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The superlinear convergence behaviour of
GMRES

H. A. Van der Vorst * and C. Vuik |
April 7, 1994

Abstract

GMRES is a rather popular iterative method for the solution of
nonsingular nonsymmetric linear systems. It is well-known that GM-
RES often has a so-called superlinear convergence behaviour, i.e., the
rate of convergence seems to improve as the iteration proceeds. For
the conjugate gradients method this phenomenon has been related
to a (modest) degree of convergence of the Ritz values. It has been
observed in experiments that for GMRES too, changes in the conver-
gence behaviour seem to be related to the convergence of Ritz values.
In this paper we prove that as soon as eigenvalues of the original oper-
ator are sufficiently well approximated by Ritz values, GMRES from
then on converges at least as fast as for a related system in which
these eigenvalues (and their eigenvector components) are missing.

Introduction

In this paper we study the superlinear convergence behaviour of GMRES,
observed when solving relevant nonsymmetric nonsingular linear systems.
That is, our aim is to understand when and why the method converges faster
than in a previous phase of the iteration process. This should not be con-
fused with the fact that one can derive bounds for the residual that describe
convergence with almost any desired rate of convergence. These bounds are
usually obtained by replacing the actual Krylov iteration polynomial (which
produces the actual minimum norm residuals) by polynomials that are the
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product of factors that vanish at selected eigenvalues of the operator and a
Chebyshev polynomial that takes small values over the remaining part of the
interval. This is a well-known technique (see, e.g., [3], [1], and [10]), which
sometimes leads to useful bounds for the residuals, but which fails to predict
the gradual changes that one observes in actual convergence histories.

Our main motivation for this theoretical study are the results of the exper-
iments reported in [6] (see also [12]), which suggest a relation between the
convergence of the GMRES iterates and the convergence of the Ritz values
to the eigenvalues of the matrix. Such a relation for the conjugate gradients
method has been derived in [11]. The main problem in obtaining a similar
relation for GMRES is that the Ritz values are not the zeros of the iteration
polynomial for GMRES, as is the case for conjugate gradients.

Another difficulty is that a nonsymmetric matrix cannot always be trans-
formed to diagonal form by similarity transformations. One might argue
that in finite precision arithmetic defectiveness of a matrix does not play a
role, because when a matrix has Jordan blocks of dimension larger than one
in exact arithmetic, then in the presence of rounding errors the multiplicity
of the eigenvalues will be one in practice. However, the eigenvector matrix
will be very ill-conditioned in that case. In our experiments we could not see
the difference in convergence behaviour for operators with single eigenvalues,
but ill-conditioned eigenvectors for some almost multiple eigenvalues, and
operators with those almost multiple eigenvalues replaced by Jordan blocks
of appropriate size. Therefore, we believe that it is worthwhile to include the
Jordan block case in the analysis, even if we wish to explain the phenomena
that one observes in rounding error arithmetic.

Our approach is based upon the relation with GMRES and the Full Orthog-
onalization Method (FOM), for which the iteration polynomial has the Ritz
values as its zeros. In our analysis we assume exact arithmetic. Neverthe-
less, it appears that our analysis may help to understand phenomena that
are observed in actual floating point computation.

In Section 1 we briefly describe GMRES and FOM, and we summarize
some relevant properties of these methods.
In Section 2 we present relations between the convergence of GMRES and
FOM, and the convergence of the Ritz values.
Finally, in Section 3, we describe some numerical experiments, which illus-
trate our theoretical results.



1 Definitions and Preliminaries

In this section we recall some fundamental properties of the FOM and the
GMRES method [10], [2], which are iterative methods for solving linear sys-
tems with a non-symmetric matrix.

Consider the linear system Ax = b with x,6 € IR" and with a non-
singular A € IR™". The Krylov subspace K*(A;ry) is defined by K* =
span{ro, Arg, ..., A¥'rg}. In both methods, FOM and GMRES, Arnoldi’s
method is used for the construction of an orthonormal basis {vy, ..., v} for
K*(A;rp). The modified Gram-Schmidt version of Arnoldi’s method can be
described as follows ([10]:p.857 or [4]: p.155):

1. Start: Choose g and compute ro = b — Axg and v1 = ro/||70]|2,
2. Iterate: For j = 1,..., k do:
Vg1 1= Av;
for:=1,...,5 do:
hij = UJT+1via Vi1 1= V41 — hijug,
hivri = lvisll2, v = v/ hjra -
(the non-defined h; ; are assumed to be zero).

With the n x k matrix Vi, = [vy,...,vs] we have that I} = VI AV}, is an
upper k X k Hessenberg matrix whose entries are the scalars hy;.

In the FOM method we construct an approximate solution zf of the form

zf = zo+z where z[ is an element of K*( A;r) with the following property

rt =b— Azl 1L K*(A;rg). (1)

Note that if A is symmetric then FOM is equivalent to CG (compare [11]:
relation (2.3)). If Hy is nonsingular then it is easy to show that 2 = Viyl,
where y; satisfies Hyl = ||ro||2e1 and e; is the first unit vector in IR".
However, when H is singular, it can be proved that a solution zf does not
exist (see [2]: Section 3).

We describe the solution method followed in GMRES in little more detail
since some of the iteration coefficients are needed in Section 3. In GMRES
the approximate solution z{ = x¢ + 27 with z& € K¥(A;rg) is such that

Irlle = b= Aaflla = _min |lro = Azl )



As a consequence of (2) we have that r{ is orthogonal to AK*(A;ro), or
re L K*(A; Arg). Tf A is symmetric then GMRES is equivalent to MINRES

7).

Defining the matrix Hy € IRF'*% as

it follows that AVy = Viy1Hg. Using this equation it is shown in ([10]:
Section 3.1) that 2§ = z¢+ Viy, where yf7 solves the following least squares
problem

|Ber — Hyyg |l = min || Ber — Hyylla, (3)
yERk

with 3 = ||ro||2 and e; is the first unit vector in IR*+1. In contrast with FOM,
the approximations z§ obtained with GMRES exist for all k£ ([10]: Section
3.4, or [2]: Section 3).

To solve the least squares problem (3) Hj, is factorized as QT Ry by Givens
rotations, where Q) € RGTV*ED OTO = I, 4, and Ry € RF+HDXF i an
upper triangular matrix.

The matrix ¢, is taken as Q) = Fy - - - I}, where the matrix F; € IR+ x(k+1)
is the following Givens rotation

which eliminates the element in the (j 4 1, ) position of F;_;F;_y--- I} Hy,.

The product Fi_y...FyH) = * * ,
@ 0 Pk
0 ks

(where an asterisk stands for a non-zero element) implies that ¢; and s
should be chosen as follows:

ek = pr/\/Ph + iy and sp = —hppi i /\/PF + B g - (4)
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Using this factorization the least squares problem (3) is equivalent to
|Ber — Hyyilllo = min [|QrBer — Riys- (5)
yeRk

Since the last row of Ry, is zero, y< is the solution of the linear system with
the leading k& x k submatrix of Ry as matrix and the first & components of
Qe as right-hand side.

We cite the following important results for FOM and GMRES.

Lemma 1 ([10]: p. 862, Proposition 1)
The GMRES residual satisfies the following equation

17571l — sy
I Il2
Lemma 2 (/2]: theorem 5.1)
If ¢i. # 0 then the FOM and the GMRES residuals satisfy the following

equation

(6)

I lle=lex 17 Il2 (7)

Note: For a discussion on the implications of these properties for FOM and

GMRES see [2].

The Ritz values and the Ritz vectors are defined as follows (compare [11]:
Section 2.3 or [5]: p. 274):

Definition 1 The Ritz values (9@, ...,(9,(:“) are the eigenvalues of the matrix

Hy = VT AV, (note that ViI'Vy, = I,). [fyz(k) € IR* is a normalized eigenvector
(k)

of Hy, corresponding to Gl(k) then the vector zF = Viy.™ is called a Ritz vector.

Definition 2 For all the iterative methods to be discussed, it follows that
the residual vy at the k-th iteration step is a member of K*'(A;ry), and
hence it can be written as a k-th degree polynomial in A, acting on ro. In
connection with this we will speak about the polynomials for method M as,
the "M polynomial”.

The following result is an immediate consequence of Theorem 5.1 in [8].

Lemma 3 [f ¢, # 0, where ¢; is defined in (4) then
1. The FOM polynomial satisfies pt (Hy) = 0

2.0 £0,i=1, -k
3.




2 The convergence of FOM and GMRES

In this section we shall prove some relations between the convergence of the
Ritz values and the convergence of the FOM and the GMRES method. The
proofs of our theorems follow closely the lines set forth in a proof given by
([11): p. 547) where the matrix A is symmetric and positive definite. In
that proof two important properties of the CG method are exploited: an
optimality property and the property that the Ritz values are the roots of
the 7CG polynomial”. However, when A is non-symmetric neither the FOM
method nor the GMRES method has both properties. This has led us to base
our proofs on the optimality property of GMRES (see (2)) together with the
fact that the Ritz values are the roots of the FOM polynomial (see Lemma
3).

For each matrix A there exists a nonsingular n xn matrix X which reduces
the matrix A to its Jordan normal form, i.e.

J1
J.
XAX =J = L :
I
where each of the n; x n; submatrices .J; has the form
A1
J; =
1
Aj

We assume that the J; have been ordered so that it A\, = A, for s > ¢ then
A = A forall t <@ < s, i.e., blocks with equal A have been grouped together.
Furthermore, we assume that if A; = A;yq then ny > nyqq, i.e., blocks with
equal A have been ordered in descending size. Note that these orderings can
be realized by simple symmetric permutations to X.

Occasionally we will write a vector with respect to the basis represented by
the columns of X, and this representation will be partitioned correspondingly
to the partition of J, in particular ro = Xy, with v = (71,...,7m)%.
Definition 3 Ift is such that Ay = A\ and A\iyq # i, then the blockdiagonal
matriz DY, with n; x n; blocks D;l)
blocksizes of J, is defined by

0, ifg <t
[ (S0 = )T T = ) i >

along its diagonal, corresponding to the




(we assume that nqy < k).
Furthermore we define a blockdiagonal matriz D® with a blockstructure cor-
responding to J as

DY = qi(J;), forj=1,....m, and ¢, € 11},

J

where 11} denotes the class of polynomials of degree at most k and constant
term 1.

It is readily verified that D) and D® commute.

Note that D®~ = X~1g,(A)re, so that it describes the iteration effect for
the polynomial ¢, with respect to the basis defined by X. Multiplication of
this vector by D) has the effect that the part corresponding to the first
Jordan block is removed and the parts corresponding to the other blocks are
multiplied by block matrices that conver%e to identity blocks as the first ng
Ritz values converge to A\; (i.e., roots Gl(k converging to Ay are replaced by
A1, see the corresponding polynomial defined in (9)).

Theorem 1 relates the residuals in a certain phase of GMRES to the resid-
uals of a comparison process in which the influence of A\; has been removed.
This comparison process is defined as follows.

Definition 4 Let r{ (orrl) denote the residual in the k-th step of GMRES
(or FOM) applied to Az = b, with starting residual ro = X~ iec., vy =
P (A)ro (or i = pi(A)ro).

For k such that Hy, is nonsingular we define a comparison GMRES (or FOM)
process which starts with v, = pt (A) X5, where v; =0 forj <t and vl =~;
for g >t. Le., the comparison processes start with the k-th residual of FOM,
after having deleted all the components corresponding to 1. The residual at
the (-th step of the comparison GMRES (or FOM) process is denoted by g
(or rf/), and the corresponding GMRES polynomial by qf/.

Theorem 1 Let k be such that Hy is nonsingular and let ny < k, then for
all £ > 0 we have that

IrEyelle < IXDOX o[l 2.
Proof: For the comparison process we have the relation
i =g (A)rg.
We can write 7 with respect to X as
i = X (J)pi ()7
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Now we define the auxiliary polynomial hy € II;} as:

mopt) N
hi(t) = T — i (1) 9
k(1) gh egk)_tpk() (9)

(note that pf (¢) is defined since I}, is nonsingular).

It follows from the optimality property of GMRES that

Irieellz < llag” (A)hi(A)roll.
IXDOX X D ()|
< XDOX ol (10)

which completes the proof. a

With Lemma 2 we have immediately:

Corollary 1 Ifk and { are such that Hy,, Hyry and H; are nonsingular, then

el
Irfells < 1XDOX 3=l o

|Gl
We obtain the following bound for || X DM X~1|,:

IXDWX|y < wy(X)|DD]]

N 0(’“)

- . 11

Hm oL+ X . o)

In the derivation of this bound we have used that (ol — J;)~' and (81 — J;)
commute, and, furthermore, that ||(al—J;) " (BI—J;)||2 < ||(al—J;)" Y (BI—

Ii)lloo-
In order to prove this inequality we use the norm inequality || ||2 < /|| [|1]] |le

([5]: Corollary 2.3.2). By writing out the matrix expression in the norm one

may verify that [[(al — J;)7 (81 = Jj)|lv = |[(ad = J5)7 (BT = Jj)[[ee-

When A is diagonalizable, i.e., n; = 1, for all ¢, then this rather unpleasant
expression reduces to

01" A
91 max |7| = Frra(X). (12)

XDWX |, < k(X)) -
| 2 < K2(X) o] I T

This expression is quite similar as the expression derived in [11] for the CG
process. In [11] the factor x2(X) vanishes, since for symmetric A we have
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that X is orthogonal.

When there is a Jordan block with Ay of dimension n; # 1 then we have to
wait for a phase in the GMRES process in which there are ny; Ritz values
close to A\;. From then on the factor ||XD(1)X_1||2 is bounded by ky(X)
times a modest constant, and we may expect that the method will further
converge about as fast as for a problem in with Ay is absent. This is in quite
good agreement with an experiment in ([6]: p.22 and Fig.23).

Theorem 1 says that from the k-th step on, the continued GMRES pro-
cess behaves, except for a certain factor, as a GMRES process that has been
started with the FOM result after & steps, in which the components corre-
sponding to A; have been deleted. In order to get this factor small enough,
the value of k should be chosen so large that (9§k) is relatively close to A;.
The weak point in this comparison is that we relate the convergence be-
haviour of the continued GMRES process to the result of a FOM process,
whereas it would be more natural to use the result of the first & GMRES
iterations. In view of the relation between GMRES and FOM the theorem
is then only of practical value in situations where |¢x| is not too far from 1,
since ||rf |2 = |c1—k|||r,§||2 In that case we may compare the continued GM-
RES process from the k-th step on with another GMRES process that has
been started with a slightly modified GMRES residual at the k-th step. The
assumption about |cg| does not put a too severe restriction on the applica-
bility of the theorem, since it holds as soon as there is a noticeable reduction

in the norms of the residuals in GMRES (cf. Lemma 1).

Theorem 1 may also be used in combination with convergence estimates
for the GMRES method, and then it is a powerful tool to analyse the actual
convergence behaviour of GMRES. Such convergence estimates for the GM-
RES process are given in ([10]: Section 3.4). Note that, with Lemma 2 and
Corollary 1 this procedure can also be followed for the FOM process.
However, straight-forward application of Theorem 1 with, for instance, ([10]:
p. 866, Proposition 4) leads to a bound for the continued GMRES process
which contains the factor x2(X)? instead of the k(X ). The following theo-
rem does not have this disadvantage and it also relates the residuals of the
continued GMRES process with the residuals of a related GMRES process.
For simplicity this theorem has been formulated for the situation that all
n; = 1, i.e., that A is diagonalizable. The extension to the Jordan form case
is rather straight-forward.

Theorem 2 Let A € IR™*" be diagonalizable. Let k be such that Hy is



nonsingular and let ¢ be defined as follows

£ = min max [¢()\;)]

g€ll} Ai#FM
(compare [10]: p. 866, Proposition 4) then
Iy,

[riell2 < MM(X)@(QHTEH%

where Fy, has been defined in equation (12).
Proof: We use h; as in (9) and we define another auxiliary polynomial

qv € 11} as follows: ¢ is the polynomial for which

() — |
e = max |g/(Ai)].

For existence and uniqueness of this polynomial we refer to ([9]: p. 115).
Since ghy, € 11}, we obtain

pf()\l) % a!
reellz < [lge(A)he(A)rolz = | X DY DX X :
%) pg()‘n) Tn
1
< ko (X) FeO || = @(X)erwmllrfllz,
k

which proves the theorem. a

Theorem 2 can be generalized as follows (compare [11]: Theorem 5.1):

Theorem 3 Let A € IR™™" be diagonalizable and let k be such that Hy is
nonsingular. Let A, denote a set of r different eigenvalues of A, and AS =
{NlX # X for all X; € A}, e is defined as e = min, em} Max q(A)]

AEAS
and
0] 1A — Al
Iy, = max .
MjEAS Ag |\ A — gz(k)|
Then "
k,r
[rivell2 < mﬂz(X) Mg -

Proof: The proof follows the lines set forth by the proof of Theorem 2. The
only differences are in the choice of h; and ¢,. Here they are chosen as

6% (N — 1)
hy(t) = L pF(t) and ¢ € IT} s such that ¢ = max
k(1) Ag\ \; (e(k)_t) k(1) £ ¢ e

K3

qo(Aj)]-

a

By Lemma 2 we obtain the following result for FOM :
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Corollary 2 Let k and ( be such that Hy and Hyyy are nonsingular, then

Fk,r
|yl

Irigll2 < o (X)) [l o

3 Numerical experiments

We have chosen rather simple examples in order to have all the information
available to understand the convergence behaviour. These examples also
make it easy for the reader to repeat the experiments. First we give an
example for which GMRES is superlinear convergent. Then we present an
example in which the matrix has a Jordan block of size 3. Though even
small rounding errors perturb the matrix to a diagonalizable system, we will
see that the actual situation is quite different from the multiple eigenvalue
situation and that the size of the Jordan block has a strong influence on the
convergence behaviour. Finally, we discuss a well-known example where the
Ritz values do not converge. In this example the GMRES method is only
linear convergent, which corresponds with the results given in Section 2.

Our problems have been taken from ([6]: p.16, 17). The matrix is of the form
A= SBS™! with A, S, B € IR'%1%° We have selected S to be equal to

15 - F -
1 g 0 1 +a )
S = and B = 3
0 B %) E
i 1 i 100 |

The system Az = b is solved for right-hand sides, such that = = (1,...,1)7.
The iterative methods start with zo = (0,...,0)7.

In our first example we consider the convergence behaviour for the linear
system with @ = 0 and # = 0.9 in view of Theorem 1. The eigenvalues are
numbered as Ay = 1, Ay = 1 and A\; = ¢, ¢ = 3,...,100, and the Ritz values,
which are real, are numbered such that Ql(k) < (92(»_];)1.
The actual reduction factors ||r{,||2/||r¢ ]|z are shown in Figure 1. ;From
k = 16 on, GMRES appears to be superlinear convergent. For this prob-

lem the residuals can be bounded by an upperbound that has a decay rate

(\/ Amaz [ Amin — 1)/ (\/ Amaz/ Amin + 1) (see [10]: Theorem 5 (with v = 0), and

use the fact that all eigenvalues are on the real axis). Of course, this gives
only a rough indication for the actual reduction factors, but it shows us that
we may expect faster convergence for problems for which the eigenvalue ratio
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Amaz [ Amin 18 smaller. Obviously, since the eigenvalues, except for the first
two, are equidistantly distributed, the decay rate changes more if we delete
a small eigenvalue instead of a large eigenvalue. For this reason we restrict
our attention to the lower part of the spectrum. Note that the eigenvalue
A2 = 1 does not play a role in this example.

The following table shows the convergence of the smallest Ritz value.
It appears that Fj; with Ay = {A1}, has a moderate value from k = 16,

k 13 14 15 16 17 18 19 20

o 1326 | 277 [2.35 [ 1.99 [ 1.71 [ 1.49 | 1.34 | 1.23
Fox| 24 | 24 | 7 | 4 | 26|20 16| 14

Table 1: The convergence of the first Ritz value for « = 0

and, from the discussion to Theorem 1, this implies that the convergence
behaviour is comparable with a process for a system in which the residual has
no component in the direction of the eigenvector corresponding to Ay = 1.
After some iterations the second Ritz value converges to A; (see Table 2,

k 20 21 | 22| 23 24 25 26 | 27| 28 | 29| 30

ng) 4.19 1 3.98 | 3.8 | 3.66 | 3.54 | 3.45 | 3.38 | 3.3 | 3.25 | 3.2 | 3.17
Fral 9 85 8 4 28 | 22119 (16| 15 |14 1.3

Table 2: The convergence of the second Ritz value for & =0

where Ay has been taken as Ay = {A1,A3}). After & = 23 the process
converges as if the eigenvalues A\; (as well as Ay = A\;) and A3 are absent.

This is quite in line with the superlinear convergence behaviour of GMRES as
observed from Figure 1. The decay rates for the upperbounds, corresponding
to the comparison processes for the respective phases of the GMRES iteration

process, are (1/A100/ A1 —1)/(y/ Moo/ A+1) = .82, (1/ X100/ A3—1)/(1/A10o/As+
1) = .7, and (y/A100/ s — 1)/(3/ Moo/ s + 1) = .67, respectively. We see

that the relative reduction in the decay rates is relatively large after the
elimination of Ay, and then it becomes smaller and smaller. We see a similar
trend reflected in the reduction factors, displayed in Figure 1: their decrease
is, indeed, much larger just beyond k£ = 16 than it is near £ = 23. Note also
that the predicted decay rates are in quite good agreement with the observed
decay rates.
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We consider in little more detail the situation for GMRES applied with
a = 0.1 and g = 0.9, also displayed in Figure 1. In this example we take
M=1A=11and \; =¢ for e =3,---,100. Until £ = 24 the convergence
behaviour is virtually the same as for GMRES applied to the system with o =
0 and # = 0.9. From k£ = 24 to k = 30 we observe only linear convergence.
We note that (9§24) = 1.107 and (9%25) = 1.091, thus from k = 25 the smallest
Ritz value is in [A1, A2].
JFrom k& = 31 until £ = 36 the reduction factor increases. The second Ritz
value is 3.096 for & = 30 and 2.951 for k£ = 31, so in that phase GMRES
"discoveres” a second eigenvalue less than A3 = 3. From k£ = 37 the reduction
factor decreases again, which is in agreement with the results given in Table

k 30 31 32 33 34 35 36 37 38 39 40

Hgk) 3.03 | 2.95 | 2.87 | 2.77 | 2.63 | 2.46 | 2.24 | 1.98 | 1.74 | 1.54 | 1.39

Fro | 227 | 112 | 40 22 13 8 54 136 | 25|19 | 15

Table 3: The convergence of the second Ritz value for v = 0.1

3 (where Ay = {A1, A2}).

In Figure 2 we show the GMRES residuals for the choice @« = 0 and
a = 0.1. It appears that the close eigenvalues Ay = 1 and Ay = 1.1 for
a = 0.1 has a decelerating effect. However the number of steps that GMRES
for a = 0.1 lags behind GMRES for a = 0 is rather small (compare [11]:
Section 6.7). It is not clear whether this phenomenon also occurs for problems
with a more realistic spectrum.

In our second example we consider a situation with a multiple eigenvalue.
In exact arithmetic the multiplicity of an eigenvalue plays no role, as long as
the matrix A is diagonalizable. To illustrate this we consider the case where
M =X =A3=1,and A\; = 7 for 3y > 3, and 8 = 0.9. In Figure 3 we
see the error reduction plot for this case. The first, by now familiar bulge
arises at the 15-th iteration, after which the first Ritz value gets below 4,
i.e., enters its final interval, and thereafter we recognize the expected faster
convergence.
The picture changes completely if A is not diagonalizable, i.e, when the ma-
trix is defective. In Figure 4 we see the error reduction history for a system
in which the first three eigenvalues (all equal to 1) occur in a Jordanblock of
size 3. '
At the first bulge, we have that (99 comes close to 1, at the second bulge
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Qgi) arrives near 1 and at the third bulge a third Ritzvalue comes close to 1.
Only after these three Ritzvalues have arrived close enough to A = 1 we see
convergence at a reduced rate. This is quite in line with Theorem 1 which
states that faster convergence, corresponding to a process in which only A;
for j > 3 are present, may be expected only after three Ritz values have been
converged sufficiently close enough to A = 1.

Because of rounding errors one might have expected the matrix to be diago-
nalizable, but in that case the transformation matrix X is very ill-conditioned
so that the system behaves like having a Jordan block, i.e., all three eigenval-
ues have to be discovered, and the corresponding subspace has to be removed,
before faster convergence can really take place.

In our final experiment we take the matrix B as follows [2], [6]:

[« 0 0 1
1 %) 0
B =
) o0
i 1 1

We choose a = 1.2, 3 = 0, the right-hand side b = (1,0,---,0)7 and starting
vector g = 0.

It is easily seen that the Hessenberg matrix Hj, obtained by Arnoldi’s process,
is equal to the k£ x k upper part of B. So for £ < 99 the Ritz value le) =1.2
does not move to one of the eigenvalues A\, = a+eap(2kxi/100),k =0,---,99
of A. This is in agreement, of course, with our numerical results.

In Figure 5 it can be seen that FOM has a linear convergence behaviour,
which means that the reduction factors are constant. Applying GMRES the
reduction factor changes only in the first iterates. Experiments with other
values of 3 and b show more or less the same convergence behaviour.

4 Conclusions

We have analyzed in some detail the often observed superlinear convergence
behaviour of GMRES. Our results show that a reduction in the speed of con-
vergence, in a certain phase of the iteration process, can be expected as soon
as certain eigenvalues of the given matrix are sufficiently well approximated
by Ritz values. However, we have no theory why these eigenvalues should
be approximated in that phase of the process. Our findings are reasonably
well illustrated by numerical experiments and we believe that they have the
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following important implication. In practice full GMRES is seldomly used,
instead one restarts GMRES after m iteration steps. It is then to be ex-
pected that if m is not large enough in order to allow critical eigenspaces
to be approximated by Ritz values, then slow convergence may be expected.
This is quite in line with observations reported in [12] and [6].
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Figure 1: GMRES, I: « =0, II: a = 0.1

Figure 2: GMRES, I: « =0, II: a = 0.1

Figure 3. GMRES for a spectrum with multiple eigenvalues
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Figure 4. GMRES for a spectrum with a Jordanblock of size 3

Figure 5: a = 1.2. I. FOM, II: GMRES
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