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Abstract

GMRES and CGS are well-known iterative methods for the solution of certain sparse
linear systems with a non-symmetric matrix. These methods have been compared experi-
mentally in many studies and specific observations on their convergence behaviour have been
reported. A new iterative method to solve a non-symmetric system is proposed by Eirola
and Nevanlinna. The purpose of this paper is to investigate this method and to compare it
with GMRES. We have seen problems for which this method is more efficient than GMRES.
The original method has as drawbacks that it 1s not scaling invariant and that it may suf-
fer from numerical instability but it will be shown that these deficiencies can be repaired.
A method proposed by Broyden seems to be somehow related to the new method and is
therefore included in the comparison.



Introduction

In this paper we compare the GMRES-method [6], the EN-method [3] and the B-method [1].
Our main motivation to study the EN-method is that it deepens the insight in projection-type
methods, which hopefully leads to better iterative methods. Descriptions and some relevant
properties of these methods are given in Section 1. In Section 2 we describe numerical exper-
iments for EN, which motivate the theoretical analysis of Section 3. In that section we give a
relation between the EN- and GMRES-method. Subsequently we compare the efficiency of both
methods. Though in some cases the EN-method is more efficient than the GMRES-method this
is not the case in general. In Section 4 we show that the convergence and the stability prop-
erties of EN are not scaling invariant, as they are for GMRES and other projection methods
and we also show how this can be repaired to the advantage of the EN-method. Furthermore,
we describe some problems for which EN diverges GMRES converges. In Section 5 we consider
a variant of the EN-method, which is algebraically equivalent to the GMRES-method. This
enables us to make a better comparison between GMRES and EN, and it gives more insight in
GMRES. Finally, in Section 6 we compare the EN-method with the B-method and a general
class of methods given in [2]. Furthermore we compare the efficiency of B and GMRES. From
these comparisons it appears that the most efficient and robust method is the implementation
of the full GMRES method as described in, e.g., [6] and [7]. However, it appears from experi-
ments that if the iterative methods (EN and GMRES) are restarted then EN can be much more
efficient than GMRES. This aspect is subject of further study and is not reported in this paper.

1 GMRES, EN and B-method

The GMRES-method is originally proposed in [6]. We use results in [5] for understanding the
convergence behaviour of GMRES. Consider the linear system Az = b with z,b € R"™ and
A € R"*" is nonsingular. The Krylov subspace K*(A;rg) is defined by K*(A;ry) = span

ro, Arg, ..., Ak_lro}. The k-th iterate zj is written as 2 = zo + 2 where 2, € K* (A; 7o) and
rg = b — Axg. In the GMRES-method the vector z; is chosen as the vector which solves the
linear least-squares problem

min
2 = arg > € K*(4;70) |6—A(zo+ 2)||2 - (1)
JFrom this definition it follows that
il = 2z € K" (A;ro) It = Awo — Az o = a1, ...,a; € R o+ ZZ:;OQA rolla - (2)

In the EN-method we take a different splitting of the matrix in each iteration step:
A=H'- Ry,
which leads to the basic iteration method

Tp = Th—1 + Hprp—1 .



The key idea is to improve Hy from step to step by (cheap) rank-1 updates:
Hy, = Hy_y + up_gvf_; .
For the k-th step this leads to

rro= Tre1 — A(Hp_1 + up_1vf_ e
= (I - AHk—l)Tk—l — frg—1 Aug_y

with pp_1 = v;{_lrk_l .
The ideal choice for ug_q would have been, such that

pr_1Aug_1 = (I_ AHk—l)Tk—l ’
or  flgp_q1Uk—1 = A_l(I — AHk_l)Tk_l .

If Hk__l1 defines a suitable splitting for A then A~! could be replaced by Hj_; and this motivates
the choice for up_q:
Up—1 = Hk—l(I - AHk—l)Tk—l-

The choice for v;_; now follows by minimizing || 74 ||2 as a function of px_q:
pi-1 = (Aup_1) (1 = AHp_y)rp—a/ || Aug—y |13

so that
1

= (T—AH. T Auw_
Ty g~ AHkmn) A

V-1

is an obvious choice.
This leads to the following algorithm ([3]: p.512,513):

1. given xg, Hg, compute rg and take k = 0,

2. By =1— AHy, w, = HyEpry, v, = EF Aug/ || Aug |13,

3. Hyyr = Hy +ugvl, appq = o5 + Hyqare, Thp1 = b — Azgyr

4. stop if || ri41 ||2 is small enough, otherwise k : = k 4+ 1 and return to step 2.

The only difference between EN and GMRES is the choice of u;. By taking vy = Hyr, instead
of up = HpFyry, we obtain an iterative method algebraically equivalent to GMRES.
The following equalities and definitions will be used in our analysis:

C = Auk/ || Auk ||2, (3)
k

FEryr = - Py)Ey, P = Zcic? and c;fpc]' =0 for ¢ #j, (4)
=0

Tk_|_1 = Ek+17‘k. (5)

Equation (4) only holds if all Hj, are nonsingular. Therefore, in the case that Hy4q is singular
whereas Hy is nonsingular we take Hy1q1 = Hy (see [3]: p.518). The following property may be



used to check wether Hyyq is singular.

Property 1.6 ([3]: p.518, Proposition 2.1)
Assume Hy is nonsingular. Then Hj4q is singular if and only if c;{Eork =0.

The description of the algorithm given above is suitable for analysis, however in order to save
computational work we prefer the following implementation given in ([3]: p.519):
at step K xg, 7k, Ug, ..., Up_1, CQ, ..., Cp—1 are known, then compute

k-1
L. a;=cl'(rp — AHgry) for i =0,..k—1, n=Horp+ 3 au;, &=r,— An,
1=0

k=1
2. Bi=cl (6 —AHpt) for i=0,., k=1, u=r (H(){ + 3 ﬂlul) . e = Auy,
=0
where 7 is such that || ¢k [|2 = 1,

3. vy =wp+ 0+ uw{fa The1 =& — CkC;;F .
In the sequel, EN1 denotes the given implementation.
In another implementation given in ([3]: p.519), £ and ¢ are computed as follows: & =

k=1 k=1

ry — AHory — > aye; and ¢ = 7| AHoE + > Bic; |. This implementation is used, in situ-
ations where it is more efficient to compute a linear combination of k + 1 vectors instead of
multiplying one vector by A. Note that £ is the component of rp, — AHgyry orthogonal to span
{¢o,....cr—1}. Hence j3; is equal to —c?AHof which implies that ¢ is the normalized compo-
nent of AHy€ orthogonal to span {co, ..., cx—1}. In this implementation the vectors £ and ¢, are
made orthogonal by the Gram Schmidt process. For stability reasons we propose the following
implementation (EN2) based on the modified Gram Schmidt process:

1 €O = (I — AHo)rg, 7 = Horg,
a; = cFeD, ¢+ = O — s, D = ) 4 azuy, =0,k 1,
2.l = AHEE®, W0 = Hue®),
Bi= =Ll =Dy g WY =D g By, i= 0, k- 1,
ee = e el N2y we =/ ) e |1
3. 2ipn = an 4 00 uecl€W, = (1- ) €W

In our experiments the stability properties of EN1 and EN2 have appeared to be more or less
equivalent.

In the B-method also a nonsingular matrix Hy € R"*"™ must be specified which again is viewed
as an approximation to the inverse of A.

The algorithm runs as follows ([1]: p.94):

1. given xg, Hg, compute rg and take k =0,



2. pp=Hyrg, Zpy1 =Tk +phy The1 =b— Avpgq
3. Y =Tk — Tht1 »

4. Hyyr = Hy — (Hiys —pk)pgﬂk/pgﬂkyk, k:=k+ 1 and return to step 2.

2 Numerical experiments

In order to get some idea of the convergence behaviour of the EN-method we report on some
numerical experiments. The numerical experiments have been carried out on a HP9000-845
computer in double precision arithmetic (about 15 decimal places). Our test matrices and right-
hand sides are taken from ([5]: p.16,17). These matrices are of the form A = SBS~! with
A, S, B € R1Y9*190 We have selected S to be equal to

1 B 0
S = !
s
0 1

The system Az = b is solved for right-hand sides, such that = (1,..., 1)T (experiments with
other choices of z show more or less the same convergence behaviour). In these experiments
we take Hy = I and zo = (0, ..., O)T. The matrices in our testset are as follows (the numbering
refers to the problems in ([5]: p.17]):

Problem P6:
1
1+«
3 0
B= 4 : (double eigenvalue for a — 0) .
0
100
Problem P7:
1 «
—a 1 %
3
B= 4 : (conjugate eigenpair 1 £ az).
0 100



Problem PS8:

- 0
l+a 1+«
—l-a l4a (two conjugate eigenpairs which
B= . :
come close for a — 0).
6
0
100
Problem P9:
1 1
1 0
3
B= 4 : (defect matrix with jordan block of order 2).
0 100

For these problems we have plotted the convergence behaviour of the EN-method in terms of
the reduction factors || rx41 ||2 / || 7% ||2 » for different values of a and g . In order to facilitate
comparison, different curves have been plotted in the same figure. The lowest curve is always
plotted on the right scale. Each successive curve has been raised by 0.1 vertically with respect
to the previous one.

The results for B : = B/100 (an explanation of this seemingly awkward choice is given in Section
4) are given in the Figures 1, 3, 5 and 7. These figures are in a qualitative sense largely the
same as the Figures 2, 4, 6 and 8 for GMRES obtained from ([5]: Figures 17, 18, 20 and 21).
This leads us to expect some relation between EN and GMRES. In the following section, this
relation is identified more explicitely.

A quantitative comparison of the experiments shows that || r; ||z in EN is larger than
|| 72k ||z in GMRES. Furthermore, in Figure 1 we observe, for @« = 0 and 3 = 0.9, peaks at
k =9 and k = 50, whereas in Figure 2 these peakes occur at £ = 16 and & = 79. For the other
situations similar observations have been made. This indicates that if GMRES leads to a peak
at the k-th iterate and if EN shows a peak at the j-th iterate, then j is larger than k/2. This
again underlines the idea that the convergence behaviour of GMRES after 2k steps is at least
comparable with EN after k£ steps. This seems reasonable since EN is per iteration step more
than twice as expensive as GMRES. In these experiments the implementations EN1 and EN2
give the same results.

Finally we describe some numerical experiments for a more realistic problem. We take Q to
be the unit square and consider the pde

—Au+yu,=1 onQ and wulsg=0.

Using the standard five point central finite difference approximation over an equidistant rectan-
gular grid we obtain a linear system (Problem P10). We take the step size in 2- and y-direction



equal to 1/30 (EN is applied to the system multiplied by 450/ (7/60 + 1)).
Starting with ¢ = (0, ..., O)T gives the following results:

method
¥y EN | GMRES
0| 38 65
30| 44 84
60 | 35 70
300 | 86 150
3000 | 408 455

Table 1. Number of iteration steps, for which || r; ||z /|| b ||2< 10712

Except for the choice v = 3000 , it appears from Table 1 that roughly 2k steps of GMRES
are comparable with k steps of EN (see also the Figures 9 and 10).

3 A comparison of EN and GMRES

In this section we will show that the space spanned by the vectors ¢ , generated by EN, is
contained in a Krylov subspace. Furthermore, we will compare the norms of the residuals in EN
and GMRES. Then by estimating the required amount of work and memory we will be able to
compare the efficiency of both methods.

First we will show that the vectors ¢, which are generated by the EN-method are elements of a
Krylov subspace.

Theorem 3.1

If Hy, is not singular and Ejyry # 0 then:
2k )

rE =710+ Y. ari (AHp)' ro and span {co, ...,cx} C span {(AHp) ro, ..., (AH0)2k+2 To} -
=1

Proof
In order to simplify relations, we redefine ¢, in this proof, as:

cp = Auyg (6)

(note that only the direction of ¢ is relevant).

We prove the theorem by an induction argument in k. From (6) it follows that

co = AHoForg = AHo (I — AHg) 1o, so that ¢g € span {(AHp) 7o ,(AH0)2 ro}. This implies the
theorem to be true for k& = 0.

Combination of (4) and (5) gives

Tk+1 = Ek+17‘k = (I — Pk) (I — AH())Tk = (I — AH()) Tk — PkEoTk.
Since Py is the orthogonal projection onto span {co, ., ¢x} it follows by induction that

2(k+1) '
Th1 = To + Z apt1,: (AHp) 1o . (7)

=1



Furthermore, from (6) we obtain ¢x41 = AHp41 Erp1mie1 = (I — Fig1) Erp17k41 -
Together with (4) this gives:

i1 = = —Pp)(I — Ally)) Epq17i41 = (AHo + PrEo) Epy17r41 -
Another application of (4) leads to:
k1 = PoFoEgi1ri + AHo (I — Py) (I — AHg) riqq

and hence
Chy1 = PrloEypirpp — AHo Py Eorygy + AHo (1 — AHg)rpqy -

Since Py is the orthogonal projection onto span {cg,.,c;} it follows by induction and (7) that
ck+1 € span {(AHg)ro, ..., (AHO)Q(k-i'l)-"2 To} , which completes the proof. O

The following definition is used for the comparison of the residuals of EN and GMRES.

Definition 3.2

rkEN is the residual in the k-th step of EN. 7‘,? is the residual in the k-th step of GMRES applied
to the postconditioned linear system AHgy = b where Hy is the same matrix in both methods
(note that @ = Hoy solves the system Az =0 ).

;From Theorem 3.1 and (2) we obtain the following inequality
Fre™ Mz 2> 1 i llz - (8)

This inequality supports our earlier observation made in the numerical experiments, reported in
Section 2.

In order to compare the efficiency of EN and GMRES we need an estimate for the amount of
work and memory in each method. For obvious reasons we have listed in Table 2 the amount of
work and memory requirements for k steps of EN and 2k steps of GMRES.

method | steps | multiplications with | inner products | vectorupdates | memory
HO A

EN1 k 2k 4k k* k* | 2kn

EN2 k 2k 2k k2 2k2 | 2kn

GMRES 2k 2k 2k 2k? 2k% | 2kn (+2k?)

Table 2. Amount of work and memory for different methods.

The inner products in EN1 can be computed in parallel. Furthermore in EN2 the vectorup-
dates, used to form 7 and £ (or uy and ¢g), can be computed in parallel. The inner products
and vectorupdates in the implementation of GMRES as given in [7] can not be computed in
parallel. This might be a disadvantage for GMRES in a parallel computing environment.

Since in most of our numerical experiments || 7V ||; and || 7S, ||2 differ considerably, we also
give estimates for the amount of work and memory requirements for the following experiment.
The solution of Problem P10 with v = 300 is computed with the EN-method and the GMRES-
method. The results are plotted in Figure 11. Note that EN requires more multiplications with



Hy and A than GMRES to obtain the same accuracy. Choosing eps = 10712 it appears that
| 7EN 2 /110 |l < eps and || 75 ||2 / || & ||]2 < eps. The amount of work and memory
requirements to obtain this accuracy are listed in Table 3.

method | steps | multiplications with | inner products | vectorupdates | memory
HO A
EN1 86 172 344 7396 7396 154800
EN2 86 172 172 7396 14792 154800
GMRES 150 150 150 11250 11250 135000(+11250)

Table 3. Amount of work and memory for different methods.

In practical situations the order of the linear system n will be much larger than the required
number of iterations. In such cases the term 2k? in the required amount of memory for the
GMRES-method is relatively negligible.

We conclude that when
EN ~ G
™ Nz 2l 72 2

then the EN2-method is more efficient than the GMRES-method in terms of flops-counts. How-
ever the given experiment has shown that there are problems for which

EN G
[ P 1P

with 7 < 2k.
In the following section we will give more evidence for such situations. In such cases it is less clear

which method is preferable in terms of flops-counts. With respect to the memory requirements
we note that GMRES is preferable.

4 Some specific properties of EN

In this section we will show that the convergence and stability properties of the EN-method are
not scaling invariant. Subsequently we will provide some examples where the EN-method does
not converge. Finally we will show that Property 1.6 is useless from a practical point of view.

4.1 The convergence behaviour of EN with respect to scaling

JFrom its construction it follows that GMRES is scaling invariant, which means that when the
method is applied to the system pAx = pb then the iterates are the same for every choice
of p # 0. One might expect from the foregoing that EN has the same property. However,
from our experiments it follows that EN is not scaling invariant. This is well illustrated by
the results for Problem P6 (with @ = 107° and 8 = 0.9 ). In our first experiment we take

Hy = pI as an approximation for A=, Obvious choices for p are p = /\1_1 , p = M-LA” , and
p = Al—n , where Ay = 1 is the smallest and A, = 100 the largest eigenvalue of A. We obtain
17460 2 / Il ro llz= 10%° for p = - = L[| 7§ [l / || ro [l2 < 10712 for p = 35 = 157 - and
736" ll2 / 7o ll2 < 1071 for p = 5= = 5 .



So the convergence behaviour of EN strongly depends on the choice of p.

As a second experiment we apply EN to Problem P6 with B := pB for p = 107%,1072, 1072 and
10~* and Ho = I. The method is terminated as soon as || r; ||2 / || b ||z < 107'2. The number
of iteration steps, for different choices of p, is given in Table 4.

p 107t 1072 {1072 | 107*
iterates | 78 40 64 66

Table 4. Number of iteration steps, for which || r; ||z / || & ||2< 1072 (for P6).

The convergence behaviour is displayed in Figure 12. In this figure, each curve is plotted at
the right scale. For p = 10™! we notice that initially the residuals increase. For p = 1072 the
curve is identical to the corresponding curve in Figure 1. Note that the curves for p = 1073 and
p = 10™* are nearly the same. Furthermore, these curves show a striking resemblance with the
corresponding curve for GMRES in Figure 2.

A possible explanation for this might come from the observation that for p = 107* we have
that Ko = I — AHg ~ I. This together with (4) implies

By~ (1= Pi_y).
Using this expression and (5) it follows from
up = HpEypry, = HyEfryy ~ HyEpry_y = Hyry,

that uyp &~ Hprp. This explains the resemblance of the curves, since the choice u, = Hpry leads
to a method algebraically equivalent to GMRES (see [3]: p.513 and also the following section).

In our example the choice p = 1072 is obviously preferable. We will call this value p,,; for
our experiment. However, in general we know of no criterium which could be used for defining
a priori an optimal p. Hence p,,; has to be determined experimentally. Furthermore, for this
example we observe for p = 10p,,; the speed of convergence is halved, whereas for p = 0.1p,p¢
the speed of convergence is approximately the same as for GMRES. Taking into account the
amount of work and memory for both methods (see Table 2, Section 3) we conclude that we
need a fairly good guess for p,, if we want EN be more efficient than GMRES.

;From these experiments it seems attractive that the spectral radius of (I — AHg) has to be
less than one (compare Section 4.2). This conjecture is confirmed by the following experiment.
We take {2 to be the unit square and consider the pde

Au =0 on Q and ulsq is given.

Using the standard five point central finite difference approximation over an equidistant rectan-
gular grid we obtain a symmetric linear system. For Hy we take an average of the incomplete
Choleski (IC) and a modified incomplete Choleski matrix (MIC) see ([8]: Section 3). The IC
matrix corresponds with @ = 0, whereas the MIC matrix corresponds with § = 1. Taking 200
points in - and y-direction, and zg = 0 we obtain the results as given in Table 5.

10



0 0 105(7091095]096 097 ]0.98]099 |1
iterates | 21 | 17 | 14 | 13 14 13 17 46 | *

Table 5. Number of iteration steps, for which || 7; ||z /|| 7o ||2 < 107°

Note that EN converges rather fast for the choices 0 < 8 < 0.98 but diverges for the choice
# = 1 which corresponds with the MIC preconditioner. This seems to be quite in line with
similar experiments reported for preconditioned cg in ([8]: Section 3). However, if we apply EN
to 0.1+ Al and § = 1 then we obtain || 725V ||2 / || 70 |]2 < 107%. Therefore we believe that
these experiments confirm our conjecture, since the spectral radius of (I — AHy) with the IC
matrix is less than one, whereas with the MIC matrix the spectral radius is much larger than
one (see [4]). This result suggests that the divergence for # = 1 in the previous experiment is not
caused only by a loss of independence among the Krylov subspace basis vectors for this value of
6 (which is the reason for slow convergence of cg in this case ([8]: Section 3). We conclude that
the convergence behaviour of EN depends not only on the choice of Hy but also on the scaling
parameter p,,;. We expect good convergence if the spectral radius of (I — pyprAHg) is less than
one.
Our experiments show that EN is not invariant with respect to a general transformation of
coordinates. Note that this conclusion is not in contradiction with ([3]: Proposition 2.2), which
states that EN is invariant under unitary transformations.

4.2 The stability of EN with respect to scaling

;From Figure 12 it appears that initially the residuals increase for p = 10!, To illustrate this
phenomenon we will describe some experiments for p in the vicinity of 0.1. The results are given
in Table 6 where i is the smallest value such that || r; ||z / || & ||z £ 107'% and imax is defined

by [|rimazll2 = maxi<j<i [|r;l2-

P
0.09 0.10 0.11 0.13 0.15
imax 1 32 42 53 59
| imaz 12 /116 ||2 1 1.9x10% 1.8x10% | 4.5x107 | 9.4x10'!
i 74 78 80 84 91
I rillz/ 1012 9x10713 | 2.6x10713 | 4.3x1071 | 3.3x10713 | 4.4x10713
|6 — Az |2 /|| b2 | 9x10713 | 4.3x10713 | 2.9x107 | 1.4x107¢ | 2.2x1072

Table 6. || Timaz ||2 for different values of p.

This table shows that initial residuals increase fast for p > 0.1 and that the inequality
| & — Az; |]2 /]|bl]2 £ 1072 does not hold for p > 0.10, as it should in exact arithmetic.
For a possible explanation of the increase of the residuals we make use of the equality rryq1 =
(I — Py) Eorg. The right-hand side consists of two parts: firstly a multiplication with Fy and
secondly a multiplication with the orthogonal projecion (I — Py). Since o (Ey) C [1—100p,1—p]
it follows that when p > 2 x 1072,|| Fork ||2 can be larger than || 74 ||2. For the second part

11



we always have || (I — Py) Eor ||2 < || Lorg ||2- From this it appears that for p € (0,0.02) the
residual decreases in both parts. For p € [0.02,0.09] the increase in the first part is cancelled
by the decrease in the second part. For p € (0.09,00) initially the increase in the first part
dominates whereas after a number of iteration steps (imax) the decrease in the second part
dominates.

Note that in exact arithmetic r; = b— Az;. However, for p > 0.1 this is clearly violated in EN
and hence the reliability of r; given by EN depends on the value p. To explain this we assume
that r; and z; denote the exact values and #; and #; denote the numerically computed values.
Now define z; = Tipmaw — Tis 2 = Timaz — T4, and suppose that || Fimas — Timaz |2 / || Timae ||2 = €
and || Zi— % ||2 / || zi ||z = €, where € is a modest multiple of the machine precision. For p = 0.15
this implies ||#; — 7|l2 = ||Fimas — Timar — (3 — 20) |l2 & {||Timaz |2 + 1] 2 |2} & 2% 1012 || b ||z €
and || #; — (b — A%;) |l = || #: — i + (b— Az;) — (b— A%;) ||2 = 2 x 1012 || b ||2 e. This implies
that due to rounding errors it is possible for p = 0.15 that

|7l /11 fl2< 10712
whereas
lo= Adills /16 Il ~ 1012

(note that kg (A) = 100 ).
We conclude that the stability of the EN-method depends on p. In the given experiment the
EN-method is quite stable for p < 0.09 and rather unstable for p > 0.1. It is, in general, not

known for which p EN is stable. These results do not support the stability properties claimed
in ([3]: p.516).

4.3 Some examples where the EN-method does not converge

In this subsection we give some examples for which EN fails to converge. In order to identify
such problems we look for nonsingular matrices A and Hg such that H; is singular. Taking
Hy = 1 it follows from (3) that if Egrg # 0 then ¢ = yAFEgrg with v = 1/ || AEoro ||2- Using
Property 1.6 it follows that H; is singular if and only if COTEOTO =7 (AE()T())T Fgrg = 0. Thus
A should be such that (Av)Tv = 0 for v € R™ which means that Av and v are orthogonal. A

-1
simple matrix with this property is A = [ (1) 0 ]

Example 1

. 0 -1 10 1 1
WeapplyENtoAx_bwnhA_[l Ol’HO_[O 1],$_(_1)andb_(1).
. . 0 . 1 . 11 .
Starting with zg = (0) gives 79 = (1 ) Since g = I — AHy = l_l 1] we obtain

Eorg = ( 3 ) and ¢g = ( (1) ), which implies that ¢ Egro = 0 ( H, singular). Continuing the

method with Hy = Hy yields F4 = Ey and c{Eorl = 0 ( H; singular). After k iteration steps

12



we obtain Hp = Hy , Ep = Fg and rp = Eé“ro . The eigenvalues of Fg are 1 + ¢ and 1 — 7 so that

(1+0)f 0

— P
T 0 (1—f

P lrgand || 7y ||2 = oo for k — oo .

Thus, for this example the EN-method is clearly divergent.

This example shows that EN does not converge for each given linear system. It is known that
GMRES converges slowly for this type of matrices. In ([5]: p.23) it is shown that when GMRES
is applied to Az = b with A € R"*" given by

0 01
10 0
01 0 0

A= . b=(1,0,...,0)" and 2o = (0,...,0)" ,

0] 10
then 2, = 2zg, 0<:<n—-1land z, = x.
In our following example EN converges slowly, whereas GMRES converges very fast.

Example 2
Take
0 -—10?
104 0 %

1.03 T
HOII, AIp 1.04 andx:(l,...,l) .

0
2

Starting with 2o = (0,...,0)" we obtain || #ENY ||y / || b |l > 1077 for p = 1073, whereas
| 75 Jl2 / || & ]2 < 107!2. The rather bizarre convergence behaviour of EN in dependence on
the scaling parameter p is nicely illustrated by the fact that || 7&M ||z / || & |l2 < 107'2 for
p=10"*but || rER  |l2 /|| ]2 > 107° for p = 107°. Using the EN2 implementation we obtain
for the updated residual || 7&N2 ||y / || b [l2< 10712 for p = 1072,107* and 107° whereas the
exact residual || Azyy — b ||z / || b ]2 equals 3 x 107%, 2 x 107¢ and 5 x 10~7 for p respectively
1073,10~* and 1075.

In Section 4.1 we have seen, and explained, that for p small enough application of EN to
pAz = pb gives || rEN ||y ~ || ¥ ||2 for some problems. Example 2 shows that there are also

linear systems where this equivalence does not hold.

4.4 The practical relevance of Property 1.6

In this subsection we consider the application of EN1 to Example 2 for p = 1073, Taking into
account the similarity between Examples 1 and 2 we expect that in Example 2, H; is nearly
singular. By computation it follows that || F1ry ||2= 1.4 x 10% and || H1 F1r1 ||2= 2.6 x 10719 s0
I Hl_l ||2 is very large. It appears that the computed vector ¢4 = yAH 1 FE1r1 has a large relative
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error and that ¢l ¢; equals 1.5 x 107* instead of 0. This explains the bad convergence behaviour
EN1 in Example 2.
The large relative error in ¢; is also predicted by ([3]: Theorem 2.2) if we use that

ciy = || By |2/ || AH Eqry |2 > 3 x 10°.

This experience motivates us to investigate the practical applicability of Property 1.6. We note
the following drawbacks:

- if c;{Eork = 0 then it is possible of course that the computed value of c;{Eork #0,

- if c;{Eork # 0 then it is still possible that Hy, is nearly singular.

To get around these difficulties we could replace condition c%Eork =0 by

| c;;FEork | /|| Forg ||z < € fore> 0. (9)

If inequality (9) holds we take Hyy1 = Hj. However this condition has certain disadvantages
too. First of all it is not clear which value of € is feasible. Secondly implementation of this
condition does not help much in Example 2. In this case we have | ¢} Egrg | / || Foro ||z = 1.8
x 10712, If we take ¢ < 1.8 x 107'2 then we obtain the same results as without this condition,
whereas € > 1.8 x 1072 leads to Hy = Hg for 0 < k < 100 and || ri00 ||2 / || & ||z = 1010 .
Hence, for Example 2 there is no value of ¢ such that the EN1-method combined with (9) is
convergent.

This indicates that implementing Property 1.6 in this way is useless from a practical point of
view.

JFrom the given examples it follows that EN is not attractive if some of the matrices Hy are
(nearly) singular. Therefore, it is important to know a priori when the matrices Hy, are (nearly)
singular. In ([3] p.516, Theorem 2.3) the following "safe” case is stated: if AHy is positive
(negative) definite then || (AHy) ™" ||2 < 1/p where

1/2
P e =1 '

| (Atox) [/ (2 13+ || Aox |13)

The following theorem states that if AHy is neither positive nor negative definite then it is
possible to obtain a singular matrix Hy.

Theorem 4.2
If AH, is neither positive nor negative definite on I'm (Fyp) then there exists a right-hand side
vector b such that Hy is singular.

Proof
The condition on AHy implies that there is a vector v € Im (FEg) such that (AHv) v = 0.
Since v € Im(FEy) we can find b € R"™ such that Fob = v . Applying EN to this system with
Tg = (0,...,0)T yields ¢g = yAHoFob with v = 1/ || AHoEwb ||2. From Property 1.6 and the
equations

COTEOTO =5 (AHOEOI))T Fob =~ (AH()?J)T v=20
it follows that Hy is singular.
Note that if there is a vector » such that (Av)” v = 0 then 1/u is infinite. O

Our conclusion is that it is only ”safe” to apply the EN-method if AHy is positive or negative
definite.
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4.5 A scaling invariant version of the EN method

In Section 4.1 and 4.2 we have shown that the convergence and stability properties of EN are
not scaling invariant. As a consequence of this one should estimate a parameter p,,¢ such that
the spectral radius of (I — pypeAHg) is less than one. In this section we modify the EN method
such that parameter estimation is not longer required.
In Section 1 we have shown that 7441 = (I — AHg)ry — prAug. Combination with uy =
Hk(f — AHk)Tk gives Th+1 = (I— ,ukAHk)(I— AHk)Tk.
Since Ey = (I — AHy) = (I — Py_1)(I — AHp), 7641 can also be written
as g1 = (L — p AHR) (I — Pyoq)(I — AHo)ry,
Note that it is the multiplication with (I — AH) which makes EN not scaling invariant. Using
this observation we modify EN such that rz4q obtained with the modified EN method can be
written as follows:

Thy1 = (L — g AHR)(I — Pr—1)({ — v, AHo)rg

where the constant v, = (AHory) r/ || AHory ||2 minimizes || (I —yAHg)rg ||2. To implement
the modified method (EN3) the first step of the implementation EN2 should be changed as
follows:

v = (AHor) ri/ || Atory. |13 €©) = (I —yAHo)ry, , O = yHory, , a; = €0, ¢0H) =
€0 — aye ,77(“'1) = n(i) +au;, 0 =0,..,k—1.

It is easy to show that EN3 is scaling invariant, which is confirmed by our numerical experiments.
Application of EN3 to Problem P6 (with a = 107° and 8 = 0.9) with B := pB gives || riZV ||
/|| 7o ||2< 10712 for all choices of p. Finally we apply EN3 to the pde problem given in Section
4.1. The results are given in Table 7.

0 0105091095096 097 ]098]099 | 1
iterates | 21 | 18 | 12 | 11 11 10 10 9 22

Table 7. Number of iteration steps, for which || rEN2 ||y /|| ro [|2 < 1076.

Note that IEN3 converges also for the choice § = 1. Furthermore the optimal number of
iterates of EN2 in Table 5 equals 13 whereas the optimal number of iterates of EN3 in Table
7 equals 9. Thus in this example we observe that the convergence of EN3 is approximately 1.5
times as good as the convergence of EN2.

5 Another formulation of the GMRES-method
In ([3]: p.513) it is noted without proof that, when choosing
U = Hka ) (10)

instead of uwy, = HpFyry, the EN-method leads to an algorithm algebraically equivalent to
GMRES. In this section we first prove this equivalence under the assumption that the matrices
Hj, are nonsingular. Subsequently we give a slight modification of the choice (10) such that
the method remains equivalent to GMRES even if the matrices Iy are singular. A suitable
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implementation of this method arises if an orthonormal basis for the Krylov subspace is generated
by the modified Gram Schmidt process.
First we will show that the vectors ¢; form an orthonormal basis for

span{(AHg) ro, ..., (AH ) 7o}
Since (4) is only valid for the choice uy = HyEyry we use the equality
Eppr = (I cxcl) By (11)
(cf [3]: p.512).

Theorem 5.1
Let uy be chosen as uy = Hyry in EN . When Hy, is not singular and r; # 0 , then

k
Thy1 = (I — Pg)ro where Py = ) c;cl' is the orthogonal projection onto span {(AHy)ro, ...,
(AHo)"™* 1o},

Proof
Similar as in the proof for Theorem 3.1 we take

Cl. = Auk (12)

We prove the theorem by an induction argument in k. Using (10) and (12) we obtain ¢q =
(AHp) 9. Combination of (5) and (11) gives r; = Fyrg = (I — coco) FEorg. Since ¢g = (AHg) 1o

it follows that r; = (I — COCOT) ro. This implies the theorem to be true for k£ = 0.

It follows from (10) and (12) that cxy1 = AHpp17641 = (I — Frg1) 7ot

Equation (11) implies Fyy1 = (I — Py) Fo and ¢x41 = (I — (I = Py)({ — AHg)) (I — Py)ro by
induction. The last equation can also be written as

k
chy1= (I = PR)AHo(I — P)ro= (I — ) ( — > (AHy) cic] 7‘0).
=0

By induction it follows that (AHy)¢; € span {co,...,cx}, for i = 0,....,k — 1, hence
k1 =—U = P) AHockC;‘fro (13)

Since c¢; has a non-zero component in the direction of (AHO)]H'1 ro, Hry1 is nonsingular and
rp+1 7 0 it follows that ¢xy; has a non-zero component in the direction of (AHO)]H'2 ro. Using
(13) it follows by induction that ¢! ¢pyy = 0,i = 0,...,k. Thus {cg, ..., cr1} is an orthonormal
basis for span {(AHqg) o, ..., (AHo) ™ 79}, Combining (5), (11) and (12) we obtain

T
Thky2 = Ek+27‘k+1 = (I - Ck+10k+1) (I - AHk+1)7‘k+1 ;

so that
T T
Tht2 = (I - Ck+lck-|—1) (Th+1 = Cht1) = (I - Ck+lck-|—1) Tht1 -
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By induction it follows that

T
Thto = (I — P, - ck+1ck+1) T0,
which concludes our proof. O

JFrom this theorem we conclude that the method converges if the matrices Hy are nonsin-
gular. Since GMRES leads to the solution within a finite number of iteration steps we look for
a modification of (10) such that the condition on Hj can be dropped. To this end we note that
it follows from (13) that cxy4q is a unit vector in the direction of (I — Py) (AHp) ¢x. Choose the
vector uy as follows

ug = Horg which implies ¢ = AHgrg
g = up—1 — Hpep—q kb > 1 cp=— (1 — Py_q)AHpep

{ (14)

k
it can be proven that r441 = (I — Py)ro where P, = 3 cic? is the orthogonal projection onto
1=0

span {(AHy)ro, ..., (AHO)]H'1 7o} . Furthermore, it is easy to show if ¢, # 0 and ¢z4q = 0 then
Tk+1 = 0.

;From this remark and (2) it follows that EN with u; as in (14) is equivalent to GMRES
applied to the postconditioned linear system AHqy = b .
An implementation of this method is:

1. Uy = HoTo/ || AH()TO ||2 ,Co = AUO ,k =0 5
21 = o + uocoTro and r1 = g — COCOTTO ,
2. while || rpq1 |2 > eps do k:=k+1,

CECO) = AHycp 7U§go) = Hock—1,

7.0 (1) (%) (1+1) (v)

a; =cjcp’ ¢ =c, — i, Uy =uy —apu, 1=0,..,k=1,
_ B (k) _ k) (k)
k= ) e N2y we=w /N la s
3 _ T d _ _ T
« Tpy1 = T F URCLTE AN Tpyq = Tk — CLCL Tk,

Note that the vectors ¢; are made mutually orthogonal by the modified Gram-Schmidt process.
In this implementation of GMRES, 2k iteration steps involve 2k multiplications with A and
Hy, 2k? inner products, 4k? vectorupdates and 4kn memory space. Comparing this with GMRES
in Table 2 it follows that this implementation requires 2k? vectorupdates and 2kn memory space
extra.

Using the choice (14) the GMRES-method is formulated in the same way as the EN-method.
This correspondence gives some theoretical insight, for instance that also for GMRES a matrix
Hj, can be formed, which approximates the inverse of A. With respect to flop-counts and memory
requirements we prefer the implementation of GMRES given in [6] and [7]
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6 A comparision of the EN- and the B-methods

In this section we compare the EN-method with the B-method described in [1]. The B-method is
mostly used to solve nonlinear systems but it can also be used to solve a linear system. The de-
scription of the B-method indicates certain similarities with the EN-method. However a further
2k .
investigation reveals essential differences.The main difference is that 7, = ro+ Y. ag; (AHg) 1o

=1
for the EN-method, whereas

k .

T = To+ Y. Bri (AHp)' ro for the B-method . We conclude this section with a comparison of
=1

the B- and the GMRES-methods.

JFrom the descriptions of the EN- and B-methods, in Section 1, we note the following corre-
spondence: in both methods rank-one updates are used to construct a matrix Hy which is an
approximation to the inverse of A (compare [1] and [2]).

In order to make a more detailed comparison we use the following vectors:

Definition 6.1

up = — (HRAH, — Hp)r , v, = Hngrk/rkTHngAHkrk , cp = Auy .

Note that ug, vy, etc., are different for the different methods. Since only the residuals for
the methods will be compared we have chosen to identify them by a superscript like rkB (for
Broyden), where necessary.

JFrom the description of the B-method, Definition 6.1 and the equations py + Hpry and yp =
Th— Tht1 = Tk — b+ A(xr + Hgrr) = AHpry we deduce that

Hyp = Hp + ukvg . (15)
Theorem 6.2
k .
If rkTHngAHkrk # 0 then rp = ro+ > ag; (AHp)' ro, where
=1

span {cg, ...t} C span {(AHg)ro, ... ( Ho)k+2 ro} .

Proof
We prove the theorem by an induction argument in k£ . From Definition 6.1 it follows that
co = Aug = —(AH0)2 ro + (AHg)ro, hence span {co} C span {(AHy) ro,(AH0)2 ro}. This

implies the theorem to be true for & = 0.
Since zp41 = xp + Hgry we have rppq = (I — AHy) r,. This together with Definition 6.1 and
(15) yields

k—1 k-1
Tpe1 =T — A (Ho + Z quZT) e =1 — AHgry — Z civ;[rk .
=0 i=0
Now, it follows by induction that
k41 '
Tk41 = To + Z gy (AHo) 1o - (16)
=1
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By Definition 6.1 we have that ¢z = — (AH;H_l)2 Tht1 + (AHgy1) Tigr - Since

k
Hypr = Ho+ > uw;‘r the following equation holds
1=0

2

k k
Ck+1 = — (AHO + ZCWZ'T) Tk+1 + (AHO + ZCWZ'T) Tk+1 -

This implies that

k k k
Chyl1 = — (AH0)2 Thy1 + (AHo) rpg1 + Z cw?{—AHo — Z cw;[ + 1} gy — Z (AHy) cw;[rk“ .

1=0 =0 1=0
Using (16) it follows by induction that ez € span {(AHg) 7o, ..., (AHo) 21} . 0

Theorem 6.2 together with (2) yields the following inequality || 72 |2 > || ¢ |l2- From
the numerical experiments given in Section 2 it follows that || r{ || can be much larger than
|| EN ||,. Hence, the B- and EN-methods can not be equivalent.

In [2] a generalization of the B-method is given. In this method, the BG-method, the update of
Hy, is as follows:

Hyyr = Hy — (Hiye — pr) - /at ve

where pr. = Hpry, yr = AHprp and g is an arbitrary vector subject only to the restriction that
q;{yk # 0. Note that with the choice g, = ngk the BG-method is equal to the B-method. In
the same way as for the B-method it follows that || 7P% |3 > || & ||2 , hence there is no choice
of g such that BG and EN are equivalent.

It can be shown that for g, = EkTAuk, BG is algebraically equivalent to GMRES, which
starts with 29 + Ho (b — Azg). Furthermore, it appears that BG with ¢, = EgAuk is a secant
method [2]. However, the specific method given in ([2]: p.373) , is different from GMRES.

In order to estimate the efficiency of the BG-method we make a comparison with the GMRES-
method. With respect to the amount of work and memory for an implementation of the BG-
method we note that the k-th step costs at least one multiplication with Hy and A together
with k inner products and 2k vector updates, whereas 2k vectors of length n should be stored
in memory. This, in combination with the inequality || 72 ||z > || r{’ ||2, vields that for every
choice of ¢ the BG-method is less efficient than GMRES applied to the postconditioned system

7 Conclusions

In this paper we have compared the methods GMRES, EN and B. From this comparison it
appears that in some numerical experiments EN takes less work than GMRES. However, a
theoretical investigation shows that the efficiency of EN can be at most only slightly better
than that of GMRES. Furthermore, the numerical experiments show that the convergence and
stability of EN are not scaling invariant. However we specify a new version of the EN-method,
which is scaling invariant. The convergence behaviour of this version seems to be better than that
of the original EN-method. Subsequently we gave a formulation of GMRES in the same spirit
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as the EN-method. This correspondence gives theoretical insight, but in practical situations we
prefer the implementation of the GMRES-method as given in [6] and [7].

Since the class of BG-methods, proposed in [2], seems to be related to EN this class is included
in our comparison. We show that the EN-method (with uk = HjpFjyry) is not equivalent to
any BG-method. With respect to GMRES, a BG-method is specified, which is algebraically
equivalent to GMRES.
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Figure 1: Problem P6, 5 = 0.9, EN

Figure 2: Problem P6, 8 = 0.9, GMRES

21

o =

a=10""1
a=10"3
a=10"°
a=1>0
a=1
a=10""
a=10"3
a=10"°
o =



a = 10*

a=10"1*
Figure 3: Problem P7, 3 = 0.9. EN

a=10*
a = 10?
o =
a=1072
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Figure 4: Problem P7, 8 = 0.9, GMRES
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Figure 5: Problem PS8, 5 = 0.9, EN

Figure 6: Problem P8, 38 = 0.9, GMRES
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Figure 7: Problem P9, EN

Figure 8: Problem P9, GMRES
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v = 3000

v = 300
v =60
v =30
v=0
Figure 9: Problem P10, EN

v = 3000
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Figure 10: Problem P10, GMRES
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Figure 11 Problem P10
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Figure 12 Problem P6
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