterations per NR iteration.

Section 9.1.2 discusses the effect of resistors as boundary elements on the AS preconditioner. Not
only can the RAS type handle error damping more efficiently, large errors due to sensitive network
elements on the subdomain boundary are less strongly propagated to the preconditioner itself. There-
fore, the RAS preconditioner is more robust against large boundary errors as a result of partitioning the
network graph.

9.2. Small-Scale Electricity Networks

This section presents the results of the application of the AS preconditioner in the solution process of
the steady-state load flow equations of small-scale electricity networks. The setup of the experiments
and test networks is given in Chapter 8. The electricity network test data and configurations consist
of several PandaPower datasets [57], and are discussed in Section 8.1. The graph presentations of
several small-scale networks are given in Appendix B, in Section B.2.

9.2.1. General Effect of AS Preconditioning

The aim of applying the AS preconditioner is to find a system that has the same solution as the original
system, but is more efficient to solve. The general effect of the AS preconditioner can thus be analysed
by considering the structure and spectrum of the preconditioned Jacobian, M~1J, and the convergence
history when the preconditioner is applied.

The case9 PandaPower network graph representation is given in Figure B.6. The structure of the
corresponding case9 Jacobian matrix can be found in Figure 9.12a. Note that the non-zero structure
of the Jacobian matrix is symmetric, but that the matrix itself is not symmetric. This also follows from
the eigenvalues, given in Figure 9.12b, that all have positive real part and are complex.
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Figure 9.12: Structure heatmap and eigenvalues of the global Jacobian of case9, evaluated at initial iterate x§.

A basic AS preconditioner was constructed by partitioning the case9 network graph into 2 subdomains
using the ParMETIS algorithm, see Figure 9.13, and applying a 1-level overlap. The effect of this
preconditioner on the Jacobian structure, singular values and eigenvalues can be seen in Figure 9.14.

Legend:
Subdomain 0
Subdomain 1

Figure 9.13: Network graph of the case9 dataset. A red node represents a PV node, a blue node represents a PQ node and
the slack node is indicated with a green colour.
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Figure 9.14: Structure heatmap, singular values and eigenvalues of the global Jacobian of case9, preconditioned with a basic
AS preconditioner for 2 subdomains with ParMETIS, with 1-level overlap, evaluated at initial iterate x§.

Structure of the Jacobian

The application of the basic AS preconditioner results in a Jacobian with a distinct diagonal structure,
see Figure 9.14a. The entries on the diagonal are either 1 or 2. The columns where the diagonal entry
is 1 contain non-zero entries. These columns correspond to the variables associated with the nodes
adjacent to a node in another subdomain, after including the overlap. The non-zero rows in Figure 9.14a
correspond to variables of nodes 2, 5 and 6. Looking at Figure 9.13, node 2 is not included in the overlap
of subdomain 0, but is adjacent to node 7, that is part of the overlap. Similarly, nodes 5 and 6 are not
included in the overlap over subdomain 1, but are adjacent to nodes 3 and 8 that are included in the
overlap.

Spectrum of the Jacobian

The distinction between nodes that are included in 1 or 2 subdomains (with the overlap) can also be
seen in the eigenvalues. Figure 9.14d shows the magnitude of the eigenvalues, where it is shown
that most eigenvalues have either magnitude 1 or 2. The number of eigenvalues of magnitude 1 or 2
does not appear to be directly related to the number of nodes included in either 1 or 2 subdomains. In
Figure 9.14c¢, one can see that the imaginary parts of the eigenvalues are very small, and considered
negligible. Figure 9.14b contains the sorted singular values. Similarly to the sorted eigenvalues, the
smallest entry is an outlier, that is an order smaller than all other eigen- and singular values. This
indicates that the direction associated with this singular value is the least influential part of the system.
The condition number and extreme singular values of the 3 AS types with 1-level overlap applied to the
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case9 dataset are given in Table 9.7. In all three cases, the application of the preconditioner results in
a smaller condition number.

Table 9.7: The condition number and extreme singular values of the original case9 Jacobian and the basic, interpolated, and
restricted AS preconditioned Jacobians for 2 subdomains with ParMETIS.

System AS type Condition number | Largest SV | Smallest SV
Original - 5.94 - 107 5.35- 107 9.01-10° T
Basic 5.85 - 109 2.92-10° 3.30-1071
1-level overlap | Interpolated 5.01-10° 1.62 - 10° 3.23-1071
Restricted 6.10 - 10° 2.02-10° 3.31-1071

Convergence History

Figure 9.15 contains the linear and non-linear convergence history of the basic AS preconditioned
case30 electrical network. The solver configurations and stopping criteria used are described in Sec-
tion 8.3.1. The preconditioner was constructed using the ParMETIS algorithm with 4 subdomains and
a 2-level overlap. For the linear solution steps during each NR iteration, restarted GMRES was used.
The preconditioned system converged after 3 NR iterations. The residual ||F9(x~?)||2 at the start of
each NR iteration i is also given in Table 9.8. From Figure 9.15, one can see that the non-linear con-
vergence history shows super-linear convergence. During each NR iteration the convergence is also
super-linear. One restart occurred at the end of the first NR iteration.

Table 9.8: The non-linear convergence history of the basic AS preconditioned case30 network, for 4 subdomains and 2-level
overlap. Iteration 0 refers to the initial residual.

NR iteration Residual GMRES iterations

0 8.980- 1071 -
1 3.073-1072 20
2 1.123-107* 20
3 1.603-107° 20
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Figure 9.15: Convergence history of case30, preconditioned with a basic AS preconditioner for 4 subdomains with ParMETIS,
with 2 level overlap, using restarted GMRES as linear solution method.

The linear and non-linear convergence history of the RAS preconditioned case30 network are given
in Figure 9.16. The preconditioner was constructed using the ParMETIS algorithm with 4 subdomains
and a 2-level overlap. The preconditioned system converged after 3 iteration. Comparing the residuals
and number of iterations of the restricted to the basic AS variant, one can see that the residual per
iteration is the same, but that RAS required fewer GMRES iterations to converge. In the case of the
restricted preconditioner, the linear convergence is also super-linear, but no restarts occurred.

Table 9.9: The non-linear convergence history of the RAS preconditioned case30 network, for 4 subdomains and 2-level

overlap. Iteration O refers to the initial residual.

NR iteration Residual GMRES iterations
0 8.980 - 1071 -
1 3.073-1072 13
2 1.123-107* 13
3 1.603 - 107° 13
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Figure 9.16: Convergence history of case30, preconditioned with a RAS preconditioner for 4 subdomains with ParMETIS, with
2 level overlap, using restarted GMRES as linear solution method.

9.2.2. Effect of the Partition

The AS preconditioner construction is associated with two main hyperparameters, the number of sub-
domains and the level of overlap. Additionally, the employed partitioning method impacts the way in
which the subdomains are constructed and which elements are added as overlap. These hyperpa-
rameters affect the performance and effectiveness of the AS preconditioner. From theory, it is known
that in general an increase of the overlap results in a more effective AS preconditioner that is more
costly to compute. Similarly, a decrease in the number of subdomains results in a more effective AS
preconditioner that is more costly to compute. This section considers the effect of varying the overlap
level, number of subdomain and partitioning algorithm on the AS preconditioner performance applied
to small-scale electricity networks.

Level of Overlap

The effect of the level of overlap is investigated by considering the case89pegase test network data.
The ParMETIS algorithm is used to partition the network into 5 subdomains. The basic AS precondi-
tioner is applied, varying the overlap level from 1 to 3. Higher overlap levels were not considered for
this test case, since an overlap of level 4 or higher results in at least one subdomain being exactly the
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entire network. Table 9.10 contains the condition number, largest and smallest singular value, number
of linear iterations per NR iteration and the relative size of the sub-system Jacobian for each subdo-
main for all considered overlap levels. The original condition number of the case89pegase network
evaluated at x§ is 5.88 - 103. For all levels of overlap, 4 non-linear iterations were required to converge
to the preset tolerance. The non-linear residual history is similar for each overlap level. From the data
in the table, one can see that an increase in the level of overlap results in a smaller condition number
This indicates a higher quality preconditioner for a higher overlap level. Note that the largest singular
value also increases. This is in line with the earlier observation that for the basic AS preconditioner,
the spectrum is affected by the number of times a node occurs in a subdomain. With a higher level of
overlap, it is more likely that a node is included in almost all subdomains. A higher overlap level also
decreases the number of linear iterations required during each NR iteration. The relative sizes of the
sub-system Jacobians are also included in the table. In the case of a 3-level overlap, the largest subdo-
main consists of 97.6% of the global Jacobian. This local subdomain solve comes therefore very close
to the cost required to solve the entire global system directly and is computationally more expensive
than when a lower overlap level is used.

Table 9.10: Spectral properties and linear solver performance for the case89pegase network, using a basic AS preconditioner,
constructed with a ParMETIS partition of 5 subdomains and varying levels of overlap. Bold values in the linear iterations
column indicate a restart.

Overlap | Cond. number | Largest SV | Smallest SV | Linear iterations | Sub-system size
1-level 3.71- 10! 4.03-10° 1.09-1071 25, 27, 27, 27 30.9% - 49.1%
2-level 2.88- 10! 6.19 - 10° 2.15-1071 23, 25, 27, 26 52.7% - 79.4%
3-level 1.61- 10?1 7.56 - 10° 470-1071 18, 19, 22, 19 76.4% - 97.6%

Table 9.11 contains the condition number, extreme singular values, number of linear iterations and sub-
system size when the RAS preconditioner is applied to the case89pegase dataset, with 5 subdomains
and varying levels of overlap. Compared to Table 9.10, only the AS type is changed. In general, the use
of the RAS type results in a smaller condition number for all considered levels of overlap. Additionally,
in all three cases less linear iterations were required per NR iteration to converge for the same level of
overlap, compared to the basic AS case. The same effects of increasing the overlap level is observed.
A higher level of overlap results in a smaller condition number, less linear iterations required for conver-
gence and a higher relative sub-system that is solved directly during the preconditioner construction,
indicating a higher computational cost.

Table 9.11: Spectral properties and linear solver performance for the case89pegase network, using a RAS preconditioner,
constructed with a ParMETIS partition of 5 subdomains and varying levels of overlap. Bold values in the linear iterations
column indicate a restart.

Overlap | Cond. number | Largest SV | Smallest SV | Linear iterations | Sub-system size
1-level 3.13- 101 2.58-10° 8.25-1071 21,22, 24, 26 30.9% - 49.1%
2-level 1.84 - 10! 2.48-10° 1.35-1071 14,18, 15, 15 52.7% - 79.4%
3-level 1.05 - 10! 2.73-10° 2.60-1071 11,12,13, 16 76.4% - 97.6%

Number of Subdomains

The effect of the number of subdomains is investigated by considering the case89pegase test network
data. The ParMETIS algorithm is used to partition the network into various numbers of subdomains,
ranging between 2 and 16. The case of 16 subdomains is considered since it is the maximum number of
subdomains for this dataset according to the ParMETIS algorithm. The RAS preconditioner is applied,
using a 2-level overlap. Table 9.12 contains the condition number, extreme singular values, number
of linear iterations and the relative sub-system sizes for all considered number of subdomains. This
relative sub-system size is computed as the percentage of the global Jacobian size included in the
subdomain. For all number of subdomains, 4 NR iterations were required for convergence to the preset
tolerance. Overall, the condition number tends to increase when the number of subdomains increases,
although not monotonically. A smaller condition number indicates a better performing preconditioner.
This is also visible in the number of linear iterations per NR iteration, that increase with the number
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of subdomains. Note that when the network graph is partitioned into more subdomains, there is more
variation possible in connectivity of the subdomains. This can result in a wide range of relative sub-
system Jacobian sizes. The connectivity of the subdomains not only determines the cost of constructing
the preconditioner, but also increases the preconditioners’ ability to capture global behaviour. This
connectivity effect can therefore overshadow the effect of changing the number of subdomains on the
quality of the preconditioner.

Table 9.12: Spectral properties and linear solver performance for the case89pegase network, using a RAS preconditioner with
a 2-level overlap, constructed with a ParMETIS partition of a varying number of subdomains. Bold values in the linear iterations
column indicate a restart.

Subdomains | Cond. number | Largest SV | Smallest SV Linear its. Sub-syst. size
2 1.04 - 10T 2.72-10° 2.62-1071T 9,999 90.3% - 95.2%
3 2.00-10? 2.97 -10° 1.48-1071 15,16,16,17 | 64.2% - 82.4%
4 2.39 - 10! 2.61-10° 1.09 - 1071 16,15,16,16 | 71.5% - 79.4%
5 1.84 - 10! 2.48-10° 1.35-1071 | 14,18,15,15 | 52.7% - 79.4%
6 1.73 - 10! 2.49 - 10° 1.44-1071 16,16, 17,17 | 39.4% - 73.3%
16 7.35-10? 3.24-10° 441-1072 22,31,28,23 | 24.8%-75.2%

Partitioning Method

The effect of the partitioning method is investigated by considering the case30 test network data. This
dataset is considered as it is small enough the visualise a partition, but large enough that variations
in partition can occur. When no preconditioner is applied, the case30 network initial Jacobian has a
condition number of 4.93 - 102, and requires 53 linear iterations per NR iteration to converge. The
ParMETIS, CHACO and average algorithms are used to partition the case30 network into 4 subdo-
mains, given in Figure 9.17. The ParMETIS and CHACO algorithms are both multi-level partitioning
algorithms, and differ in the methods used in the coarsening, partitioning and refinement phases. The
average algorithm does not take the network topology into account. It computes the average number
of nodes required per subdomain to distribute the total number of nodes evenly among all subdomains.
Then the nodes are added to the subdomain based on their number, such that the first n nodes are
included in the first subdomain and so on. The numbering of the nodes is such that the slack node is
the first node, then come all PV nodes, and finally all PQ nodes.

Legend:
Subdomain 0
Subdomain 1

29 Subdomain 2

Legend:
Subdomain 0
Subdomain 1

‘Subdomain 2

Legend:
Subdomain 0
Subdomain 1

29 Subdomain 2

Subdomain 3 Subdomain 3 Subdomain 3

(a) ParMETIS (b) CHACO (c) Average

Figure 9.17: Network graph of the case30 dataset, partitioned into 4 subdomains using different algorithms. A red node
represents a PV node, a blue node represents a PQ node and the slack node is indicated with a green colour.

From Figure 9.17, one can see that the ParMETIS and CHACO partitioning algorithms both contain
subdomains with disconnected components. For example, subdomain 3 in the ParMETIS partition
consists of three components that are not directly connected. Such a subdomain is more likely to have
a higher number of adjacent nodes. When an overlap is added during the AS construction, such a
disconnected subdomain can result in larger sub-system Jacobians than connected subdomains. The
disconnected components can become connected when overlap is added.
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The RAS preconditioner is constructed using the three partitioning methods mentioned above, using
1- and 2-level overlaps. Table 9.13 contains the condition number, number of linear iterations and rel-
ative sub-system sizes of the considered cases. Additionally, Table 9.14 shows the condition number,
linear iteration history and sub-system sizes for the case89pegase dataset. For all three partitioning
algorithms, the application of the RAS preconditioner improved the condition number compared to no
preconditioner application, as well as decreased the number of linear iterations required per NR iter-
ation. The partitioning algorithm affects the relative sub-system Jacobian size. The average method,
which contains the most disconnected components, results in the largest range in relative sub-system
Jacobian size for both considered overlap levels, reaching 92.5%.

Table 9.13: Spectral properties and linear solver performance for the case30 network, using a RAS preconditioner constructed
with a partition into 4 subdomains using the ParMETIS, CHACO and average partitioning algorithms, with a 1- and 2-level
overlap. Bold values in the linear iterations column indicate a restart.

Algorithm | Overlap | Condition number | Linear iterations | Sub-system size
ParMETIS 1-Level 2.47 - 101 15, 15, 15 37.8% - 50.9%
2-Level 8.85-10° 13,13, 13 57.9% - 77.4%
1-Level 1.73 - 10! 16, 16, 16 39.6% - 43.4%
CHACO 2-Level 1.05 - 10! 12,12, 12 64.2% - 90.1%
Average 1-Level 2.36- 101 18, 18, 18 47.2% - 66.0%
2-Level 5.94-10° 11, 13,13 69.8% - 92.5%

Table 9.14: Spectral properties and linear solver performance for the case89pegase network, using a RAS preconditioner
constructed with a partition into 5 subdomains using the ParMETIS, CHACO and average partitioning algorithms, with a 1- and
2-level overlap. Bold values in the linear iterations column indicate a restart.

Algorithm | Overlap | Condition number | Linear iterations | Sub-system size
1-Level 3.13- 101 18, 20, 21, 22 36.3% - 52.7%
ParMETIS | 5 | evel 2.39 - 10 16,15,17,16 | 71.5%- 79.4%
CHACO 1-Level 2.94 - 101 20, 21, 22, 22 33.3% - 51.5%
2-Level 2.22- 101 14, 14, 15, 16 52.1% - 80.6%
Average 1-Level 6.50 - 101 33,42, 42, 39 63.6% - 70.9%
2-Level 1.43-10?! 13,13, 14,14 92.1% - 96.4%

9.2.3. AS Types: Basic, Interpolated and Restricted

The three types of AS preconditioner considered in this research are basic, interpolated and restricted,
see Section 6.2.3. They differ in the prolongation step, where the local updates are transferred back to
the global basic. The application of the RAS preconditioner variant has been investigated when applied
to large power flow systems [1], showing good scalability and speed-up. This section investigates the
performance of the three different variants of the AS preconditioner. The effect on the preconditioned
Jacobian spectrum, convergence history and error propagation are discussed.

Spectrum of the Jacobian

Figure 9.18 gives an overview of the eigenvalues and singular values of the preconditioned Jacobian
of the case89pegase network, comparing the basic AS, interpolated AS and RAS types. The condi-
tion numbers, extreme singular values, linear iteration counts and final residuals are summarised in
Table 9.15. For all types, the eigenvalues are complex and have positive real part. The sorted eigen-
values of the basic AS case shows clusters of eigenvalues at 1, 2, 3 and 4. The number of eigenvalues
that are exactly n € {1, 2, 3,4} is smaller than the number of elements included in n subdomains. This
pattern is also present for the singular values, where multiple singular values are exactly 1, 2, 3 or
4, although there are less of these integer-valued singular values in total. When the interpolated and
RAS types are used, all integer-values eigenvalues and singular values are 1. In these cases, no net-
work element is updated more than once. The extreme singular values of the basic AS preconditioned
system are slightly more extreme than those of the interpolated and restricted cases.
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Table 9.15: Spectral properties and linear solver performance for the case89pegase network, using a basic, interpolated and
RAS preconditioner, constructed with a ParMETIS partition of 4 subdomains and a 2-level overlap. Bold values in the linear

iterations column indicate a restart.

Final residual

AS type Cond. number | Largest SV | Smallest SV | Linear iterations
Basic 4.55- 10! 7.13-10° 1.57-1071 24,23, 25, 23 2.726101-107°
Interpolated 3.00 - 10! 2.25-10° 7.49 - 1072 18, 21, 22, 22 2.726088 - 10~°
Restricted 2.39 - 10! 2.61-10° 1.09 - 1071 16, 15,17, 16 2.726049 - 107°
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Figure 9.18: Eigenvalues and singular values of the preconditioned global Jacobians of case89pegase, with a basic,
interpolated and RAS preconditioner for 4 subdomains with ParMETIS and 2-level overlap, evaluated at initial iterate
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Table 9.15 contains the number of linear iterations per NR iteration, as well as the final residual after
solving the steady-state load flow equations of the case89pegase dataset, using basic, interpolated
and RAS preconditioners. The RAS has the smallest conditioner number, as well as the least number
of linear iterations required per NR iteration. The differences in final residual between the AS types is

very small.
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9.3. Large-Scale Gas and Electricity Networks

The performance and application of the AS preconditioner for small-scale gas and electricity networks
has been presented and discussed in the previous two sections, Section 9.1 and Section 9.2, respec-
tively. The aim of this research is to apply the AS preconditioner in the solution process of load flow
analysis associated with large-scale and coupled networks. The scalability of the preconditioned iter-
ative linear solvers is therefore important to consider.

This section analyses and discusses the performance of the AS preconditioner applied to large-scale
gas and electricity networks, focussing on scalability and a comparison to small-scale networks. First,
the general effect is discussed, considering convergence, cost and accuracy. Additionally, the effect of
partition related parameters and the different AS types is discussed. The section concludes by inves-
tigating the effect of reusing a previous preconditioner during a later NR iteration, as was also done in
research into incomplete LU (ILU) preconditioner for large power flow networks [23]. Note that for the
large-scale networks the computation of the eigenvalues, singular values and the condition number
is computationally expensive. Therefore, these quantities do not play such a central role in the AS
preconditioner performance analysis compared to small-scale networks. Instead, there is more focus
on the linear convergence history.

The largest gas and electricity networks considered in this research are the GasLib-4197 and
case9241pegase datasets, respectively, see Section 8.1. The spread of the eigenvalues and singular
values of the original initial GasLib-4197 dataset are given in Figure 9.19. Similarly to small-scale gas
networks, the eigenvalues are centred around zero with a (relatively small) radius of 3. Such a spread
around zero is undesirable when using iterative Krylov methods. The spread of the eigenvalues and
singular of the original initial case9241pegase dataset are given in Figure 9.20. All eigenvalues have
positive real part and show a fan-like structure emerging from zero. The magnitudes of the largest
eigenvalues are more extreme than the largest eigenvalues of the smaller PandaPower datasets.
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Figure 9.19: Eigenvalues and singular values of the initial Jacobian of the GasLib-4197 gas network dataset.
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Figure 9.20: Eigenvalues and singular values of the initial Jacobian of the case9241pegase electricity network dataset.

9.3.1. General Effect of AS Preconditioning

The convergence history of small-scale gas and electricity networks show super-linear convergence,
for the non-linear as well as linear (GMRES) iterations. The convergence of the linear system per NR
iteration for small-scale gas networks has a more prominent super-linear pattern than for small-scale
electrical networks.

Non-Linear Convergence History: Gas Networks

Figure 9.21 shows the non-linear convergence history and residuals when solving the steady-state load
flow equations of the GasLib-582 and GasLib-4197 datasets, where a direct solve is used in each NR
iteration. The GasLib-582 dataset requires 14 NR iterations, and the GasLib-4197 requires 13. The
final residuals and number of NR iterations required are given in Table 9.16. The steady-state load
flow equations of the GasLib-2607 dataset cannot be solved using a direct solve per NR iteration, due
to a singular Jacobian matrix during the second NR iteration. A noticeable difference in the non-linear
residuals compared to the smaller GasLib datasets is the increase in residual during the first iterations,
see Figure 9.21. After the initial increase, there is super-linear convergence.
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Figure 9.21: Non-linear residual history of the GasLib-582 and GasLib-4197 datasets, using a direct solve per NR iteration.
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Table 9.16: Number of NR iterations required for the large-scale GasLib datasets to converge to the pre-set tolerance using a
direct solve per NR iteration and RAS preconditioner GMRES(m) with 4 subdomains from the ParMETIS algorithm and a
3-level overlap, and the final residuals. The GasLib-2607 dataset cannot be solved using a direct solve per NR iteration.

Network NR iterations Final residual
Direct solve RAS + GMRES(m)
GasLib-582 14 2.428902 - 1077 2.428902 - 1077
GasLib-2607 19 - 2.608875 - 1077
GasLib-4197 13 8.509677 - 1077 8.509604 - 1077

When the AS preconditioner is used during each NR iteration, the same non-linear residuals and pat-
terns are observed compared to using a direct solve for the GasLib-582 and GasLib-4197 networks.
The final residuals do not differ significantly with the final residual when a direct linear solve is done,
see Table 9.16. The non-linear residual history is the same as shown in Figure 9.21.

The non-linear residual history of the large-scale GasLib datasets is different, compared to the small-
scale datasets, due to the initial increase in non-linear residual observed for the large-scale datasets.
After this initial increase, small-scale as well as large-scale networks show super-linear NR conver-
gence.

As indicated in Table 9.16, the GasLib-2607 dataset cannot be solved using a direct linear solve, due
to a singular Jacobian matrix. The non-linear residual does converge when GMRES is used as a linear
solver, preconditioned with AS constructed using a certain combination of number of subdomains and
overlap-levels. For example, when a RAS preconditioner is used, where the partition into 4 subdomains
is made with ParMETIS, and a 2-level overlap is applied, there are 16 NR iterations required to con-
verge, see Figure 9.22a. The same pattern can be observed as for the GasLib-582 and GasLib-4197
datasets, Figure 9.21, where there is an initial increase of the residual, after which the residual con-
verges. When the partition is made consisting of 2 subdomains and a 1-level overlap, see Figure 9.22b,
the non-linear convergence history shows the same shape but required 15 iterations, which is fewer NR
iterations compared to the 4 subdomains and 2-level overlap case. When the RAS preconditioner is
constructed using 4 subdomains and a 3-level overlap, the number of NR iterations increases to 19, as
indicated in Table 9.16. The NR convergence of this dataset is thus more sensitive to the preconditioner
configuration than the other considered large-scale GasLib datasets.
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Figure 9.22: Non-linear residual history of the GasLib-2607 dataset, using a RAS preconditioner, constructed using a different
number of subdomains and overlap.
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Linear Convergence History: Gas Networks

Table 9.17 contains the linear convergence history of the GasLib-4197 dataset, when a RAS precon-
ditioned GMRES is applied during the linear solution steps, with various numbers of subdomains and
levels of overlap. The effect of varying the overlap and the number of subdomains in discussed in
Section 9.3.3.

Table 9.17: Linear convergence and final residual observed for the GasLib-4197 network, using a RAS preconditioner,
constructed using various subdomain sizes and overlap levels with the ParMETIS algorithm. Bold values in the linear iterations
column indicate a restart.

Subdomains | Overlap Linear iterations Final residual
2 1-level 14,14, 13, 14, 10, 12, 10, 10,21, 7,19, 21, 21 | 8.509152- 1077
4 2-level | 37, 30, 30, 25, 26, 25, 48, 70, 62, 19, 60, 71, 40 | 8.509359 - 10~
6 3-level | 54,65, 42, 26, 35, 47, 27, 57, 71, 30, 65, 80, 77 | 8.509676- 1077

The linear system convergence behaviour during each NR iteration also shows differences for large-
scale GasLib networks compared to the small-scale networks. The linear convergence history of the
first and sixth NR iteration of the GasLib-4197 are shown in Figure 9.23. As the linear solver, RAS
preconditioned restarted GMRES is used, where the preconditioner is constructed using 4 subdomains
and a 2-level overlap. During the first iteration, a stagnation-acceleration pattern is observed. The
residual first drops, showing sub-linear convergence, after which there is a stagnation phase. After
several iterations where the relative preconditioned residual does not change that much, this residual
decreases super-linearly. This pattern is often observed in Krylov subspace methods. During the ini-
tial sub-linear phase, the dominant eigenvalues are eliminated, resulting in a larger decrease in the
residual. During the stagnation phase, the residual curve flattens out. The GMRES algorithm cannot
effectively span the required space. After several iterations, the Krylov subspace can sufficiently elim-
inate these components, resulting in super-linear convergence. During a later NR iteration, such as
the sixth iteration shown in Figure 9.23b, only the sub-linear phase is observed. Although not shown in
the figure, it could be that when the tolerance is set tighter, the same stagnation-acceleration pattern
would be observed, and that during this iteration the preconditioned relative residual has sufficiently
decreased during the initial phase already.

The number of linear iterations required per NR iteration when using a AS preconditioner for large-
scale gas has increased, compared to small-scale networks. The GasLib-4197 dataset contains about
100 times as many nodes as the GasLib-40 dataset. The average number of linear iterations per NR
iteration is larger, but still of the same order of magnitude.
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constructing using a 4 subdomains with the ParMETIS algorithm and 2-level overlap.

Non-Linear Convergence History: Electricity Networks
Table 9.18 shows the number of NR iterations required for the non-linear residual of the large-scale
PandaPower datasets to become smaller than the tolerance of 1.0 - 10~ as well as the final residual
when using a direct solve as the linear solve per NR iteration. The non-linear residual history of the
case6515rte and case9241pegase networks are given in Figure 9.24. The non-linear convergence
history of the other large-scale datasets given in Table 9.18 follow a pattern similar to the super-linear
convergence observed in Figure 9.24b. The non-linear residual of the case6515rte is the only dataset
where a pattern (slightly) similar to the large-scale GasLib datasets’ non-linear history is observed,
such that the residual increases before it shows super-linear convergence. The case6515rte dataset
requires roughly twice as many NR iterations compared to the other large-scale PandaPower networks.

Table 9.18: Number of NR iterations required for the large-scale PandaPower datasets to converge to the pre-set tolerance
using a direct solve per NR iteration, and the final residuals.

Network NR iterations Final residual
Direct solve RAS + GMRES(m)
case1888rte 6 6.015587 - 10~11 6.082225 - 10711
case2848rte 6 5.621872-10"'*  5972308-10"1!
case3120sp 5 9.958756 - 1077 9.958789 - 10~
caseb6515rte 10 6.744816 - 10711 6.699047 - 10711
case9241pegase 6 5.769165- 10"t  5748121-10"11
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Figure 9.24: Non-linear residual history of the case6515rte and case9241pegase datasets, using a direct solve per NR iteration.

When AS preconditioned GMRES is applied during each NR iteration, the same non-linear residuals
and patterns are observed compared to using a direct solve, see Table 9.18. The non-linear conver-
gence history of large-scale PandaPower networks when using a RAS preconditioner is similar to the
small-scale networks, showing super-linear convergence.

Linear Convergence History: Electricity Networks

Table 9.19 summarizes the linear convergence history and final residual when the RAS preconditioner
is applied during the linear solves of the case9241pegase dataset, where the AS preconditioner is con-
structed such that the network is partitioned into varying numbers of subdomains using the ParMETIS
algorithm, and varying levels of overlap. The differences in final residuals, also compared to the case of
a direct solve, are not significant. The non-linear residual history is the same as shown in Figure 9.24b.
The effect of varying the overlap and number of subdomains is discussed further in Section 9.3.3.

Table 9.19: Linear convergence and final residual observed for the case9241pegase network, using a RAS preconditioner,
constructed using various subdomain sizes and overlap levels with the ParMETIS algorithm. Bold values in the linear iterations
column indicate a restart.

Subdomains | Overlap Linear iterations Final residual
2 1-level | 24, 27, 26, 25, 30,27 | 5.705376 - 10~ 11
4 2-level | 39, 44, 39, 45, 39, 41 | 5.748121-10711
6 3-level | 34, 36, 37, 35, 36, 37 | 5.556804 - 10711

The linear convergence history of the large-scale PandaPower networks when using a RAS precondi-
tioner is similar to the small-scale PandaPower networks, showing a super-linear pattern. Additionally,
there is at least one restart during most of the linear iterations. After the restart, there are usually
only a few linear iterations required before the restarted GMRES solver terminates. The large-scale
PandaPower networks consist of about 20 to 300 times as many nodes compared to the considered
small-scale datasets (case30 and case89pegase). Despite this size increase, the average number of
linear iterations per NR iteration is still of the same order of magnitude.

9.3.2. Effect of Network Elements

Section 9.1.2 describes the effects that the gas network elements resistors and compressors can have
on the AS preconditioner construction and performance, particularly observed in the GasLib-24 and
GasLib-135 datasets. The described effects and issues apply to all gas networks, but they do not



9.3. Large-Scale Gas and Electricity Networks 91

occur in all datasets. An additional effect of network elements on the AS preconditioner performance
is observed in the GasLib-582 dataset.

Zero link flow

The solution of the steady-state load flow of the GasLib-582 dataset contains several links with zero gas
mass flow. This implies that there is no gas flowing through this element and that the nodal pressures
of the nodes connected to the link are equal.

During the construction of the AS preconditioner, several sub-system Jacobians are constructed. In
the case of zero gas mass flow across link elements, a singular sub-system Jacobian can occur. The
cause of the singularity is described below, after which it is illustrated with a small example.

The mathematical explanation for the singularity is the occurrence of linearly dependent rows and
columns. The sub-system Jacobian corresponding to a subdomain of a partitioned gas network has
the following structure

L)
Jrs = aal;l 5315 ’
9q op
where the components corresponding to the link equations are given by
dFk 1 dfy
— =-2(c9)? =),
Frn (€9) |Clk|<fk+ZCIkaqk
OFE
—k =,
dq;
oF; (1,  low-pressure,
dp;  |2p;, high-pressure,
oF; (-1,  low-pressure,
dp;  |-2p;, high-pressure.

When the gas mass flow through link k becomes zero, we get g, = 0, resulting in dF% /dq, = 0. There-
fore, the row in dF% /dq corresponding to the link equation of link k (the lower left block) consists of only
zeros. This alone does not result in a singular matrix, as the entries in lower right block dF" /dp prevent
linear dependence.

When a link is a boundary link, so one node is included in the subdomain and the other is not, there
is only one unknown nodal pressure variable within the subdomain. This means that in the lower right
block dFL/ap, in the row associated with link k connected to nodes i and j, there is only one entry.
This is either aF%/dp; or aF,g/apj, but not both, as one node is not included in the subdomain. When
there are two such boundary links connected to the same node in the subdomain, the rows associated
with both links in dF-/dp are equal (up to multiplication with a constant). This alone does not result in
a singular sub-system Jacobian, as the entries in the lower left block dF /dq prevent linear dependence.

When the situations described above are combined, so that there is a subdomain where there are two
or more boundary links connected to the same node and that these two boundary links have converged
to zero flow across the links, the sub-system Jacobian becomes singular. The rows and columns as-
sociated with these boundary links are linearly dependent. During the AS construction, the update of
this subdomain can therefore not be computed.

An example of a subdomain with a singular sub-system Jacobian is given in Figure 9.25. It consists
of 4 nodes, 2 of which are included in the subdomain, and three low-pressure gas pipes. Other link
elements, such as compressors and resistors, also result in singular Jacobians, as only the entry within
the Jacobian changes, not the non-zero structure. For simplicity, the example network contains low-
pressure gas pipes. The gas mass flows along links g3, and g,, have become zero, so that there is no
gas flowing through these link elements. The subdomain x consists of nodes 1 and 2, as well as links
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q21, 932 and g,4. This example matches the situation described earlier in this section, where there are
two zero flow boundary links connected to the same node.

3 Legend:
o Subdomain x
. ~q32 =0
* ~
T2 421 1

/‘ =0
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-

Figure 9.25: Example of a subdomain i with two zero flow boundary links (dashed lines), resulting in a singular sub-system
Jacobian.

The sub-system Jacobian matrix associated with subdomain x, evaluated at current iterate x{ is

1 |
it SN S SRR
L&D =|a 11, (9.1)
b=0 | 1
c=0"' -1
where a = 2(C9)72|q,| (f21 + %qmggi . The entries b and c are zero due to the zero flow along links
21

qs, and g,,. Since these links are boundary links, there is only 1 entry in the lower right block of the
last two rows. In (9.1), the fourth and fifth rows are linearly dependent, as well as the second and third
column. This Jacobian is therefore singular.

The singularity of the sub-system Jacobian can also be interpreted physically. When a link is a bound-
ary link, one connected nodal pressure, say p;, is unknown, while the other nodal pressure p; is fixed.
Since there is zero flow through these link elements, the link equations imply that the nodal pressure at
both nodes must be equal. Since p; is fixed, p; has to be updated such that is equals p;. When there
are two of such zero flow links connected to the same node, the nodal pressure p; has to be updated
such that it is exactly equal to two fixed nodal pressures. Only when these are the same, is it possible
to determine the updated nodal pressure p;. When they are not the same, there is no feasible solution,
leading to singularity.

In Section 9.1.2 it is described that when two boundary links connected to the same node are both
compressors, the corresponding sub-system Jacobian is singular. The mathematical cause of the sin-
gularity, the linearly dependent rows and columns, is the same as the situation described in this section.
The link equation used to model a compressor does not contain the link flow, automatically resulting in
a zero row in the dF"/dq component. The reason for the singularity is different as it is associated with
different network elements, but their effect on the sub-system Jacobian is similar.

A link without zero gas mass flow through the link does not result in a singular Jacobian when solving
the steady-state load flow problem directly. The singularity can only occur in sub-system Jacobians of
the subdomains. It is not possible to know beforehand which link elements will converge to zero flow,
so finding a partition that is guaranteed to have only non-singular Jacobians will not solve the issue.
It is however possible to change the subdomains per NR iteration. When a link shows a very small or
zero gas flow, this link can be removed from the subdomain. The sub-system Jacobian is no longer
singular and the AS preconditioner construction can continue. However, the link flow can no longer be
updated when it is removed.
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9.3.3. Effect of the Partition

The effect of partition-related hyperparameters was investigated and discussed for small-scale gas
and electricity networks in Section 9.1.3 and Section 9.2.2, respectively. The results presented show
that an increase in overlap-level as well as a decrease in number of subdomains resulted in a more
effective RAS preconditioner, such that the number of linear iterations decreased. However, these
situations are associated with higher computational costs due to larger relative sub-system sizes of the
local problems. Additionally, for small-scale networks the usage of a multi-level partitioning method is
preferred over the ‘average’ method that does not consider the graph network structure. There were no
significant difference between the different employed multi-level algorithms. Therefore, the ParMETIS
multi-level partitioning algorithm will be used for large-scale networks.

Level of overlap

For small-scale gas networks, increasing the level of overlap results in a decrease in the condition num-
ber of the initial preconditioned Jacobian as well as the number of linear iterations per NR iteration. A
higher overlap level thus results in a more effective preconditioner. On the other hand, increasing the
overlap level also increases the size of the local subdomain problems to be solved, which increases
the computational cost of constructing the preconditioner. To investigate whether the same effects of
changing the overlap level hold for large-scale gas networks, the GasLib-4197 dataset is considered.
A partition into 4 subdomains of the network graph is made using the ParMETIS algorithm. The RAS
preconditioner is then applied to the restarted GMRES solver, where varying levels of overlaps were
used. The GasLib-4197 dataset is used for this analysis, as for the other large-scale GasLib datasets
there are certain combinations of number of subdomains and overlap levels where the construction of
the AS preconditioner fails, see Section 9.3.2.

The GasLib-4197 dataset is considered large-scale in this research. Therefore, the difference between
considering an x-level overlap versus an (x + 1)-level overlap will be much less prominent than for the
small-scale datasets. Additionally, the range of overlap levels possible before at least one subdomain
contains the entire network is much larger for the large-scale networks, compared to the small-scale
networks. A summary of the effect of varying the overlap level on the initial preconditioned system as
well as the linear solver performance is given in Table 9.20 and Table 9.21. The same effect as for
small-scale gas networks is observed. Lower levels of overlap (2- and 4-level) result in the highest
condition numbers of the initial preconditioned Jacobian out of all considered overlap levels. Addition-
ally, these cases have the highest number of NR iterations where 1 or 2 restarts are required, as well
as the highest average number of linear iterations per NR iteration. The relative sub-system sizes of
the sub-system Jacobians only have a small range from smallest to largest, relatively close to 25%,
which is expected when the network graph is partitioned into 4 subdomains. The small range indicates
that the number of nodes in the original subdomain (without overlap) dominates the number of nodes
added through overlap, which is a difference compared to small-scale GasLib datasets. When the
overlap level is increased to 10-, 20- and 50-level, the condition number decreases, indicating a more
effective preconditioner. This is also observed in the linear iterations per NR iteration. Both the num-
ber of restarts as well as the number of iterations per NR iteration decreases. The relative sub-system
sizes and its range also increase. The cases of 10- and 20-level overlaps allow for more communica-
tion between the subdomains compared to lower levels, while the relative sub-system sizes are less
than a third and half of the original problem, respectively. Although a 50-level overlap results in the
smallest condition number of fewest linear iterations on average, the computational cost associated
with the preconditioner construction and linear solution process can get close to using a direct solve.
Note that even through 10- and 20-level overlaps appear to balance to benefits of increased RAS per-
formance with added computational costs, the overlap is quite high. Usually in domain decomposition
(DD) methods, overlaps not higher than 4 are used in practice.
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Table 9.20: Spectral properties and linear solver performance for the preconditioned GasLib-4197 network Jacobian evaluated
atxJ, using a RAS preconditioner, constructed with a ParMETIS partition of 4 subdomains and varying levels of overlap. Bold
values in the linear iterations column indicate a restart.

Overlap | Condition number | Largest SV | Smallest SV | Sub-system size
2-level 2.64 - 107 3.98 - 10° 1.51-107° 25.2% - 26.8%
4-level 1.69 - 107 4.04 - 102 239-107° 25.8% - 27.8%
10-level 5.87 - 10° 3.61-10? 6.15-107° 27.5% - 33.0%
20-level 1.19 - 10° 2.24-107? 1.88-107* 32.1% - 48.1%
50-level 3.25-10° 2.07 - 102 6.38-107* 66.0% - 87.7%

Table 9.21: Summary of the linear convergence behaviour per NR iteration for the GasLib-4197 dataset, using a RAS
preconditioner constructed using a partition into 4 subdomains with the ParMETIS algorithm, and varying levels of overlap. In
all cases 13 NR iterations are required. ‘Count’ refers to the number of NR iterations where the specified number of restarts
occurs.

Overlap | Total linear No restart 1 restart 2 restarts
iterations | Count Avg. its. | Count Avg. its. | Count Avg. its.
2-level 543 5 27.2 4 36.0 4 65.8
4-level 417 8 22.8 2 35.5 3 54.7
10-level 311 9 19.0 3 33.7 1 39.0
20-level 170 11 11.8 1 19.0 1 21.0
50-level 107 12 7.9 1 12.0 0 -

For small-scale electricity networks, the same effect of varying the overlap-level in the AS preconditioner
construction was observed as for small-scale gas networks. An increase in overlap level improves the
preconditioner effectiveness, but comes with a higher computational cost. To investigate whether the
same effects of changing the overlap level hold for large-scale electricity networks, the PandaPower
case6495rte and case9241pegase are considered. The RAS preconditioner is applied to the restarted
GMRES solver, where varying levels of overlap are used. Similarly to large-scale gas networks, the
range of overlap-levels possible is expected to be larger compared to small-scale electricity networks,
due to the larger number of nodes. The summarised results for the case6495rte and case9241pegase
datasets are given in Table 9.22, where the relative sub-system sizes and linear convergence history
is given. For each overlap level, 6 NR iterations are required for both networks. For the case6495rte
network, the number of linear iterations per NR iteration as well as the number of restarts decrease
when the overlap level is increased. Additionally, increasing the overlap results in larger relative sub-
system Jacobians. The rate of change of the relative sub-system sizes as a function of the overlap level
is larger than the large-scale gas network GasLib-4197 in Table 9.20. For the case6495rte dataset,
a 6-level overlap results in sub-systems that are already about half of the total system size. This
number of nodes included in the overlap starts to dominate from a 6-level overlap onward, indicating
a connected network. For the results of the case9241pegase network, the growth in sub-system size
when increasing the overlap is not as rapid as for the case6495rte network, but the range of relative sub-
system sizes is larger for the largest considered overlap. The cases with a higher overlap require less
linear iterations per NR iteration. Differently to the case6495rte network, the number of NR iterations
where a restart occurs does not (yet) drop in a similar way for the case9241pegase network.
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Table 9.22: Summary of the linear convergence behaviour per NR iteration for the case6495rte and case9241pegase datasets,
using a RAS preconditioner constructed using a partition into 4 subdomains with the ParMETIS algorithm, and varying levels of
overlap. In all cases 6 NR iterations are required for both networks. ‘Count’ refers to the number of NR iterations where the
specified number of restarts occurs.

Network Overlap | Sub-system | Total lin. No restart 1 restart
size its. Count Avg. its. | Count Avg. its.
2-level | 25.5% - 27.9% 176 2 28.0 4 30.0
4-level | 32.6% - 35.7% 124 2 20.0 4 21.0
case6495rte 6-level | 46.1% - 52.1% 93 3 15.0 3 16.0
8-level | 63.0% - 72.2% 67 3 11.0 3 1.3
10-level | 78.2% - 88.4% 54 6 9.0 0 -
2-level | 25.1% - 27.0% 247 0 - 6 41.2
4-level | 27.2% - 30.2% 175 0 - 6 29.2
case9241pegase | 6-level | 31.0% - 35.6% 134 2 21.0 4 23.0
10-level | 44.7% - 50.1% 109 1 16.0 5 18.6
20-level | 66.4% - 83.2% 74 1 11.0 5 12.6

Number of Subdomains

For small-scale gas and electricity networks, increasing the number of subdomains generally increases
the condition number of the initial preconditioned Jacobian, as well as the number of linear iterations
per NR iteration. A lower number of subdomains thus results in a more effective preconditioner. On the
other hand, decreasing the number of subdomains also increases the size of the local subdomain prob-
lems to be solved, potentially increasing the computational cost of constructing the preconditioner. To
investigate whether the same effects of changing the overlap level hold for large-scale gas and elec-
tricity networks, the GasLib-4197 and case9241pegase datasets are considered, respectively. Both
are the largest datasets out of all gas and electricity test networks available for this research. The RAS
preconditioner is applied, which is constructing using a partition into varying numbers of subdomains
with the ParMETIS algorithm, and applying a 10-level overlap for the GasLib-4197 case, and a 4-level
overlap for the case9241pegase network (based on the results in the previous section on overlap lev-
els). The number of subdomains the networks are partitioned into is varied between 2 and 10.

A summary of the effect of varying the number of subdomains on the initial preconditioned Jacobian
as well as linear solver performance on the GasLib-4197 dataset is given in Table 9.23. The results
observed for the GasLib-4197 dataset is similar compared to small-scale gas networks when varying
the number of subdomains. The fewest total number of linear iterations is required when only 2 sub-
domains are used, but for this case the relative sub-system size are largest, both over 50%. When
the number of subdomains is increased, the total number of linear iterations is also increased. Note
that the total number of restarts during the linear solves remains roughly the same. The effect of the
number of subdomains is not as drastic on the number of linear iterations compared to varying the
overlap level. For small-scale gas networks, it was observed that when a large number of subdomains
is used, the range of relative sub-system sizes can become quite large (see the last row of Table 9.4).
For the GasLib-4197 dataset this is not observed, as the range of relative sub-system size is roughly
equal for all considered numbers of subdomains.

Table 9.23: Summary of the linear convergence behaviour per NR iteration for the GasLib-4197 dataset, using a RAS
preconditioner constructed using a partition into varying numbers of subdomains with the ParMETIS algorithm, and using a
10-level overlap. In all cases 13 NR iterations are required. ‘Count’ refers to the number of NR iterations where the specified
number of restarts occurs.

Subdom. | Sub-system | Total lin. No restart 1 restart 2 restarts
size its. Count Avg. its. | Count Avg. its. | Count Avg. its.
2 52.1% - 56.3% 234 11 9.0 2 12.5 0 -
4 27.5% - 33.0% 311 9 19.0 3 33.7 1 39.0
8 15.6% - 18.8% 313 10 21.7 3 32 0 -
10 12.1% - 16.8% 359 9 25.1 4 33.3 0 -
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A summary of the effect of varying the number of subdomains on the initial preconditioned Jacobian
as well as linear solver performance on the case9241pegase dataset is given in Table 9.24. The ob-
served results are similar compared to small-scale electricity networks. The least number of linear
iterations is required when only 2 subdomains are considered, but this preconditioner is most expen-
sive to construct due to the large relative sub-system sizes. Note that the number of restarts required
decreases when more subdomains are considered, despite an increase in the total number of linear
iterations. The opposite effect is observed when varying the level of overlap, where the number of
restarts increases when the total number of linear iterations increases. For small-scale electricity net-
works the range of relative sub-system sizes increases when the number of subdomains is increased.
For the case9241pegase dataset this is also observed, although the increase in sub-system size is not
as extreme compared to the small-scale datasets. Note that for the large-scale gas network dataset,
GasLib-4197 the range of sub-system sizes does not increase when the total number of subdomains
is increased. This shows that the underlying partition and network configuration also (indirectly) affect
the AS preconditioner cost and performance.

Table 9.24: Summary of the linear convergence behaviour per NR iteration for the case9241pegase dataset, using a RAS

preconditioner constructed using a partition into varying numbers of subdomains with the ParMETIS algorithm, and using a

4-level overlap. In all cases 6 NR iterations are required. ‘Count’ refers to the number of NR iterations where the specified
number of restarts occurs.

Subdomains | Sub-system | Total linear No restart 1 restart
size iterations | Count Avg. its. | Count Avg. its.
2 51.8% - 52.4% 153 0 - 6 25.5
4 27.2% - 30.2% 175 0 - 6 29.2
8 18.6% - 24.1% 185 1 29.0 5 31.2
10 9.8% - 16.4% 206 3 33.0 3 35.7

9.3.4. Reusing the Initial AS Preconditioner

The solution process for solving the steady-state load flow equations of energy networks used in this
research consists of the non-linear NR method, where each linearised system is solved using AS pre-
conditioned restarted GMRES. The RAS preconditioner is computed during NR iteration k as follows

N
T
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where the sub-system Jacobian is a part of the Jacobian matrix evaluated at the current NR iterate.
The computation of a preconditioner can be expensive, especially when the systems are large, but
also when the computation has to be done repeatedly. To decrease the total computational cost of the
solution process, a different target matrix can be considered other than the current Jacobian J(x;), as
is done in [23]. Taking the initial Jacobian as target matrix results in the same preconditioner for each
NR iteration, given as

N
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MR}\S,k = Z R? J(Xo); lRfS-
i=1

Reusing the initial AS preconditioner saves computational costs in constructing the preconditioner dur-
ing each NR iteration. The expensive factorizations to compute the local updates have to be computed
once. When the initial preconditioner is reused, its quality for the later iterations will decrease, as it does
not use the updated variables. It is beneficial to reuse the initial AS preconditioner when the cost of the
extra iterations required due to a lesser quality preconditioner outweighs the repeated computation of
the updated preconditioner.
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A different argument to reuse the initial AS preconditioner is to overcome issues during the precon-
ditioner construction occurring in later iterations. Section 9.3.2 describes the situation where the con-
struction of the AS preconditioner is terminated during the second or third NR iteration of the GasLib-582
dataset, due to singular sub-system matrices as a result of zero boundary link flow. Additionally, the
GasLib-2607 dataset also presents issues when constructing the AS preconditioner during a later NR
iteration for certain AS settings. Reusing the initial AS preconditioner could be a better alternative to
using a different or no preconditioner during the linear solution steps.

Gas Networks

The effectiveness and performance of reusing the RAS preconditioner is investigated using the GasL.ib-
582 and GasLib-4197 datasets. The RAS preconditioner is constructed by partitioning the network
graph into 4 subdomains with the ParMETIS algorithm, and employing a 2-level overlap. With these
settings, the construction of the RAS preconditioner for the GasLib-582 network fails during the third
NR iteration due to a singular sub-system matrix (see Section 9.3.2). To study the effect of reusing a
previous RAS preconditioner when construction fails during a later iteration, this particular case was
chosen. Because the RAS construction of the second NR iteration is successful, it is also investigated
what the effects are of reusing this RAS preconditioner during the next NR iterations, given by

N
— T —
Mihss = ) RO JxOTRS,
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where the sub-system Jacobians are evaluated at x;, instead of x,.

The final residuals of the steady-state load flow equations of the GasLib-582 and GasLib-4197 net-
works when reusing the initial and second RAS preconditioners, Mz, and Mgzs ;, respectively, are
similar compared to using a direct solve, see Table 9.25. For the GasLib-4197 network, the final residual
when reconstructing the RAS preconditioner each NR iteration is also included. When it is mentioned
that Mgps ; is reused, it is implied that Mgz , is applied during the first NR iteration, and MzAg , during
all further NR iterations. From Table 9.25, one can conclude that reusing the initial or second precon-
ditioner does not significantly affect the final residual, compared to using a direct solve for this this
dataset. Besides the final residual, the NR residual history of all three considered cases is similar, with
only very small differences between them.

Table 9.25: The final residual when solving the steady-state load-flow equations of the GasLib-582 and GasLib-4197 networks,
when the linearised systems are solved directly and using restarted GMRES, preconditioned with the initial and first RAS
preconditioners Mﬁ,&s,o and Mﬁ&s,v respectively. The RAS preconditioners were constructed using 4 subdomains following
from the ParMETIS algorithm, and 2-level overlap.

Network Linear solver Preconditioner | NR iterations | Final residual
Direct (LU) - 14 2.428902 - 1077

GaslLib-582 | Restarted GMRES MF;;S’O 14 2.430209 - 1077
Restarted GMRES MgAs . 14 2428458 - 1077

Direct (LU) - 13 8.509677 - 1077

. Restarted GMRES Mgz} 13 9.788708 - 107
GasLib-4197 | pestarted GMRES Maies 13 8.393372- 107
Restarted GMRES MzAs .k 13 8.509359 - 1077

The linear convergence history of the GasLib-582 case is summarised in Table 9.26, comparing the
application of the Mg o and Mg4g ; Preconditioners. In order for restarted GMRES to converge during
each NR iteration, the restart value has to be increased to m ~ 140 for Mzag,. When the default

= 100 is used, the relative preconditioned residual of the second NR iteration stalls and the solver
stops only when the maximum number of iterations is reached. This indicates that the Krylov subspace
cannot be sufficiently spanned within m = 100 iterations. Despite the relative preconditioned residual
not converging to the preset tolerance with m = 100, the NR residuals still show the same non-linear
convergence history, terminating at a final residual of 2.428656 - 10~7, very similar to the final residuals
in Table 9.25.
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Table 9.26: Summary of the linear convergence history when solving the steady-state load-flow equations of the GasLib-582
network using restarted GMRES as the linear, preconditioned with the initial and first RAS preconditioners Mrzﬁl\s,o and MF‘{,{SJ,
respectively. The RAS preconditioners were constructed using 4 subdomains following from the ParMETIS algorithm, and
2-level overlap. The dashed line indicates from which NR iteration onwards the RAS preconditioner is reused.

NR iteration Preconditioner: Mgzs, Preconditioner: Mgys,
Linear iterations Restarts | Linear iterations Restarts
1 12 - 12 -
2 | 390 3 12 -
3 385 4 - "33 -]
4 164 2 39 -
5 144 2 67 -
6 203 3 59 1
7 112 2 71 -
8 204 3 85 -
9 132 2 109 -
10 169 2 120 -
11 98 - 235 -
12 89 - 162 2
13 203 2 140 1
14 96 - 131 -
Total 2,401 25 1,275 4

Table 9.27 shows the linear convergence history of the GasLib-4197 case, comparing the application of
the Mg, @nd Mgag; Preconditioners to Mgxg . Similarly to the GasLib-582 dataset, the restart value
m had to be increased to m = 400 in order to have linear convergence during each NR iteration. When
m = 100, the linear iterations of the second NR iteration do not converge. Despite that, the non-linear
residual does converge in 13 NR iterations, but showing a slightly different convergence history plot
and final residual.

Table 9.27: Summary of the linear convergence history when solving the steady-state load-flow equations of the GasLib-4197
network using restarted GMRES as the linear, preconditioned with the initial and first RAS preconditioners Mzzs , and Mgag ; ,
respectively. The RAS preconditioners were constructed using 4 subdomains following from the ParMETIS algorithm, and
2-level overlap. The dashed line indicates from which NR iteration onwards the RAS preconditioner is reused.

NR Preconditioner: Mp,s, | Preconditioner: Mgas, | Preconditioner: Mg)q,
iteration | Linearits. Restarts Linearits. Restarts Linearits. Restarts
1 37 1 37 1 37 1
2 |~ 745 ¢ 1 30 0 30 0
3 124 1 15 2 ] 30 0
4 138 1 119 2 25 0
5 132 1 139 2 26 0
6 133 1 159 2 25 0
7 247 2 139 2 48 1
8 179 1 167 2 70 2
9 334 2 193 2 62 2
10 407 2 330 2 19 1
11 437 1 283 1 60 2
12 454 1 570 2 71 2
13 641 1 696 1 40 1
Total 4,008 16 2,977 21 543 12

In general, reusing a previous RAS preconditioner in later NR iterations increases the number of linear
iterations, compared to reconstructing the preconditioner each NR iteration. When Mgz , is reused,
the total number of linear iterations required during the non-linear solution process is about twice as
many compared to reusing Mg, ,, see Table 9.26 and Table 9.27. Additionally, the number of restarts
that occurred is higher. The increase in linear iterations as a result of reusing the RAS preconditioner
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compared to reconstruction is expected. When the preconditioner is reused, it does not use the most
recent state of the variables, deviating more from the global Jacobian inverse at that iteration. The pre-
conditioner is thus less effective for the later NR iterations in which it is reused, resulting in more linear
iterations being required for the linearised system to converge. The decrease in total linear iterations
when using Mgg, compared to Mz4g , is also as expected. The Mz,g, preconditioner uses the state
x, to evaluate the sub-system Jacobian matrices, instead of the initial guess x,. The x; iterate is a
physically more accurate state of the system. As a result, the Mz4g ; preconditioner more accurately
approaches the inverse of the global Jacobian at later iterations, compared to the Mﬁ/lxs,o preconditioner.

Note that in Table 9.26 and Table 9.27, when Mg, , is reused, the number of linear iterations per NR
iteration is highest for the second NR iteration, and decreases for later NR iterations in the GasLib-582
application. When MF_Q/leJ is reused, the opposite is observed, where the number of linear iterations per
NR iteration increases for later NR iterations. When the reusing of MzAg , and Mzag , preconditioners
is applied to the other large-scale gas network datasets, this difference is not always observed.

The same observations in terms of linear iteration counts and convergence are done for the other
large-scale GasLib networks and AS preconditioner configurations. The NR residuals are mostly sim-
ilar compared to using a direct solve, when reconstructing the RAS preconditioner per iteration or
reusing Mgag, OF Mgag - The effect the preconditioner has is primarily on the linear convergence of
restarted GMRES. When a previous preconditioner is reused, the number of linear iterations per NR
iteration increases. In some cases, especially observed when Mg;s , is reused, the linear solver has
not sufficiently converged before the maximum number of iterations has been reached, using the stop-
ping criteria described in Section 8.3.1. Increasing restart value m sufficiently will result in reaching the
tolerance before the maximum number of iterations. It is generally also observed that, when possible,
reusing a later Mgzg , results in fewer total linear iterations as well as restarts required to converge,
see Table 9.28. In Figure 9.26, one can see the total number of linear iterations required in the solution
process of the GasLib-4197 dataset, when reusing a previous RAS preconditioner. The x-axis shows
the j such that Mzjs ; is reused during all later NR iterations. Based on this plot, one can see that there

is a significant decrease in the total number of linear iterations in reusing Mgxg ;, compared to Mﬁis’j
with j < 3. Afterwards, the decrease in linear iterations stalls.

Table 9.28: The final residual and linear convergence history when solving the steady-state load-flow equations of the
GasLib-4197 network, when the linearised systems are solved directly and using restarted GMRES, preconditioned with the
previous RAS preconditioners. The RAS preconditioners were constructed using 4 subdomains following from the ParMETIS

algorithm, and 2-level overlap. Mﬁ,&s,k refers to reconstructing the RAS preconditioner during each NR iteration.

Preconditioner | Total linear iterations | Total restarts | Final residual
Direct (LU) - - 8.509677 - 1077
Mgzas.o 4,008 16 9.788708 - 10~7
Mgas: 2,997 20 8.393372 - 1077
Mgas. 1,639 3 8.494410 - 10~7
Mgas 543 12 8.509359 - 10~/
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Figure 9.26: The total number of linear iterations in the solution process of the GasLib-4197 dataset using a previous RAS
preconditioner, constructed using 4 subdomains with the ParMETIS algorithm and a 2-level overlap

Electricity Networks

For gas networks the motivation of investigating the effectiveness of reusing a previous RAS precon-
ditioner consists of two parts. The first is to prevent termination of the solution process due to a RAS
construction failure. Secondly, reusing a previous preconditioner can save computational costs by
avoiding repeated expensive factorizations. For the PandaPower electrical networks, a failure of RAS
preconditioner construction is not observed. The effectiveness of reusing a previous RAS precondi-
tioner is therefore investigated by comparing its performance to constructing the RAS preconditioner
during each NR iteration. This is done by considering the case9241pegase dataset, the largest Pan-
daPower network considered in this research. The RAS preconditioner is constructed using a partition
of the network into 4 subdomains with the ParMETIS algorithm, and adding a 2-level overlap. The
performance of reusing Mzas, and Mzag ; is compared to computing Mgz, for each NR iteration K.

The total number of linear iterations and final residuals of reusing different RAS preconditioners are
given in Table 9.29, as well as the final residual when a direct solve in used in each NR iteration. The
Mgas . Preconditioner indicates that the RAS preconditioner is reconstructed during each NR iteration.
There is some variation in the final residual for each reused preconditioner, but they are all still rel-
atively close to the final residual compared to a direct solve. The total number of linear iterations is
not significantly impacted when an earlier RAS preconditioner is reused. Mﬁis,z even requires fewer
iterations than Mz4g ., Wwhere the RAS preconditioner was reconstructed during each NR iteration.

Table 9.29: The final residual and linear convergence history when solving the steady-state load-flow equations of the
case9241pegase network, when the linearised systems are solved directly and using restarted GMRES, preconditioned with
the previous RAS preconditioners. The RAS preconditioners were constructed using 4 subdomains following from the
ParMETIS algorithm, and 2-level overlap. Mgz, refers to reconstructing the RAS preconditioner during each NR iteration. In
all cases, 6 NR iterations were required.

Preconditioner | Total linear iterations | Total restarts Final residual
Direct (LU) - - 5.769165 - 10~11
Mgas,o 254 6 5.409642 - 10~
Mgasq 250 6 5.743893 - 10~11
MRAs 239 6 5511676 - 10~11
MRas. 247 6 5748121 - 10~
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Additive Schwarz Preconditioning for
Coupled Multi-Carrier Energy Networks

This chapter presents the results of the load flow analysis when applying the additive Schwarz (AS)
preconditioner in the solution process of the steady-state load flow equations of coupled energy net-
works. The methodology and setup of the performed experiments as well as the implementation of the
AS preconditioners for coupled energy networks are discussed in Chapter 8. The results of Chapter 9
show the performance of the AS preconditioner when applied in the solution process of single-carrier
(SC) energy networks, both small- and large-scale. In these experiments it was found that the restricted
additive Schwarz (RAS) preconditioner variant outperformed the basic and interpolated AS variants.
This chapter will therefore focus mainly on the RAS preconditioner.

This chapter starts with Section 10.1, where the general structure and spectrum of the original Jaco-
bian matrices are discussed, as well as convergence. In the rest of the sections, the RAS application
to coupled networks is presented. First, the general effects of the AS preconditioner is described in
Section 10.2, considering the preconditioned Jacobian structure, spectrum and convergence history.
Next, Section 10.3 describes the effect of coupling elements on the conditioning of the preconditioned
Jacobian matrices and the solver performance. The overlap is varied in Section 10.4. Finally, Sec-
tion 10.5 presents the effects network elements of the SC components have on the RAS application to
the coupled network.

10.1. Coupled Energy Networks

This section provides general insights into the behaviour and structure of the coupled energy networks
considered in this research. The construction of coupled networks from the SC datasets GasLib and
PandaPower for gas and electricity, respectively, is given in Section 8.2.2. The aim of this section is to
provide insight into the behaviour of a coupled energy networks, focussing on the effects of the coupling
units.

10.1.1. Structure of the Coupled Jacobian

The structure of the coupled network consisting of the case-14 and GasLib-11 datasets, where 1 power-
to-gas (P2G) unit is used can be found in Figure 10.1. The structure as described in Section 5.1.2 can
be seen. Since a P2G coupling unit is used, the electrical node the unit is connected to is changed from
a PQ node to a PQV node. As a result, the dF¢/dx, component is not square. If a gas-fired generator
(GFG) were to be used, the gas node the unit is connected to would be changed from a load node to a
reference load node, resulting in a non-square dF9 /dx, component. The effect of the coupling on the
global Jacobian matrix structure and the solution process is visualised by reordering the equations and
variables.

101
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Figure 10.1: Structure heatmap of the global Jacobian of the coupled case14 + GasLib-11 datasets with 1 P2G unit, evaluated
at the initial iterate x,.

Assume that there are n coupling units in total. Denote with n;, the number of coupling units where the
connected electrical node is adjusted from a PQ to PQV node by assuming the voltage magnitude |V|
known. The number of coupling units where the connected gas node is adjusted from a load node to
a reference load node by assuming the nodal pressure p is known, is denoted by n,,. We thus have
n = ny + n,. Similarly, denote the equations related to known voltage magnitude as a result of the
coupling with F/, and the equations related to known pressures as FZ. The coupling parameters x,
consist of gas mass flows and real powers of the dummy links. Denote the dummy link variables where
the node type change is nodal pressure with g% and P?. When the node type change is in the voltage
magnitude, denote the dummy link variables with g% and P?. The system of equations associated with
the coupled network is reordered such that

%
Fg(lf(grxc) q‘C/
C Fe(xo) _ |9 .
FO=I"f x| X7 %
F (x.) Py
P!

The %, and %X, variables are the gas and electrical variables, respectively, excluding the coupling vari-
ables. This reordering leads to the following Jacobian

5 9Fg  0Fg

Jos 5 3 O O 0O
T oFY
0 0 S 0 0 <
N oqc_ _ _ _ _ _ _ oP¢_ 10.1
=l e R (10.1)
) Jee orf  oPY
IFF IFF
0 P 0 \ 0 ap7 0

The fgg and J,, components are the non-square Jacobians considering all gas and electricity equa-
tions, respectively, excluding the coupling equations and variables. With this reordering, the main
diagonal blocks are square. When both dF/ /dPY and dF% /dq? are non-zero blocks, there is two-sided
interaction within the coupled network. Suppose that dFY /dPY is zero, but dFF /dq? is non-zero, cor-
responding with one-sided interaction. In Jacobian Equation 10.1, the solution process then consists
of solving the upper left block (the gas components), after which the coupling translation is done by
lower left component dF /dqE (the coupling), allowing the lower right block to be solved (the electricity
component). Conversely, when only dFY /dPY is non-zero, the solution process consists of solving the
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electrical part, then computing the energy flow in the coupling units, after which the gas component is

solved.

10.1.2. Spectrum of the Coupled Jacobian
The eigenvalues and singular values of the original Jacobian matrix of the coupled test networks
case89pegase and GasLib-40 are given in Figure 10.2, where different coupling configurations are
used, showing one-sided and two-sided interaction. The eigenvalues and singular values of the origi-
nal SC components GasLib-40 and case89pegase are given in Figure 10.3.
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Figure 10.2: Eigenvalues and singular of the global Jacobian of the coupled GasLib-40 and case89pegase networks with
different coupling configurations, evaluated at initial iterate x,.
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Figure 10.3: Eigenvalues and singular of the global Jacobians of the SC networks GasLib-40 and case89pegase networks,
evaluated at initial iterate x,,.

Singular Values

First, consider the singular values of the coupled and SC component networks. The singular values of
the GasLib-40 Jacobian range from about 5-1072 to 8-10°, showing an upward curve, see Figure 10.3b.
The singular values of the case89pegase Jacobian range from about 2-10° to 1-10*, showing a cluster
of large singular values with similar magnitude, see Figure 10.3d. The singular values of both these
SC components can be recognised in the singular value plots of the coupled networks with different
coupling configurations. The differences between the singular values corresponding to the different
coupling configurations appear mostly in the smallest singular values. When a GFG is introduced,
there is a singular value of about 1 - 1073 that is quite smaller than the other smallest singular values.
The extreme singular values determine the condition number of the Jacobian matrix. The condition
numbers, smallest and largest singular values are given in Table 10.1. The maximum singular value is
the same for all coupling configurations, only the minimum singular value is significantly affected. When
a GFG unitis included, the condition number increases. This could indicate that coupled networks with
GFGs can be more difficult to precondition.
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Table 10.1: Spectral properties of the original Jacobian matrix of the coupled GasLib-40 and case89pegase networks,
evaluated at x,, with different coupling configurations.

Coupling Condition number | Largest SV | Smallest SV
1P2G 3.19-10° 1.13 - 10% 3.54-1072
1GFG 1.15 - 107 1.13 - 10* 9.85-107%

1P2G and 1 GFG 1.05 - 107 1.13 - 10* 1.07 -1073

When there is a singular value that is much smaller than the other (small) singular values, this indicates
that perturbations along the direction of the right singular vector corresponding to the smallest singular
value barely change the residual F(x). The right singular vector corresponding to the smallest singular
value gives the direction in variable space that results in the smallest change in the system equations.
The right singular vector of the smallest singular value of the initial global Jacobian matrix is computed
and visualized in Figure 10.4, for all three considered coupling configurations. The x-axis gives the right
singular vector index and the y-axis shows the magnitude of all singular vector entries. The magnitude
of each entry of the right singular vector indicates the contribution of the corresponding variable to the
least sensitive direction in the variable space. When only a P2G unit is coupled, there are multiple
variables associated with this direction. When a GFG unit is introduced, there is one variable with a
singular vector entry magnitude of almost 1.0. This index is associated with the active coupling power
P.. The large magnitude indicates that the least sensitive direction of the Jacobian is primarily aligned
with variations in the active coupling power P,.

Right singular vector magnitude v
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Figure 10.4: Right singular vector component magnitudes of the smallest singular value of the global Jacobian of the coupled
GasLib-40 and case89pegase networks with different coupling configurations, evaluated at initial iterate x,.

This occurs because the coupling and reference load node equations introduce a direct relation be-
tween gas and electrical system variables, which constrain P, through multiple equations. As a result,
variations in P. can be partially compensated by corresponding adjustments in the connected variables,
leading to a weakly observable direction in the coupled Jacobian. This indicates that the coupling and
node change introduce a nearly redundant direction, in which changes in P, do not produce sufficiently
independent residual variations across the full system. Consequently, the system exhibits a near-rank-
deficient mode that is associated with the coupling rather than with either SC systems individually.

When the node type change is applied in the electrical SC system by fixing the voltage magnitude
at the connected electrical node, this near-degenerate behaviour is not observed. In this case, the
electrical network retains sufficient internal flexibility through its remaining state variables to absorb
perturbations introduced via the coupling. Therefore, variations in the coupling power P, are distributed
across multiple electrical equations rather than collapsing into a single weak direction. This results in
a more distributed singular vector structure and a significantly larger smallest singular value, indicating
improved observability and reduced redundancy in the coupled system.



10.1. Coupled Energy Networks 106

Eigenvalues

The eigenvalues of the GasLib-40 and case89pegase networks are spread differently. The GasLib-40
Jacobian eigenvalues are complex and spread in a circle around 0, with a radius of about 2, and one
eigenvalue with magnitude 3. The case89pegase Jacobian eigenvalues are complex with real part
non-negative, showing a fan shape. There are several smaller clusters of eigenvalues and the largest
eigenvalue magnitude is around 1.0 - 10*. The magnitudes as well as distribution of the eigenvalues of
these networks are different. Unlike the singular values, the spread of the SC eigenvalues is not directly
detectable in the eigenvalues of the coupled networks. The eigenvalues of the coupled Jacobian matrix
are affected by the coupling configuration. In all three cases, there is a cloud of eigenvalues around
zero, with a radius of 1500 to 2000. When only a P2G unit is present, there is a tail of large real-valued
eigenvalues, similar to the tail of real-values eigenvalues of the SC case89pegase Jacobian.

10.1.3. Convergence

The coupling of gas and electricity networks is limited by the number of available nodes P2G and GFG
units can be connected to, as described in Section 8.2.2. The maximum number of coupling units that
can be connected to each GasLib and PandaPower network is given in Appendix C, in Table C.1 and
Table C.2 respectively. When a certain coupling configuration is possible between two SC networks,
it is not guaranteed that the steady-state load flow equations will converge. In fact, for many coupled
networks the residual F(x) will diverge, see for example Figure 10.5. Both residuals appear to con-
verge during the first iterations, but eventually diverge. It is not within the scope of this research to
consider which coupled networks with which coupling configurations converge or diverge and why. In
the remainder of this research, the application and performance of the AS preconditioner to coupled
networks is only considered for coupled networks that converge.
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Figure 10.5: Residual behaviour of different coupled gas-electricity networks, using a direct solve for the linearised systems.

When a certain coupling configuration is possible between two networks, and the residual converges
when the linearised systems are solved directly, it is possible that the converged dummy link flows
are opposite of the defined direction. For example, when a gas and electricity network are coupled
using a P2G, the flow of energy should be from the electrical network to the gas network. It is possible
that the steady-state load flow converged such that the energy in the P2G unit flows from the gas to
the electrical components, which is not possible in practice. During the solution process of coupled
networks, it is not enforced that the coupling gas mass flow and real powers must be non-negative.
This issue can be overcome by changing the coupling unit type when its flow of energy is opposite of
the defined direction, but maintaining the node type change.
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10.2. General Effect of AS Preconditioning

This section presents the general effect of the AS preconditioner when applied in the solution process
of the steady-state load flow equations of coupled energy networks. The general structure, spectrum
and convergence of the coupled networks is described in Section 10.1. The construction of the AS
preconditioner for coupled networks is given in Section 8.2.

10.2.1. Structure of the Jacobian

The structure of the RAS preconditioned Jacobian of the coupled network consisting of the case-14 and
GasLib-11 datasets, where 1 P2G unit is used, can be found in Figure 10.6. Comparing the structure
of the preconditioned Jacobian with the original Jacobian in Figure 10.1, one can see that the precon-
ditioned Jacobian matrix shows a more diagonal structure. All elements on the diagonal are non-zero.
The other non-zero elements occur in the 0F9 /dx,, 0F¢ /0%, and 0F¢/dx, Jacobian components. The
columns that contain the non-zero elements correspond to the nodal variable indices of the electricity
nodes included in the 1-level overlap.
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Figure 10.6: Structure heatmaps of the global Jacobian with the RAS preconditioner with 1-level overlap, of the case14 +
GasLib-11 network, coupled with one P2G unit, evaluated at initial iterate x,.

The coupling configuration influences the non-zero elements besides of the diagonal elements in the
AS preconditioned global Jacobian, as shown in Figure 10.7. When a P2G unit is coupled, the non-zero
elements appear in the columns corresponding to the electrical variable indices, similar to Figure 10.6.
When the coupling is done by a GFG unit, the non-zero elements appear in the columns associated
with the gas link flow variables. When both coupling unit types are present, the non-zero elements
appear in both columns associated with electrical and gas link flow variables.
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Figure 10.7: Structure heatmaps of the global Jacobian with the RAS preconditioner with 1-level overlap, of the coupled
GasLib-40 and case89pegase networks with different coupling configurations, evaluated at initial iterate x,.



10.2. General Effect of AS Preconditioning 108

10.2.2. Spectrum of the Jacobian

Figure 10.8 shows the singular values of the basic AS and RAS preconditioned global initial Jacobians
of the coupled GasLib-40 and case89pegase network, with different coupling configurations. For both
AS types and all three coupling configurations, there are large clusters of singular values exactly equal

to 1.

When the basic AS preconditioner is used, there is also a small cluster of singular values exactly equal
to 2, for all three coupling configurations. Similarly to the singular values of the basic AS preconditioned
SC networks, these singular values of exactly 2 follow from network components being included in both
subdomains. When both P2G and GFG units are included, the number of elements included in both
subdomains increases, resulting in a larger cluster of singular values of exactly 2. For all coupling con-
figurations, the smallest and largest singular values are more extreme than the middle singular values.
When the coupling consists of one P2G unit, there are 4 outliers, 2 small and 2 large singular values.
When there is one GFG coupling unit, there are 6 outliers, 3 small and 3 large singular values. When
there is a P2G as well as GFG unit present, there are a total of 10 outliers, 5 smaller and 5 larger sin-
gular values. These appear to be the smallest and largest singular values associated with either one
P2G or GFG unit present. These singular values do not have exactly the same values, but lie very close.

Using the RAS preconditioner, in the case of one coupling unit, there are two singular values not exactly
1, the smallest and the largest, although the value differs depending on the coupling unit. Similarly to
the basic AS case, the GFG coupling unit results in extreme singular values of larger magnitude. When
both coupling units are included, there are exactly four singular values not exactly equal to 1. They are
of similar value as the smallest and largest singular values of the single coupling unit cases.

The largest and smallest singular values, that make up the condition number, are determined by the
coupling configuration. A GFG dominates the extreme singular values of the basic AS as well as the
RAS preconditioned initial Jacobian. The effect of coupling on the RAS preconditioner is described in
more detail in Section 10.3.
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Figure 10.8: Singular values of the basic and RAS preconditioned Jacobians of the coupled GasLib-40 and case89pegase
networks with different coupling configurations, evaluated at initial iterate x,, using a 2-level overlap.
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10.2.3. Convergence History

For most converging coupled network datasets considered in this research, the Newton-Raphson (NR)
convergence when using the RAS preconditioner is very similar compared to using a direct solve. The
linear convergence per NR iteration with the RAS preconditioner is fast, ranging between 1 and 5 linear
iterations observed, for both small- and large-scale coupled datasets.

A summary of the linear convergence for the GasLib-40 and case89pegase coupled network is given
in Table 10.2, for different coupling configurations. The linear solver is preconditioned with a 2-level
overlap RAS preconditioner. The number of linear iterations per NR iteration is very little, ranging from
2 to 4 linear iterations. In the case of 2 GFGs in Table 10.2, where more NR iterations are required
compared to other coupling configurations, the number of linear iterations is low. During the last NR
iterations of this coupling configuration, only 1 linear iteration is required. This indicates that the RAS
preconditioner is effectively the inverse of the Jacobian matrix. The convergence of each linearised
system (where at least 2 linear iterations were required) exhibits super-linear convergence.

Table 10.2: Average number of linear iterations per NR iteration of the coupled GasLib-40 and case89pegase networks, with
different coupling configurations, using 2-level overlap RAS preconditioned generalized minimum residual (GMRES).

P2G GFG[ 0 | 1 2
0 1.00 | 2.00 | 1.80
1 2.00 | 3.00 | -
2 2.00 | 400 | -

Table 10.3 shows the average number of linear iterations required per NR iteration during the solution
process of the coupled GasLib-4197 and case9241pegase networks, with various coupling configura-
tions and employing a RAS preconditioner with a 3-level overlap. The total number of NR iterations
required varies depending on the coupling configuration, and ranging between 13 and 19. The case
where 2 GFG units are considered does not converge. This data shows that the coupling configuration
affects the linear convergence history. The introduction of more coupling units increases the average
linear iteration count. It appears that the introduction of a GFG unit increases the average linear iter-
ation count more than a P2G. Despite the increase in linear iterations when more coupling units are
introduced, an average linear iteration count around 4 is still considered very low for iterative solvers,
especially for large-scale systems.

Table 10.3: Average number of linear iterations per NR iteration of the coupled GasLib-4197 and case9241pegase networks,
with different coupling configurations, using 3-level overlap RAS preconditioned GMRES.

P2G GFG| 0 1 2 3 4

1.00 | 2.00 - 2.00 | 2.00
147 | 214 | 293 | 2.36 | 2.36
147 | 3.64 | 414 | 3.47 | 4.07
135 | 3.13 | 2.31 | 4.23 | 4.21

WiN=-0

Based the data presented in Table 10.2 and Table 10.3, it appears that a coupled network with one-
sided interaction requires less linear iterations for convergence than when there is two-sided interaction.
When there is one-sided interaction, the maximum number of average linear iterations per NR iteration
for both considered cases is 2. When there is two-sided interaction, the minimum observed average
number of linear iterations is 2.14.

10.3. Effect of Coupling

The coupling configuration directly influences the singular values of the preconditioned Jacobian. The
effect of the coupling configuration is investigated by considering the RAS preconditioner applied to the
(initial) Jacobian of coupled networks, containing n coupling units. The number of P2G units is denoted
with ny, as they require a known voltage magnitude |V|. The number of GFG units is denoted with n,,,
as they require a fixed nodal pressure p. We thus have n = ny, + n, as the total number of coupling
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units present in the coupled network.

It is observed that the number of singular values o; of the RAS preconditioned Jacobian such that
o; # 1, is always 2n. More precisely, there are n singular values such that ; < 1, and n singular
values such that g; > 1. The order of magnitude of singular value g; # 1 is associated with the type of
coupling unit. P2G units result in o; # 1 that are less extreme than GFG units. The singular values of
the RAS preconditioned initial Jacobian of the coupled GasLib-40 and case89pegase network with 9
different coupling configurations are given in Figure 10.9. Per row of images in the figure, the number
of P2G units is fixed. Per column, the number of GFG units is kept fixed. Singular values that are not
exactly one are indicated with a red colour. Figure 10.9a is the case where no coupling between the
networks exist, so that they are solved separately. The RAS preconditioner computes the update of
each SC network component directly. This preconditioner is thus exactly the Jacobian inverse.
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Figure 10.9: Singular values of the RAS preconditioned Jacobians of the coupled GasLib-40 and case89pegase networks with
different coupling configurations, evaluated at initial iterate x,, using a 2-level overlap. Singular values o; = 1 are given in blue,
when o; # 1, they are given in red.
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Each time a coupling unit is added, a new singular value pair appears, consisting of a g; smaller than
one, and o; larger than one. The singular value pairs associated with GFG units are of larger magni-
tudes than those associated with P2G units. The largest cluster of singular values larger than one is
of size n,,, the second cluster of g; > 1 lying between the largest cluster and 1 is of size n,. Similarly,
the cluster of smallest o; is of size n,, the second cluster of g; < 1 lying between the smallest cluster
and 1 is of size ny.

The exact value of the g; # 1 associated with individual coupling units depends on several factors,
listed in the paragraphs below. These factors are associated the node type change of the SC node as
well as which node the coupling unit is connected to. When the same coupling configuration is used,
but the exact value of the voltage magnitude of the PQV electrical node is varied, the associated sin-
gular values also vary slightly, but remain of the same order. When the reference pressure of the gas
reference load node is adjusted, the associated singular values do not change. The final solution does
depend on the reference pressure of the reference load node.

The singular values associated with GFG units are of larger magnitude than those associated with
P2G units. Both coupling units are modelled using similar but different equations, namely

FEZG =n=*P, —GHV*q,,
F?FG =P.—n*GHV*q,,

where GHV is the gross heating value of the gas, and 0 < n < 1 the efficiency of the unit. For all
coupling units, the efficiency is set at n = 0.8. Adjusting the efficiency affects the singular values of the
coupling units, but the order of magnitude remains the same.

Additionally, the introduction of other coupling units within the coupled network has an effect on the
exact value of the singular values associated with the coupling units. For example, the singular values
depicted in Figure 10.9g correspond to the case where 2 P2G units are included. In Figure 10.9h, a
GFG is added to the network. A new singular value pair associated with the GFG unit can be observed,
but the singular value pairs of the P2G units have also changed, despite there being no change in the
coupling with these P2G units.

The difference in order of magnitude of the singular value pairs of P2G units compared to GFG units is
not associated with the equations that model these conversion units, but with the node type changes
associated with them. When a GFG unit is present in a coupled network, but the node type change is
in the voltage magnitude of an electrical node, the magnitude of the singular values is not as extreme
and of the same order as the singular value pairs observed with P2G units. Conversely, when a P2G
unit is used for coupling, but the pressure of a gas node is assumed known, the singular value pairs are
similar to those usually associated with GFG units. Although the coupling unit (equation) influences
the value of its corresponding singular values, its order is determined significantly by the node type
change.

10.4. Effect of the Overlap

For SC energy networks, the increase of overlap used during the construction of the basic AS or RAS
preconditioners improves the effectiveness of the preconditioner. It results in a lower condition number
of the initial preconditioned Jacobian and fewer linear iterations required to solve the linearised sys-
tems. On the other hand, the cost of construction is more expensive as the local systems are larger.
The effect of changing the level of overlap in the RAS application to coupled energy networks is in-
vestigated by considering the coupled GasLib-40 and case89pegase networks, with one P2G and one
GFG coupling unit.

Table 10.4 shows the condition number and singular values not equal to 1, of the initial RAS pre-
conditioned Jacobian of the coupled GasLib-40 and case89pegase networks, using varying levels of
overlap. For each overlap-level, the number of eigenvalues not equal to one remains 4, which is twice
the number of coupling units. Increasing the level of overlap results in a reduction of the condition
number. Despite the decrease in condition number, the number of linear iterations required to solve
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the linearised systems remains the same when the overlap is varied, which is 3 iterations.

Table 10.4: Singular values, condition number and relative sub-system sizes of the coupled GasLib-40 and case89pegase
networks, with one P2G and one GFG unit, using RAS preconditioned GMRES with varying overlap levels.

Overlap | Cond. number Smallest SVs Largest SVs Sub-system size
1-level 3.78-10° 2.04-10% 3.27-10° | 3.06-1071,5.40- 107> 35.9%, 68.5%
2-level 5.78 - 107 7.99-10%,2.56-10° | 3.91-107%,1.38-107* 48.6%, 72.1%
3-level 6.38 - 107 8.09-10%,1.62-10° | 6.18-107%, 1.27 -107* 72.9%, 76.1%
4-level 2.09-107 4.60-10%,1.19-10° | 8.41-1071,2.20-107* 86.6%, 79.7%

The effect of adjusting the overlap level in the RAS construction is also investigated by applying the
RAS preconditioner in the solution process of the GasLib-2607 and case2869pegase network, coupled
with one P2G and one GFG unit. Interestingly, the overlap level has an effect on the number of NR
iterations required, and therefore the total number of linear iterations. The NR convergence history
in the cases of 1-level and 2-level overlap are given in Figure 10.10. The convergence history of the
3-level overlap case is the same as the 2-level overlap case. This difference in NR convergence as
a result of the overlap has not been observed for SC energy networks. Up until the 11th NR iteration,
the residual is similar for both levels of overlap. After the 11th iteration, the residual of the 1-level case
shows super-linear convergence. The 2-level overlap case appears to converge super-linearly until
iteration 12, but converges linearly after iteration 12.

Table 10.5: Convergence history of the coupled GasLib-2607 and case2869pegase network, with one P2G and one GFG unit,
using RAS preconditioned GMRES with varying overlap levels.

Overlap | NR iterations | Total linear iterations | Final residual
1-level 15 55 3.620585 - 10~
2-level 18 66 9.950998 - 1077
3-level 18 69 9.774059 - 10~
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2-level
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102
10° 4

10724 \

1044

Residual

1076

0.0 25 5.0 7.5 10.0 12.5 15.0 17.5
Newton-Raphson Iteration

Figure 10.10: NR convergence history of the coupled GasLib-2607 and case2869pegase network with one P2G and one GFG
unit. The linearised systems are solved with RAS preconditioned restarted GMRES, using 1- and 2-level overlap.

10.5. Effect of Network Elements

In the GasLib gas network datasets, network components can have several effects on the construction
and effectiveness of the AS and RAS preconditioners, see Section 9.1.2 and Section 9.3.2. These
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effects also hold for coupled networks in general. In this research the coupled network is always par-
titioned into two subdomains such that the first subdomain contains all gas network elements, and the
second all electrical network elements. As a result, only the second subdomain with all electrical com-
ponents will have an overlap such that gas network links become boundary links. The construction of
the AS and RAS preconditioners for coupled networks can fail as a result of a singular sub-system Ja-
cobian, due to gas network elements on the boundary of the subdomain. The causes for such singular
sub-system Jacobians observed in SC gas networks are:

» Compressors: Two or more compressors as boundary links connected to the same node.

 Zero link flow: Two or more links as boundary links connected to the same node that have very
small or zero gas mass flow through them.

For coupled networks, there is a new issue that can arise during the AS or RAS preconditioner con-
struction that results in a singular Jacobian matrix. When a GFG is present in the coupled network,
the gas node the GFG is connected to is changed from a load node to a reference load node by fix-
ing its nodal pressure. When the reference load node is connected to a compressor or another link
element with very small or zero gas mass flow through the link, a singular sub-system Jacobian can
occur when a 1-level overlap is used. A compressor is modelled using the following relation between
the nodal pressures p; = rp;, where constant r depends on the compressor unit. There is no gas mass
flow variable g, present in the link equation. In the Jacobian matrix we thus have dF%/dq;, = 0. The
only non-zero components in the row of the Jacobian corresponding to the link flow Ff are dF% /dp; and
aF,g/ap,-. When the node type of one connected node, say node i, is changed to a reference load node,
the nodal pressure is fixed. Therefore, dF%/dp; no longer appears in the Jacobian matrix. Additionally,
when the other connected node j is not contained in the subdomain, its nodal pressure p; is assumed
fixed during the local solve. Therefore, aF,g/apj no longer appears in the Jacobian matrix. As a result,
the row in the Jacobian corresponding to link flow F% is a zero row. A local update can only be com-
puted when the nodal pressures p; and p; are such that the compressor equation p; = rp; is already
satisfied. If not, the local update cannot be computed. To prevent the occurrence of this situation, an
overlap level of 2 or higher can be applied. When the overlap is 2 or higher, it cannot occur that a link
is a boundary link that is connected to a reference load node.
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Conclusion and Discussion

This research examines the performance of the additive Schwarz (AS) preconditioner when applied in
the solution process of steady-state load flow equations of gas, electricity and coupled energy networks.
This methodology and setup of the research is described in Chapter 8. The experiments performed
for single-carrier (SC) gas and electricity networks are presented in Chapter 9, where the results are
elaborately discussed for small-scale as well as large-scale datasets. The application of the AS pre-
conditioner to coupled networks is analysed in Chapter 10.

This chapter states the conclusions drawn from the experiments and observations done in this research.
The general conclusions are given in Section 11.1. The research questions stated in Section 1.3 are
answered using the conclusions in Section 11.2. Finally, the limitations and possibilities for further
research are discussed and elaborated on in Section 11.3.

11.1. Conclusions

The results and observation of the application of the AS preconditioner to energy networks are pre-
sented in Chapter 9 and Chapter 10. From these observations, several conclusions can be drawn that
aid in answering the research questions, focussing on the partitioning strategy, the various AS types
and coupling of energy networks. Additionally, during the research several observations lead to insight-
ful conclusions on the general application of the AS preconditioner, such as the effect of certain gas
network elements and the effect of reusing a previous restricted additive Schwarz (RAS) preconditioner.
This section briefly presents the main conclusions from this research.

11.1.1. Gas Network Elements
Gas network link elements can negatively affect the performance of AS preconditioning, by resulting in
a preconditioner construction failure and by creating significant errors.

* Resistors are sensitive to pressure differences when computing updates. When acting as a
boundary link, the risk of large pressure differences and gas mass flow beyond standard val-
ues increases, potentially worsening the preconditioned Jacobian conditioning.

* If two or more compressors are boundary links connected to the same node, the sub-system
Jacobian matrix becomes singular, preventing the preconditioner construction.

« If two or more boundary links connected to the same node converge to zero-valued gas mass flow,
the sub-system Jacobian matrix becomes singular, preventing the preconditioner construction.

« If a compressor is a boundary link such that the internal node is a reference load node, the pre-
conditioned sub-system Jacobian matrix becomes singular, preventing the preconditioner con-
struction.

It is shown that these issues can be mitigated by choosing a partition such that none of the situations
mentioned above can occur. Alternatively, when the preconditioner construction fails during a later

114
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iteration, the most recent constructed preconditioner can be reused in later Newton-Raphson (NR)
iterations. When boundary link elements result in large errors, the RAS variant minimises the effect on
the preconditioner quality.

11.1.2. Partitioning Strategy
The employed partitioning strategy affects the convergence of the linearised systems solved using
AS/RAS preconditioned restarted generalized minimum residual (GMRES) method.

Increasing the number of subdomains increases the number of linear iterations, due to a slower in-
formation propagation. With a higher number of subdomains, the number of local updates to compute
is also higher, but each local update is cheaper to compute, compared to having fewer subdomains.
Increasing the level of overlap decreases the number of linear iterations, due to a faster information
propagation, but increases the computation cost of each local update. To achieve accurate and fast
load flow solutions, one should thus balance by choosing the minimum number of subdomains, com-
bined with the largest overlap level such that the cost of computation is reasonable.

The partitioning algorithm used to determine the subdomains affects the AS preconditioner perfor-
mance. A multi-level partitioning algorithm improves the performance of the AS preconditioner com-
pared to an unstructured method. When the proximity of nodes is considered during partitioning, the
ratio of internal and overlap nodes is more controllable. Performance differences between ParMETIS
and CHACO are network-dependent and negligible.

11.1.3. AS Types

RAS is the preferred variant for energy networks simulations, out of the basic, interpolated and restricted
variants, as it generally yields in the lowest number of linear iterations for restarted GMRES to converge.
Additionally, boundary elements in gas networks can cause errors that significantly impact the quality of
the basic AS and interpolated variants. When RAS is used, these errors are not sufficiently propagated
to affect the RAS preconditioner quality.

11.1.4. Reusing a Previous RAS Preconditioner

Reusing a previous RAS preconditioner in a later NR iteration can successfully be applied in the solution
process the steady-state load flow equations of SC gas and electricity networks, particularly when RAS
preconditioner construction is expensive or fails during a later NR iteration.

* In the application of gas networks, reusing a previous RAS preconditioner increases the number of
linear iterations required significantly. Reusing a later RAS preconditioner lowers the total number
of linear iterations and restarts. When the second or a later RAS preconditioner is reused, the
effect on the final residual is minimal.

+ In the application of electricity networks, reusing a previous RAS preconditioner does not increase
the number of linear iterations significantly. Additionally, the effect on the final residual is minimal.
There are no significant differences on solver performance when reusing the initial or a later RAS
preconditioner. It is therefore recommended to reuse the initial RAS preconditioner to reduce the
total computational costs.

11.1.5. Coupling

In coupled energy networks, the conditioning of the original and RAS preconditioned Jacobian matrices
is worsened when a reference load node is added to the network. The RAS preconditioned initial
Jacobian matrix of a coupled network containing n coupling units has n singular values g; < 1 and
n singular values g; > n. All other singular values are exactly 1. When more coupling units are
introduced in a coupled network, the average number of linear iterations of RAS preconditioned GMRES
increases per NR iteration. In a coupled network with two-sided interaction, the average number of
linear iterations required for convergence with RAS preconditioned restarted GMRES per NR iteration
is higher compared to coupled networks with one-sided interaction.
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11.2. Research Questions

This section answers the research questions posed in Section 1.3 based on the results in Chapter 9
and Chapter 10, and conclusions of Section 11.1. First, the four sub-questions are answered, after
which the main research question is discussed.

11.2.1. Sub-Questions
The first sub-question is focussed on SC energy networks, and is formulated as:

How does an additive Schwarz preconditioner perform when solving steady-state load
flow equations of gas and electricity networks separately?

From the research done in this thesis it was found that the AS preconditioner successfully accelerates
the linear convergence of the linearised systems of the gas and electricity networks, compared to not
using a preconditioner. The final NR residuals do not significantly differ compared to using a direct
solve. The AS preconditioner is algorithmically scalable, where the number of linear iterations grows
at a much lower rate than the problem size, maintaining feasibility for large gas and electricity load flow
problems. When applying AS to gas networks, one should consider the effects certain gas network
elements have on the AS preconditioner quality. For both gas and electricity networks, tuning the AS
hyperparameters affects its exact effectiveness.

The second sub-question considers the partitioning strategies, and is given by:

How do different partitioning strategies affect the performance of the additive Schwarz
preconditioner when solving steady-state load flow equations of gas, electricity and
coupled networks?

Using a structured partitioning algorithm such as ParMETIS and CHACO for the gas and electricity
networks improves the AS performance compared to not considering the energy network graph. The
differences in AS performance between using the ParMETIS and CHACO algorithms are not signifi-
cant. The partitioning strategy used for coupled networks in this research is limited to a carrier-based
partition. Therefore, the effect of various partitioning strategies for coupled networks cannot yet be
quantified.

The third sub-question concerns the AS variants, and states:

How do the basic, interpolated and restricted variants of the additive Schwarz
preconditioner compare when solving steady-state load flow equations of gas, electricity
and coupled networks?

For gas, electricity and coupled networks, the RAS preconditioner is preferred over the basic AS and
interpolated AS variants in terms of performance. The RAS preconditioner generally results in less lin-
ear iterations. Additionally, for gas and coupled networks, the RAS variant prevents errors associated
with certain boundary link elements to negatively affect the preconditioner quality. In coupled networks,
the non-extreme singular values of the RAS preconditioned Jacobian matrix are more tightly clustered
around one, compared to using the basic AS preconditioner.

The fourth sub-question focusses on coupled networks, and is stated as:

What is the effect of coupling gas and electricity networks on the performance of the
additive Schwarz preconditioner when solving steady-state load flow equations of coupled
networks?

The introduction of reference load nodes in the gas network component of a coupled network worsens
the conditioning of the original and preconditioned initial Jacobian matrices. A higher number of cou-
pling units generally increases the number linear iterations to solve the linearised system with the RAS
preconditioned restarted GMRES solver.
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11.2.2. Main Research Question
Recall the main research question:

How does an additive Schwarz preconditioner perform when applied to a Krylov solver
in the solution process of the steady-state load flow equations of large scale coupled
gas-electricity energy networks?

From the research done in this thesis it was found that the AS preconditioner performs well when
applied to restarted GMRES as the linear solver during the solution process of the steady-state load flow
equations of large-scale SC and coupled gas-electricity energy networks. The AS preconditioner results
in an algorithmically stable solution process, that maintains feasibility for large energy networks. The
hyperparameters affect the exact AS preconditioner performance, but most parameter combinations
successfully accelerate the solution process compared to an un-preconditioned linear solver. This
preconditioning method is robust and not sensitive to parameters choices. The application of AS to
coupled networks show good initial results in terms of accuracy, cost and scalability.

11.3. Limitations and Further Research

In addition to the results and conclusions, there are some limitations of this research, and recommen-
dations for further research into AS preconditioning in energy networks, discussed in this section.

11.3.1. Parallel Implementation

The AS preconditioners considered in this research were not implemented using parallelisation tech-
niques. An advantage of using the AS preconditioner is the possibility to execute computations in
parallel, improving the speed of the solution process. Although it was not within the scope of this the-
sis, in further research the current implementation of the AS preconditioner can be adjusted to allow
parallel computations in order to investigate its parallel performance. It is expected however, that for
the network sizes considered in this research, the parallel implementation will not yet significantly re-
duce the total solution time. Larger test network datasets are required in order to gain advantage from
using parallel computations.

11.3.2. Test Network Data

The AS preconditioner performance was analysed using the GasLib and PandaPower datasets, con-
sisting of synthetic and real-life scenarios and data. These datasets both consist of various networks
the preconditioner performance was tested on, including smaller and larger networks. However, the
largest networks considered for gas, electricity and coupled networks are not as large as the large-
scale networks encountered in industry.

There were several choices made in constructing the coupled test network datasets that limit the va-
riety of coupled networks used in this research. A coupled network consists of one gas component
and one electricity component. This choice was made to simplify implementations and to initiate the
research into modelling coupled energy networks with relatively simple cases. Coupled networks that
consist of multiple gas and/or electricity components were not considered. Future research could fo-
cus on extending the coupled network datasets in order to study the performance of various solvers
and preconditioners in their solution processes, including the AS preconditioner as constructed in this
research.

11.3.3. Partitioning of Single-Carrier Networks

In this research, graph-based partitioning methods were used, that do not consider the underlying
physics of the energy networks or the node type. The employed multi-level partitioning algorithms aim
to balance the number of nodes in each subdomain. The local sub-systems that are solved during the
AS preconditioner construction consist of the subdomains with added overlap. Even when the number
of nodes is spread evenly among the subdomains without overlap, the number of Jacobian compo-
nents in the corresponding sub-systems can vary significantly, especially for higher overlap levels. A
partitioning algorithm can be constructed with the aim of balancing the number of components of the
sub-systems corresponding to the subdomains. This would imply considering the number of equations
and variables associated with each node, as well as considering the overlap during partitioning. Further
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research is required to determine such an algorithm, but also to investigate whether the impact of such
a partitioning algorithm is significant in the AS preconditioner performance, especially for large-scale
networks.

Additionally, in order to prevent certain instances that result in singular sub-system matrices, a par-
titioning strategy can be considered that takes the gas network components into account during the
partitioning process, with the additional aim to prevent issues observed in this research. For example,
a partition can be made such that when two or more compressors are connected to the same node, at
most one of those can become a boundary link.

11.3.4. Partitioning of Coupled Networks

For this research the choice was made to partition coupled networks based on carrier, in order to initially
investigate the effect of coupling on the AS performance. Since all coupled networks consist of one
gas network component and one electricity network component, there are always two subdomains
when constructing the AS preconditioners. Research into the performance of the AS preconditioner
in the solution process of coupled networks can be expanded further by considering other partitioning
strategies. Several possibilities are given by:

» The current carrier-based partition of coupled networks can be expanded by further partitioning
the SC gas and electricity components. This will result in four types of subdomains. Subdomains
with only gas components, subdomains with gas components, gas dummy links and coupling
nodes, subdomains with only electrical components and subdomains with electrical components,
electrical dummy links and coupling nodes.

An alternative partitioning strategy can be applied to coupled networks such that the coupled
graph structure is considered, not necessarily the carrier type of the nodes. Note that a limitation
of this partitioning strategy is that when a coupling node is included in a subdomain, the node with
the corresponding node type change should be included in the same subdomain in order for the
system to be square. Moreover, new scenarios can arise where certain gas network boundary
links can result in singular sub-system Jacobians. Especially the combination of compressors
and reference load nodes should be considered.

11.3.5. Linear Solver and Stopping Criteria

The linear solver used in this research is restarted GMRES, specifically the implementation in the Scipy
library. The stopping criteria used in this solver affect the number of linear iterations, as well as the final
residual. In this research, the effect of different stopping criteria and linear solution methods was not
investigated due to a focus on the AS preconditioner performance. Further research can consider
various stopping criteria, tolerances and linear solvers to further improve computational cost, speed
and accuracy of the solution process, as is done in [22], potentially differentiating between carrier type.

11.3.6. Two-Level Additive Schwarz Preconditioning

This research contained the basic, interpolated and restricted AS variants, that differ in the way the local
updates are used in the preconditioner construction. Further research can expand the investigation of
the AS performance by considering the 2-level AS preconditioner, given as

N
T
Mido, = ) RS AT'RE + 074,

i=1

where @ and A’ refer to coarse network Jacobian matrices and restriction operators [9, 58]. When
the coarse network graph is introduced, the communication between subdomains is likely improved.
It can be investigated whether more subdomains of smaller size, whose local updates are cheaper to
compute, can be used, without increasing the number of linear iterations compared to not using the
coarse correction. Research into this topics has to include determining a method to find an appropriate
coarse representation of an energy network graph and corresponding load flow equations.
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11.3.7. Modelling of Energy Networks

In modelling of energy networks and translating the physical systems to load flow equations, assump-
tions and choices have to be made. These modelling choices are made to simplify the governing
equations and corresponding computations. This research considers steady-state load flow, where
there is no time-dependence. Although it was not within the scope of this research, future research
can apply the AS preconditioner to transient energy network models or energy network models where
different assumptions were made.
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The Bi-Conjugate Gradient (Bi-CG) and
Bi-Conjugate Gradient Stabilized
(Bi-CGSTAB) Methods

The Bi-CG and Bi-CGSTAB methods are both Krylov subspace methods (see Section 5.3.1), where the
computation of the orthogonal basis of the Krylov subspace is based on Lanczos’ bi-orthogonalisation
method. This Appendix first provides the Lanczos’ bi-orthogonalisation method, after which the Bi-CG
and Bi-CGSTAB method are derived.

A.1. Lanczos’ Bi-Orthogonalisation Algorithm

Lanczos’ bi-orthogonalisation algorithm forms dual bases of the right subspace X, (4, r,) and left sub-
space K (A7, r,) that satisfy the bi-orthogonality condition where each left vector w; is orthogonal to all
right vectors v;, except v;. This is done by multiplying previous basis vectors v, and w;, by 4 and AT,
respectively. As a result of the bi-orthogonality, Av, and A"w,, is spanned by a linear combination of
the previous two basis vectors and a new residual component. These new vectors are computed and
orthogonalized against the previous two vectors in each sequence. As a result, the dual bases 1, and
W, satisfy the relation W'V, = I. The bi-Lanczos algorithm results in the following relations,

AV = Vi Ty + Syrviey, ATWy = Wi Ty + Bryawiey, WAV =Ty, (A1)

where Ty is a tri-diagonal matrix. The bases V,, and W,, are dual and as a result, the projection of the
coefficient matrix A from the oblique projection process onto K, (A7, r,) and orthogonally to K (4, 1),
is a tri-diagonal matrix. It follows that solving systems with T, is cheaper than solving systems with A.

A.2. The Bi-Conjugate Gradient (Bi-CG) Method

The bi-conjugate gradient (Bi-CG) method is a Krylov subspace method used for solving linear systems
of equations. The iterations are based on Lanczos’ bi-orthogonalization method. The algorithm there-
fore not only solves the system Ax = f, but also the dual system ATx* = f*. It is a projection method,
taking K = X (4, v,), the Krylov subspace, and £ = X, (47, w,). The procedure for computing the k-th
iterate with Bi-CG is given in Algorithm 7. The algorithm makes use of the bi-orthogonality properties
in computing the next iterate. The relation in (5.12) also holds here and therefore the k-th iterate is
computed as

X = Xo + VY = Xo + Vi T ' (Bey), (A.2)

where T}, is tri-diagonal. Denote the LU factorization of T, as T, = L, U,. A substitution of this LU
factorization into (A.2) leads to
Xr = Xp + szk' (A3)
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where P, = V.U, and z;, = L;;*(Be,). Due to the short recurrences from the bi-orthogonality property,
the matrix Py, is structured as

Py = [Px—1,Prl,
where column p; can be computed from the previous p,_, and v,. Similarly, the vector z,, is structured
as
Zk = |:ZIE]:1 )

where entry {; can be computed from {,_;. As a result, (A.3) is equivalent to

X = Xp—1 + (xPrs

so the next iterate x;, can be computed using the previous iterate.

From the derivations above and the bi-orthogonality we thus have the following original and dual iden-
tities

Xpr1 = Xk + QxPr, Tiw1 =T — AP, Pr+1 = Tiw1 + BiPro

Xipr = X + 0P, Ty =T — AP, Pisr = Tiwr + BiPr-
Using the bi-orthogonality properties and substitution, it is determined that the constants « and g are
given as

(A.4)

(T, 1) e (M1, Tegr)
oy B =B —(
(APr, Pr) (T, 1)
In Algorithm 7, these coefficients are computed and used to update the previous iterate. The solution
of the dual problem x;, is not explicitly computed in Algorithm 7, since it is not directly needed in the
computation of x;,. However, if one would want to simultaneously solve the dual problem, only the line
Xy11 = Xy + aipy, has to be added.

ay = ay =

Algorithm 7 Bi-conjugate gradient method (Bi-CG) algorithm

1: Choose initial guess x,

2: 1y = f — Ax,, choose ry such that (ry, ry) # 0
3: pg =Tp, Py =Ty

4. forj=1,2,..,kdo

)

5: a; = "
T (4apip))
6: Xj+1 = Xj + ajp]
T Gr =6 - GAp;
8: Iy =1 — A Ppj
(rjr1ryq)
o Py = Ll

(rjrp)

10: Pj+1 = Tjt1 T BiPj
1 Pjyr = Ty + BPj
12: end for

A.3. The Bi-Conjugate Gradient stabilized (Bi-CGSTAB) Method

In the Bi-CG method, the coefficient matrix transpose AT occurs in the computation of the coefficients ay
and .. However, in some applications this transpose is not available, motivating to consider transpose-
free methods. Additionally, these transpose-free methods can converge faster for roughly the same
computational costs. The bi-conjugate gradient stabilized (Bi-CGSTAB) method can be found in Al-
gorithm 8 and is an iterative, transpose-free Krylov method that stabilizes the convergence behaviour
seen in Bi-CG [60]. In Bi-CGSTAB, iterates are produced whose residual vectors are of the form

;. = Y (A)p(A)ry,

where ¢ (t) is the Bi-CG residual polynomial and Yy (t) the newly introduced stabilization polynomial.
This stabilization polynomial aims to smooth the convergence behaviour of the Bi-CG algorithm and is
defined recursively,

Yie (1) = (1 — wgt)Yp_1(t).
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Adding this stabilization polynomial to the identities of the original problem in Bi-CG as in (A.4), one
gets the following residual and conjugate updates

Ty = (I — 0 A (T, — @ APr),  Pi1 = kg1 + B — 0 A)Pie-

The computation of the coefficients a;, and S, are rewritten algebraically such that direct application of
AT is not needed. The full derivation is given in [60] and in Chapter 7 of [49]. The parameter w,, that
occurs in the stabilization polynomial is chosen such that a steepest descent step is achieved in the
residual direction.

The Bi-CGSTAB method has faster iteration times than generalized minimum residual (GMRES) and
uses less memory. However, it is less robust than GMRES, especially when the (non-symmetric) co-
efficient matrix is ill-conditioned.

Algorithm 8 Bi-conjugate gradient stabilized method (Bi-CGSTAB) algorithm

1: Choose initial guess x
2. 1y = f — Ax,, choose rj such that (ry, ry) # 0

3: po = ro,
4: forj=1,2,..,kdo
5 _ (rjrg)

o =
T (apjrg)

6 5= rj(A_s ij‘;‘lpj
£ Wi = (As-j:éls]-)
2]
8 Xj+1 = Xj + (Z}p] + (A)jS]
9 rj+1 = Sj —*(J)jASj
10 py=CL D

(rj.r5) wj
M Pjy1 =T + Bi(pj — wjAp))
12: end for




Energy Network Data and Graphs

This chapter contains the graph representation of the test networks considered in this research. Sec-
tion B.1 contains the directed graphs of the GasLib datasets, Section B.2 contains the undirected graphs
of the PandaPower datasets.

B.1. GasLib

This section contains a selection of the GasLib datasets graph network representations used in this
research. The GasLib datasets are elaborated on further in Section 8.1. In the graph network repre-
sentations a blue node represents a source, a red node represents a sink, and a black node represents
a junction. The green link is a gas pipe (high and low pressure), a yellow link a compressor station and
a pink link a resistor, short pipe or (control) valve.

GasLib-11 Network Graph

Figure B.1: Network graph of the GasLib-11 dataset. A blue node represents a source, a red node a sink and a black node a
junction.
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GasLib-24 Network Graph

o<

Figure B.2: Network graph of the GasLib-24 dataset. A blue node represents a source, a red node a sink and a black node a
junction.

GasLib-40 Network Graph

Figure B.3: Network graph of the GasLib-40 dataset. A blue node represents a source, a red node a sink and a black node a
junction.
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GasLib-135 Network Graph

(]

¥

Figure B.4: Network graph of the GasLib-135 dataset. A blue node represents a source, a red node a sink and a black node a
junction. A compressor station is indicated with an orange link colour.
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GasLib-582 Network Graph

Figure B.5: Network graph of the GasLib-582 dataset. A blue node represents a source, a red node a sink and a black node a
junction. A compressor station is indicated with an orange link colour.
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B.2. PandaPower

This section contains a selection of the PandaPower datasets graph network representations used in
this research. The PandaPower datasets are elaborated on further in Section 8.1. The node locations
and link lengths are not pre-determined. As a result, the graph representation is schematic, and not
realistic to scale. In the graph network representations a blue node represents a PQ node, a red node
represents a PV node, and a green node represents slack node.

Case9 Network Graph

Figure B.6: Network graph of the case9 dataset. A blue node represents a PQ node, a red node a PV node, and a green node
the slack node.

Case14 Network Graph

Figure B.7: Network graph of the case14 dataset. A blue node represents a PQ node, a red node a PV node, and a green node
the slack node.
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Case30 Network Graph

Figure B.8: Network graph of the case30 dataset. A blue node represents a PQ node, a red node a PV node, and a green node
the slack node.

Case89pegase Network Graph
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Figure B.9: Network graph of the case89pegase dataset. A blue node represents a PQ node, a red node a PV node, and a
green node the slack node.



Coupled Energy Network Data

This chapter contains an overview of the coupling possibilities of the GasLib and PandaPower datasets
when constructing a coupled energy network. The restrictions on available nodes for coupling power-
to-gas (P2G) and gas-fired generator (GFG) units is described in more detail in Section 8.2.2.

Table C.1: Maximum number of P2G and GFG coupling units that can be connected to a gas network in the GasLib database.

GasLib Network | Max. P2G units | Max. GFG units
GasLib-11 1 3
GaslLib-24 2 5
GaslLib-40 2 29

GasLib-135 5 99
GasLib-582 11 50
GasLib-2607 30 230
GasLib-4197 39 747
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Table C.2: Maximum number of P2G and GFG coupling units that can be connected to an electrical network in the

PandaPower database.

Pandapower Network | Max. P2G units | Max. GFG units
case4gs 2 0
caseb 1 0
casebww 3 0
case9 3 0
casel4 7 0
case24 ieee_rts 8 0
GBreducednetwork 5 0
case30 17 0
case_ieee30 16 0
case33bw 32 0
case39 19 0
case57 32 0
case89pegase 24 4
case118 48 0
case145 7 0
iceland 45 0
case_illinois200 105 0
case300 133 8
case1354pegase 6 0
case1888rte 867 64
GBnetwork 229 35
case2848rte 1307 160
case2869pegase 33 84
case3120sp 2035 0
case6470rte 3209 447
case6495rte 3138 327
case6515rte 3167 311
case9241pegase 89 91




Test Networks Solver Configuration Data

This chapter contains an overview of the performance of various linear solver configurations for the test
networks of the GasLib and PandaPower datasets. The total solution time was measures by taking the
average of 100 solution cycles. Table D.1 and Figure D.1 present the solution times, final residuals and
iteration counts of the GasLib datasets. Similarly, Table D.2 and Figure D.2 present the solution times,
final residuals and iteration counts of the PandaPower datasets.

Table D.1: Combined performance overview comparing solution times, final residuals, and solver-specific parameters across
different linear solver configurations.

Network Metric / Param. Direct (LU) GMRES (Un-pre.) GMRES + ILU(t) GMRES + RAS
NR its. 4 4 4 4
Tot. linear its. - 84 16 20
GasLib-11 Final Residual 2.788751 - 10712 3.090020 - 10712 3.090019 - 10712 3.090013 - 10712
Solution Time 7.6 - 1073 sec. 3.3-1072 sec. 1.3-1072 sec. 2.1-1072 sec.
Hyperparam. - - t=1 4 sub /2 ovlp.
NR its. 3 3 3 3
Tot. linear its. - 144 3 24
GaslLib-24 Final Residual 2.994329 - 10710 2.994329-1071° 2.994333 - 10710 7.492076 - 1078
Solution Time 6.4-1073 sec. 4.4-1072 sec. 8.4-1073 sec. 2.2-1072 sec.
Hyperparam. - - t=4 4 sub /2 ovlp.
NR its. 5 5 5 5
Tot. linear its. - 420 5 55
GasLib-40 Final Residual 7.492161-1078 7.492161-1078 7.492161- 1078 7.492076 - 1078
Solution Time 1.1-1072 sec. 1.9-1071 sec. 1.5-1072 sec. 3.9-1072 sec.
Hyperparam. - - t=5 4 sub /2 ovlp.
NR its. 9 9 9 9
Tot. linear its. - 2,736 10 169
GasLib-135 Final Residual 3.477431-1077 3.477431-1077 3.477431-1077 3.477431-1077
Solution Time 3.2-1072 sec. 3.6 -10° sec. 4.2-1072 sec. 1.3-1071 sec.
Hyperparam. - - t=5 5sub /3 ovlp.
NR its. 14 15 14 14
Tot. linear its. - 17,849 56 93
GasLib-582 Final Residual 2.428902 - 1077 1.504489-107° 2.428902 - 1077 2.428901-1077
Solution Time 1.3-1071 sec. 9.3- 10" sec. 1.7 -1071 sec. 2.9-1071 sec.
Hyperparam. - - t=5 3sub/2ovlp.
NR its. - - - 16
Tot. linear its. - - - 700
GasLib-2607 Final Residual - - - 3.964603 - 1077
Solution Time - - - 3.1-10° sec.
Hyperparam. - - - 4 sub /2 ovlp.
NR its. 13 18 13 13
Tot. linear its. - 155,908 149 543
GasLib-4197 Final Residual 8.509677 - 1077 8.132072-1077 8.509708 - 1077 8.509359- 1077
Solution Time 3.7 -10° sec. 7.2 - 103 sec. 1.2 -10° sec. 3.7 -10° sec.
Hyperparam. - - t=5 4 sub /2 ovlp.
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104 —e— Direct (LU) solve
—— Unpreconditioned GMRES(m)
—— ILU(5), GMRES(m)

—8— AS, GMRES(m)
103 4
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Figure D.1: Solution times as a function of the problem size for the GasLib datasets, with different linear solver configurations.
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Table D.2: Combined performance overview comparing solution times, final residuals, and solver-specific parameters across
different linear solver configurations for PandaPower datasets.

Network Metric / Param. Direct (LU) GMRES GMRES + ILU(t) | GMRES + RAS
(Un-pre.)
NR its. 3 3 3 3
Tot. linear its. - 42 6 9
case9 Final Residual 8.853004 - 107 | 8.853004-10"7 | 8.853004-10"7 | 8.853004-1077
Solution Time 7.7 - 1073 sec. 2.0-1072 sec. 1.1-1072 sec. 1.5-1072 sec.
Hyperparam. - - t=1 4 sub /2 ovlp.
NR its. 3 3 3 3
Tot. linear its. - 66 24 21
casel4 Final Residual 1.023082 - 1077 1.023082 - 1077 1.023082 - 1077 1.023082 - 1077
Solution Time 9.0-1072 sec. 2.4-1072 sec. 1.6-1072 sec. 1.8-1072 sec.
Hyperparam. - - t=1 4 sub /2 ovlp.
NR its. 3 3 3 3
Tot. linear its. - 159 78 39
case30 Final Residual 1.603518 - 107° 1.603485 - 107° 1.603475-107° 1.603474-107°
Solution Time 1.0-1072 sec. 5.4-1072 sec. 2.8-1072 sec. 2.8-1072 sec.
Hyperparam. - - t=1 4 sub /2 ovlp.
NR its. 4 4 4 4
Tot. linear its. - 519 356 64
case89pegase | Final Residual | 2.726046-107° | 2.726229-107° | 2.726132-107° | 2.726049 - 10~°
Solution Time 2.2-1072 sec. 3.5-107* sec. 1.7 - 107 sec. 5.6-1072 sec.
Hyperparam. - - t=1 4 sub /2 ovlp.
NR its. 5 5 5 5
Tot. linear its. - 2,338 475 123
case300 Final Residual 3.578654 - 1072 | 4.487582- 1072 | 3.969428 - 1072 | 3.623571 - 10712
Solution Time 4.1-1072 sec. 3.6-10° sec. 3.0-107* sec. 1.3-107? sec.
Hyperparam. - - t=1 4 sub /2 ovlp.
NR its. 5 5 5 5
Tot. linear its. - 8,347 2,483 139
case2869pegase| Final Residual | 5.916868-107'' | 6.114068 - 107** | 6.202309 - 10~** | 5914377 - 10~ **
Solution Time 3.7-1071 sec. 6.9 - 107 sec. 5.3 -10° sec. 1.1-10° sec.
Hyperparam. - - t=1 4 sub /2 ovlp.
NR its. 6 6 6 6
Tot. linear its. - 20,084 4,983 176
case6495rte Final Residual 1.952497 - 1078 1.952540 - 1078 1.952563 - 1078 1.952530- 1078
Solution Time 8.7 -1071! sec. 2.3-10% sec. 6.2 - 10* sec. 4.0 -10° sec.
Hyperparam. - - t=1 4 sub /2 ovlp.
NR its. 10 10 10 10
Tot. linear its. - 35,185 8,355 175
case6515rte Final Residual 6.744816 - 107** | 6.444298 - 10~ | 7.544585 - 107 | 6.699047 - 10~
Solution Time 1.4 -10° sec. 3.9 - 1032 sec. 1.2 -10? sec. 5.1-10° sec.
Hyperparam. - - t=1 4 sub /2 ovlp.
NR its. 6 6 6 6
Tot. linear its. - 30,953 43 247
case9241pegase| Final Residual | 5.769165-107'* | 5.664056 - 10~** | 5.597867 - 10~** | 5.748121-10~**
Solution Time 1.6 - 10° sec. 6.1-10% sec. 1.9 -10° sec. 7.0 - 10° sec.
Hyperparam. - - t=4 4 sub /2 ovlp.
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Figure D.2: Solution times as a function of the problem size for the PandaPower datasets, with different linear solver
configurations.
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