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Theconstructiorof projectionvectorsfor a DeflatedicCG
methodappliedto problemswith extremecontrastsn the
coeficients

C. Vuik* A. Saal* J.A. Meijerink’ G.T. Wijma*
March17,2000

Abstract

To predictthe presencef oil andnaturalgasin areserwir it is importantto know the fluid
pressurédn the rock formations. A mathematicamodelfor the predictionof the fluid pressure
historyis givenby atime-dependerdiffusionequation. Applicationof thefinite elemenimethod
leadsto systemsof linear equations.A complicationis that the undegroundconsistsof layers
with verylarge contrastsn permeability Thisimpliesthatthe symmetricandpositive definiteco-
efficientmatrix hasaverylargeconditionnumber Badcorvergencebehaior of theiccc method
hasbeenobsenred,andaclassicaterminationcriterionis notvalid in thisproblem.In this paperit
is proventhatthenumberof smalleigervaluesof thelc preconditionednatrixis equalto thenum-
berof high-permeabilitydomainswhich arenot connectedo a Dirichlet boundary To annihilate
the badeffect of thesesmall eigervalueson the convergence the DeflatediccG methodis used.
An efficient methodis givento constructhe deflationsubspacewhich subsequentlis provento
be a goodapproximatiorof the spanof the’small’ eigervectors. As aresultof this, the conver
genceof DICCG is independenbf the contrastsn the permeabilities A theoreticainvestigation
andnumericalexperimentsshow thatthe biccG methodis not sensitve to small perturbation®of
thedeflationvectors.Theefficiengy of thebiccc methods illustratedby numericalexperiments.

Keywords: deflation,Ic preconditionedConjugateGradients Poissonequation porousmedia,dis-
continuouscoeficientsacrosdayers,sensitvity analysis

AMS Subject Classification: 65F10,65F15,76S05

1 Intr oduction

Knowledgeof the fluid pressurehistoryin the subsurfacés importantfor an oil compary to predict
thepresencef oil andnaturalgasin reserwirs andakey factorin safetyandervironmentalaspect®f

drilling awell. A mathematicaimodelfor the predictionof fluid pressureén a geologicaltime scale
is basedon conseration of massandDarg/’s law ([1] and[6]). Theresultingtime-dependenthree-
dimensionahon-lineardiffusion equationis linearizedandintegratedin time by the Euler backward
method.For the spacediscretizatiorthe finite elementmethodis applied. As a consequenci each
time-stepalarge, sparsdinearsystemof equationdhasto be solved.
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Analysis,Mekelwey 4, 2628CD Delft, The Netherlandse-mail: c.vuik@math.tudelft.nl
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We simplify the problemconsiderablytaking into accountthatits characteristigpropertiesarekept.
Assumethatwe have to solve the stationarylineardiffusionequation:

—div(oOp) =00nQ, (1)
with boundaryconditions
p= f ondQP (Dirichlet) andg—g =gondQN (Neumann)

wheredQ = dQP UaQN. Thefluid pressureand permeabilityare denotedby p andao respectiely.
The domainQ consistsof a numberof subdomainsn which ¢ is constant. Two valuesfor o are
considered:c" = 1 for high-permeabilitysubdomainsinda' = € for low-permeabilitysubdomains
(e.g.thepermeabilitiesatiofor shaleandsandstone is of theorder10-7 se€[16]). Thesubdomains
aredenotedby the disjoint setsQ;, i € {1,...,k}, which are suchthat: U}‘ZlQi = Q andwhenQ; N
Q; # 0 thena; # o;. Notethatin reallife applicationsthe permeabilityo is slightly varyingin the
subdomainslt is straightforwardto adaptour methodto constructthe projectionvectorsfor sucha
problem.

After afinite elementiscretizatiorof (1) thelinearsystem
Ax= b, 2)

with A € R™" hasto be solved. In practicalapplicationsve arefacedwith largeregionsin athree-
dimensionakpaceandasa consequenca large numberof finite elementds necessaryThe matrix

itself is sparseput dueto fill-in a direct methodrequirestoo muchmemoryto fit in core. Therefore
only iterative methodsareacceptableandidategor the solutionof the linear systemsof equations.
Sincethe coeficient matrix of this systemis symmetricandpositive definite,a preconditionedCon-

jugateGradientmethod(icca) [12] seemgo be a suitableiterative method.Unfortunatelytheearths

crustconsistsof layerswith large contrastsn permeability Hencea large differenceof the extreme
eigervaluesis commonin the systemof equationgo be solved. This leadsto slow convergenceof

ICcCG andcorventionalterminationcriteria[9] arenolongerreliable(seg[16] for details).

In [8], [16] it hasbeenproventhatthe numberof small eigervaluesof the diagonallyscaledmatrix
is equalto the number(k®) of high-permeabilitydomainswhich boundariesio not containa partof
the Dirichlet boundary A comparablespectrumhasbeenobsenedfor the ic preconditionednatrix.
The badeffect of theseeigervalueson the corvergenceof IccG canbe annihilatedby usingthe cor-
respondingsmall’ eigervectorsasprojectionvectorsin Deflated ccé [16]. For aliteraturesurwey of
iterative methodsand applicationsvheredeflationis usedwe referto [16]. The biccG methodhas
alreadysuccessfullybeenusedfor complicatedmagneticfield simulations[5]. A relatedmethodis
recentlypresentedn [14]. Finally in [11, 3] a preconditioneiis analyzedfor problemswhich large
jumpsin the permeabilitiesarising from reserwir simulation. The preconditionelis the inverseof
M, whereM is the matrix correspondindo a finite elementdiscretizationof (1) with o = 1. This
preconditioneiis only applicablewhen a fast solution methodis availableto solve x from Mx = b.
Anotherapplicationwherelargedifferencesn the coeficientsoccur is thefictitious domainmethod
appliedto metalcasting[13].

To definethe DeflatediccG methodwe needa setof projectionvectorsvs, ..., vy thatform aninde-
pendenset. The projectionon the spaceA-perpendiculato spaf vy, ..., Vim} is definedas

P=1-VE}AV)T with E = (AV)TV andV = [vy...vy)] .
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Thesolutionvectorx canbe splittedinto two partsx = (I — P)x+ Px. Thefirst partcanbe calculated
asfollows (I — P)x=VE~VAx=VE~VTh. For the seconcpartwe projectthe solutionx; obtained
from DICCG to Px;.

The Deflatediccc algorithmreads(seeReferencd16]):

DICCG
j=0,fo=PTro, pp=2z1=L"TL"*fy;
while ||Fj||2 > accurag do

=1+ 30y =
Xj = Xj-1+0;pPj;

7 PTAD.: -

T -1z . fi,z
2= LTy By = el
Pj+1 =2z +Bjp;;

end while

Summary of the paper

In Section2 it is proventhatnot only the diagonallyscaledmatrix hask® small eigervalues,but that
thisis alsotruefor the iC preconditionednatrix. Thereaftemnefficient constructiorof the projection
vectorsin generakonfigurationss givenin Section3. Furthermoret is proventhatthe spanof these
vectorsis agoodapproximatiorof the’small’ eigenspaceA corollary of this is thatthe corvergence
of DIccG doesnot dependon the permeabilitiegatio . The sensitvity of the methodwith respect
to perturbationsof the projectionvectorsis investigatedn Section4. Finally in Section5 some
numericalexperimentsaregiven.

2 Analysisof the IC preconditionediteration matrix

First we repeatthe definition of the IncompleteCholeski(ic) preconditioner After thatit is shovn

that the preconditionedmatrix is scalinginvariant. Thereafterthe resultsof [16] with respectto a

diagonalpreconditionearegeneralizedo thec preconditionerFinally aremarkis givenconcerning
anestimateof the conditionof the matrix.

Theic preconditioners definedasfollows[12]:

Definition 2.1
Determinethe lowertriangularmatrix L with the following properties:

° Iij =0, Whena;j =0,
e (LLT)ij = &;, whena; # 0.

Let us defineA = D~2AD~2 whereD is an arbitrary diagonalmatrix with positive elementson the
diagonal. The Ic factorof A is denotedby L. In the next theoremwe prove thatthe preconditioned
matrix is scalinginvariant.

Theorem 2.1
Thematriced.~*AL~T andL~1AL-T areidentical.



Proof

Thenonzeropatternof L andL arethe same.Supposd. = D—:L andcheckthe secondstatemenbf
Definition2.1:

o 1
(LLTY);j = (D73LLTD~2);; = (LLT )i

(D_"AD_")

1
VTRV
Theseidentitiesimply thatL is equalto D-zL. Fromthis thetheoremfollows since

[-1AL-T = L-!D2(D-2AD"2)DzL~T = L~1AL"T.
X

As a consequencef this theoremiccG hasthe samecorvergencebehaior for the original system
Ax=Db andthediagonallyscaledsystemD‘%AD‘%y: b with x = D‘%y. Thereforewe considerthe
diagonallyscaledmatrix A = D—2AD~Z with D = diag(A) in theremaindeof this section.In [16] it

is shavn thatA hask® small eigervalues.Below we generalizehis resultto the IncompleteCholeski
preconditionednatrix.

We considerthe following characteristicconfiguration: Q is a rectangulardomain, which consists
of 2k*+ 1 plain layersof equalthicknesswith a high-permeabilitylayer at the top and alternating
low- and high-permeabilitylayersfurther down (seeFigure 1). In orderto simplify the proofsthat

Ql high—permeability
Q -
2 low—permeability
Q s -
2K low—permeability
Q s ) .
2k + 1 high—permeability

Figurel: A problemwith 2k®+ 1 plainlayersof equalthickness

will begivenlateron,theunknonvnsarerenumberedn thefollowing way: first all high-permeability
unknovnsarenumberedoer layer from top to bottomandnext all low-permeabilityunknovns. Un-
knownsontheinterfaceof alow- andhigh-permeabilitjayerwill beconsideredshigh-permeability
unknowns. Let AN, APT andAP be the Finite Elementmatricesof the Laplacianon a single layer
with respectrely homogeneoubleumanrboundaryconditionson all boundariesDirichlet boundary
conditionson the top boundaryandDirichlet boundaryconditionson top andbottomboundariesin
ART andAR ahomogeneousleumanrboundaryconditionis posedon all otherboundaries.

Theorem 2.2 o
For e smallenoughtheic preconditionednatrixL=*AL~T hasonly k® eigervaluesof O(g).



Proof
UsingtheFinite Elementdiscretizatiorasgivenin [16] thematrix A canbesplittedinto ane dependent
andane independenpart:

A=A+, 3)

whereA is the block-diagonaimatrix with asfirst block APT, the diagonallyscaledAPT, andthen
furtherdown alternatingAR, the scaledAR, andA}, thescaleda. From[16] it followsthat||E||2 =

O(v5).

Considerthe IncompleteCholeskidecompositiorLLT of the matrix A. Dueto its block diagonal
structurethe Choleskifactoris alsoblock diagonal. The existenceof the non-singulanc decompo-
sition of APT andAP follows from [12]. Undermild conditions(which arefullfilled in our problem)
Kaasschiete([10] Theorem3.2) hasproventhatanic decompositiorexists for the singularmatrix
AN andtheresultingCholeskifactoris non-singular Thisimpliesthat e>(|stsand7\mm(LL ) > 0.

In orderto prove LLT = LLT + Z, with || || = O(v/g), we first shaw that

The elementf L aredeterminedy thefollowing formula’s:

- - o
Iij =0, Whenéij =0, elselij :(éij— Z Iikljk)/ljj for ] <i, (5)
k=1

:

i (6)
Equation(4) is provenby induction. The InductionHypothesigs:

lij =lij+0(Ve), 1<j<i. (7)
The startof theinductionis possiblebecausehefirst block of A andA areidentical.
Forli;1j, 1< j <iwedistinguishtwo cases:

() &i+1,j=0(1)
Using(5), (3), and(?)weobtalnI.JrlJ = I.+1J+O(\f)

(i) &415= O(\/E)
In this casel.+1J = 0 andonehasto showv thatl.+1J O(+€). Dueto our orderingof the
unknowvns &1k = O(v/€) for k < j andthuslitikx = O(v/€) for k < |. FurthermorelJJ =
[jj + O(v/%), togetherwith IJ > 0 impliesthat(j; > 0 for € small enough. Theseestimates
combinedwith (5) shaw thatli;1 j = O(/€).

For IAi+17i+1 we obtainfrom (6), (3), and(7) that

i
litgiv1= \/Ai+1,i+1— > |~i2+17k-|-0(\@)-
k=1
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Sincel~i+17i+1 #0it foIIowsthatIAi+1,i+1 = ﬁ+1,i+1+ O(v¥).
FromEquation(4) it easilyfollowsthat
LLT =LLT + £, with || E||2 = O(VE).
Theminimaxcharacterizatioi[7] Theorem8.1.5)canbeusedto derive theinequalities
Amin(CLT) > Amin(ELT) — O(vE) andAmax(LL") < Amax(LLT) +O(vE).

For € small enoughwe have the boundA in (ELT) > 3Ayin(CET) > 0, which is independentf .
The Courant-FisheMinimax Theorem([7] Theorem8.1.2)canbe usedto show that

1 A A_qan 1 .

————M(A) < M(LTTALTT) < ———— (A

Amad ) S MR S S
So the numberand size of small eigervaluesof A andL-*AL-T arethe same. Using Theorem3.1
from [16] thetheoremis proven. X

This sectionis concludedwith a remarkon estimatingthe condition of A. Whena linear system
is solved by aniterative methodit is importantto hase an estimateof the condition numberof the
matrix. This estimatecanbe combinedwith the machineprecisionto derive a lower boundfor the
norm of the residual. It hasno senseo iteratefurther whenthe norm of the residualis below this

bound.We know thatA is badconditioned however, we have notestto detectthis, sincethe classical
methodto estimatehe smallesteigervaluefails [9, 16]. Anothermethodto estimatethe conditionof

amatrix is to estimatethe conditionof its Choleskifactor[4, 2]. Sucha methodis notusefullin this

problembecausét follows from the proof of Theorem2.2 that the incompleteCholeskifactor L is

well conditioned.

3 The construction of the projection vectors

In [16] the ’small’ eigervectorshave beencomputedand analyzedfor a simpletestproblem. This
analysissuggestdhat the eigervectorsare constantin high-permeabilitylayers and satisfy (1) in

low-permeabilitylayerswith appropriateboundaryconditions. The computationof eigervectorsis

expensve andthereforeanefficient way to constructhe projectionvectorsfor layeredproblems(see
Figurel) is givenin [16]. In this constructiorthe vertical crosssectionsof the projectionvectorsy;

aremadesuchthat:

- thevalueof v; is onein thei + 1t high-permeabilitylayerincludinginterfacepointsandzero
in theotherhigh-permeabilityayers,

- thevalueof v; in low-permeabilitylayersis alinearinterpolationof its valuesontheinterfaces.

Below we give a generalizatiorof the constructionof the projectionvectorsfor generalgeometries.
Furthermorea proof is given that the spacespannedy theseprojectionvectorsis a good approx-
imation of the 'small’ eigenspacef the (diagonalor IC) preconditionedmatrix. To constructthe

projectionvectorsthe subdomainsreorderedasfollows:

Definition 3.1
The high-permeabilitysubdomainsare numberedfirst: Qi, i € {1,...,K"}. Furthermorethe first k®
high-permeabilitisubdomainsresuchthatQ; NoQP = 0, i € {1,...,k%}.

7



In otherwordsthefirst k® subdomaingarehighly permeablendtheir boundarieslo notcontaina part
of the Dirichlet boundary This orderingis a generalizatiorof the orderingusedin Section2.

Definition 3.2
Theprojectionvectorsv; fori € {1,...,k%} aredefinedas:

e Vi=10nQ; andvi=00nQ;,j#i,j € {1,...K,
¢ V; satisfieghefinite elementiscretizatiorof theequation:
—div(oj0v) =00nQ;,j € {K"+1,....k},

whereDirichlet boundaryconditionsare usedat the interfaces( 0Q; N Q) and homogeneous
Dirichlet andNeumanrboundaryconditionsareusedat outerboundariegv; = 0 onQ; N QP
and%: = 00onQ;NoQN).

Notethatthe projectionvectorsy; areindependentf €. In the high-permeabilitydomainsthevectors
v; canalsobe interpretedasa solutionof (1) with Dirichlet boundaryconditionsequalto 1 for 0Q;
andequalto O for 0Q;j, j #1, j € {1,...,k".

We first shaw that||D~1Avi|| = O(€), whereD = diag(d). Thereaftemwe prove thatthevectorsv; are
independentsosparvs, ..., ks} approximateshe’small’ eigenspacef thediagonallyscaledmatrix.

Assumption 3.3

We assumehat the finite elementdiscretizationis consistentwhich meansthat the discretization
erroris zerofor a constantfunction. The subdomain£); are approximatedby polygonsand each
elementis containedn only onepolygon. Finally we assumehatthe off-diagonalelementof A are
non-positie.

This lastassumptiormeanghatthefinite elemenigrid mustsatisfycertainrequirementsvith respect
to theanglesof theelementsThis is a sufficient conditionfor our proofs,however, the methodhasa

wider rangeof applicability. Let the vectorx,, containthe spacecoordinatef grid pointm. The j"

componenbf vectory; is denoteddy (v;);. A consequencef Assumption3.3 (consisteny) is:

S0_1am; = 0for xm € Q\9Q°. (8)

For every projectionvectorv; we defineanindex setl; C {1,...,n}, which containsthe indicesof all
pointson theinterfacesf thelow-permeabilitydomainswhich areneighborsof Q;.

Theorem 3.1
WhenAssumption3.3is fulfilled the vectorsv; asdefinedin Definition 3.2 aresuchthat

ID~2Av|e = O(E),i € {1,...,k5}.

Proof
We first prove

(Avi)m=0forme {1,...,n}\ L. (9)



For xm € Q; U (QjN0Q),j € {1,...,k’} component(v;)m is equalto the componentf v; in the
neighboringpoints. So (9) follows from equation(8). From Definition 3.2 we seethat (9) holdsfor
Xm € QjU(QjN0Q), j € {k+1,...,k"}. Onalow-permeabilitysubdomair(xm € Q;U(Q;N0Q), j €
{k"+1,....k}) equation(9) also follows from Definition 3.2. Finally whenx, is on an interface
wherev; haszerocomponent®n thelow-permeabilitysubdomairthenall componentsf v; arezero
in the high-permeabilitysubdomainand thus equation(9) holds. This implies (D~1Av;)m = O for
me {1,....,n}\ L.

For anm e I; we splitits neighborsnto two sets]?, andJ |, Thesets]f, J|, containtheindicesof the
neighboringpointsin the high-, low-permeabilitysubdomairrespectiely. The setJ! alsocontains
theindicesof theneighboringpointsattheinterface.Thisimplies:

amj = O(1), for j € Jf,

(10)
amj = O(¢), for j € J},
Assumption3.3 (am; < 0, j # m) togethemwith (8), and(10) imply
Dmm= a8mm= —Zjenys! mj =0(1). (12)
Equation(8) combinedwith (v;)j = (vi)m for j € J% yields
(AVi)m = Zjeg1 amj ((Vi)j — (Vi)m)- (12)
Fromthemaximumprinciplewe know that(vi)j € [0, 1] so(Av;)m= O(€). Togethewith Dmm= O(1)
theresultis proven. X
Corollary

For me I; anO(1) perturbatiorof (vi)j, j € J% leadsto ||[D~*Avi||« = O(1), whereaan O(1) pertur
bationof (i), j € Ji,leadsto || D~1Avi[|. = O(E).

This meanghata large perturbationof v; in the low-permeabilitylayerleadsto a small perturbation
in the matrix vectorproductD~1Ay;.

Definition 3.4
The normalizeceigervectorsof D~1A aredenotecby u; :

D1Au = Ajui,i=1,...,n;

wherethe eigervaluesareorderedi; < Ay < ... < Ap.

In the following theoremwe show that the spacespanneddy {vi, ..., s} is 'nearly’ a subspacef
the 'small’ eigenspacesparus, ..., Us}. With 'nearly’ a subspaceve meanthat the norm of the
componenbf avectorv € {v, ..., s} outsidethe subspacspar{uy, ..., Uxs} is small.

Theorem 3.2
ForVis = [vi...Ws|] andUys = [us...Us| thefollowing expressionholds:

Vs = UsZ+E, (13)

where||E||2 = O(V€).



Proof
Thevectorv; canbewritten asa linearcombinationof the eigervectors:

v =2 05uj. (14)
Theorem3.1implies||D~Av,||3 < O(€?). Substitutionof (14) gives:
1D~ Ava |3 = [|Z_aAjarju 3.
Theeigen/ectorsD%uj of D-2AD"2 areorthogonal.Thispropertyis usedn thefollowing derivation:

_ _ 1
ID=Av[J3 > A (DY) [|Z]-A ;D2 13

1
= Mmax(D) Z]—1A7af|[D2uj||Z > Amax(D)Amin(D) Z)_ Afas.
SinceAmax(D) = O(1) andAin (D) = O(¢) we obtain:
kS
K Afaf+ 30 6, 1 A%af < Ofe).
Rearranginghetermsshowsthat
Mooy 1T —ep105 < TN, 1A7a% < O(e),

becausé:'j‘szlo(j2 is boundedSinceAys;1 = O(1) it foIIowsthatZT:kSHaJZ = O(¢g). Thiscanbeshavn

for everyv;,i € {1,...,k%} sothetheoremis proven. X

Notethatthe projectionvectorsvs, ..., Vs arelinearly independenthecausdor x, € Qj,

i€ {1,...k%, (W\)m=1,and(vj)m= 0 for j #i. As aconsequencef this the matrix V|5 Vis is non-
singular This canbe usedto show thatthe’small’ eigenspacsparu, ..., Uss} is 'nearly’ asubspace
of thespacespannedy {vi, ..., Vis}.

Theorem 3.3
ForVis = [vi1...Wks|] andUys = [us...Uks| thefollowing expressiorholds:

Uks = VieZ 1+ E, (15)
wherel|E||2 = O(\E).

Proof
FromTheorem3.2it followsthat

VidVis = ZTURUsZ+E = 2T Z 4 E,
where||E||2 = O(+/€). Fromthe minimaxcharacterizatio{7], Theorem8.1.5)we obtainthebound
Amin(Z'Z) > Ain(ViVie) — O(Ve).

SinceV|LVis is non-singulaiy,in(Z" Z) > 0for € smallenoughandz is non-singularPost-multiplying
(13) by Zz~* gives:

Uk =VieZ 1 —EZ7L (16)
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Thetheoremnow follows from (15) and(16) because
ES _ _1
[Ell2= IEZ"Y|2 < Amin(Z72))~2|[El|l2 = O(VE).
X

This theoremmotivatesthe useof the vectors{vy, ..., ws} in the DeflatedcG methodappliedto the
diagonallyscaledmatrix to annihilatethe effect of the smalleigervalues.

In Section2 it hasbeenshown thatthe 1C preconditionednatrix hask® eigervaluesof O(g). Below
we prove thatthevectors{v, ..., s} canalsobeusedasprojectionvectorsin the biccG method.

Theorem 3.4
WhenAssumption3.3is fulfilled, the vectorsv; asdefinedin Definition 3.2 aresuchthat

||L_TL_1AVi||2 = O(E)7| € {17 7ks}

Proof
The proof of this theoremis basedon the resultspresentedn Theorem3.1. To usetheseresultswe
note:

IL-TLtAvi]|2 = |IL 7L DDAV |2 < Amax(L™"L~1D)||D~*Av||2.

SinceL~TL-!D andL-TL? aresimilar, their spectraareidentical. Fromthe proof of Theorem2.2
we have thatAmax(L=TL™Y) = 1/Apin(LLT) is bounded This combinedwith Theorem3.1leadsto
theinequality:

IL-TL=2AVi] |2 < Amax(L~TL=1)v/n||D71Av || = O(E).
X

Analogousto Theorem3.3 onecanprove thatthe 'small’ eigenspacef L-TL~1A is 'nearly’ a sub-
spaceof thespar{vy, ..., ks}. Thissuggestshatthe convergenceof bicca is independensf theratio
of the high andlow permeability This is confirmedby numericalexperimentsn Section5.1.

We concludethis sectionwith someremarksaboutanefficientimplementatiorof the biccG method.
It follows from Definition 3.2, that eachprojectionvectory; is sparsebecauset is zeroeverywhere
excepton Q; andits neighboringsubdomainsTheapplicationof the projectionP to avectorconsists
of innerproductsandvectorupdatesvith v; andAv;. The matrix vectorproductAy; is lesssparsehan
vi. Thefill-in occursat the grid pointsconnectedo the domainwherey; is non-zero.The number
of grid pointswhereAy; is non-zerois definedasN;. It is easyto seethatthe applicationof P costs
approximatelﬂz!‘il N; floating point operations. To storev; and Av, 22!‘;1 N; memory positions
arenecessaryln mary applicationsz!‘il N; is lessthan2n. However onecanhave problemswhere
N; /~ n, which makesbiccG unattractve. An exampleof this: assumehatthe domainQ consistsof

alow-permeabilitysubdomairwhich containsk® subdomainsvith a high-permeabilityInspectionof

the computedorojectionvectorsshows thatlarge partsof themarecloseto zero. Ignoring the small

componentsn the projectionvectors,makesbiccé feasibleagain.In Section5.2 sucha problemis

investigatedy numericalexperiments.

Anotherimportantpoint is the costto computethe projectionvectorson the low-permeabilitysubdo-
mains. The constructionimpliesthata numberof diffusionproblemshave to be solved. Theamount
of work to solve thesesub-problemss smallwith respecto the total amountof work. The reasons
for thisare:

11



thesizeof the sub-problemss small,

the sub-matricesireobtainedoy copyingtherelevantpartof the original matrix,

the preconditionedsub-matricesirewell conditioned,
o it is sufficientto have anapproximatiorof the sub-solutiorwith alow accurag.

Thefinal reasoris investigatedn moredetailin thefollowing section.

4 Sensitvity investigationof DICCG

In Section3 a methodis given to constructprojectionvectors,which spanis closeto the 'small’
eigenspaceAn importantquestioris how sensitieis DICCG to perturbationsn theseapproximations.
In Section4.1 we analyzethe dependencef DICCG to perturbationf the projectionvectorsin a
simplecase.Somenumericalexperimentdo validateour analysisaregivenin Section4.2. Finally in
Sectiond.3we investigatenumericallythe occurrencef smalleigervalueswhena high-permeability
domainis only weakly connectedo a Dirichlet boundary

4.1 Analysisof a perturbed projection vector

We considerproblemwherethematrix Aic = L-1AL-T hasonesmalleigervalueA;. Thenormalized
eigervectorsof Ac aredenotedoy w;. For simplicity we assumehatA, = 1, andthatthe perturbed
projectionvectoris givenby

Vi = Wy + aWs. (17)
SinceAc is symmetricthe eigervectorsw; areorthonormal.The perturbedprojectionoperatoris
P=1I- VlE_l(AK;Vl)T7

whereE = (Aicvi)'vi = A1+ a2, Considerthe eigervectorsof PTAc. From the definition of P it

followsthatPT Acvi = 0. Furthermorg17) impliesthatPT Acw = A\jw;, for i = 3, ..., n. Finally the
2

vectoraw; — w» is alsoan eigervectorof PTAc andits eigervalueis Aper = A;ﬁfz). For a small

Aper = 1= A2. In Table1 we give Aper for Ay = 10-% andsomevaluesof a. This analysisteaches

a [0] 1004 |103]10?] 101 1
Aper | 1[0.0909] 10% 10> | 107 [ 2.10°°

Tablel: Valueof Ape, for variousvaluesof a

us thefollowing: whenthe projectionvectorsare perturbedthe smallesteigervalueremainsexactly
zero, however the smallestbut one eigervalue canchangeconsiderably Soif the perturbationof a
projectionvectoris too large deflationwith this perturbedvectordoesnot help.

In orderto usebiCCG we approximatethe eigervectorsu; of L=TL~1A. The eigervectorsy; andw;
arerelated:w; = LTu; = I:TD%ui. From Section2 we know thatthe elementof L areO(1),whereas
the elementf D2 areO(1) in high-permeabilitydomainsandO(1/€) in low-permeabilitydomains.
Soperturbation®f u; in alow-permeabilitydomainleadto smallperturbationsf w; andA per. In the
following sectionwe compareheresultsobtainedrom this analysiswith numericalexperiments.
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4.2 Validation of the perturbation analysis

As atestproblemwe considerthe straightlayer problemasgivenin [16]. This problemconsistsof
7 horizontallayerswith a sandstonéayer (o = 1) at the top and alternatelyshale(c = 10~’) and
sandstondéayersfurtherdown.

Two experimentsaredone. In thefirst experimenta randomvectoris addedto the projectionvector
in the shalelayers. The amplitudeof this vectoris § andit is zeroat the interfaces.The resultsare
givenin Table2. Thenumberof iterationsincreasdor increasingx, however evenfor a = 1 DICCG

is muchfasterthaniccGc. We obsene thatthe smallesteigervalue only changesconsiderablyfor

a = 1. For this choiceA e is of the sameorderasthe squareroot of the smallesteigervalueof the
original matrix. This agreeswvell with our analysis.Moreover it appearghatthe differencebetween
the estimatecandexacterroris relatively smallcomparedo the caseof no deflation.

1072

a 0 1071 1 ICCG
Aper | 0.164] 0.164] 0.164| 8.2-10° | 1.6-10°°
n | 14 | 14 | 15 24 54

Table2: Newly introducedsmalleigervalue(Aper) andnumberof iterations(n) neededeforebiccc
(or1ccag) reachegherequiredaccurayg (perturbatioro is restrictedto the shalelayers)

In the secondexamplewe perturbthe nonzeropartsof the projectionvectorsy; alsoin the sandstone
layerQ;. In Table3 thesmallesnonzerceigervalueAyer andthe numberof iterationsaregiven. Note
thatqualitatively thereis agoodcorrespondenceetweertheresultsgivenin Tablel andTable3.

10% 103 102

a 0 1071 ICCG
Aper | 0.164] 0.0825] 9-10% [ 9-10°[9.10° | 1.6.10°°
n | 14 18 27 38 56 54

Table3: Newly introducedsmalleigervalue(Aper) andnumberof iterations(n) neededeforebicce
(or 1ccag) reachegherequiredaccurayg (perturbatioro in thewhole domain)

4.3 Theinfluence of the geometryon small eigervalues

Initially we have assumedhatahigh-permeabilitydomain,whichis connectedo aDirichletboundary
doesnotleadto a smalleigervalue.In this sectionthis assumptions investigatedn moredetail.

We considerfive testproblems.The geometryof the problemss presentedn Figure2. All problems

1 1
1 1
1 T le-5 le-5
100 100 100 100
A B C D E

Figure2: Thetestconfigurationsvith the permeabilityconstants
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aresolvedon anequidistangrid. Thefirst problemis only usedfor referenceln thesecondyeometry
anotherhigh-permeabilitydomainis added.In theremainingproblemsthe connectiorbetweerboth
high-permeabilitydomainsis decreasedueto alow-permeabilitylayer. The smallesteigervalueof
the diagonallyscaledmatricesare givenin Table4. The resultsshow clearly that addinganother

configuration A B C D E
connectionwidth [%0] - 100 90 10 1

50x 45grid 27x10%]|49x10°% | 46%x10°%|6.9x107 -

100x 90 grid 6.8x107° [ 12x10°]1.1x10°%| 1.7x107 | 23x10°®

Table 4: The smallesteigervaluesfor varioustestproblems,including variationsof the connection
width

high-permeabilitydomainwith no Dirichlet boundaryconditionsdecreasethe smallesteigervalue
by afactor55. Thisis of thesameorderasthe contrasin the permeabilityconstantsn bothdomains.
Ontop of thatthe smallesieigervaluedecreaseproportionallyto a decreasef the connectiorwidth.
Both effectsenhancesachother Sincetheratio betweertheeigervaluesof thevariousconfigurations
is independenof thegrid-size,we expectthatthe smallesteigervalueof the continuougproblemhas
thesamebehavior.

Basedon theseresultswe makethe following obsenations:

e Whena problemis consideredvith high, mediumandlow-permeabilitydomainsthena small
eigervalueoccurswhena high-permeabilitydomainis only connectedo a Dirichlet boundary
via amediumor alow-permeabilitydomain.

e A high-permeabilitydomainwhich is ‘'weakly connected’(which meansthat the connection
width is small)to a Dirichlet boundaryleadsto a smalleigervalue.

Theseobsenationsimply thatthe methodto constructthe projectionvectors(Definition 3.2) should
berefinedin moregeneraproblems.In Section5.3agroundwateflow problemis solved,which con-
tainshigh, medium,andlow-permeabilitydomainstogethemith ‘weakly connectedhigh-permeability
domains.

5 Numerical experiments

In this sectionwe considerthreetest problems. The first problemis a three-dimensionakyered
problemmotivatedby transporof oil in areserwir. Secondlya testproblemis consideredvith mary
high-permeabilityinclusionsin alow-permeabilitylayer. Finally thethird problemis the simulation
of atwo-dimensionagroundwateflow.

5.1 An oil flow problem

For the flow simulationof oil andnaturalgasin areserwir it is necessaryo predictfluid pressuren
rock layers. Thereforethe diffusion equation(1) hasto be solvedin large three-dimensionajeome-
trieswith alayeredstructure.

As afirst problemwe considertwo sandstondayers(c = 10~ ando = 10) separatedby shalelayers

14



Composition Permeability

-4
Sandstone/Shale 10
-7
Shale 10
Sandstone 10

-7

1260 700

Figure3: Thegeometryof anoil flow problem Figure4: Permeabilitiedor eachlayer

(0 = 1077). Thelayersvary in thicknessandorientation(seeFigure 3 and4). At thetop of thefirst
sandstondayer a Dirichlet boundaryconditionis posed,sothereis only onesmall eigervalue. The
numberof iterationsandthe total CPUtime for (D)1ccG areshaown in Table5 for variousgrid sizes.
The CPU time to constructthe projectionvectoris giventoo. We seethat the constructiontime is

nodal ICCG DICCG

points | iterations| CPU || iterations| CPU | CPUconstruction
2760 21 0.57 10 0.36 0.08
19665 38 9.01 20 5.80 0.60
148185 86 163 43 99.6 5.4

Table5: Numberof iterationsandCPUtime for variousgrid sizes
relatively small.

Next we considerthe samegeometrybut now the domainconsistof 9 layers.Five sandstondayers
areseparatedby 4 shalelayers. Thematrix of this problemhas4 smalleigervalues.Only 1.5n mem-
ory positionsarerequiredto storethe4 projectionvectors.The (D)ICCG resultsaregivenin Table6.
Thereis alargegainin numberof iterationsandCPUtime. The corvergencehistory of bothmethods
is shawvn in Figure5 and6. Thenormof the iIccG residualhas4 bumps(correspondingo the num-
berof smalleigervalues)beforethetrue errordecreasesin this examplethe secondandthird bump
nearlycoincide. The obsened propertieof (D)IccG correspondvell with the obsenationsmadein
[16] for simpletwo-dimensionatestproblems.

For the 9 layer problemwe alsoinvestigatethe effect of the jump in the permeabilities.We usethe
grid with 19665nodal points, take the permeabilityin the sandstondayersequalto 1 andvary the
permeabilityin theshalelayers.Theresultsin Table7 confirmthatDicca is independenof thevalue
of Ogpgle IN ourexperimentsarelative high accurag (107%) is used.In Table8 theresultsaregiven
for otheraccuraciesWe concludethatthe gainin CPUtime s very large for accuracie$10-1,10-2)
which aresufficientin mary applications.
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nodal ICCG DICCG

points | iterations| CPU || iterations| CPU | CPUconstruction
2760 47 1.19 10 0.37 0.12
19665 83 19.1 20 6.22 1.29

148185| 189 350 44 108 12.7

Table6: Numberof iterationsandCPUtime for the9 layerproblem

10° ‘ ‘ ‘ ‘ 10°

10° g 10°

A

min

estimated
error estimated
10° F 1 107 | error
lx=x,Il, lix=xlI,
A M7l
10710 . L L ”M_lrkHZ 10710 . L L L L
50 100 150 200 250 10 20 30 40 50 60
number of iterations number of iterations
Figure5: Thecorvergencebehaior for ICCG Figure6: Thecorvergencebehaior for biIcCG
Oshale I ccc_; _ DI cc_G _
Amin iterations Amin iterations

102 |15.-102 26 6.9-10°2 20
1074 | 2.0-1073 39 8.7-1072 19
10° | 2.2-10°4 59 7.7-10°2 20
106 |22.10°° 73 7.8-10°2 20
107 | 2.3-10°6 82 7.7-10°% 20

Table7: Thesmallestnonzeroeigervalueandthe numberof iterationsfor the 9 layerproblem

accurag ICCG DICCG
iterations| CPU | iterations| CPU
10°° 82 18.9 20 6.3
1074 80 18.4 16 5.2
108 78 18.0 12 4.1
102 77 17.8 3 1.5
1071 75 17.2 2 1.2

Table8: Varyingtheaccurayg for the9 layerproblem

5.2 A problemwith many high-permeability inclusions

At the endof Section3 we have notedthatone canthink of problemswherethe amountof memory
to storethe projectionvectorsis proportionalto the numberof small eigervalues. To diminish the
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requiredamountof memorywe have proposedo usea drop tolerance(droptol). The components
of the projectionvectorswhich are lessthandroptol are setequalto zero. In this subsectionve
investigateheinfluenceof droptol onthe propertiesof biCcCG.

We considera 3 layer problem,wherethe shalelayer contains8 sandstonénclusions(seeFigure7).
Thereare12585nodalpointsusedin thefinite elementdiscretizatiorof this problem.For oneof the

LEVELS

0.000
0.059
0.118
0.176
0.235
0.294

sandstone

|

shale

|

0.353
0.412
0.471
0.529
0.588
0.647
0.706
0.765
0.824
0.882
0.941
1.000

L |
L |

sandstone

Figure7: A problemwith 8 sandstonénclusions Figure8: Contourplot of oneof theprojectionvec-
in theshalelayer tors

projectionvectorsa contourplot is givenin Figure8. From this figure we seethatthe valueof the
projectionvectoris very smallin the shalelayer exceptin the vicinity of onesandinclusion. This
obsenationhasmotivatedusto deletethe smallcomponent®f the projectionvectors.

In Table9 the relevantresultsaregivenfor iIcCG andDIccCG for variousvaluesof droptol. We see
againalargedecreasen CPUtime andnumberof iterationswhendeflation(DICCG) is used.However
in DICCG, 3.9n extramemorypositionsarerequiredo storetheprojectionvectors.Increasinghedrop
tolerancdeadsto the samenumberof iterations JessCPUtime, asmallincreasen thetrueerror, and
alarge decreasef the amountof extramemory Sothe combinationof biccG with adroptolerance
leadsto anefficient solutionmethodevenwhenthe problemhasmary high-permeabilityinclusions.

ICCG DICCG
droptol 0 1072 101
CPU 44 12 8.3 8.1
CPUconstruction 0 3.1 2.9 2.9
iterations 616 76 76 76
Amin 4% 1079 8x 1073 8x 1073 8x 1073
trueerror 7x10°7 | 1.86x107° | 1.87x10°° | 2.28x 10°°
extramemory 0 3.9n 1.6n 1.2n

Table9: Resultsof iIccG andDicca for variousvaluesof droptol
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5.3 A groundwater flow problem

In Sectiond.3we have seerthata smalleigervalueoccurswhenahigh-permeabilitjayeris ‘'weakly
connectedto a Dirichlet boundary In this sectionwe will examinethevalidity of this assumptiorin
moredetail. In [15] a Poisson-likeequationhasbeensolved on the structureshavn in Figure9. The
solutionsatisfieghe equation:

—0- (ADu) + B(x,y)uy = F, whereB(x, y) = 2e2+¥).

The coeficient A is definedasshawn in Figure9. The function F is everywherezeroexceptin the

u=0

u=1

vt \Azlo

/177777777777777777.

Figure9: Thecoeficientsandgeometryof the groundwateproblem

centersectionwhereF = 100. We have Dirichlet conditionson the completeouterboundary In [15],

BI-CGSTAB and CGS have beenusedto solve the discretizedsystem. In both casesan incomplete
LU-factorizationhasbeenusedas preconditioner If we takea look at the corvergencebehaior of

BI-CGSTAB andcGs asreportedn [15], thereis astrongresemblancevith the corvergencebehavior

of IccG appliedto layeredproblems.

Since at this momentwe are only interestedin symmetricproblemswe will analyzethe Poisson
equation: —0- (AQu) = F. Like beforethe smallesteigervalue of the discretizedsystemhasbeen
calculated Both the presencef the clay section(A = 10-°) aswell asthejumpin permeabilitiese-
tweenthe two sandsectionshave aninfluenceon the smallesteigervalue. To annihilatethe effect of

the smallesteigervalueon the corvergence piccG hasbeenappliedto this problem. The projection
vectorhasbeenconstructedy neglectingthe small gapin the low-permeabilitylayer. The corver-

gencebehaior for IccG andbiccé (appliedto the original geometry)is plottedin Figure 10 and
11. The cornvergencebehaior of DICCG is muchbetterthanthatof iccc. The numberof iterations
decreasewith afactortwo anda properterminationcriterion canbeused.

6 Conclusions

It hasbeenshavn thattheic preconditionednatrixis scalinginvariant. This propertyis usedto shov
thatthe numberof small eigervaluesof the iC preconditionednatrix is equalto the numberof high-
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number of iterations number of iterations
Figure10: Thecorvergenceof ICCG Figurell: Thecorvergenceof DICCG

permeabilitydomainswhich arenot connectedo a Dirichlet boundary

A detaileddescriptiorhasbeengivenhow to constructhe projectionvectorsin acheapway. A proof
is givento shaw thatthe spanof thesevectorsapproximateshe’small’ eigenspacef the diagonalor
IC preconditionednatrix. Thisimpliesthatthe corvergencebehaior of DICCG is independentf the
sizeof thejumpin thecoeficients.

It hasbeenshown that perturbationf the projectionvectorsin the low-permeabilityparthave only
alimited influenceon the corvergencepropertiesof DICCG. This hasimportantconsequencesr the
efficiengy of themethod:

e It is sufficientto computea low-accurag solutionof the subdomairproblemswhich areused
in the constructiorof the projectionvectors.

e Smallcomponent®f theprojectionvectorscanbe neglectedto save work andmemoryrequire-
ments.

Theuseof our projectionvectorsin combinationwith the biccG method,makeshesolverrobustfor
elliptic problemswith highly discontinuousoeficients. For this kind of problemsa robuststopping
criterion is available, which is not the casefor the standard ccc method. For high accuracieghe
DICCG methodcorvergesconsiderablyfasterthanthe iccG method. However, for practicalaccura-
ciesthegainis enormous.This meansthatin the contect of non-linearproblemsor time-dependent
problemsDICCG is far superiorabove ICCG.

It hasbeenshawn thatthe constructiorof the projectionvectorscanbe donefully automaticallyand
thatthe methodcanbeappliedto practicalproblems.

We concludethatbiccG with adroptolerances avery robustandextremelyefficient methodto solve
problemswith extremecontrastsn the coeficients.
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