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Background


The stochastic-alpha-beta-rho (SABR) model [8] is a popular stochastic volatility model in the financial industry, especially for the valuation of barrier options, which are of one of a few types of exotic options that remain liquid after the 2007~2008 credit crisis. 

The SABR model is given by the following system of stochastic differential equations (SDEs) with constant parameters  and :


Where  is the asset price,  is the volatility,  and  are two Brownian motions with . 

Monte Carlo simulation method and the PDE method are popular numerical methods in the financial industry when it comes to option pricing under stochastic volatility models, due to their simplicity and flexibility. However, the computational speed is very slow for both. Hence, the fast valuation of barrier options under the SABR model is still an interesting topic among market practitioners.

Quite a few papers published before 2008, such as [1], [2] and [3], proposed to tackle this problem via Fourier transform. The main idea is to find the characteristic function (ch.f) - the Fourier transform of the probability density function of the asset price – of the stochastic volatility model under consideration, and then, recover either the cumulative probability function or directly the option prices by means of Fourier inversion. However, the focuses there were on the Heston’s stochastic volatility model and other affine processes. 

SABR model is not affine, which makes it challenging to derive the ch.f following the steps of [1]. It thus remains a gap in literature. However, once the ch.f. is available, one can price discretely-monitored barrier options using the COS method[footnoteRef:3] in the similar way as in [6].  [3:  The COS method was introduced in [7] and is a highly efficient method to recover a probability density function (and European option prices) from the corresponding characteristic function.] 

 
A relatively recent paper published in 2017 [5] derived a closed-form approximation for pricing continuously monitored barrier options under the SABR model. The key idea there is to find an approximation of the PDE, of which the solution is the survival probability function of the asset price. It is thus interesting to see if the characteristic function of the survival density can be derived or recovered numerically. In case yes, then one can again apply the COS method [7] to easily price continuously monitored barrier options.

In summary, there is still a gap in literature regarding the derivation of the characteristic function of the asset price under the SABR stochastic volatility model, with or without the barrier/survival condition. Once this gap is bridged, one can apply the COS method to price either discretely or continuously monitored barrier options under the SABR stochastic volatility model. 

This Msc thesis topic aims to bridge this gap.


Challenge

As mentioned earlier, the challenge lies in the derivation of the characteristic function of the asset price under the SABR model. 

However, the SABR model has been studied extensively in literature and existing results can be used as building blocks for our derivations.


The goal and content of this thesis
The goal of this thesis project has two folds: 
· derive the characteristic function of the asset price under the SABR model, with which one can apply the COS method to price discretely monitored barrier options in a similar way as in [6].
· Derive the characteristic function of the survival density of the asset price under the SABR model, with which one can apply the COS method to easily price continuously monitored barrier options as in [7]. 

Hence, this thesis consists of two parts. 

· Part 1 – the main part

The first part of the thesis focuses on discretely monitored barrier options, for which we need to derive the characteristic function of the asset price under the SABR model. The approach is sketched below.

Note that the asset price dynamics of the SABR model follows the Constant Elasticity Variance (CEV) process, for a known path of the volatility, see below the cited proposition from [4].
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The above result gives a hint that we apply tower’s law on the expectation operator in the definition of the characteristic function, i.e.

with  and  being the characteristic function of the conditional probability function cited above.

What remains to solve is the joint density function of and, or equivalently, its characteristic function. For this, we can take a similar route as presented in [2] and in the appendix of [3], i.e. we make use of the Feynman-Kac formula to write a PDE, of which the solution is the characteristic function under consideration, and then assume log-linearity of the solution to the PDE to yield a system of ODEs, which can be solved analytically or numerically. 

· Part 2 – bonus part

The 2nd part of the thesis is to derive the ch.f. of the survival density. This is more difficult. The idea is to follow the steps of [5], i.e. apply the Lamperti transformation to yield a new model that has a constant volatility. Then we follow the steps of [2] to find the PDE of the ch.f. by applying the Feynman-Kac formula. What remains unknown is whether we could assume log-linear form for the solution so that we can transform the PDE to a systems of ODEs to solve. 
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PROPOSITION 2.2 (Cumulative Distribution for Conditional SABR Process). For some Sy, strictly
larger than 0, the conditional cumulative distribution of Sy with an absorbing boundary at S; = 0 given o

and [} o2ds reads
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X6, is again the noncentral chi- cumulative distribution function.
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