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Abstract

Pricing Bermudan options under high-dimensional jump-diffusion dynamics is challenging be-
cause the valuation problem combines high dimensionality, early-exercise decisions, and dis-
continuous jumps. This thesis addresses this problem under multidimensional Merton jump-
diffusion (MJD) dynamics by extending the deep backward dynamic programming (DBDP)
scheme [1], a deep-learning based numerical method that trains local neural networks se-
quentially backward over the discretized time steps, to forward-backward stochastic differen-
tial equations (FBSDEs) with jumps. To incorporate jumps, the proposed scheme, DBDP-
Jump, separates the jump integral into realized-jump and compensator contributions. Both
are evaluated using the learned next-step value function, with auxiliary Monte Carlo sampling
used for the compensator. This differs from the existing DBDP extension in [2], which intro-
duces an additional neural network to approximate the jump integrand. Bermudan exercise
is incorporated through a maximum projection between the continuation estimate and the im-
mediate exercise payoff at each admissible exercise date. The convergence analysis extends
the error framework of DBDP to the jump setting by accounting for the additional approxima-
tion errors introduced by the realized-jump and compensator terms. The resulting analysis
shows that convergence is retained under time-grid refinement when the local neural-network
approximation errors are sufficiently controlled. A grid refinement study provides numerical
results consistent with this analysis. Numerical experiments evaluate DBDP-Jump from 1
to 200 dimensions under different MJD parameters, payoff structures, and exercise settings.
The scheme achieves reasonable accuracy where independent benchmarks are available and
remains stable in high dimensions.
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1 Introduction

A Bermudan option can be exercised on any date in a predetermined finite set, unlike a Euro-
pean option, which can be exercised only at maturity. Under risk-neutral valuation, a rational
holder selects an admissible stopping time (i.e., an exercise date) to maximize the expected
discounted payoff. Bermudan option pricing is therefore naturally formulated as a optimal
stopping problem in discrete time. By the dynamic programming principle, at each exercise
date, the holder compares the immediate exercise payoff with the value of retaining the option
and exercising optimally thereafter. The latter is represented by the so-called continuation
value, defined as the risk-neutral conditional expectation of the discounted option value at the
next exercise date, given the currently available information. Therefore, the option price and
the optimal exercise policy can be obtained by starting from the terminal payoff and applying
this comparison recursively backward through the exercise dates [3].

Numerical methods for Bermudan option pricing generally share a backward structure but
differ in how they approximate the continuation value. They can be classified as partial dif-
ferential equation (PDE)-based, tree-based, transform-based, or simulation-based methods.
PDE-based methods discretize the pricing equation using, for example, finite-difference or
finite-element schemes [4, 5]. Tree-based methods approximate the state dynamics with re-
combining binomial [6] or multinomial trees. Transform-based methods instead evaluate the
conditional expectation through Fourier representations. Representative examples include
fast Fourier transform (FFT) convolution [7] and the Fourier-cosine (COS) method [8]. These
three classes are most practical in one or two dimensions. As the dimension increases, the re-
quired number of grid points, tree nodes, or expansion coefficients can grow exponentially, re-
flecting the curse of dimensionality [9, 10]. Simulation-based methods avoid full tensor-product
discretizations and therefore alleviate this difficulty considerably. Monte Carlo methods gen-
erate sample paths and approximate continuation values using mesh-based or regression
estimators. Reported applications of the stochastic mesh method [11] and the least-squares
Monte Carlo (LSMC) method [12] reach seven and twenty state variables, respectively. How-
ever, as the dimension increases, the complexity of approximating continuation values through
regression or mesh-based estimators can still increase substantially [11].

To solve problems in even higher dimensions, neural networks (NNs) are considered as a
promising tool. The work in [13] can be viewed as a direct continuation of LSMC [12], in
which the classical regression basis is replaced by a neural networks structure to approxi-
mate the continuation value. A different perspective is adopted in [14], where deep learning is
used to approximate the optimal stopping rule itself rather than explicitly constructing a back-
ward recursion for the continuation value. Another line of research is based on the backward
stochastic differential equation (BSDE) representation, through the nonlinear Feynman-Kac
formula. In this direction, the deep BSDE method proposed in [15] uses a forward discretiza-
tion of the BSDE and defines the loss through the terminal condition, thereby training NNs to
approximate the initial value. The method has been shown to price European options up to
100 dimensions. Building on this idea, [16] reformulates the loss function as to reduce the vari-
ance among the simulated estimates of the initial option value based on the fact that the true
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initial price should be path-independent, so the method can be implemented in backward and
applied to Bermudan swaption pricing and hedging in the Libor market model. Their results
demonstrate that backward neural-network schemes can effectively address high-dimensional
Bermudan option pricing problems. This observation connects Bermudan pricing to a broader
class of backward deep learning methods that were not originally developed for Bermudan op-
tions, but whose structure is highly relevant. A representative example is the deep backward
dynamic programming (DBDP) scheme proposed in [1]. This method also relies on the BSDE
representation of semilinear PDEs, but uses NNs to approximate the value function and its
gradient at each time step by minimizing a local loss in a backward manner. Deep splitting
[17] shares the same spirit, relying on local recursive approximations, although it originates
from a splitting-based Feynman-Kac construction rather than from a BSDE representation.

Pricing Bermudan options under jump-diffusion dynamics requires additional treatment of the
discontinuous jump component, which increases the complexity of the pricing problem. This
extension is nevertheless financially relevant because jump-diffusion models can represent
sudden asset-price movements more realistically than pure diffusion models. In particular,
they can reproduce empirical features such as heavier tails, higher peaks, asymmetry, and
volatility smiles [18]. Numerically, the jump dynamics must be incorporated into the approxi-
mation of state transitions or continuation values. In low to moderate dimensions, the binomial
model [6] is extended in [19] by superimposing multivariate jumps. Under a differential for-
mulation, the pricing equation between exercise dates becomes a partial integro-differential
equation (PIDE); a representative finite-difference treatment under the Kou model is presented
in [20]. For simulation-based pricing, the Stochastic Grid Bundling Method (SGBM) introduced
in [21] is applied to Merton jump-diffusion dynamics in [22]. SGBM bundles simulated paths
and applies local regressions to approximate continuation values, reducing regression bias
and improving numerical tractability. The reported tests cover up to five dimensions and show
lower computational time than the standard least-squares method at comparable accuracy.
For higher-dimensional problems, the literature using NNs specifically for options with early-
exercise opportunities under jump-diffusion dynamics remains limited. Most existing studies
instead consider European options. On the PIDE side, a temporal-difference-learning ap-
proach [23] uses NNs to represent both the solution and the nonlocal terms of the equation.
On the stochastic representation side, work in [24] reformulates forward-backward stochastic
differential equations (FBSDEs) with jumps by removing the random jump term while retaining
the compensator correction, so that the modified system still yields the same PIDE value at
the initial point. This simplifies the construction of a forward numerical scheme without nested
conditional expectations across time steps. Another development is the extension of the deep
BSDE method [15] to FBSDEs with jumps [25], which introduces additional neural networks
to approximate nonlocal jump terms and has been implemented for European option pricing
in both low and high dimensions, including dimensions up to 100. Finally, work in [2] directly
extends DBDP [1] by introducing an additional NN to approximate the nonlocal jump term.
However, the work focuses on the construction and consistency analysis of the numerical
scheme, and no numerical experiments are provided.

This thesis addresses the gap in pricing Bermudan options in high dimensions under jump-
diffusion dynamics and focuses on the multidimensional Merton jump-diffusion model [26]. Be-
cause backward deep-learning schemes align naturally with the Bellman recursion of Bermu-
dan valuation, the DBDP framework [1] is adopted. The continuation problems between suc-
cessive exercise dates are formulated as a sequence of PIDEs and represented by corre-
sponding BSDEs with jumps through the Feynman-Kac formula for jump diffusions. In con-
trast to the DBDP extension reviewed above, which introduces an additional NN for the jump
integrand, the proposed scheme evaluates the realized-jump and compensator terms from



the learned next-step value function. Both terms are precomputed outside local NN optimiza-
tion, using pathwise realized jumps and fixed auxiliary Monte Carlo samples for the compen-
sator; the resulting scheme is termed DBDP-Jump. An error analysis is provided, and a data-
driven sample-enrichment procedure is investigated to improve exercise-boundary estimation
at early times. Numerical experiments evaluate DBDP-Jump across dimensions, model pa-
rameter settings, and payoff functions. Where independent benchmarks are available, the
method achieves reasonable accuracy; tests on Bermudan and American-style options up to
200 dimensions further demonstrate stable behavior and favorable empirical scaling.

The remainder of the thesis first formulates the pricing problem and presents DBDP-Jump
together with its error analysis. It then describes the Monte Carlo components used in the
implementation and the sample-enrichment procedure, reports the numerical evaluation, and
concludes with a discussion of practical considerations and limitations.






2 Problem formulation

Since this thesis focuses on high-dimensional Bermudan option pricing under the MJD model
from a backward stochastic differential equation with jumps (BSDE;j) perspective, this chap-
ter will first give definitions of Bermudan options and the multidimensional MJD model and
then formulate the Bermudan option pricing problem to a backward iteration over a sequence
of forward-backward stochastic differential equations (FBSDEs) with jumps via the extended
Feynman-Kac theorem [27].

All processes are defined on a filtered probability space (Q,F, {F:}o<:<7, Q) satisfying the
usual conditions, where Q is a risk-neutral measure. The market is assumed to be arbitrage-
free, and the asset price dynamics as well as the option price are specified under Q.

The filtration {#;}o<¢<7 IS generated by the following two independent sources of random-
ness:

+ a d-dimensional Brownian motion W; = (W/',..., W4T, where d € IN \ {0}, with corre-
lation matrix Pw = (Pij)1siJsdi

+ a Poisson random measure N(dt, dz) on [0, T] x R¢ with compensator v(dz) dt, so that
all d assets jump simultaneously.

The compensated Poisson random measure is N(dt,dz) = N(dt,dz) - v(dz) dt.

2.1 Bermudan options

A Bermudan option is an early-exercise derivative whose holder may exercise the option only
at a contractually specified finite set of dates before or at maturity, rather than continuously
over time as in the American case or only at maturity as in the European case. Let

T:{to,...,tM}, O=ty<---<ty=T,

denote the set of admissible exercise dates. The exercise decision of a Bermudan option is
restricted to the finite time set 7. For a payoff function g(-) : R¢ — R, exercising the option
at t,, € 7 yields the payoff g(X;,).

2.2 Multidimensional Merton jump-diffusion process

In the multidimensional MJD model the log-jump vector Z = (Z',..., Z9)T™ e RY is assumed
to be multivariate normal,

Z ~ Ng(uy, ), 2.1)
with



2 Problem formulation

s py=(),...,u97T € RY the vector of per-asset log-jump means;
+ 3, € R%?: the jump covariance matrix, with entries (X,);; = pzj o) c‘j where ¢/ > 0'is
standard deviation of the logarithmic jump size of asset / and p’j € [-1,1] is the jump

correlation between assets / and ;.

Since Z admits a density f~, the compensator takes the form v(dz) = A fz(z) dz, where A > 0
is the common jump intensity.

Let X, = (X/,...,X?)T € R{ denote the price vector of d underlying assets at time ¢. Under
the MJD model, for each i =1, ..., d, the price process X; follows the SDE:

dx; . : j ,
X7 = (r-Ac")dt+o; dW/, +/]Rd(ez -1 N(dt,dz), i=1,...,d, 2.2)
Xé = xé,
or equivalently, in compensated form,
dx; , i - .
- rdt+0',-th’+/ (e —=1)N(dt,dz), i=1,...,d, (2.3)
th— RY
where r > 0 is the constant risk-free interest rate, o; > 0 is the volatility of asset /, and
K = / (67 —1)fz(z) dz = EQ[eZ —1] = e#*2(0))" _1 (2.4)
R
The explicit solution is
. . . . Nt H
X/ :Xéexp((r—%al.z—AK’)t+a,'Wt’)HeZL, i=1,....,d, (2.5)

where N; is the Poisson counting process with intensity A, so that N, gives the number of jumps
up to time ¢, and the log-jump vectors Zx = (Z},..., Z)" are i.i.d. draws from Ng(u,, ).

Applying 1td’s formula for jump-diffusion processes to a spatial test function ¢ € C%(IRY), the
infinitesimal generator £ of the multidimensional Merton jump-diffusion process X is given by

d
Z (O','O'jp,'j)X/Xjaxl.Xj(p(X)+A /]Rd (QD(XQeZ) _(p(x))fz(z) dz.
=1

d
(L)) = Y (r =4 xidn () 5
(2.6)

where © denotes componentwise multiplication, and this notation is used throughout the the-
sis.

2.3 Pricing Bermudan options under MJD

Assume the option starts at time 0 and matures at time T, and that the underlying asset pro-
cess follows the MJD dynamics in (2.2). The money-market account is chosen as numeraire



2.3 Pricing Bermudan options under MJD

and is given by B; = ¢!, so the discounted asset price process ’Bf—: is a martingale under Q.
The holder chooses an exercise time 7 € 7. If exercise occurs at 7, the contract pays g(X;),

whose no-arbitrage value at ¢ty is IEQ[‘%?) | %] . Optimizing over admissible exercise times
gives the Bermudan price. Thus, valuing a Bermudan option is an optimal stopping problem:

g(Xz)

Vo = sup EQ| &2
0 = sup [BT

This is a stochastic optimal control with:
+ state: X the underlying asset price process,
» control: 7 € 7, the stopping decision,
* objective function: supTeT]EQ[g(B—)f’) | %].

As X is Markov, the option value depends only on the current state, hence can be simplified
to

Vo(xo) = sup EQ
T€T

BL | Xo = Xo} . (28)

By the dynamic programming principle, at each possible exercise date t, € 7, the option
holder compares the immediate exercise payoff g(X;, ) with the continuation value, which is
the conditional expectation of the discounted option value until the next exercisable date t,,,1,
and chooses the one that gives a higher payoff. Therefore, at each exercisable date ¢,, € 7
the option value satisfies the Bellman equation:

Vi, (x) = max{g(x)7 Ct, (x)} . (2.9)

where the continuation value is defined as

B
Cop () = EQ| 2V, (X)) | Xey = x| (2.10)

tmi

Hence, the initial time value function V;(x) can be solved by following backward recursion:
At maturity T, the option value equals its payoff,

Vr(Xt) = g(X1).
Form=M-1,...,0,
Vi (Xt,) = max{g(Xtm)vctm(Xtm)} .

where C;, (X.,,) is the continuation value defined in (2.10).

In each period [t,, tm+1] between the recursion steps, the option can be treated as a European-
style claim with payoff V;, ., (X:,,,) attime t,.; as V; ., has been determined in the previous
recursion step. Thus, the continuation value C;, (X;,) can be viewed as the price of this Eu-
ropean claim at time ¢t,, and the discounted continuation value %ﬁ“) is a Martingale under

Q.
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Define, for t € [tm, tms1],

B
u(t, x) = IEQ[ LV (X)) | Xe = x] )

tm+1
Then Ct(Xt) = U(t, Xt)
Applying 1t6’s formula for jump-diffusions to the process u(t, X;) yields
d . .
du(t, X;) = (dtu + £u)(t, Xeo) dt+ Z oi X{_Oxu(t, X¢—) dW|
i=1
+/ (u(z;xt_ 0 e?) —u(t,Xt_)) N(dt, dz), 2.11)
R4

where the infinitesimal generator £ is given by (2.6). Given B, = e'?, then

o[ H420) < oo 50 - rote x ).

Since the discounted continuation value process ”“Bz—f(‘) is a Q-martingale on [¢t,,, tpm41], its drift
must be zero, and this gives

atu(t7 X) +,£U(t, X) —-r U(t, X) = 07 (t7 X) € [tma tm+1) X Rfa
with terminal condition u(tmn41, x) = Vi, (X).

Therefore, the function u solves the PIDE on [, t;41] x RY:

Su(t, x)+ Lu(t,x)—ru(t,x) =0, (t,x) € [tm, tmu) X RY,
(2.12)
u(tmer, X) = Vi, (), x € R{.

By the nonlinear Feynman—Kac formula, follow the derivation:
Set option value at t € [t tme1] @s Y := u(t, X;), then dY; = du(t, X;) given by (2.11). Since
u solves (2.12), it follows

dYy =ru(t,X;_) dt+ (Ux(Xt_)VXU(t,Xt_))Tth+/ (u(t,Xe- @ €”) —u(t, Xe-)) N(dt,dz),
Rd

where ox(x) := diag(o1x1,...,04x4), and Vyu = (6xu,...,0,u)" is the gradient of v with
respect to x. Define the Brownian and jump integrands by

Zt = O-X(Xt—)vxu(t7 Xt—)a (213)

Ui (z) == u(t, Xe- © €%) —u(t, X¢o). (2.14)

Then dY; can be rewritten as
dY: =rY,dt+ZdW, +/ Ui(z) N(dt,dz).
Rd
Hence, v admits the following BSDE]j representation:

dY, =rY; dt+ZtTth+/ Ui(z) N(dt,dz), t € [tm, tm),
]Rd

th+1 = Vtm+1 (Xtm+1 )7

(2.15)
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or equivalently,

tm+1 tm+1 tm+1
Y = vth(Xtmﬂ)—/ rYs ds—/ zjdws—/ / Us(2) N(ds,dz),  t € [tm, tms1)-
t t t R4
(2.16)

Together with (2.3), this forms a decoupled FBSDE, at each period [¢,,, t,,+1). Therefore, the
Bermudan option pricing problem can be formulated as a backward recursion over a sequence
of FBSDEs with max-update V; = max{g(X;), Y;} at each exercisable dates in 7. Specifically,
in each interval [tn, t.1), solve the local FBSDE with terminal condition Y;, ., = V.., (Xt,..)
to obtain the continuation value C;, (X;,), and then compare it with the immediate exercise
payoff g(X;,) to determine V;,_(X;,).






3 DBDP-Jump scheme

This chapter develops the numerical method used to solve the Bermudan pricing problem
formulated in Chapter 2. The main method, the DBDP-Jump scheme, is adapted to the MJD
setting from the original DBDP1 scheme in [1]. DBDP1 solves the time-discretized BSDE
recursively backward in time by approximating, at each Euler step, the option value and its
gradient with neural networks (NNs) through the minimization of a local mean-squared one-
step residual. To make this method capable of pricing Bermudan options under MJD, two main
adaptations are needed. On the one hand, DBDP1 is formulated for a single time-discretized
BSDE, whereas the Bermudan pricing problem has been reformulated as a backward recur-
sion over a sequence of local BSDEj problems. This does not prevent the use of the DBDP
idea, because the method is already built on backward time-stepping. Once the admissible
exercise dates are included in the chosen time discretization grid, the Bermudan feature can
be incorporated in a simple and consistent way: on each interval, DBDP1 is used to approxi-
mate the continuation value backward in time exactly as in the European case, and at every
admissible exercise date, the option value is updated by taking the maximum of the result-
ing continuation estimate and the immediate exercise payoff. Hence, the DBDP idea can be
used to solve the Bermudan option pricing problem by simply adding a max-projection step
at admissible exercise dates. On the other hand, the DBDP1 scheme is designed to solve
a specific class of nonlinear parabolic PDEs, whereas the MJD model introduces jumps and
leads to PIDEs. Therefore, the additional jump terms in the associated BSDEj representation
must be handled accordingly.

The DBDP-Jump scheme handles the jump-related terms in the BSDE;j representation by ap-
proximating them with auxiliary offline Monte Carlo sampling and the right-endpoint value on
each time interval, respectively. This means that neither of these two jump-related terms car-
ries trainable neural-network parameters; only the value and gradient components are learned
during training.

In this chapter, the first three sections build the main components of the method: the time-
discrete local BSDE;j recursion, the artificial neural-network notation used for the value and
gradient approximations, and the treatment of the jump-related terms. These components
are then assembled into the complete baseline DBDP-Jump scheme.

3.1 From the FBSDE formulation to discrete time

As derived in Section 2.3, in each period [t,,, tm+1), the local FBSDE with jump terms is given
by (2.3) and (2.15). The DBDP-Jump scheme handles the FBSDE with jumps. For readability,
the explicit solution of the forward SDE (2.5) in vector form and the local BSDEj (2.16) are
presented again.

11



3 DBDP-Jump scheme

Vector form of the explicit forward solution. For the numerical scheme, it is more con-
venient to rewrite the componentwise explicit solution (2.5) in vector form. Recall that W; =
wl ..., Wt‘")T is a d-dimensional Brownian motion with correlation matrix p,,. Then the ex-
plicit solution of the forward SDE (2.3) in vector form is

Ny
Xt=X0®exp((r1—%GOZ—AK)t+0'® Wt)Ol—[eZk, (3.1)
k=1
where o = (01,...,09)7, 0% = (02,...,0%) T, and k = («',...,«%) 7. Note that the correlation
structure enters through W, itself, i.e. ]E[Wt" WtJ] = pjj t, and the It6 correction %092 remains
valid since p;; = 1.

Local BSDE;j for the continuation value. For each time interval [¢,,, t;,+1] determined by
7", assume that the value function at the right endpoint, V;_.,, has already been determined
by backward induction. Then the continuation value on [t,,, tn+1] is characterized by the local
BSDE;j

Ye= VI (Xepo) = [ rYods = [ ZT dWs — [ [y Us(2) N(ds,dz),  t € [tm, tmi],
Zt = O'X(Xt—)vxu(ta Xt—)a Ut(z) = U(t, Xt— O ez) - U(t, Xt—)'
(3.2)

The relation between the continuation value process Y; and function u(t, x) is given by Y; =
U(t, Xt)

Time discretization. Letx = {0 =t < t; < --- < ty = T}, be a time grid such that all
Bermudan exercise dates are included in it. For simplicity, write At, := t 1 —t,, AW, =
th+1 - th, Xn = Xt,,v and (Yna Zn; Un()) = (Yt,,7 Zt,77 Utn())

Since the multidimensional MJD admits an explicit solution (3.1), the forward process is sim-
ulated on each interval [¢,, t,.1] by its exact one-step transition rather than by a generic Euler
approximation:

AN
1 n

Xpa1 = X @exp((r1 -3 o®? —AK) At,+o @AWn) o) | | e, (3.3)
k=1

where AN, := N;,,, — N;, denotes the number of jumps on (¢,, tp.1], i.e. AN, ~ Poisson(AAt,).
If no jump occurs, then AN, = 0 and the product is interpreted as 1.

Since all admissible exercise dates are included in the grid, each interval [¢t,, t,+1] can be
treated as one local BSDE]j step. The value at t,,; is fixed before solving backward to t,.
Applying Euler discretization to (3.2) on this interval gives the one-step relation

Y (Xna1) = YT(Xn) + 1Y (Xp) Aty + Z] (Xp) TAW, + J7 — C At (3.4)

The superscript x indicates the Euler-discretized approximation of the corresponding continuous-
time term. The last two jump terms are obtained by decomposing the compensated jump

12



3.2 Neural-network approximation

integral via N(dt, dz):

[ - /R Us(2) N(ds, d2) = / - /m Ui(2) N(ds, d2) -2 / " /R ,Us(2)fz(2) dz ds. (3.5)
J

n ChAt,

J, is the realized-jump contribution, whereas C,At, is the compensator contribution over the
interval. When discretized on the grid x, these quantities are approximated by

AN,
JE = Ur, (Z zk) : (3.6)

k=1

3

Cr .= /1/ Ul (2)fz(z)dz. (3.7)
RY

Here, U7, ,(z) denotes a grid-based right-endpoint approximation of U;(z). As the forward
paths (3.3) are simulated only at grid points, the intrainterval jump times and their left-limit
states are not resolved. Therefore, the realized jump marks are aggregated as Zfi’]” Zi, and
U7, is evaluated at this cumulative jump mark using X" as its base state. X"’ is a proxy
for the pre-jump state, which is obtained by evolving X, from ¢, to t,.; using only the drift and
Brownian terms:
1

XP = X,,@exp((ﬂ - EO'OZ—)(K) At,,+0'®AW,,). (3.8)
The right endpoint is used because U7, is available when the scheme proceeds backward to
t,. Similarly, CT approximates the average compensator contribution per unit time C,.

At each time grid t,, the option value function is updated by

max{g(Xs,), Y:,}, iftaeT,
Vi, (Xt,) = {

Y otherwise,

starting at maturity T with Vr(X71) = g(X7).

After the Bermudan projection, the next-step term in (3.4) is represented by V", (X41). The
Euler-discretized projected relation is therefore

VI (Xns1) = YI(Xn) + 1Y (Xp) Aty + ZJ(Xn) AW, + J7 — Chy Aty (3.9)

3.2 Neural-network approximation

Following the idea of DBDP1 [1], DBDP-Jump trains neural networks (NNs) at each discretized
time step to approximate the unknown value function and its spatial gradient by minimizing
a local backward loss on [¢,, t,+1]. Before specifying this local optimization problem, some
basic definitions and notation for feedforward artificial neural networks are recalled.

The idea of NNs can be traced back to early work on artificial neurons and the percep-
tron [28, 29]. Modern feedforward NNs extend this idea into a parametrized nonlinear ap-
proximation class built from repeated compositions of affine transformations and nonlinear

13



3 DBDP-Jump scheme

activation functions. This compositional form provides greater flexibility than fixed basis ex-
pansions. It is particularly useful in high dimensions, where classical bases such as polyno-
mials, splines, or other hand-chosen families can be difficult to design and computationally
expensive.

To be clear and precise, a feedforward neural network can be defined as the following com-
position:

f(x;6,¢) = (ALogpoALqo---0po0A)(xX), f(50,¢) : R™ — R™. (3.10)

Here L+1 € IN'\ {1,2} denotes the total number of layers. The first layer is the input layer,
the last layer is the output layer, and the L — 1 intermediate layers are the hidden layers.
The number of neurons in layer ¢ is denoted by m,, for £ = 0,...,L. Hence my is the input
dimension and m, is the output dimension. For the problem considered in this thesis, the input
dimension is my = d, where d is the number of underlying assets in the option. The output
dimension m; depends on the function to be approximated. Therefore, m;, = 1 for the value
function, and m; = d for the gradient function. For simplicity, only fully connected NNs are

considered. The hidden width is also set to be constant across layers, i.e. my =---=m;_1 =
m.
For¢=1,...,L, A is an affine transformation:

Ae(X) = Wex +ﬁg, where W, € Rmexm£_1,ﬁe e R™e.

W, is the weight matrix, and B, is the bias vector. ¢ : R - R ¢ : R — R is an activation func-
tion applied componentwise. Namely, for x = (x1,...,xn) € R™, ¢(x) = (¢(x1),...,d(xm)) .
Typical activation functions include the sigmoid function, the hyperbolic tangent function, the
rectified linear unit (ReLU), and the exponential linear unit (ELU).

6= {(Wg,ﬁg)}éﬂ. is the collection of all trainable parameters in the network. 8 € RV», where
the total number of trainable parameters N, = Zéﬂ (meme_1 + mg) . With the constant hidden
width and d-dimensional input, Ny, = m(d+ 1)+ (L—=2)m(m+ 1)+ m (m+1).

Now, define the (d, m;) NN class by

NNg.Ldm = U NNg.L.d.mi N
NneIN

where NNg 1 4.m, n,, denotes the set of networks of the form (3.10) with input dimension d,
output dimension m,, activation function ¢, depth L, and N,, = 2’5:1 (mgme—q + mg) trainable
parameters. The capability of NNs as function approximators is justified by the following uni-
versal approximation theorem.

Theorem 3.1 (Universal approximation theorem (UAT) [30, Theorem 1]). Let u be a finite
measure on RY, and let the activation function ¢ be bounded and nonconstant. For any
g € N, the class NNg 1 a.m, is dense in L?(u;R9). Equivalently, for every F € L?(u;R9) and
every € > 0, there exists f(-;0,¢) € NNg¢ 1 4.m, such that

IF =6, @)l 2 <e-

Thus, under the L% (u) error criterion, the NN approximation error can be made arbitrarily small
by increasing the network size. This supports the use of NNs to approximate the local value
function and the Brownian-integrand component in DBDP-Jump.

14



3.3 Approximation of jump-related terms

Neural-network approximation and local loss. Ateach time step n, the DBDP-Jump scheme
approximates the current continuation value and its gradient in terms of assets by NNs:

Vo) 2 Yn(x:67),  Vetln(x) = Zn(x;65).
Using the one-step relation (3.9), define following map:

Fr(0n) = Yo(Xn; 07) + 1 Yo (X0 07 YAty + (0 (Xn) Z0(Xn; 62))T AW, + Jp = Cot,, (3.11)
where J, and C, are defined in (3.13) and (3.15), respectively. The map F,(8,) is a function of
the trainable parameters 6, = (67, 9,,Z) in the NNs. The goal is to find the optimal parameters

6> such that F,(65) approximates the learned next-step Vst (Xn+1) as closely as possible. The
local loss is then defined by the mean-squared one-step residual

—~ 2
LOSS,,(@,,) =E [ (7 (Xn+1) - Fn(en)

, (3.12)

In practice, the expectation is approximated by Monte Carlo samples, and 6, is updated with a
stochastic optimizer (e.g., Adam [31]). Denote the fitted parameters by 8} = arg ming, Loss,(6,).

3.3 Approximation of jump-related terms

This section describes how the jump-related terms J, and C, in the one-step map (3.11) are
computed. In contrast to [2], which uses an additional NN to approximate the jump integrand
directly, DBDP-Jump separates the jump correction into the realized-jump contribution and
the compensator contribution. These two terms are evaluated offline as follows.

Recall the discretized realized-jump term in (3.6), the compensator in (3.7), and the jump-
integrand definition in (2.14). When solving the local problem at time step n, the approximation
of value function at ¢, is already trained via NNs. Hence, the realized-jump approximation
is given by

In = Vot (Xpa1) = Vit (XE) (3.13)

n+1

where X" is the pre-jump endpoint state defined in (3.8). For the compensator,

cr=2 /IR Vi (XEE 0 6%) Vi (XE9)] 2 (2) d, (3.14)
the integration over the jump distribution is approximated by auxiliary Monte Carlo sampling:
sample M, auxiliary jump sizes ZV) ~ Ny(uy, %)), j = 1,...,M,. Its approximation is then
given by

—~ 1 iz = pre 4% = pre

Cri= A g D |Vt (X557 062" ) = Vo (X27)] - (3.15)

=

3.4 Baseline DBDP-Jump algorithm

The preceding sections have introduced the main components of the DBDP-Jump scheme:
the time-discretized local BSDEj, the neural-network approximation, and the treatment of
jump-related terms. For readability, these components are now assembled into a structured
workflow for the baseline algorithm. A detailed pseudocode is given in Appendix A.
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3 DBDP-Jump scheme

Structured backward workflow. Starting from the terminal condition

Vn(x) = g(x),

DBDP-Jump proceeds backward forn=N-1,...,0:

1.

On the interval [t,, t,.1], use the simulated samples X,, X1, X}.7, AW,, and the real-
ized jump information.

Represent the local value and gradient components by NNs:
Vo) % Yo (x;67),  Vatn(x) ~ Zn(x;65).
Compute the realized-jump and compensator approximations J, and C, from (3.13)

and (3.15). Since both terms depend only on V,,.1, they are fixed during the optimization
at time step n.

. Train the local networks by solving

o = (9;"’*79?’*) € argnéin Loss,(6,),

where the loss is defined in (3.12). Then set )7,,()() =Y, (x; 9;,‘/’*).

. Update the value approximation by the Bermudan projection

V.00 = {max{g(x), Yo(x)}, ift,eT,

Y,(x), otherwise.

This defines the recursion \7,,+1 — \7,, and is repeated until the initial estimator Vo(xo) is ob-
tained.
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4 Convergence analysis

This chapter studies the consistency of the proposed DBDP-Jump scheme for Bermudan op-
tion pricing under the multidimensional MJD model. The analysis is organized by error source.
First, time discretization error of the BSDE]j (2.16) is considered. Then, the neural-network
approximation layer is analyzed by adapting the original DBDP argument to the present MJD
setting. Finally, these components are combined into a consistency estimate.

4.1 Model assumptions

This section fixes the assumptions used throughout the convergence discussion. It estab-
lishes that finite-moment MJD dynamics, an L? payoff, and a Lipschitz linear driver together
yield a well-posed backward recursion for the Bermudan value process.

First, the MJD model has constant drift, volatility, finite jump intensity, and jump sizes with
finite moments. Throughout the convergence analysis, assume that the Brownian correlation
matrix p,, is positive definite. Then, assume that the payoff g(-) is square-integrable along
the forward process at the exercise dates, i.e., g(X;,) € L2, for all t,, € 7. Here, L2 means
that the second moment is finite.

The Bermudan problem is solved backward in time. At maturity, the terminal value is V7 (X7) =
g(Xt), which is square-integrable by assumption. Suppose that V; ., (X; ) € L? on the
interval [t,,, tm+1], this value is used as the terminal condition of the local continuation BSDE;.
In the target pricing problem, the driver 7 (¢, x, y, z,u) = —ry is linear in y and independent of
t, x, z, and u. Hence, it satisfies the Lipschitz condition

|f(t7xa.y7z7u)_f(tax7.y’az,7u,)| :rl.y_.y’|'

Moreover, f(¢,0,0,0,0) = 0, so the square-integrability condition on the driver at the origin is
trivially satisfied.

By the standard well-posedness result for a BSDE]j with a Lipschitz generator and square-
integrable terminal data [32], the local BSDE]j admits a unique adapted solution

(Y,Z,U) € ST x H? x H?.

Here, the spaces are defined as follows:

+ S? denotes the space of adapted cadlag processes Y satisfying

E

sup |Yt|2] < co.
0<t<T

17



4 Convergence analysis

 H? denotes the space of predictable Brownian integrands Z satisfying

;
]E/ | Z:112dt < 0.
0

« H? denotes the space of predictable jump integrands U satisfying

.
2 o0
]E/O /}Rdwt(zn v(dz)dt < oo.

These integrability properties ensure that the mean-square error quantities used in the dis-
cretization analysis are well-defined.

In particular, Y;,, € L2. The continuation value at the exercise date is C;, (X;,) = Yi,,. There-
fore, the Bermudan projection

Vin (Xt,) = max{g(Xt,),Ct, (Xt,)}
also remains square-integrable. Indeed,| max(a, b)|? < 2|a|? +2|b/|?.

Since both g(X;,) and C;, (X,,) belong to L?, it follows that V;_(X;,) € L?. This closes the
backward induction and shows that every local terminal condition used in the Bermudan re-
cursion is square-integrable.

Remark. For the arithmetic basket put payoff, g(x) = (K - ‘3 ZJ‘.’=1 x;)*, 0 < g(x) < K for non-
negative stock prices. Hence g(X,,) € L? at all exercise dates. Moreover, arithmetic basket
put payoffs are Lipschitz continuous in the state variable because for any x, x’ € RY,

d
’ 1 ’
g0 g <5 ) 1x = xl.
j=1

4.2 Time discretization error

For the target problem considered in this thesis, the MJD process (2.5) admits an explicit
transition representation at the prescribed time-grid points. The forward process is therefore
simulated exactly on the grid, so no Euler discretization error is introduced.

Recall from Chapter 3 thatthe timegridr = {0 = tg < t; < --- < ty = T} contains all Bermudan
exercise dates and that At, = t,,1 — t,. Denote the mesh size by |7| = maxg<,<n-1 At,. The
local BSDEj and its Euler one-step relation have been given in (3.2) and (3.4). The discrete
jump terms JZ and C7 are defined in (3.6) and (3.7). At this level, these terms are interpreted
using the exact next-step value function V;,,, before any neural-network approximation error
is introduced. The exact continuous-time counterparts, J, and C,At,, are defined in (3.5).

The discretization error analysis of the local BSDE;j follows the one in [33]. Their assumptions
include a finite jump measure, Lipschitz forward coefficients, a Lipschitz terminal condition, a
Lipschitz driver, and a jump coefficient g(x, e) satisfying the boundedness and uniform Lips-
chitz condition in [33, Eq. (2.1)]. Their BSDE;j is given in [33, Eq. (2.3)].

For MJD, the jump coefficient is y* (x, z) = x ® (¢? = 1). Since the log-jump size z is normally
distributed, e — 1 is not uniformly bounded on the full jump space.
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4.2 Time discretization error

To use the regularity result of [33] directly, the discretization discussion is stated under a
truncated-jump MJD setting. Let Er = {z € R? : ||z|| < R} be a bounded jump-mark space,
and restrict the jump measure to £¢. On this truncated space, sup,.g, e — 1| < oo, forcing
the jump coefficient to be uniformly Lipschitz in x. The additional condition H in [33] is also
satisfied under this truncation, since I + D,yX(x, z) = diag(e?) is uniformly invertible on E.

Under this truncated-jump MJD setting, the following theorem applies.
Theorem 4.1 ([33, Theorem 2.1] in the notation of this thesis). There exists a constant Cr > 0,
possibly depending on the truncation level R but independent of the time grid =, such that:

(i) The value process Y satisfies

e’ (r):= max E| sup |V;-Y,|?|< Crlnl (4.1)
0<n<N-1 te[tntp]
(i) The L%-regularity of Z satisfies
N-1 th+1
() =E| Y, [ 12i- 2, de| < Call, (4.2)
n=0 Y tn

where Z;, := ALtn]En[ /tt”” Z; dt] is the conditional expectation.

Theorem 4.1(i) gives the L2-time regularity of the value process along the forward path. For
the jump terms, Us(z) = u(s, Xs— © €%) —u(s, Xs_),s € (t,, tae1] is approximated by the right-
endpoint discretization U, (z) = V7 (XPT o0 e?) - V™ (XPT7).

n+1 n+1 n+1 n

Write the restricted jump measure as vg(dz) := 1g,(2)Afz(z) dz < . Hereafter, Cg denotes
a generic positive constant that may depend on R but is independent of the time grid .

Under the truncated-jump MJD setting, the forward process is locally L2-continuous, and the
Markovian value function is Lipschitz in the state variable, uniformly over the grid times, and
1/2-Hélder in time along the relevant states. Hence,

th1
]E/ |Us(z) — U™, (2)*vr(dz) ds < Cr(At,)?.
th Egr

Summing over n gives

nV(n) :=E

N-1 th+1
Z/ Us(2) = U, (2)[?vg(dz) ds| < Cgln|. (4.3)
n=0 tp ER

Therefore, nVY(n) — 0 as |7| — O.

The corresponding discretization errors of the realized-jump and compensator contributions
are

N-1

61(71') = Z IE“J,, - _/,77r|2] (4.4)

n=0
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4 Convergence analysis

and

C(n) = ,f E [|antn - C,’fAt,,|2] . (4.5)
n=0

For the realized-jump contribution, the approximation in (3.6) aggregates all realized jump
marks on (¢, tr41] and evaluates U” , once from XP™°. This differs from the exact realized-
jump contribution, which evaluates each jump increment at its actual jump time and corre-
sponding left-limit state. To account for this difference, define the aggregation residual

th ANn
A ;:/ / ug+1(z)/v(ds,dz)—u;f+1(z zk). (4.6)
ty Eg

k=1

Note that A7 = 0 when AN, < 1. The realized-jump error admits the decomposition:

o = Lt”n /E'R (Us(2) = UJ,,(2)) N(ds,dz) + A, 4.7)

The first term measures the error caused by replacing the continuous-time jump integrand
with its grid-based right-endpoint approximation. The second term measures the additional
error caused by aggregating all jump marks on the interval.

First consider the aggregation residual. By the definition of the Poisson integral,
AN, AN,
AZ = Z Ur71[+1 (Zk) - U/77[+1 (Z Zk) :
k=1 k=1
The spatial Lipschitz continuity of the Markovian value function implies

|Una (2)] < Cr [ X755 @ (e = ).

n+1

Fix m > 0 and consider the event {AN, = m}. Since Z, € Eg, the quantity ||[e%c — 1| is
uniformly bounded. Therefore,

UZ (Zol < Cr|Xpill, k=1,..,m.

n+1

Moreover,

Hence,

m

5

k=1

U < Cre™ X

n+1

The triangle inequality now gives

m

A7) < > Uz (Zo| +
k=1

m

5

k=1

ur,, < Crl|XE5] (m+ ™) < Ca | XE ] (m+ 1e™.
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4.2 Time discretization error

Since AT = 0 when m < 1, squaring this residual on {AN,, > 2} yields
2 2
AT < Cr XTI (AN, +1)7 254801 (o, »2). (4.8)

Under the truncated model, AN, is Poisson distributed with mean g, := vg(Eg)At,. Hence,

o O qr
E[(AN, +1)2 RNy )] = €% > (m+ 126t

m=2
2 N 2 2rmdn
= gle Z‘Z(m 1)?eRm = (4.9)
< Crq? < Cr(At)% (4.10)

The factor multiplying g2 in (4.9) is uniformly bounded because 0 < g, < vg(Eg)T. The
finite-moment property of the MJD process gives

sup E|[|X7[°] < .
Combining (4.8) and (4.10), and using the independence of X"’ and AN,,, yields

E||47]°] < CRE|IIXETIF| E(AN, + 1) €2%8% 1y, 2] < Cr(Bty)?. (4.11)

The first decomposition term in (4.7) is controlled by the L2-consistency of the jump integrand
approximation, measured by nY (). Since the jump measure has finite intensity on Eg, the L?
estimate for Poisson integrals gives,

2
E

ths
SCR]E['/tn /ER |Us(2) = UZ, (2)[ vr(dz) ds| .
(4.12)

/t " /E (Us(2) - U7, (2)) N(ds, dz)

Applying |a + b|? < 2|a|? +2|b|? to (4.7) and using (4.11) and (4.12), gives

E[|J, - 1] < CRIE‘[ / /E U2) = UL () va(d2) 05| + Cabtn)”

Summing over n and utilizing (4.3) yields

N-1
e’ (m) < Crn¥(n) + Cr ) (Aty)” < Cilxl. (4.13)
n=0

Therefore, e’ () converges to zero as the time grid is refined.
The compensator error is governed by nY (x). On the truncated jump space,

1

th+
c. - / / Us(z)ve(dz)ds,  CT = / Uz, (2)ve(dz).
At, tn Er Er

Hence,

thi1
C,At, — CFAt, = / / (Us(z) = U7, (2)) vr(dz) ds.
tn Er
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4 Convergence analysis

By the Cauchy-Schwarz inequality and the finiteness of vg (Eg),

2 th+1
2
< At vR(ER)/ / |Us(2) = UZ4 (2)| ve(dz) ds.
th Eg

thi
L7 -0 et

Taking expectations and summing over n gives € (r) < Cg|n|nY (), so € () converges to
zero when |z| goes to zero.

4.3 Neural-network approximation error

This section adapts the original DBDP neural-network approximation argument [1]. Before
introducing the NN approximation error, the one-step regression target is first rewritten from
the discretized BSDE;j relation:

VZ (Xps1) = Yo+ rYoDty + ZT AW, + J% — CIAt,,.

Here J denotes the discrete realized-jump term, and C} denotes the discrete compensator
term. They are approximated using the next-step learned value function. Therefore, group
VZ ., (Xa1) and the jump-related terms on the same side and define the jump-adjusted one-
step target:

ry = Vo (Xow) =I5 + ChAL,.

n+l * =

Then
HY = Yo+ rYoAt,+ Z] AW, (4.14)
Taking conditional expectation with respect to 7, gives

E,[HI ] = Yo+ rYaAt,. (4.15)
IE"[H:H]

This motivates the ideal discrete continuation target: Y7 (X,) = -2

For the Brownian-integrand target, multiplying (4.14) by AW,, taking conditional expectation,
and using the conditional covariance of the Brownian increment yields
E,|HT

n+1

AW, | ~ E,[(Z] AW,) AW, | = py ZoAty.

Then, the ideal Brownian-integrand target is Z7 (X,) = z-p}, Ba[HF, AW, ] .

n+1

By the Markov property of the discretized Merton jump-diffusion process, the conditional ex-
pectations above depend only on the current state X,,. Hence Y and Z/ are deterministic
target functions at time ¢t,. Recall Y, (x; 9,,y) denotes the local value network, and Z,(x; 9,,2)
denotes the local gradient network. The corresponding Brownian-integrand approximation is
ox(x)Zy(x; 9,,2). Then the local NN approximation errors are defined as

2
NN = igf]E[ Y7 (X)) = Y (Xn: 6| | (4.16)
6
2
gNN-Z igﬂE[) Z7(Xn) = 0x (Xn) Zn(Xn: enZ)H ] . (4.17)
63
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4.4 Consistency estimate for DBDP-Jump scheme

The universal approximation theorem [34] ensures that, given sufficient hidden neurons, e "

and s,',VN’Z can be made arbitrarily small in L2, provided the target functions Y and Z* are
square-integrable under the law of X,,.

Following the DBDP-Jump update, the jump-related terms J7 and C] are evaluated with the
next-step learned value function, and therefore inherit NN approximation error. When solving
time step n, the continuation network V.1 (:; 9;‘11) is already available. After the Bermudan

projection, the learned value approximation is V,41. Define the next-step value error by
ens1 (X) 1= Vg () = Vo ().

Recall (3.13), the realized-jump term propagates the next-step value error through
IV = I3 Vo] = enat (Xaw) = st (X37).

The corresponding realized-jump NN propagation error is

eV = E||E VL] = JE [V

2] . (4.18)

For the compensator, the next-step value error propagates through the integral over the jump
space:

CIVE ] = CF Vo] = / [ene1 (XD © %) = ens1 (XET) | vr(d2).
Eg

Since the one-step target contains C7At,, the compensator-related NN propagation error is
defined as

g& NN .= (At,,)ZIE[

CrlVyal - C,T[Vm])z] : (4.19)

4.4 Consistency estimate for DBDP-Jump scheme

Sections 4.1 — 4.3 prepare the consistency estimate. They first establish well-posedness of
the local BSDE;j, then identify the time discretization errors and define the neural network and
jump propagation errors. The resulting error sources can be summarized as follows. The
forward MJD process is simulated exactly at the grid points and therefore contributes no Euler
discretization error. The remaining time-discretization error comes from the backward BSDE;j
and is described by the regularity of the value process, the Brownian integrand, and the two
jump contributions. The neural-network approximation error enters through the local value and
gradient networks. Compared with the original DBDP setting, DBDP-Jump needs to evaluate
jump-related terms with the learned next-step value function, which creates two additional
propagation errors.

Before stating the theorem, define the squared error of the learned (Y, Z)-components by

2

Emun (YN, ZM), (¥, 2)] = max E [ Ve, = Yo (X5:67)

0<n<N-

Iil ‘/‘tn+1
n=0 ¢ tn

The next result bounds this metric in terms of the time-discretization errors, the neural-network
approximation errors, and the jump-propagation errors introduced above.

(4.20)

+E Zt—ch(X,,)Zn(Xn;9nZ)

2
‘dt
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4 Convergence analysis

Theorem 4.2 (Consistency of DBDP-Jump). Under the model assumptions and specifications
in Section 4.1, there exists a constant C > 0, independent of the time grid =, such that

Emin[(YN,Z), (v, 2)] < C(ey(ﬂ) +e% () +e’(n) + € (n)

N-1 (4.21)
T L S |
n=0

Theorem 4.2 follows the consistency estimate of the original DBDP scheme [1], but with the
additional MJD-specific jump terms. The terms € (), € (), €’ (x), and €€ (x) are the time-
discretization errors of the local BSDEj defined in (4.1), (4.2), (4.4), and (4.5). Theterms e/ """

and s,’,VN’Z are the local neural-network approximation errors for the value and Brownian-
integrand components defined in (4.16) and (4.17). The additional terms s,J,’NN and snc’NN are

the jump-related propagation errors defined in (4.18) and (4.19).

Remark. Under the truncated-jump MJD, Theorem 4.1 applies, and the estimates discussed
in Section 4.2 show that the full time-discretization contribution is of order |x|. Therefore,
Theorem 4.2 can reduce to
N-1
SMJD[(yN7zN)7 (y, Z)] < CR(|71| + Z [N(grfl\’N,Y +g#~,NN +8nC,NN) +€rII\IN,Z] ) (4.22)
n=0
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5

5.1

Improved Monte Carlo simulations for
DBDP-Jump

Offline MC

For clarity, this section summarizes the two essential offine MC components used in the
DBDP-Jump implementation. Here, offline is defined in an operational sense, relative to the
NN optimization loop. It refers to MC samples and associated target quantities generated or
evaluated before the relevant optimization and then held fixed throughout the corresponding
training stage. The two components are (i) a large pool of simulated state trajectories and (ii)
a fixed collection of auxiliary jump samples.

(i)

Offline MC path pool.

A large pool of asset paths is simulated before the global backward NN training proce-
dure to provide the state inputs and pathwise random quantities required in the local one-
step BSDE loss (3.12). For every discretized interval, the pool stores, the asset states at
the interval endpoints, the corresponding pre-jump states, Brownian increments, jump
counts, and realized jump sizes. Since a single set of full trajectories covers all time
intervals, these pathwise quantities can be reused throughout the backward recursion
when training the sequence of local NNs.

In the actual training procedure, the pool is divided into disjoint training and validation
subsets, and random mini-batches are drawn from the training subset for each gradient
update. Compared with independently simulating new samples at every update, this
construction avoids repeated path generation and is therefore more computationally ef-
ficient. The benefit can be particularly significant for models without an exact transition,
where obtaining states at a given time level may require resimulating trajectories from
the initial condition up to that level, even though only the quantities associated with the
current local interval are used in the loss. In addition, the validation subset is disjoint
with the training subset and remains fixed. So it can provide an independent measure
of performance on trajectories not used for optimization and make the validation losses
directly comparable across iterations of the same local training problem, without intro-
ducing additional MC fluctuations caused by repeated resampling.

Offline auxiliary MC for the compensator approximation (3.15).
The compensator in (3.14) contains an expectation with respect to the jump-size dis-

tribution that must be evaluated at each state. This expectation is approximated by
MC sampling. As with the offline MC path pool, a fixed collection of M, auxiliary jump

25
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sizes is sampled from Ny (i, 2 ,). These samples are generated before the global back-
ward training procedure and retained across all time steps. Reusing them is appro-
priate for the MJD model considered here because the jump-size distribution is time-
homogeneous and independent of the current state. The fixed sample collection there-
fore provides a common empirical approximation of the jump-size distribution throughout
the sequence of local training problems.

The compensator approximation at time step n (3.15) also depends on the learned next-
step value approximation V,,; and must therefore be evaluated sequentially within the
backward recursion. Once V,,,; is available, and before current local optimization begins,
the compensator approximation is evaluated for all relevant states in the pool using the
fixed auxiliary jump samples. The resulting quantities are stored, and each mini-batch
retrieves the corresponding precomputed values during the subsequent local optimiza-
tion.

This stepwise precomputation also relies on the offline MC path pool, which fixes the
relevant states in advance and allows their compensator approximations to be evaluated
and stored before local optimization. Reusing the fixed auxiliary jump samples further
avoids repeated jump-size sampling and prevents additional resampling noise. Also
note that the auxiliary MC samples help directly approximate the compensator term in
the BSDE, in contrast to [2], which introduces an additional NN to approximate the jump
integrand.

In summary, the offline path pool supplies the forward path samples, whereas the offline aux-
iliary MC set supplies the jump-distribution samples. Together, they separate MC generation
and target construction from local NN optimization, which to some extent improves training
efficiency.

5.2 Enhanced MC paths for estimating the early-exercise
boundary

A potential limitation of the baseline DBDP-Jump training procedure arises from the distribu-
tion of the simulated states at early time steps. Since the forward paths start from a fixed initial
state, the early-time samples may remain concentrated in a small region around that state.
For an option with exercise opportunities at early times, the exercise-relevant region may lie
outside this concentrated sample support. In that case, the NNs receive limited or even no
training information in the region where the continuation value is critical, which may influence
the accuracy of the estimated option value. An observation of poor exercise boundary esti-
mation at an early stage is presented in Section 6.5.

5.2.1 Sample Enrichment

To address this potential issue, an additional sample-enrichment procedure is introduced. The
key idea is to generate additional states for training at early time steps by rescaling the existing
states in pool from a target interval, so that these rescaled samples can cover the possible
exercise boundary region. This sample enrichment is only necessary at time steps for which
the original sample pool does not sufficiently cover that region. The procedure consists of
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5.2 Enhanced MC paths for estimating the early-exercise boundary

three components: construction of the target interval for rescaling, selection of the enrichment
steps, and integration of sample enrichment into NN training.

To make the rescaling compatible with high dimensions, a state variable A(x) € R is in-
troduced to map the asset vector x to a scalar representative value. A natural choice is
the aggregation appearing in the payoff function. For a d-dimensional arithmetic basket op-
tion, A(x) = 527:1 x;. For each reference state X'°f from the original sample pool, let
Aref = A(Xxref) and let A%*" denote the corresponding target value in the target interval at
time step n. The enriched state is obtained by rescaling the reference state to match the
target value:

chrich — An . yref
n ref n -
Al

Target interval construction. This construction is developed for put options whose payoff is
determined by a positive scalar aggregation A(x) through a monotone threshold. For Bermu-
dan and American options, the exercise decision at time ¢, depends on both the immediate
payoff and the continuation value. Current basket levels with nontrivial future in-the-money
(ITM) probabilities are more likely to be relevant to this comparison. The future ITM probability
is therefore used as a proxy for locating the exercise-relevant region.

In principle, the next exercise date could serve as the future reference horizon for a Bermudan
option. However, when it lies close to t,, the resulting short-horizon basket distribution may
be too narrow to yield an informative target interval. Maturity T is therefore used as a more
stable reference horizon. For the put option with strike K, the terminal basket level Ar defines
the terminal ITM event Ar < K.

To relate this terminal event to the current basket level at time t,,, define the remaining basket
log-return as R, = log (f\—:) . Since

A A
log (?T) = R, +log (?") ,
the terminal ITM event can be written as

A
Ar <K & Rn<—log(?").

Thus, for any candidate current basket level a > 0, the conditional terminal ITM probability
is

po(a) = P(Ar < K | A, = a) = ]P(R,, < —10g(%) (An - a) .

Let [piow, Prigh] denote the desired terminal ITM probability band. Conceptually, the target
region contains current basket levels a satisfying p,(a) € [piow, Phigh]. The lower probability
level limits the extension toward out-of-the-money states, while the upper level excludes states
with extremely high terminal ITM probabilities.

In practice, the conditional distribution of R, given A, = a is approximated by the empirical
distribution constructed from the original simulated path pool. The corresponding remaining
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log-return samples are

(m)

A
R,(,m):log( (Tm)), m=1,....M,
A

n

where A™ = A(X,E’")) and A(T’") = A(X;’")). Here, X,S’"),X;’") € RY denote the states on
the mth simulated path at ¢, and T, respectively. Let Qg ,(p) denote the empirical p-quantile

of {R,(,’")},"jzl. Inverting the pooled approximation at pi, and puign gives the target basket
levels

An,high = Kexp(_QR,n(plow)) s An,low = Kexp(_QR,n(phigh)) .

The resulting target interval at time ¢, is given by

I,t;ar = [An,low,An,high] = [K eXp(_QR,n(phigh)) aKeXp(_QRJ’(lDlOW))] : 6.1)

In the implementation, the interval endpoints are further clipped to a prescribed safe range to
avoid degenerate or excessively wide target regions.

Remarks.

(i) This target interval construction applies to put options whose payoff depends monotonically
on a positive, positively homogeneous aggregation A(x). Extending it to calls only requires re-
versing the ITM event, whereas path-dependent, nonmonotone, or nonpositive payoff drivers
require a different construction.

(i) In higher dimensions, the arithmetic basket level may become more concentrated because
of cross-sectional averaging. In that case, the upper probability level py;,, can be reduced,
or the probability band can be tightened, if the default interval places too much emphasis on
deep ITM states.

Selection of enrichment steps. For greater flexibility, the time steps at which sample en-
richment is applied are again selected in a data-driven manner. The idea is to check whether
a specified quantile range of the current samples, such as the 2nd to 98th percentile range,
covers the target interval. If the empirical quantile range fully contains the target interval,
the original sample pool is regarded as having sufficient support over the target region, and
enrichment is not activated. Otherwise, enrichment is applied. Since the empirical quantile
range of the representative values A(X,) generally widens over time, this check is performed
forward in time and is determined before the NN training starts. The detailed selection logic
is described as follows:

1. The original sample pool is stored on the time grid z. The selection check starts from t;
and proceeds through ty, t3, . . ..

2. Compute the empirical quantile range of the original basket samples. For a pre-
scribed quantile level € € (0,0.5), define the empirical quantile range of the original
basket samples at time step n by Q% = [q£, g)~¢] , where

g: = Quantile, (Af,”, .. ,Aﬁ,M)) , g% = Quantile,_, (Aﬁ,”, .. 7A,(,M>) .
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3. The quantile-containment indicator. For the target interval I'* = [Ap 10w, An high|
given in (5.1), the quantile-containment indicator is defined as

I, =1 {Qﬁ < An,low and An,high < ql7£}~

Hence, 7, = 1 & I!* C Q¢, and I,, = 0 means that at least part of the target interval
lies outside the empirical quantile range of the original samples.

4. Stop the forward scan once the target interval is covered. Once the first time step
n* satisfying 7,- = 1 is found, the forward scan is stopped. Sample enrichment is applied
only at the earlier checked steps where 7, = 0. All later time steps n > n* are treated as
non-enriched during the DBDP training.

Integration of sample enrichment into NN training. At each active enrichment time step
n, enriched samples are generated as follows:

1. Draw a reference state X' from the original sample pool {X,f”’)},’r‘;’:1 and compute its
representative value A™f = A(Xef).

2. Sample a target representative value uniformly from the interval computed via (5.1):

t
/4nar ~ U(An,lovw An,high) .

3. Rescale the reference state to match the sampled target value:

tar
A

ef
Al

. Xref

enrich _
X, = no-

The common scaling factor preserves the relative composition of the reference state.

4. Starting from Xx¢nrich - simulate the one-step transition under the MJD dynamics and
compute the quantities required by the local NN loss at time step n.

For computational efficiency, the enriched sample pool is generated once at each selected
time step and stored in memory. Its size is set as a specified fraction of the original pool size.
The original and enriched samples are retained in separate pools and are not merged. At a
selected step, the local loss is evaluated separately on the two pools and combined only at
the objective level:

Lossp(6,) = (1 - a)Loss28%(9,) + aLosseiched (g, ), ae[0,1],
where Loss"'8™(g,) and Losseriched(g ) are sample-based approximations of (3.12) com-

puted from the original and enriched pools, respectively. The weight a controls the contribution
of the enriched samples.

The training stopping criterion is still evaluated under the validation data which follows the
original model distribution. This means the loss used to determine training stopping is only
based on the true samples. The enriched samples are only used to improve function learning
near the possible exercise region.
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5 Improved Monte Carlo simulations for DBDP-Jump
5.2.2 Existing MC approaches

This subsection reviews existing sampling methods that may improve early-exercise bound-
ary estimation and compares them conceptually with the proposed sample-enrichment proce-
dure.

Sequential Monte Carlo (SMC) sampling. The lack of early-stage training samples in the
exercise-relevant region can be viewed as a mismatch between the distribution of the simu-
lated states and the region in which the continuation—exercise comparison must be learned.
Importance sampling (IS) [35] addresses such a mismatch by sampling from a proposal dis-
tribution that assigns more probability mass to the region of interest. Likelihood-ratio weights
then correct for the change of distribution. When the proposal and target distributions differ
substantially, a single IS step may suffer weight degeneracy, with only a few samples carry-
ing most of the total weight. SMC samplers [36] mitigate this problem by replacing the single
distributional shift with a sequence of intermediate targets represented by weighted particles.
Starting from an easily sampled distribution, the particles are moved progressively toward the
final target, commonly through tempering. At each stage, the importance weights are up-
dated for the next target. When weight degeneracy occurs, resampling replicates high-weight
particles and removes those with negligible weights, while a subsequent Markov chain Monte
Carlo (MCMC) mutation step restores diversity without changing the current target distribution.
Repeating this cycle progressively concentrates the particle population in the target region.
This framework has been applied in option pricing in [37].

However, applying SMC to the early exercise-boundary problem considered here is not di-
rect. First, an SMC sampler requires a specified sequence of intermediate target distributions.
Concentrating particles near the exercise boundary would require a measure of boundary rel-
evance, such as the proximity between the immediate exercise payoff and the continuation
value. Yet this region is itself unknown and is precisely what the additional samples are in-
tended to estimate, making informative intermediate targets difficult to construct. Second,
resampling only redistributes states already present in the particle population. If the early-
time sample pool contains no states in the exercise-relevant region, resampling cannot fill the
gap. New states could be generated through a proposal or MCMC mutation kernel, but this
would require a boundary-informed target density, suitable mutation directions and scales,
evaluation of density or acceptance ratios, and additional tuning. These requirements would
add substantial complexity to the local DBDP-Jump training procedure.

Compared with the proposed procedure, which is a simpler rescaling-based method tailored
to the local DBDP recursion, SMC offers limited additional benefit relative to its computational
and implementation cost. It is therefore not pursued here.

Sequential design for optimal stopping. A more closely related approach is the sequential
design proposed in [38]. The method defines the timing value at an exercise date as the
difference between the continuation value and the immediate payoff: T,(x) = C,(x) — g(x), so
that the exercise boundary is characterized by the zero contour T,(x) = 0. At each exercise
step in the backward recursion, an initial set of states is used to simulate conditional future
trajectories under the previously estimated future stopping policy. A surrogate for the timing
value is fitted to the resulting observations, and candidate states are selected according to
their proximity to the estimated boundary and the predictive uncertainty of the surrogate. New
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conditional simulations are then started from the selected states, the surrogate is updated, and
the fit—select—simulate—refit cycle is repeated until the local simulation budget is exhausted.

A key advantage of sequential design is that it targets the exercise boundary directly. How-
ever, adapting it to DBDP-Jump would turn each exercise step at which it is applied into an
iterative local optimization procedure. The local NN would first need to be trained on the
original sample pool to provide a preliminary continuation-value estimate. This estimate, to-
gether with a measure of predictive uncertainty, would then identify additional states near the
estimated boundary. After the corresponding one-step MJD transitions and local targets are
generated, the same NN would need to be updated and the selection procedure repeated.
Several refinement rounds may therefore be required at the same time step.

A further difficulty is determining at which steps this sequential refinement should be activated.
The insufficient coverage considered here occurs only at early time steps, and the affected
range depends on the dimension, payoff, MJD parameters, and pool size. Applying sequen-
tial design at every exercise step would introduce redundant refinement where the original
MC pool already provides adequate coverage. Restricting it to the affected steps would in-
stead require either a preliminary baseline run or a separate coverage diagnostic, followed by
retraining of the selected local networks.

Sequential design may locate the exercise boundary more precisely than the proposed sample-
enrichment procedure. However, such precision is unnecessary when the objective is only to
provide sufficient training coverage over an exercise-relevant region. The proposed proce-
dure determines the activation range and target interval directly from the simulated path pool.
It therefore avoids a separate preliminary continuation-value fit, repeated surrogate updates,
candidate-state searches, and retraining rounds.
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6 Numerical results

This chapter presents the numerical evaluation of DBDP-Jump. It first specifies the problem
setup, implementation choices, and benchmark construction. Sanity checks are performed
in 1D and 5D, followed by a grid-refinement study and a discussion of sample-enrichment
efficiency. DBDP-Jump is then evaluated from 20D to 200D, focusing on pricing accuracy,
computational scalability, sensitivity to MJD parameters, robustness across payoff functions,
and learning-rate control in demanding cases. All computational experiments were performed
in Python using the PyTorch framework on a computer equipped with an Apple M2 chip and
16 GB of RAM.

6.1 Problem setup

This section specifies the main problem setting used in the numerical experiments, including
the stock dynamics, payoff, option types, and corresponding admissible exercise sets.

Unless stated otherwise, all stock paths in this chapter are simulated under the MJD dynamics
with the following parameter settings:

* Maturity: 7 =1,

+ Parameters: X, =100,r =0.1,0 = 0.2,p;; = 0.5,

* Jump Parameters: A =0.5, 4, =-0.1,0, = O.3,p§j =0.

The main payoff considered is an arithmetic basket put with strike price K = 100:
d

g(x) = max(K — 13 Z x;,0).

i=1
The time to maturity is discretized into N = 100 steps, , and for different option types, the early
exercise rights are defined by the parameter M as follows:

Table 6.1: Option types and corresponding admissible exercise steps used in the numerical
experiments.

Option Type M  Admissible Exercise Steps

European 0 100
Bermudan 3  25,50,75,100
American 99 Every step (1 to 100)

Note that the American case in this table is a discretized approximation, not a continuously
exercisable American option; it mimics the American limit by allowing exercise at every time
step.
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6.2 DBDP-Jump implementation

This section lists the implementation choices used in the numerical experiments. It specifies
the neural-network architecture for the local value and gradient approximations, the offline
sampling pool, the training and validation protocol, the auxiliary Monte Carlo approximation
of the compensator, and the averaging convention for reported prices. These settings define
the default implementation, with experiment-specific changes stated where they occur. The
benchmark reference values are also specified.

Neural network architecture. A feedforward network with two hidden layers is used through-
out the experiments. This follows [25, 1]. It is also supported by the empirical results in [13].
The architecture provides sufficient flexibility for the local one-step regression problems con-
sidered here while keeping the computational cost manageable. Unless otherwise stated, for
a d-dimensional problem, the hidden width is set to 30 + d neurons per layer, as in [1]. The
activation function is tanh for all hidden layers:

X —-X

e —e

tanh(x) = tanh’(x) = 1 — tanh?(x).

eX+e X’
tanh is smooth and bounded. For large |x|, however, it saturates: tanh(x) approaches +1,
and its derivative becomes close to zero. Input normalization is therefore applied to keep the
inputs in a stable range and improve training stability.

Sampling and training configuration. All experiments use an offline sample pool of 100,000
asset trajectories, generated on the time grid before the backward recursion.

After sampling, the pool is split into 80% training data and 20% validation data. Training is
performed with mini-batches drawn from the training set, with the mini-batch size fixed at
1000 if not otherwise specified. The Adam optimizer is chosen to train the NNs. The learning
rate and maximum number of iterations vary with the problem dimension and are specified
in the corresponding numerical experiments. For a time discretization with 100 grid steps,
the stopping threshold is fixed at 0.01. That is, local training stops if the loss value on the
validation set falls below 0.01, which is checked every 100 iterations. For the compensator
approximation (3.15), the default number of auxiliary jump sizes Z sampled from Ny (u,, %))
is 256. A larger auxiliary sample size reduces the Monte Carlo noise in the compensator
approximation, but increases the cost of evaluating the local targets. Therefore, 256 is chosen
to balance approximation accuracy and computational cost.

All low-dimensional and most moderate-dimensional problems use a prescribed three-stage
learning-rate schedule at the terminal step and the learning rate is fixed at 10~* at all remaining
time steps. Cases with greater loss instability due to higher dimensionality or a larger pay-
off scale instead use an adaptive design based on validation progress. The motivation and
behavior of the adaptive design are detailed in Subsection 6.6.2.

To reduce the effect of training and sampling randomness, the reported DBDP-Jump price is
averaged over 5 trials.
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Reference values. For high-dimensional European options, the reference value is com-
puted by MC simulation using 100,000 paths if not otherwise specified. For 1D test cases, the
reference value of European put is computed using the Merton semi-closed-form formula [26].
For the Bermudan and discretely monitored American-style puts, reference values are ob-
tained using a jump-diffusion tree [19]. To ensure a like-for-like comparison, early exercise in
the tree is restricted to the exercise dates used by DBDP.

6.3 Sanity check

DBDP-Jump is first evaluated on 1D and 5D problems. These tests aim to assess whether
DBDP-Jump produces reasonable price estimates before it is applied to higher dimensions.

Because these low-dimensional BSDEs are comparatively simple, both sanity checks use 512
auxiliary jump samples to obtain a more precise compensator approximation and cleaner local
training targets, thereby supporting more stable training at modest additional computational
cost.

The 1D cases use the main setting in Section 6.1. As its loss space is comparatively simple,
to avoid overfitting, the maximum number of training iterations is 5000, and the learning rate
schedule at the terminal step is 1072 for the first 1500 iterations, 10~3 for the next 1500 itera-
tions, and 10~* for the remaining. Table 6.2 reports the results for the 1D cases. The standard
error (s.e.) is computed over the five independent trials. The relative error (rel. err.) is defined
as the percentage difference between the trial mean and the reference value. The training
time is averaged over trials and reported in seconds.

Table 6.2: DBDP-Jump sanity check results for 1D problems.

case (type, d) ref. value mean value s.e. rel. err.  time (s)
E, 1 6.5313 6.5105 0.0415 -0.32% 571
B, 1 7.3336 7.2936 0.0330 -0.55% 580
A1 7.5787 7.5900 0.0301 +0.15% 578

Available benchmark values on 1D problems give a way to quantify the accuracy of the DBDP-
Jump estimates. As shown in Table 6.2, the DBDP-Jump estimates agree closely with these
benchmarks, with absolute relative errors of at most 0.55%, demonstrating the method’s ef-
fectiveness in 1D.

For the 5D Bermudan arithmetic put, both the problem setting and the reference value are
taken from [22]. The problem parameters are:

X, =100, r=005 o;=0.15 p; =03,

A=0.5, p,=(-03,-02,-0.1,0.1,02)7, o,=0.1, p?=-02

K =100, M =38.
Here, i,j =1,...,5, and the correlation parameters apply when i # j. Together with maturity,

there are nine admissible exercise dates, so N = 99 is set to place all nine dates uniformly
on the time grid. The maximum number of training iterations is 10,000, and the learning rate
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schedule at the terminal step is 1072 for the first 3000 iterations, 1073 for the next 3000 iter-
ations, and 107* for the remaining. Moreover, it is worth noting that the volatility and jump
variation in this 5D problem are lower than those in the main setting. This produces less vari-
able continuation targets and, consequently, smaller one-step residuals. Since the loss (3.12)
is the mean squared one-step residual, a threshold of 0.01 frequently leads to premature stop-
ping. Hence, it is lowered to 0.002 to force training and limit error propagation. The result is
summarized in Table 6.3.

Table 6.3: DBDP-Jump sanity check result for the 5D Bermudan problem.

case (type, d) ref. value mean value s.e. rel. err.  time (s)
B,5 2.576 2.5874 0.0057 +0.44% 842

Despite the different problem setting, the 5D Bermudan estimate remains close to the bench-
mark, with a relative error of 0.44%. Together with the 1D results, this shows that DBDP-Jump
works well in low dimensions.

6.4 Grid refinement study

This section investigates the numerical behavior of DBDP-Jump under grid refinement for a
1D European put. The number of time steps is varied over N € {10, 20, 40, 80, 160, 200, 320}.
Besides the default jump intensity A = 0.5, a higher intensity A = 2.0 is considered because
it increases the probability of multiple jumps within an interval, making the additional aggre-
gation error in the realized-jump approximation more relevant. To isolate the influence of the
time-step size, all remaining settings follow the 1D sanity-check configuration, except for the
validation-loss stopping threshold. The threshold is fixed at 0.01 at the terminal regression
step, where the NN parameters are randomly initialized, and set to % at subsequent steps,
where the NN are warm-started from the parameters learned at the next time step, to maintain
sufficient training under grid refinement. For each (A, N) pair, five independent trials are per-
formed. Each trial is assigned one sample-pool seed and one NN training seed. The same
five seed pairs are reused for all values of N and both values of A, reducing the influence of
arbitrary seed changes on comparisons across the different settings.

The results are summarized in Table 6.4. The abbreviations abs. err. and 95% CI h.w. de-
note the absolute error and the half-width of the 95% confidence interval, respectively. First,
the average training time increases approximately in proportion to the number of time steps.
This is expected because DBDP-Jump solves one local NN regression problem at each back-
ward time step. More importantly, for both jump intensities, the pricing error decreases as N
increases from 10 to 80, where it reaches its minimum, but does not continue to decrease un-
der further grid refinement. Thus, the practical error does not exhibit a monotonic convergence
pattern. As shown in Theorem 4.2, the error bound contains the time-discretization error, the
local NN approximation errors, and the jump-propagation errors. While the time-discretization
error decreases under grid refinement, the latter errors accumulate over the backward time
steps. The UAT implies that the local approximation errors can, in principle, be made arbi-
trarily small with sufficiently expressive and well-trained NNs, allowing the overall scheme to
converge as the time grid is refined. In practice, however, these errors cannot be eliminated

36



6.5 Efficiency of sample enrichment

Table 6.4: Grid-refinement results for the 1D European put.

N meanvalue abs.err. rel.err. s.e. 95%Clhw. time (s)
A=0.5 (ref. value =6.5313)

10 6.6070 0.0758 +1.16% 0.0373 0.1036 86

20 6.5950 0.0637 +0.98% 0.0441 0.1223 135
40 6.4833 0.0479 -0.73% 0.0393 0.1090 243
80 6.5179 0.0133 -0.20% 0.0516 0.1432 464
160 6.5487 0.0174 +0.27% 0.0385 0.1068 906
200 6.5780 0.0468 +0.72% 0.0365 0.1013 1128
320 6.4905 0.0408 -0.63% 0.0310 0.0862 1831

A=2.0 (ref. value = 12.8337)

10 13.0987 0.2650 +2.07% 0.1194 0.3314 80
20 13.0467 0.2131 +1.66% 0.1191 0.3307 130
40 12.9529 0.1192 +0.93% 0.1126 0.3127 242
80 12.9271 0.0934 +0.73% 0.1193 0.3311 479

160  12.9613 0.1277 +1.00% 0.1126 0.3127 940
200 12.9887 0.1550 +1.21% 0.1087 0.3019 1164
320 13.0140 0.1803 +1.41% 0.1027 0.2850 1832

completely. As the number of time steps increases, their accumulation can eventually offset
the reduction in the time-discretization error, causing the overall error to cease decreasing.

To make the practical grid-refinement pattern more visible, the time-step size is shown on a
logarithmic horizontal axis in both panels. Figure 6.1a presents the signed relative errors.
The grey points represent the five individual trials, the diamonds represent their mean signed
relative error, and the error bars show the 95% confidence intervals. The dashed horizontal
line indicates zero relative error, corresponding to the reference price. All confidence intervals
intersect this line, indicating that no statistically significant pricing bias is identified from the
five trials. Figure 6.1b shows the absolute relative bias using logarithmic scales on both axes.
For each value of A, the estimation error initially decreases as the grid is refined, indicating
improved pricing accuracy, but does not continue to decrease once the grid becomes finer than
a certain level. A comparison between the two jump-intensity settings shows that the errors
for A = 2.0 are generally larger than those for A = 0.5. This difference is plausibly related to the
increased probability of multiple jumps within one time interval, which introduces an additional
aggregation residual into the realized-jump approximation.

6.5 Efficiency of sample enrichment

This section reports the results of the sample-enrichment modification proposed in Subsec-
tion 5.2.1. It examines whether adding training samples in the exercise-relevant region re-
duces the pronounced bias in the estimated early-time exercise boundary. It further assesses
whether improved boundary estimation leads to more accurate option price.

To enable direct comparison of the estimated exercise boundaries, the modification is first
tested on the 1D American-style option under the main setting, for which the tree benchmark
provides an exercise boundary at every exercise step. It is then tested on a 5D geometric
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basket American-style put under the main MJD parameters. Because the geometric basket
state can be reduced to an effective 1D MJD process, its exercise boundary can likewise
be computed. Given their low dimensionality and comparable benchmark price scales, both
cases use the same training configuration as the preceding 1D sanity check. They also share
the same sample-enrichment parameters. Specifically, piow = 0.50 and puigh = 0.85, so the
target interval contains current basket levels with moderate to high empirical probabilities of
being in the money at maturity. For the geometric basket, the representative aggregation

1/d
is A(x) = (]’1;’:1 x,-) . The quantile level £ = 0.02 defines the empirical 2nd—98th percentile
range used by the containment rule to select the enrichment steps. The enriched pool contains
10,000 samples, equal to 10% of the original pool, and its loss contribution weight o = 0.3.

DBDP-Jump time-step convergence: 1D European Merton put
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Figure 6.1: Grid-refinement results for the 1D European put.

Table 6.5 focuses on the accuracy of the early-time exercise boundary comparison in both
cases. The active step range gives the earliest and latest time-step indices at which the
automatic containment rule activated enrichment across the trials. At each exercise date ¢,,
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6.5 Efficiency of sample enrichment

the DBDP boundary is first averaged over the R = 5 independent trials:
., 1 & -
Bpepp(ta) = o Z ngﬁp(tn)'
r=1
This trial-averaged boundary is then compared with the tree reference:

én = EDBDP(tH) - B:ree(t")’

Here, B* is averaged exercise boundary. Let D be the set of valid matched exercise dates
and m = |D|. The three error measures are

1 1 )
MAE = — Z les|,  RMSE = /; Z ¢h,  max. error = max e,
nedD nedD

Thus, the MAE is the mean absolute discrepancy between the trial-averaged DBDP bound-
ary and the tree reference. The RMSE places greater weight on large boundary errors, while
the maximum error records the largest absolute discrepancy among the matched dates. In
both cases, sample enrichment substantially reduces the MAE, RMSE, and maximum bound-
ary error. The consistent improvement across all three measures shows that sample enrich-
ment improves exercise-boundary estimation and addresses the observed early-time bound-
ary bias.

Table 6.5: Exercise-boundary errors for the baseline and sample-enriched DBDP-Jump esti-
mates in the 1D and 5D American-style put tests.

case (d, method) active steprange MAE RMSE max. error
1D, baseline - 1.4588 3.7347 19.4934
1D, enriched 1-17 0.5954 0.7463 1.5636
5D geometric put, baseline - 1.3706 3.2907 16.9258
5D geometric put, enriched 1-21 0.5242 0.6805 1.7826

Figures 6.2 and 6.3 provide the corresponding diagnostics for the 1D and 5D cases. Their left
panels compare the exercise boundaries obtained by the baseline DBDP-Jump, the sample-
enriched DBDP-Jump, and the tree reference. In both cases, the baseline exhibits a pro-
nounced bias at early time steps, whereas the enriched estimate follows the tree boundary
much more closely. For the 5D geometric put, the exercise boundary is expressed in terms
of the geometric basket level A(x). The right panels show selected time steps in greater de-
tail. The curves show the payoff and the continuation values estimated by the baseline and
enriched DBDP-Jump. The vertical lines in matching colors mark the corresponding exercise
boundaries. The green region represents the empirical quantile range of the original path pool,
and the yellow region represents the target interval from which the enriched basket levels are
sampled. At the early steps shown, the original range does not contain the tree boundary,
and the baseline boundary is strongly biased. By contrast, the target interval contains the
tree boundary, and the enriched estimate is substantially more accurate. As time advances,
the original pool covers a wider range of basket levels. Once it adequately covers the target
interval and the boundary region, the baseline estimate improves and enrichment is no longer
activated. These observations support both the constructed target interval and the automati-
cally selected active ranges. They also show that enrichment improves boundary estimation
when the original pool provides insufficient coverage.
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Efficiency Check — 1D Arithmetic Put: DBDP-Jump Baseline vs DBDP-Jump Enriched vs Tree Benchmark
American-style (M=99)
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Time t

(a) Exercise-boundary comparison. (b) Continuation-value and coverage diagnostics.

Figure 6.2: Sample-enrichment diagnostics for the 1D American-style put.

Efficiency Check — 5D Geometric Put: DBDP-Jump Baseline vs DBDP-Jump Enriched vs Tree Benchmark
American-style (M=99)

(a) Exercise-boundary comparison. (b) Continuation-value and coverage diagnostics.

Figure 6.3: Sample-enrichment diagnostics for the 5D American-style geometric basket put.

However, the improvement in option-value accuracy is much smaller than the improvement
in boundary accuracy. In the 1D case, the baseline mean is 7.5900, with a relative error of
+0.15%, whereas the enriched mean is 7.5759, with a relative error of -0.04%. In the 5D case,
the corresponding means are 5.1716 and 5.1488, with relative errors of +1.38% and +0.93%,
respectively. In both cases, the baseline and sample-enriched approaches produce reason-
able price estimates, with the enriched estimates closer to their respective reference values.
This limited improvement may be due to the exercise boundaries lying in low-probability re-
gions, as suggested by the limited coverage of the original pool. Therefore, correcting the
policy in these regions may have little effect on the initial option value. Since only a modest
price benefit is observed, subsequent experiments use only the baseline DBDP-Jump.
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6.6 High-dimensional problems

With its basic performance confirmed by the preceding sanity checks, DBDP-Jump is next
evaluated on high dimensions. The experiments are organized into moderate dimensions
(20D and 50D) and very high dimensions (100D and 200D). In the moderate-dimensional
cases, the method is first tested under the main problem setting given in Section 6.1. Robust-
ness is then examined by varying the MJD parameters in 20D and considering three other
payoff functions in 50D. On 100D and 200D problems, the focus is on scalability therefore
only the main setting is considered.

6.6.1 20D and 50D problems

DBDP-Jump is further evaluated on 20D and 50D problems following the main setting. Both
use a maximum of 10,000 training iterations. At the terminal step, the 20D problem uses
learning rates of 1072 for the first 500 iterations, 10~ for the next 2000 iterations, and 107*
thereafter. For the 50D problem, the corresponding schedule is 1072 for the first 1000 itera-
tions, 1073 for the next 3000 iterations, and 10~* thereafter. The learning rate at all other time
steps is fixed at 107*. The results are reported in Table 6.6.

Table 6.6: DBDP-Jump results for 20D and 50D put options under the main setting.

case (type, d) ref. value mean value s.e. rel. err.  time (s)
E, 20 2.43 2.4004 0.0297 -1.21% 630
B, 20 - 3.2236 0.0200 - 633
A, 20 - 3.5342 0.0215 - 632
E, 50 2.22 2.2253 0.0341 +0.23% 1069
B, 50 - 3.0956 0.0344 - 1120
A, 50 - 3.2894 0.0171 - 1111

Both European estimates are close to their direct MC benchmarks, with relative errors of -
1.21% and 0.23% in 20D and 50D, respectively. The standard errors remain small across all
six cases. For each option type, the estimated value decreases as the dimension increases
from 20 to 50. Within each dimension, the estimates follow the ordering European < Bermudan
< American, consistent with increasing exercise opportunities.

The sensitivity study is conducted for a 20D European put option under different MJD settings
(A, uy, 0y, and py). The variations are made on the main set problem defined in Section 6.1. Eu-
ropean option is considered because, unlike high-dimensional Bermudan or American options
under jump-diffusion dynamics, it admits a reliable benchmark price via direct MC simulation.
Such a benchmark is needed to assess the accuracy of the DBDP-Jump estimates as the MJD
parameters vary. The dimension is fixed at d = 20 so that the test problem remains genuinely
high-dimensional while the computational cost of the parameter sweeps stays manageable.

The following training settings are shared for all 20D sensitivity tests. To increase model
flexibility, the hidden width is set to d + 100. The maximum number of training iterations is
set to 10,000. At the terminal step, the learning rate is set to 1072 for the first 500 iterations,
reduced to 103 until iteration 2500, and then fixed at 10~* for the remaining iterations. For all
other time steps, the learning rate is fixed at 1074
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Sensitivity to jump intensity A. The specific values considered in this sensitivity check are
A € {0.0, 0.1, 0.3, 0.5, 1.0, 2.0}, while all other model parameters are fixed as in the main
setting. For A = 2.0, the auxiliary jump-sample size and mini-batch size are increased to 512
and 2000, respectively. All other cases use the default values of 256 and 1000. The results
are summarized in Table 6.7.

Table 6.7: 20D European put option value estimation under different A.

A ref. value mean value s.e. rel. err.  time (s)
0.0 2.00 2.0267 0.0333 +1.30% 1148
0.1 2.08 21243 0.0429 +1.93% 1363
0.3 2.26 2.3265 0.0522 +2.97% 1186
0.5 2.43 2.5242 0.0413 +3.99% 1136
1.0 2.84 2.8881 0.0282 +1.53% 1152
2.0 3.62 3.6318 0.1335 +0.35% 2253

“ marks the main set problem.

Overall, DBDP-Jump provides estimates with acceptable errors across the tested jump inten-
sities. A preliminary run at A = 2.0 using the same configuration as the other cases showed
noticeable bias; the corresponding result is reported in Appendix C. A higher jump intensity in-
creases both the expected number of realized jumps and the contribution of the jump-related
terms to the local loss, making their numerical approximation more demanding. Therefore,
the A = 2.0 result in Table 6.7 uses more auxiliary jump samples and a larger mini-batch.
With this adjustment, the relative error is reduced to 0.35%, while the average runtime rises
to 2253 seconds, approximately twice that of the other cases, illustrating a trade-off between
estimation accuracy and computational cost.

Sensitivity to jump size distribution Ny (1,,2,). The following experiments examine the
sensitivity of DBDP-Jump to the jump mean p; and jump standard deviation o,. Motivated by
the A-sensitivity results, the auxiliary jump-sample size is fixed at 512 to improve the approxi-
mation across these jump-size settings.

The jump mean is varied over u; € {-0.4, —0.3, —0.2, —0.1}. The results are summarized in
Table 6.8.

Table 6.8: 20D European put option value estimation under different u,.

Uy ref. value mean value s.e. rel. err.  time (s)
-0.40 6.82 6.7396 0.0388 -1.25% 2164
-0.30 4.99 4.9723 0.0826 -0.27% 2136
-0.20 3.43 3.5883 0.0294 +4.72% 2210
-0.10° 2.43 2.4354 0.0618 +0.33% 2277

" marks the main set problem.

The jump standard deviation is varied over o, € {0.1, 0.2, 0.3, 0.4}. The results are summa-
rized in Table 6.9.
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Table 6.9: 20D European put option value estimation under different .

oy ref. value mean value s.e. rel. err.  time (s)
0.10 2.51 2.5355 0.0299 +1.19% 2193
0.20 2.46 2.5136 0.0549 +2.26% 2272
0.30° 2.43 2.4354 0.0618 +0.33% 2277
0.40 2.47 2.5355 0.0854 +2.49% 2324

" marks the main set problem.

Taken together, Tables 6.8 and 6.9 indicate that DBDP-Jump remains reasonably robust to
variations in the jump-size distribution. Across the tested values of the jump mean y; and
jump standard deviation o, the estimated option values remain close to their corresponding
reference values, with absolute relative errors no larger than 4.72% and most cases within
approximately 2%.

Sensitivity to jump correlation p,. The tested jump correlations are p, € {0.0, 0.3, 0.6, 0.9}.
The case p; = 0.0 corresponds to independent jump sizes across assets. The value p, = 0.3
represents a moderate positive jump-size correlation, which is closer to a realistic setting
where assets tend to jump in related directions. The case p, = 0.9 represents an almost
common jump-size movement across assets. The number of auxiliary jump samples is set to
256. The results are summarized in Table 6.10.

Table 6.10: 20D European put option value estimation under different p;.

Py ref. value mean value s.e. rel. err.  time (s)
0.00° 243 2.3762 0.0568 -2.11% 1161
0.30 3.49 3.4845 0.0803 -0.09% 1166
0.60 4.30 4.3396 0.1148 0.89% 1128
0.90 4.98 4.9645 0.1302 -0.40% 1110

" marks the main set problem.

Table 6.10 shows that the DBDP-Jump gives relatively accurate price estimates for all tested
jump correlation levels.

Remark. Note that the main set problem is included in each sensitivity sweep and marked with
". The slight differences among its mean estimates in Tables 6.6, 6.7, and 6.10, which share
the same training configuration, are due to the stochastic nature of NN training. Averaging
over 5 trials reduces but does not eliminate the effect of this training randomness. In the
case reported in Tables 6.8 and 6.9, where the number of auxiliary jump samples increases
from 256 to 512, a lower relative error is observed, while the average runtime approximately
doubles. However, across all tests for the same main set problem, the absolute relative errors
remain below 5%, further supporting the robustness of the DBDP-Jump.

Thus far, this subsection has considered only the arithmetic basket put payoff. The remaining
experiments evaluate DBDP-Jump with three alternative payoffs in 50D to assess its payoff
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flexibility in high dimensions. Except for the payoff function, the model and contract param-
eters remain as specified in Section 6.1. The alternative payoffs, the corresponding option
types, and any training modifications are listed below.

» Geometric basket put: g(x) = max(K - (1‘[;’:1 x,-)%,O).

The geometric put has a similar price scale to the arithmetic put, so the same training hyper-
parameters of 50D arithmetic basket put are retained. Because the logarithm of the geometric
mean is a linear combination of the asset log-prices, the multidimensional MJD dynamics can
reduce to an effective one-dimensional MJD process. The European benchmark can therefore
be computed using the Merton semi-closed-form formula [26], while the Bermudan and dis-
cretely monitored American-style benchmarks are obtained using the jump-diffusion tree [19].
All three option types are therefore tested, as the DBDP-Jump estimates can be compared
directly with their respective benchmarks.

* Put on the minimum: g(x) = max(K —min;—1__ 4 X;,0).
+ Call on the maximum: g(x) = max(max;=1__ 4 X; — K,0).

Unlike the arithmetic and geometric payoffs, which aggregate all basket components, the put
on the minimum and call on the maximum depend only on the extreme values of the bas-
ket. They therefore provide a structurally different test that is more sensitive to the tails and
dependence of the joint asset distribution. Under the equicorrelated MJD setting used here,
the common jump count permit semi-analytical European reference values to be computed
following the framework of [39]. These deterministic benchmarks avoid the sampling noise
present in direct MC estimates. In addition to the European case, the put on the minimum is
further tested as a Bermudan option to assess the exercise projection for an extremum pay-
off. For the call on the maximum, only the European case is tested, since with non-dividend-
paying assets and r > 0, early exercise does not add value and the European, Bermudan,
and American-style prices coincide. The European benchmarks show that, under the present
50D parameter setting, both extreme-value payoffs produce option values on a substantially
larger scale than the arithmetic and geometric basket puts. Because the DBDP-Jump local
objective (3.12) is a mean-squared residual, the larger target scale leads to larger loss magni-
tudes and greater sensitivity to the learning rate. Accordingly, the maximum iteration budget
is increased to 20,000, and the adaptive learning-rate design introduced in Subsection 6.6.2
is applied to all extreme-value cases. The common settings are a plateau patience of 800
iterations, a relative tolerance of 0.1%, a learning-rate reduction factor of 0.5, and a minimum
learning rate of 107°.

Table 6.11: 50D problems with different payoff functions and option types.

case (payoff, option type) ref. value mean value s.e. rel. err.  time (s)
Geometric put, E 3.3427 3.3379 0.0121 -0.14% 1177
Geometric put, B 3.9826 4.0276 0.0264 +1.13% 1215
Geometric put, A 4.1793 4.3249 0.0263 +3.49% 2635

Puton min , E 29.8017 29.8155 0.0202 +0.05% 3036

Puton min , B - 31.4630 0.0217 - 2972

Callonmax , E 75.4985 75.0936 0.1745 -0.54% 3054

Table 6.11 shows that DBDP-Jump remains reasonably accurate across the three alternative
payoff functions. Among all cases with independent benchmarks, the absolute relative errors
do not exceed 3.49%, while those of the three European cases do not exceed 0.54%. The
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extreme-value cases have average runtimes around 3000 seconds. This higher computational
cost is consistent with the larger loss magnitudes and the greater iteration budget allocated
to these cases. Overall, the results provide evidence that DBDP-Jump extends beyond the
arithmetic basket payoff.

6.6.2 100D and 200D problems

Learning-rate control becomes more critical in high dimensions. As the dimension increases,
the local DBDP-Jump loss becomes more sensitive to the learned parameters, and the loss
landscape becomes more complicated. An aggressive gradient step can therefore produce a
sudden loss explosion. Once this happens, the optimizer may not recover within the remain-
ing local training budget. A detailed analysis of the causes of loss explosions, together with a
representative example, is provided in Appendix B. In very high dimensions, a pre-specified
learning-rate schedule may require repeated fine-tuning based on the loss convergence ob-
served at the first training step. A simple three-stage schedule may therefore be insufficiently
adaptive for such cases. To reduce manual tuning and improve training efficiency, the learn-
ing rate should be adjusted dynamically in response to the observed optimization behaviour.
Hence, the 100D and 200D experiments use an adaptive learning-rate design.

The adaptive learning-rate design is applied consistently across all time steps. It automatically
reduces the current learning rate when the validation progress has plateaued, and it restores
the model with the lowest recorded validation loss at the end of the local training rather than
simply using the latest checkpoint. A concise flowchart is shown in Figure 6.4.

split datainto
training and
validation sets

Every 100
iterations?
vis

Comupute validation loss

No

Plateau occur rs? Yes—»-

Restore the last lowest

Figure 6.4: Adaptive learning-rate design used in every training step.

In the experiments, the validation loss is evaluated every 100 iterations. The initial learning
rate is 1072 for the terminal step and 10~* for all subsequent backward steps. The model is
saved whenever a new lowest validation loss is observed. A validation loss plateau is defined
as the absence of significant improvement over a prescribed number of iterations, which is 500
iterations for 100D and 1000 iterations for 200D. An improvement is regarded as significant
only if the new validation loss decreases by at least a prescribed relative tolerance compared
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with the previous best value. In the reported estimation experiments, this tolerance is set to a
decrease of at least 10% for 100D and 0.1% for 200D. When a plateau is detected, the best
saved model is reloaded, and the learning rate is multiplied by 0.1 for 100D and by 0.5 for
200D. A minimum learning rate is imposed to avoid ineffective updates with excessively small
step sizes. Itis 10~ for 100D and 10~ for 200D.

The local training process terminates when the validation loss falls below the stopping thresh-
old 0.01, when the maximum iteration budget is reached, or when a plateau occurs but the
reduced learning rate would be smaller than the dimension-specific minimum learning rate.
The maximum iteration budget is 10,000 for 100D and 20,000 for 200D. At the end of each
local training step, the model with the lowest recorded validation loss is restored and saved
as the final model for that step.

Table 6.12: DBDP-Jump pricing results for 100D and 200D arithmetic basket put options.

case(type, d) ref. value mean value s.e. rel. err.  time (s)
E, 100 2.14 2.1141 0.0433 -1.21% 2280
B, 100 - 2.9525 0.0546 - 2182
A, 100 - 3.1978 0.0393 - 2109
E, 200 210 2.0809 0.0108 -091% 4179
B, 200 - 2.8561 0.0143 - 4469
A, 200 - 3.1519 0.0144 - 4566

The results in Table 6.12 show stable behavior of the proposed DBDP-Jump method in both
high-dimensional cases. For the European options, where reference values are available, the
estimated prices remain close to the corresponding reference values. The relative differences
are below 2% for both d = 100 and d = 200, which provides a useful consistency check for the
learned continuation scheme in the absence of early exercise. Under the arithmetic basket put
payoff considered here, the expected ordering across option types is also preserved: for each
fixed dimension, the Bermudan value is larger than the European value, and the American
value is larger than the Bermudan value. This is consistent with the increasing flexibility of the
exercise opportunity set. For the same payoff and option type, the estimated value decreases
slightly when the dimension increases from 100 to 200, matching the trend observed in the
reference European prices. The average training time roughly doubles from the 100D to the
200D case, which is reasonable given that the problem dimension is doubled and already
large. In addition, a larger iteration budget, longer plateau patience, and a lower minimum
learning rate are used for the 200D setting, all of which further extend the training time.

46



7 Discussion

7.1 Main findings

This thesis developed DBDP-Jump for pricing high-dimensional Bermudan options under mul-
tidimensional MJD dynamics. On each interval between consecutive exercise dates, the con-
tinuation value satisfies a PIDE and, through the Feynman-Kac representation for jump diffu-
sions, admits an equivalent BSDE with jumps (BSDE;j) representation. The optimal stopping
problem can therefore be formulated as a backward recursion over a sequence of local BSDEs
with jumps. This construction is extended from the DBDP1 scheme of [1], which was devel-
oped for high-dimensional parabolic PDEs. DBDP-Jump adapts this local backward scheme
to the PIDE induced by MJD dynamics. At each time step, two NNs approximate the contin-
uation value and its spatial gradient. Two further adaptations incorporate the Bermudan and
jump features: a pointwise maximum with the exercise payoff is applied at each admissible
exercise date, and the jump integral is separated into realized-jump and compensator terms.
Both terms are evaluated from the learned next-step value function, with auxiliary MC used
to approximate the compensator. Unlike the approach in [2], DBDP-Jump therefore requires
no additional NN for the jump integrand. The same construction can extend to other finite-
activity jump-diffusion models when the jump-size distribution can be sampled, e.g. the Kou
model [18]. An error analysis is done by combining the backward time-discretization, local NN
approximation, and jump-propagation errors.

The numerical experiments first validate DBDP-Jump on benchmarked 1D and 5D problems,
then extend the evaluation to 20D, 50D, 100D, and 200D to assess scalability. The main tests
from 20D to 200D cover European, Bermudan, and American-style options. The agreement
between the European estimates and their reference values provides evidence that pricing ac-
curacy is maintained as the dimension increases. For the early-exercise cases, the expected
ordering of option values is preserved, supporting the numerical consistency of the estimates.
The benchmarked estimates also remain reasonably accurate when the MJD parameters are
varied in 20D and the payoff function is varied in 50D. Computational cost depends on the
dimension, the number of auxiliary jump samples, the permitted training iterations, and the
problem-dependent difficulty of the local regression. Across the main dimensional tests, the
observed runtime grows approximately in proportion to dimension, indicating favorable empir-
ical scaling over the tested range.

7.2 Practical considerations for time discretization and
training hyperparameters

The consistency inequality (4.21) shows that time-grid refinement and local training accuracy
must be considered jointly. Refining the grid reduces the backward discretization error, but
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it also creates more local learning problems. The local value-network and jump-propagation
errors accumulate over the backward recursion and are weighted by the number of time steps
N. Afiner grid need not improve the final estimate under fixed network capacity, sample sizes,
and optimization budgets unless these local errors are reduced at the same time. The grids
with N = 100 used in the experiments should therefore be viewed as a practical compromise:
they resolve the prescribed exercise dates without making the sequence of local regressions
unnecessarily long. The practical grid-refinement results in Section 6.4 show a pattern con-
sistent with this discussion.

Within the tested problem family, the experiments identify a useful baseline training configu-
ration. To avoid repeated MC generation during local optimization, each trial reuses an offline
pool of simulated state trajectories and a fixed collection of auxiliary jump samples throughout
the backward recursion. Two hidden tanh layers of width d + 30, input normalization, an offline
pool of 100,000 paths, a mini-batch size of 1000, and 256 auxiliary jump samples were suf-
ficient for most cases. A maximum of 10,000 iterations, a three-stage terminal learning-rate
schedule from 1072 to 10~*, and a fixed rate of 10~ at the remaining steps gave stable results
in most low- and moderate-dimensional problems. Note that these settings are only empir-
ical defaults. More auxiliary samples and a larger mini-batch are beneficial when the jump
terms become more variable, as observed for high jump intensity. For 100D, 200D, and the
larger-scale extreme-value payoffs, learning-rate reduction with restoration of the best check-
point is more reliable than a fixed schedule, and the most demanding cases require up to
20,000 iterations. The stopping threshold must likewise reflect the loss scale. The default
0.01 was adequate for most N = 100 tests. The 5D sanity check used a different MJD setting
with lower volatility and jump variation, producing smaller one-step residuals. Its threshold
was therefore reduced to 0.002 to avoid premature stopping. Thus, dimension, jump vari-
ability, and payoff scale are the main practical signals for increasing the sampling budget or
strengthening learning-rate control.

7.3 Use and limitations of sample enrichment

The sample-enrichment modification addresses a specific weakness of training on forward
paths. At early times, states generated from a fixed initial condition may not cover the exercise-
relevant region, forcing the learned continuation function to extrapolate when locating the
exercise boundary. The proposed procedure uses empirical remaining-return quantiles to
construct a target interval, rescales existing states into that interval, and activates enrichment
only until the original sample pool provides adequate coverage. In both the 1D test and the
reducible 5D geometric-basket test, enrichment substantially reduces the early-time exercise-
boundary error. It is therefore useful when the stopping policy or boundary is itself of interest
and the original path pool provides insufficient coverage of the relevant region.

However, the same tests show only a modest improvement in the option price estimate. Two
factors may explain why the improvement is small. First, the option value is defined as the
supremum of expected discounted payoffs over admissible stopping times under the risk-
neutral measure, whereas the enriched states are generated by rescaling. Although this
rescaling preserves relative asset composition, it does not preserve the original state dis-
tribution. Second, the failure of the original sample pool to reach the early boundary suggests
that this boundary lies in a low-probability region. Correcting stopping decisions in this region
may have little effect on the initial option value.
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A DBDP-Jump algorithm

A DBDP-Jump algorithm

Algorithm A.1: DBDP-Jump (baseline)

N

o o W

10

1"
12

13
14

Require: Dimension d; number of time intervals N; maturity 7; model parameters u;, 2, A;

initial asset price xq; exercise time set 7.

Require: Network depth Lyy; hidden width m; activation function; optimizer; learning-rate

schedule; maximum number of training iterations MaxIter; pool sample size P;
batch size B; auxiliary jump-sample size M.

Output: Trained value approximation Vo(xo).
Initialize Vn () = g(+).
Sample P paths of the underlying asset process. Record the pre-jump states, jump counts
ANy, realized jump sizes Z, x, and Brownian increments AW,,.
Fix the training and validation index sets using the prescribed split of the path pool.
Sample one auxiliary set {Z ) }j"i’l , where Z()
forn=N-1,...,0do
Initialize the time-n network randomly if n = N — 1; otherwise warm-start it from the trained

time-(n + 1) network.
Using the fixed \7,,+1, precompute and store for every pathp=1,..., P:

n+1

Ve~ (x“”) 7P from (3.13),  CP) from (3.15),

where C'P is evaluated using the fixed auxiliary set {ZU)}J."Z’1

fori=1,..., MaxIter do

Select a mini-batch index set 8; of size B from the training pool and retrieve the
corresponding precomputed quantities.

Evaluate the current network outputs for p € 8B;:

?n(p’i) =~yn(Xf$p)§97:/): V pl) =Zn (X(P) 92)

Form the one-step map:

Compute the empirical mini-batch loss:

i 1 (p) (p.)|?
L '(6,) = — Vp —FP .
0ssp,(0n) 8] p; 4 n |

n+1

Update 9,,y and 9,,Z using the optimizer and learning-rate schedule.

if t, € 7 then
Set

V() — max{g(-),yn(-; 0,‘:/’*)} .

else
Set

V() — Yn(-5677).

~ Ny(uy,Z ), and reuse it throughout the trial.

,_—(p N _ Y(pl) +rY(p/) At, +(0X(X(p))VX (P’)) Wn(p) +jf]p) _5{(’;7) Atn,

pEB,‘.
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B Loss explosions and the need for
adaptive learning-rate control in
DBDP-Jump

At time step N — 1, the loss function is

Lossy_1(On-1) = E [lg(Xn) = Fn-1(8n-1)I] ,

where the one-step map Fn_1(0n-1) is given by

Fn-1(On-1) = Yn-1(Xn-1505_;) + 1 Yn1 (Xn-1; 605 _ ) Aty 1

T - —
+ (UX(XN—1)ZN—1 (XN—1§9/€_1)) AWN_1+JIn-1 = Cn-1Atn-1.

Since \7N = g at the terminal time step N, both the jump term fN_1 and the compensator
Cn-1 are evaluated using the known terminal payoff g rather than a learned approximation.
Moreover, these two terms are treated as constants during training. Consequently, at time step
N -1 the jump and compensator terms introduce only MC noise and do not contribute trainable
approximation error. Among the remaining terms, the drift term r Yy _; (XN,1;9;'{_1)AtN,1 is
scaled by Aty_q and is therefore small. The dominant source of trainable error is the diffusion
term

z T d . . z .
(ox N1 Zw-1 (Xn-130Z 1)) AWw-1 = D 0 Xp1 Ziyoy (Xn-1: 0% JAW; ;.
i=1

As Zn-1(Xn-1; 95_1) e R? is a NN approximation of the gradient of the value function and
AWn_; € R9is a d-dimensional Brownian increment, the error contribution of this inner product
grows with the dimension d. Hence, the diffusion term is increasingly sensitive to inaccuracies
in Zn-1(Xn-1;6%_,) as the dimension rises.

Even when the Adam optimizer is used, the base learning rate still plays a critical role in the
training process. With a fixed and large learning rate such as 1072, after a sufficient number
of iterations, the parameter updates can overshoot the neighborhood of a local minimizer,
causing oscillations in the loss value. Furthermore, in the Adam update rule 6;,1 = 6; — qu;s
the first-moment estimate 1, accumulates the history of these oscillating gradients. If the
second-moment estimate 7; happens to be small at some iteration. For instance after passing

through a relatively flat region of the loss landscape. The effective step size \F_ can become

temporarily very large, pushing the parameters into a region where the gradient is steep. Once
in such a region, the NN approximated gradient Zy_1(Xn-1; N_1) deviates substantially from
the true gradient of the value function. In high dimensions, since the parameter space of the
network is larger and the loss landscape is more complex, such destabilizing jumps are more
likely to occur and the accumulation effect of the inner product can lead to an extremely large
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B Loss explosions and the need for adaptive learning-rate control in DBDP-Jump

loss value at some iterations. This phenomenon is observed at the terminal backward step
N — 1 in the 50D problem with a fixed learning rate of 10-2. As shown by the blue curves in
Figure B.1, the loss can suddenly exceed 1000 after several iterations. This results in poor
convergence, and the training process struggles to recover from such a spike.

d=50: step n=99 — LR schedule comparison

Epoch
0 15 30 45 60 75 90 105 120

no sched TO train with sched TO train
- no sched T0 val with sched TO val

103 4

102 4 ! ‘
I

~ | A \//\//\

10° 4

MSE Loss

107 4 ANy /\ oA

0 2000 4000 6000 8000 10000
Iteration

Figure B.1: Loss value explosion at time step N-1 (an example of 50D problem).

Therefore, a learning-rate schedule is adopted at time step N — 1 to mitigate the risk of loss
explosions. A learning-rate schedule consisting of 10~2 for the first 500 iterations, 103 for the
next 1000 iterations, and 107* thereafter yields consistent convergence, as illustrated by the
orange curves in Figure B.1.

However, in even higher dimensions, a pre-specified three-stage learning-rate schedule may
require further tuning based on the loss convergence observed at the terminal backward step
n = N —1. For example, the 100D problems under the main setting use a maximum of 10,000
iterations. The learning rate is set to 1072 for the first 2000 iterations, 10~3 for the next 4000
iterations, and 10~* thereafter. Figure B.2 shows the corresponding training and validation
losses at time step N — 1. Oscillations between iterations 1000 and 2000 are consistently
observed across the European, Bermudan, and American cases. This pattern suggests that
reducing the learning rate to 10~3 earlier, for example at iteration 1500, may improve conver-
gence stability.

(a) European. (b) Bermudan. (c) American.

Figure B.2: Training and validation losses at the terminal backward step N-1 for the 100D
cases under a three-stage learning-rate schedule.

Thus, manually selecting the learning-rate levels and transition points becomes more demand-
ing as the dimension increases. A schedule calibrated for one setting may require repeated

52



adjustment based on the observed terminal-step convergence in another. This increasing cal-
ibration burden motivates the adaptive learning-rate design introduced in Subsection 6.6.2,
which responds directly to validation progress.
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C DBDP-Jump under high jump intensity

This appendix supplements the jump-intensity sensitivity study reported in Table 6.7 by exam-
ining the preliminary A = 2.0 result obtained with the default sampling configuration.

For A < 1.0, the sensitivity experiments use a mini-batch size of 1000 and M, = 256 auxiliary
jump samples. As a direct test of whether the same configuration remains adequate at a
higher jump intensity, it was initially retained for A = 2.0. Table C.1 reports this preliminary test
gives a relative error of -8.23% and a standard error of 0.1896 which is apparently higher than

those obtained forA < 1.0.

Table C.1: Preliminary 20D European put option value estimate for A = 2.0
A ref. value mean value s.e. rel. err.
2.0 3.62 3.3215 0.1896 -8.23%

Figure C.1 shows the training and validation losses at the terminal step N — 1 under the same
default sampling configuration. It can be seen that the curves for the case A = 2.0, exhibits
more pronounced and recurrent fluctuations across the five trials. These fluctuations remain
visible after the scheduled learning-rate reductions.

d=20 European Put — Terminal step (n=99) loss curves
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Figure C.1: Training and validation losses at the terminal step N — 1 = 99 under different jump
intensities, using a mini-batch size of 1000 and 256 auxiliary jump samples.

For a Poisson jump process, a larger A means that realized-jump contributions occur more
frequently in the pathwise training targets, potentially increasing the variability of stochastic
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C DBDP-Jump under high jump intensity

gradient updates. Increasing the mini-batch size averages the local loss over more trajectories
and may therefore provide a practical way to improve training stability. The auxiliary sample
size addresses a different source of error. In (3.15), the sample average used to approximate
the compensator is multiplied by A. Consequently, for a fixed M,, the effect of its finite-sample
MC error can become more pronounced as A increases. Together, these considerations moti-
vate increasing the mini-batch size from 1000 to 2000 and doubling the auxiliary jump-sample
size from 256 to 512 for the A = 2.0 test.

d=20, lambda=2.0 - step n=99 loss curves

102 4 0 train T2 val
Toval  —— T3train
Tltrain  —— T3val
T1val T4 train
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10! 4

100 4
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S S 2R Y R AR A A D S e L L=
N N %
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(I) 20‘00 40‘00 60‘00 80‘00 10600
Iteration

Figure C.2: Training and validation losses at the terminal step N — 1 = 99 for A = 2.0, using the
adjusted mini-batch size of 2000 and 512 auxiliary jump samples.

With the adjusted sampling configuration, the loss curves in Figure C.2 settle into a more
stable range after the initial training phase. The corresponding estimate reported in Table 6.7
is 3.6318, with a standard error of 0.1335 and a relative error of +0.35%.
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