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Introduction

arge linear systems are solved for modelling many scientific and engineer-
applications. Often these systems result from a discretization of model
uations using Finite Elements, Finite Volumes or Finite Differences. The
stems tend to become very large for three dimensional problems. Some
odels involve both time and space as independent parameters and there-
e it is necessary to solve such a linear system efficiently at all time-steps.
In this paper we only consider symmetric positive definite (SPD) matri-
Presently, direct methods (such as an LU-decomposition) and iterative
hods are available to solve such a linear system. However, for large sparse
efficient matrices fill-in causes a loss of efficiency (in computer memory and
mber of floating point operations). For such a case iterative methods are
better alternative. Furthermore, if a time integration is necessary, then the
ution of the preceding time-step can be used as a starting vector for the
gorithm to get the result on the next time-step. This too supports the use
iterative methods.
Iterative methods such as Gauss-Seidel, Jacobi, SOR, and Chebyshev-
hods can be used, however, convergence is in general slow and it is often
expensive to determine good estimates of parameters on which they
Pend. To avoid these problems, the conjugate gradient method is used. We
with an application from transport in porous media where we encounter
feéme contrasts in the coefficients of the partial differential equation. The
ge contrasts are caused by the layered domain where neighbouring layers
F ig. 1 extreme contrasts in mobility. Here a preconditioning is necessary
we use a standard incomplete Cholesky factorization as a preconditioner



Figure 1. An example of the geometry of the domain with high and low
permeability regions.

for the conjugate gradient method (ICCG) to improve convergence behavior.
Furthermore, deflation is applied to get rid of remaining extremely small
eigenvalues that delay convergence. Vuik et al. [17] proposed a scheme based
on physical deflation in which the deflation vectors are continuous and satisfs
the original partial differential equation on a subdomain. A different variant
involves the so-called algebraic deflation with discontinuous deflation vectors.
Here convergence is speeded up. This was also subject of [16]. In that paper
comparison is given between physical deflation vectors and algebraic deflation
vectors. Two choices of algebraic deflation vectors are applied:

e algebraic deflation vectors restricted to high permeability layers,

e algebraic deflation vectors for each layer.
From numerical experiments it follows that the second choice gives faste:
convergence. Furthermore, this option turned out to be more efficient for
many applications than the use of physical deflation vectors. Therefore, we
limit ourselves to the use of algebraic projection vectors for each layer.

For references related to the Deflated ICCG method we refer to the over-
view given in [17] and [16]. The DICCG method has already been success-
fully used for complicated magnetic field simulations [2]. A related method i
recently presented in [11]. In [4] deflation is used to accelerate block-1C pre-
conditioners combined with Krylov subspace methods in a parallel computing
environment.

The DICCG method is related to coarse grid correction, which is used in
domain decomposition methods [6], [11]. Therefore insight in a good choice
of the deflation vectors can probably be used to devise comparable strategies
for coarse grid correction approaches.

We assume that the domain €2 consists of a number of disjoint sets §2;, j =
1,...,m, such that Q = U'I.":l ;. The division in subdomains is motivated
by jumps in the coefficients and /or the data distribution used to parallelize




solver. For the construction of the deflation vectors it is important which
e of discretization is used: cell centered or vertex centered.
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Figure 2. Domain decomposition for a cell centered discretization.

ell centered

r this discretization the unknowns are located in the interior of the finite
lume. The domain decomposition is straightforward as can be seen in
Fig. 2. The algebraic deflation vectors z; are uniquely defined as:

1, for (x;,y:) € Qj,
:j(w’hy’i) -
0, for (z;,y;) € Q\Q;.

Vertex centered

If a vertex centered discretization is used the unknowns are located at the

boundary of the finite volume or finite element. Two different ways for the

data distribution are known [12]:

e Element oriented decomposition: each finite element (volume) of the
mesh is contained in a unique subdomain. In this case interface nodes
occur.

e Vertex oriented decomposition: each node of the mesh is an element
of a unique subdomain. Now some finite elements are part of two or
more subdomains.

- For Finite Elements only the last option is commonly used. Note that the

~ Vertex oriented decomposition is not well suited to combine with a finite
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element method. Therefore, we restrict ourselves to the element oriented
decomposition, see Fig. 3. As a consequence of this the deflation vectors can
overlap at interfaces.

original domain

subdomain 1 subdomain 2
Figure 3. Domain decomposition for a vertex centered discretization.
The grey nides are the interface nodes.

In our previous work we always use non-overlapping deflation vectors.
In [17], [18] the interface vertices are only elements of the high permeability
subdomains, whereas in [4] no interface vertices occur due to a cell centered
discretization. The topic of this paper is: how to choose the value of the
deflation vectors at interface points in order to obtain an efficient, robust
and parallelizable black-box deflation method.

First we briefly present the mathematical model that we use to compare
the various deflation vectors. Subsequently we give the algorithm and de-
scribe different versions of deflation. This is followed by a description of the
numerical experiments.

2 The mathematical model

We denote the horizontal and vertically downward pointing coordinates by 2
and y. Flow in porous media is often modelled by the following coupled
scaled problem: )

95 . o

5t +V - (gS)=V-(D(S)VS),

V.q=0, (Po)

1
—~q.+:Vp— g8 e, =0;
a
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he above equations are supplemented with appropriate initial and boundary
nditions. In above equations S (-), ¢ (m/s) and p (Pa) are the unknown
turation, discharge and pressure respectively. The unit vector in the y-
irection is represented by e, and the contstant of gravity is denoted by g.
he time is denoted by ¢ (s) and o is the (known) mobility. Porous media
ostly consist of several layers where the mobility varies between several or-
ers of magnitude. In this work we take o as a (piecewise) constant function.
or an overview of the equations that occur in modeling flow in porous media
e refer to the books of among others Bear [1] and Lake [9)].

For the 2-dimensional case it is favourable [3], [13] to introduce the stream
nction 1 such that ¢ = V x 1p. Since here V and q respectively work
d are given for the (z,y) plane only, it follows that % only has a non-
constant z-component, i.e. ¥» = (0,0,7). For more mathematical details on
he existence of such a stream function, we refer to the book of Temam [14].
rther, 0.(-) = 0 and hence after taking the curl over the third equation of
Pg) we are faced with

1 oS
o dy
one imposes no-flow conditions over the boundary of €2, then it follows that

1 =0onT,

here I" represents the boundary of Q. This implies that the equations in
P() change into

95 o 9y B

o <—a—y’a—x‘>'vs =V (D(5)VS), -
1 98 !

Ve (V) =

(z,y) € Q. We focus on the solution of the second equation of (Py) by
Finite Element Method, and hence consider a variational formulation:

Find ¢ € H}(Q) (¢|r = 0) such that

1 ( P
/Vv =V dA :/ggﬁv dA for allv € Hj(Q). (P2)
JQ a o Oy

In Problem (P2) o is allowed to be piecewise continuous and hence, the so-
Wtion ¢ is only piecewise smooth. This problem is solved by the use of
@ standard Galerkin Finite Element Method, with ¢ = SO i (vl = 0),
th piecewise linear element functions v;. In our examples we take a layered
main with . _
U(way) = { e = 10 ' (m,y) © Q2J+1’

Omin = 17 (l'ay) € Q2j,
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where we suppose that the closed domain Q) consists of the union of m closed
subdomains Q1,...,Q,, (see Fig. 1). In some applications, the high and low
mobility (o) respectively correspond to sand and shale layers. We will also
use this terminology to refer to the high and low permeability layers. From
the Galerkin discretization it follows inmediately that accross an interface
the coefficients in the discrete equation varies several orders of magnitude.
Discretization by the use of Galerkin’s method results into a matrix-vecto
equation of type
Ax =0,

where A € R"*", z € R”, and b € R", respectively, represent the discretiza-
tion (or stlﬂness) matrix, solution vector, and right-hand side vector. Using
a FEM approach the discretization matrix is sparse, symmetric and positive
definite (SPD). Furthermore, the discretization is chosen such that the in-
terfaces between consecutive layers coincide with gridpoints. For the case of
large jumps in the coefficient o the condition of the discretization-matrix is
very large. The remainder of the paper is devoted to the efficient solution of
the above matrix-vector equation when n is large.

3 Solution of the matrix equation

Since A is symmetric and positive definite, the conjugate gradient method
is a natural candidate to solve the matrix equation. After k iterations th
| - [la-norm (|| - fla = \/(:, A.)) of the error is bounded from above by the
well-known result of Luenberger, which can also be found in (5]

v — 1\
e - zula < 2(4ET) e — 24

A, (1)

where r denotes the condition number of the matrix A and z is the exact
solution of the system. Further, in the above expression, x, and .}, respec-
tively, represent the initial estimate of the solution x and the result after A

| - [J2-norm (| - [|2 = /() ), it can
V mm“ ‘§ ~ V7 ma\H (EJ

The above inequalities are combined with expression (1) to obtain

K a9\
o2yl < 2VR( Yoy e =zl 3)

This estimate is standard and can be found in the book of Golub and van
Loan [5]. It gives an upper bound for the error for the [| - ||2-norm.

Vuik et al. [1 7 ] observe that the number of small eigenvalues (order 10— )
of A is equal to the number of gridnodes in the low mobility layer (o = 10~ )

conjugate gradient iterations. For the
be proven that
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-~ plus the number of high permeability layers that have a low permeability layer
on top. The conjugate gradient method converges to the exact solution only
once all small eigenvalues have been ‘discovered’. The number of eigenvalues
 is reduced by the use of a preconditioner (Incomplete Cholesky decomposition
or even a diagonal scaling). However, still a number of small eigenvalues
'~ remain for the preconditioned matrix. These small eigenvalues persist due
to the fact that at each interface between low-and high permeability layers
homogeneous Neumann condition is effectively adopted by the sand-layer.
his makes the blocks of the discretization matrix that correspond to the
- sandwiched sandlayers almost singular. This observation is formulated in
erms of the following theorem, which is proven by Vuik et al. [17]:

Theorem 1. Let ¢ := Imin pe small enough, D = diag(A) and let v be

U d
he number of layers with & of order one between low o layers. Then the
1agonally scaled matriz D124 DY has exactly r eigenvalues of order c.

We remark here that Theorem 1 is extended to an incomplete Cholesky
reconditioning, see Vuik et al [18]. The preconditioning aims at improv-
ing the condition of the matrix. However, for this case r small eigenvalues
ersist. In experiments we use an incomplete Cholesky decomposition as
preconditioner for the symmetric positive definite discretization matrix.
In the next section we consider the DICCG-method as proposed by Vuik et
. [17] for the Laplace problem with extreme contrasts of the coefficients. The
im is to get rid of the remaining very small eigenvalues of the preconditioned
natrix A= L TL A, where L~ TL~' ~ A~"! is the IC-preconditioner.

.1 Deflation

n this subsection we analyze the elimination of the small eigenvalues of A
deflation. Therefore, we first prove that, if the deflation matrix is con-
ructed by eigenvectors of A, then its corresponding eigenvalues are trans-
ormed into zero for the product of the deflation matrix and the discretization
natrix A. Here we need properties like symmetry and that the deflation ma-
ix is a projection. These properties are proven first. Suppose that \; and Z;,
€ {1,...,n}, respectively represent eigenvalues and orthonormal eigenvec-
ors of the symmetric discretization matrix A € R"*" (such that =7 7, = §;;),
nd define the matrix P € R"*" by



110 F. J. Vermolen, C. Vuik, A. Segal

m m
DA — A 7 E::‘T - A S E::Tr_:
PA Zk = A Zk — Zj%; A 2 = A Zk — )\;‘- ZjEi Rk = /\;\.‘,;,-
Jj=1

j=1

Vk e {m+1,...,n}

Hence, we state the following result:

Theorem 2. Let P := I — . %zl where Z; and \; are respectively
orthogonal eigenvectors and eigenvalues of the matriz A. Then
1. PA, for j > m, and A have the same eigenvalues \j, and the corre-
sponding eigenvalues of A given by A; for j < m are all zero for the
matriz PA;
2. the matriz P is a projection.

Proof. The first statement is proven by the argument above Theorem 2
To prove the second statement, we compute

P (1 Z“T) (1- Z“T)

i=1 i=1
m m m
_ = > = T
R St (}: ) (}: )
i=1 i=1 i=1

The second last equality results from orthonormality of the eigenvectors
Hence, the matrix P is a projection. [

From Theorem 2 it follows that P and PA are singular. Now we introduce
the matrix P for a general choice of deflation vectors:

Definition 1. The deflation matrix P is defined by
pP.=1 —AZ(ZTAZ)'Z".

We show that P can be written as P when the columns of Z are eigenvector

of A.

Theorem 3. Let Z € R"*™: Z = (Z1,...,Zm) where Z are the orthonor-
mal eigenvectors with eigenvectors A; of the matriz A and let P be defined as

in Definition 1. Then P = P. Moreover, P is a projection for all choices of
Z 6 ]R’H >m .
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proof. f P=1 —AZ (ZTA Z)='ZT | then

=T “Loor
“1 <1
P=1 —A(Z,...,%2,) Sl A (R, A
=T T
“m “m
- - -1
AL Az, &
=1 —(AzZ,...,AZ,) : : :
=T = =T = ST
”‘mA Z1 ... gm‘A Zm Zm
;/{
- - . 1 1 .
=1 —(MZ1,..., A\p2p) diag( —, ..., — :
)\1 )\’ITL o

is proves the first statement. The second statement is proven by direct
ultiplication:

P =1 —2A72(ZTA Z2) ' 27 + AZ(ZTAZ) ' 2T AZ(ZTAZ) 2T = P.

Hence P is a projection. [J
orollary 1. The matriz PA is symmetric positive semi-definite.

oof. Since AT = A, the symmetry of PA is established by
PAT = (A —AZ(ZTA )" ZTAT = A — AZ(ZTAZ) ' ZTA = PA.

ther, P is a projection and A is symmetric positive definite; hence from
mma 2.1 by Frank and Vuik [4] it follows that PA is positive semi-definite.

Furthermore, the matrix PA, where P:=1 — AZ(ZTAZ) ' Z" is singu-
, since

PAZ =AZ —AZ(Z"AZ2)'ZTAZ =AZ —AZ =0.

118 is also shown in Theorem 4.1 in Vuik et al [17]. Consider a matrix A
Vith eigenvalues {A1,. .., Ay Ayt - .- JAntand let Z = (Z1,...,7,,) where
= N7, i € {1,...,m} are eigenvectors of A that correspond to eigen-

ues {\(,...,\,}. Then with P, according to Definition 1, it follows that
has eigenvalues {0,...,0, \ppy1, ... JAnt
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Theorem 4. Let P € R™™" be defined as in Definition 1 with Z = (Zy,. .. |
Zn). Then the null-space of P is spanned by the independent set {A Zy,...
A Z,}, i.e. null(P) = Span{AZz},... A Z,,}.

Proof. Since PAZ = 0, it follows that AZ; € null P and hence dimnull P >
m. If V := Span{Z},...,Z,}, then from the Direct Sum Theorem (see for
instance [8]) it follows R" = V @ V4, where V+ = {§/ e R": § L V}. Hence,
dim V1 = n —m. Suppose i € V*, then

Pj=§—-AZ(Z"AZ) 2 =7
Hence, dimcol P > n — m. Since dimnull P 4+ dim col P = n, this implies
dimnull P < m.

Consequently, using dimnull P > m, we have dimnull P = m. Since {A =},
., AZ,,} represents a linearly independent set of m vectors in null P and
dimnull P = n, it follows from the Basis-Theorem (see for instance [10]) that

null P = Span{Az},..., Az, }.

This proves the theorem. [J

The matrix P is referred to as the deflation matrix. The vectors 77, ..., 7,
are referred to as the projection vectors and they are chosen such that thei
span approaches the span of the small eigenvectors of A. The advantage of
working with the matrix PA rather than with A is that the smaller eigen-
values of A are transferred to zero eigenvalues of PA which do not influence
the convergence of the CG-method.

3.2 Deflated incomplete Cholesky preconditioned
conjugate gradients

The elimination of the small eigenvalues of A takes place by using the pro-
jection matrix P. We then solve

PA 7 = Pb, (4)

with the ICCG-method, where PA is singular. The solution of the above
equation is not unique. We obtain the solution of the matrix-equation A = ©
by

f=(I —PN7+ PTL (5)

Note that 7 is the solution of equation (4). In this paragraph we first es-
tablish uniqueness of the above P77, given any T that satisfies equation (4)-
Therefore, we first need to establish that for the projected solution we have

—

PT7 = PT% and that hence P77 is unique. Equation (4) is written as



Deflation in preconditioned conjugate gradient methods 113

P(A i I;) = 0, where A7 — b € null P. Since PA Z — 0, the vectors AZ;
are in the null-space of P, i.e. AZ; € null P. Since, we know from Theorem 4

hat null P = Span{AZ;,... /A 7,,}, the vectors in the null-space of P can
pe written as linear combinations w — >t ;A Z;. Therefore, it can be
een that one can write for the vector i:

IT=A""+A Y= A-15+Za,-,z,-. (6)
=1

ince A is not singular, the first term in the right-hand side is uniquely
etermined. We investigate the result obtained from multiplication of the
econd term in the right-hand side with the matrix P7. For convenience we
ok at the product PTZ:

P'Z =(1 -2 (Z"A2)"2TA) 2z =2 — 72 (ZTA2)"'2TA 7 —0.

ence, this product is zero and the second term of the right-hand side of
quation (6) vanishes after multiplication with P7, since Z — (Z1,o Zm).
ence, the vector P77 is unique and we have

PTE=pPTA = PTy,

For the first term of the right-hand side of equation (5) we note that

(I —P"#=2(2"AZ)'Z2A7 = 2(ZT AZ)~' Zb,

ence, this term is also uniquely determined and since the dimension of the
atrix ZT AZ is small, the computation of this term is relatively cheap. This
summarized in the next theorem:

heorem 5. Let P be defined as in Definition 1 and T as in equation (4).
en

1. PTZ is unique and PTF = PT7,
2. the unique solution of AT =b can be written by
F=2(Z"A2)"'Z"h + PT,
where T is a solution of equation (4).

- We further note that (1 — PNZ =7Z(ZTAZ) 12T AZ = 7. Hence,

(I~ PT)(Elu'“ 73:71) - (51)”- sEm)~

From this it follows that Span{zy,... JZm} =1V CR"™is in the eigenspace
of eigenvalue A = 1 of the matrix (I — P,

For completeness, we present the algorithm of the deflated ICCG.
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Algorithm 1 (DICCG [17]):

k=0, 7= Pro, pr = %0 = L-TL ™79
while ||7x|[2 > &

k=Fk +1
=TI
o Tk—17k—1
E= e o
pr PA pi
Tp = Tp—1 + Pk
P =Th-1 — arPA Dk
A LfTL—lfL
=T
Th 2k
Br = =
Fh—1 Zk—1
Ph—1 = Zk + Bk
end while

The conjugate gradient method is reported to converge for symmetric pos-
itive definite matrices. However, Kaasschieter ([7], Section 2) notes that
eigenvalues of a symmetric positive semi-definite matrix that are zero do not
contribute to the convergence of the CG-method. Furthermore, he concludes
that the singular system can be solved by conjugate gradients as long as sys-
tem (4) is consistent (Pb € Col(PA)). Van der Sluis and van der Vorst [15]
note that the convergence may be much faster than bounds (1) and (3) pre-
dict when eigenvectors are clustered.

3.3 Choice of deflation vectors

We apply several choices for the deflation vectors to solve the following prob-
lem:

-V (]“‘ Vd’) = 07 (I’v y} € Qv

'l/y = 17 (217,'!/) € FD7 (P?)i’
o
—.—/ =0, (v,y)€TlnN.
on
The domain Q is divided into subdomains €2; such that Q = U?;lﬁi and
R C {1,...,m} denotes the set of indices that correspond to subdomains

with high permeability, i.e.,

b gy = [ Fmex =1 @) €, TER
(2, y) = —e, (my)€Qy, jE{l...,mP\N

]"'min

Further, we assume that if QN _QJ- # () then the value of k in Q, is not
equal to the value of £k in ;. We take ¢ = 10~7. For each subdomain €2; we



Deflation in preconditioned conjugate gradient methods 115

introduce a deflation vector Z; as follows:

0 for (z,y) € 2\ Q;,
zi(zy)=q €[0,1] for (z,y) € Q;\ (2, U (TN NKQy)),
1 for (z,y) € Q;.

Note that in the finite element formulation the Dirichlet boundary points do
not participate in the solution of the matrix-vector equation. An example of
the geometry is shown in Fig. 1. We investigate the following choices where
7, is varied for (z,y) € Q; \ (2, U (I'y N Q).

1. non overlapping projection vectors:

1 for (z,y) €\ (Q;UD), jeEN,

zj(x,y) = { 0 for (z,y) €\ (Q;UT), je{l,...,m}\NR,

2. complete overlapping projection vectors:
(@) =1 for Q;\(Q;UT), je{l,...,m},

3. average overlapping projection vectors of the subdomains:
S@) =y for O\ (UT), Je (L m),

4. weighted overlapping projection vectors of the subdomains:

fmax gy 9\ (Q;UT), jeRr,
Z(:L" y) . kmax + kmin
’ , a kmin — .
e AU e (L mEAR.

ote that weighted overlap is approximated by no overlapping when ki, <
Kmax and by average overlapping whenever ki, = kmax. After some theoret-
al results we investigate the four choices by numerical experiment for both
e case that kmin € kmax and kpin = kmax. Subsequently, we apply the
deflation principle to parallel computation.
~ We consider the case that constrasts are large, i.e. Emin < Fmax, € = 1077,
We now show that the choice of average overlap is not suitable for this case
Where cond(A) = O(%) In the next theorem we refer to areas with ki, and
max as low mobility and high mobility layers, respectively. Now we will show
tll&t the average overlapping projection vectors do not approximate the span
Of the eigenvectors that belong to eigenvalues that are of the order O(e).

Assumption 1. We assume that the finite element discretization is consis-
tent, which means that discretization error is zero for a constant function.
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We further assume that the off-diagonal entries of the discretization matriz A
are non-positive.

Let x,, denote the position of grid point m. A consequence of the above

assumption is
n

Z”"’J =0 for x,cQ\Ip. (7)
j=1
Before we state the theorem we introduce the index set 1I; C {1,...,n} as

the set of indices of #; (which is the projection vector that corresponds to
subdomain ;) that correspond to grid points, which are on the boundary
between two consecutive subdomains with k& = kpax = 1 and b = Kmin = €.
Further, we denote the neighbouring grid points of index set 1I; (located

in ;) by II;.

Theorem 6. If the finite element discretization satisfies Assumption 1 and
if the discretization matriz is irreducible, then for D = diag(a1y . .. Gnn) W
have

1. [|[D~  ~ 1 for all i, regardless the value of k in the subdomain,
for (l’UHtlJt ovmlappmg delation vectors,

2. [[D7YA TGi|la = O(c) for all i corresponding to the subdomains Q;
I'p = 0 with k = kmax = 1, for the cases of non-overlapping, com-
pletely overlapping and weighted overlapping deflation vectors,

3. ID7'A @l ~ 1 for all values of i that are not incorporated in

part 2, i.e., k= kmin =2 or Q; NTp # 0 and k = kmax = 1.

Proof. We start with x,, € Q; UL NTx) and m € {1,...,n}\ (II ),
where @, is not a neighbouring point of a Dirichlet point, then (v ),n is eqlmi
to its neighbours. From consistency of the discretization it follows

(Av)m =0 me{l,....,n}\ 1L UILL),

regardless the value of k in the subdomain i. For m € II; we split its
neighbours into the sets .J H and J, Hvespectively denoting the neighbouring
gridnodes in the high and low permeability layers. Further, we introduce the
set JI representing the set of indices corr esponding to neighbours of point 17!
with 111dex in I1;. We proceed with m € II;, then for the discretization matrix
we have

JH

m?

amj = 0(c) forje JL.

|T\

apy ~ 1 for j

Multiplication of A with vector v; gives for component m

T

(14 Vg ) mo— Z “mj('vi)j - ”"mm(”i)m + Z ”‘m‘j(l"i)_ﬁ

j=1 jeJLuTHU.

m m
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. Since amm = — Z;":Lj?gm amj ~ 1 and (v;), = (v;); for j € J! when the
subdomains are layered, the above relation implies

(A'Ui)m = Z (Lmj((vi)j - ('Ui)m)n (8)

jeJLuJH

m m

Now, we estimate (Av;),, by the use of equation (8) for the three cases in
the theorem.

1. Consider average overlapping deflation vectors. Then

> ams((0); (i) = O(e).

JEJL

Further, note that from irreducibility of the matrix A it follows that Ay ~ 1
for at least one j € JI £ (). Hence, we have

Z (l’nj((vi)j - (Ui)'m) ~ 1.

JjeJL
Therefore, with D,,,,, = a,,,,, ~ 1, it follows after using equation (8) that

|D™'A @ ~ 1, for all subdomains.

This proves part 1 of the theorem.

2. Consider i corresponding to subdomain 2, \T" p =0 with k = kypax = 1.
hen for m € II; we have for all cases of overlap
Z amj((vi)j - (Ui)m) - 0(8),
jeJk
nd
O(e) for weighted overlap,
Z amj((/Ui)j - (vi)nt) =
jesn 0 for complete and no overlap.

ubstitution of the above relations into equation (8) gives
(Avi)m = O(2).

ince D,,,, ~ 1, it follows for non-overlapping, complete overlap and weighted
erlap that

(D7'A v;) = O(¢)  for subdomains where k — k

max = 1.
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For subdomains Q; where Q; NT'p = 0 and k = kpax = 1, it follows, with
(Av;)y, =0 form € {1,... ,n}\ IL;, that

DA v;]|0 = O(e).

This proves part 2 of the theorem.
3. Now we consider §; where k = kmax = 1 and with Q; N I'p # (), then
for a certain grid point m that neighbours a Dirichlet grid point, we do not

satisfy equation (8), but
n

E Amj ™~ 17

Jj=1
since k = kmax = 1. This implies that

n

Z Amj (;Ui)j ~ 17

j=1
and hence
HD'IA Villoo ~ 1, for Q:NTp #0and k = kpax = 1.

For m € II; we have for a subdomain, where k = ¢,

n
Z am;((vi); — (Vi)m) = O(g) for no overlap and weigthed overlap.
j=1

Since amm = Dpmm ~ & for m € Il; when k =&, we obtain
1 .
|D~'A vi||w ~ 1, for no overlap or weighted overlap.

For m € II; we have for a subdomain, where k = ¢,

Z (i) = (vi)m) ~ 1 for complete overlap.

jeJH

=“m

For complete overlap, we also have Dp;, ~ 1 for m € II; and hence, one
obtains
|D_1A vi|| ~ 1 for complete overlap,

whenever i corresponds to a subdomain where k = kmin = . This proves the
theorem. [

An important conclusion here is that the average overlapping deflation vec-
tors with ¢ < 1 do not approximate the span of eigenvectors corresponding
to the small eigenvalues of D~'A. The above theorem is proven for diago-
nal scaling. We extend the result to an incomplete Cholesky decomposition
for algebraic projection vectors with weighted and complete overlap and no
overlap. A similar theorem is proven by Vuik et al [18] for physical deflation
vectors. This is formulated in the following theorem:
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Theorem 7. [f the finite element discretization is consistent under Assump-
tion 1, then

”L_TL¥1A 17,‘”2 = O(E)
for non-overlapping, completely and weighted overlapping projection vectors.

Proof. The proof is based on Theorem 6.

LT L7 A Gl = ILTTL7' DD A G5 < Amax (L~TL71D)|[ D1 A i |2

Vuik et al [18] (Theorem 2.2) prove that A\(L~"L~1D) is bounded also for
e — 0. Further, since | DA%, ||, < \/n|| D' A%;||~, we obtain

IL"TL7 A lla < Anax (L™ T L1 D) /0| D~ AG | .
Since we know from Theorem 6
1D AG | < O(e)
for non-, completely and weighted overlapping projection vectors, we obtain
[L7TL7 A G2 < Amax (L7TLTD) VR O(e).

This proves the assertion. [J

Note that the above theorem does not say anything for the case of incom-
plete Cholesky preconditioning and average overlapping projection vectors.
The result in Theorem 6 is expected to hold for average overlapping with
incomplete Cholesky preconditioning as well. This is also observed by nu-
merical experiments.

4 Numerical experiments

For the experiments we consider test-problem (P3) for a rectangular do-
main ). It easily follows that the solution of this test-problem is ¢ = 1.
- The problem is solved by the use of a Finite Element method. We have
~ done experiments with the different overlapping between subsequent subdo-
~Mmains. The parameter k is allowed to have large jumps. To illustrate the
leed for deflation, when k has large Jjumps, we start with the setting where
we have horizontal layers of alternating permeability where ¢ = 10~7. Here
We take seven layers and 3200 (80 x 40) elements per layer and show a con-
vergence result obtained from a Cholesky preconditioned conjugate gradient
method when no deflation is applied in Fig. 4. It can be seen in the graph of
-~ the residual = AZy||2 that convergence is fast at the early stages. Subse-
quently, a non-monotonic behaviour is observed which is due to the presence
- of three eigenvalues that are of the order of 10~7 in accordance to Theorem 1.
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These eigenvalues are due to the three sand layers that are sandwiched be-
tween low permeability shale layers. The convergence speed of the exact error
5, however, is slow at the early stages and hence the solution has

lifk' - j:true
a poor quality then. Further for the sake of illustration, we plot the smallest
eigenvalue of the preconditioned discretization matrix as a function of the
iteration number. Only after ‘discovery’ of all the (small) eigenvalues con-
vergence sets in. We see that although the problem is small, convergence is
poor. To illustrate the increase of speed of convergence by the use of defla-
tion, we present the results from deflation for the same problem in Fig. 5.
Here physical deflation has been used, where only for each high permeability
layer, i.e. sand layer, that is surrounded by shale-layers a deflation vector is
used. From the results it can be seen that the smallest eigenvalue is of the
order of 0.01 and that convergence of the residual is monotonous. Further,
the exact error converges fast from the start. The computation has been
finished in about 99 iterations instead 290 iterations in Fig. 4. So it is clear
that deflation increases the convergence speed. Similar results can be found
in the paper of Vuik et al [17].

10° k— S R

\
\ exact error =01 \

\
10"+ g
residual
10° b E
107k I b
smallest eigenvalue ) T \

w0 : : . : : : .

0 50 100 150 200 250 300 350 400

number of iterations

Figure 4. Convergence behavior of the incomplete Cholesky precon-
ditioned CG-method for 7 subdomains with large jumps of the coeffi-
cient k in (P3). The || - [|-norm of the residual and error have been
presented. The number of elements is 3200 per layer.

4.1 Algebraic deflation vectors

We consider a comparison between deflation with algebraic projection vectors
without overlap and deflation with physical projection vectors when contrasts
in the permeability are very high ¢ = 10~ 7. The results have been plotted in
Figs. 5 and 6. From both figures it is clear that algebraic deflation without
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smallest eigenvalue

X -
exact error =% 1

N
107 b / B

residual

0 50 100 150
number of iterations

Figure 5. Convergence behavior of the deflated incomplete Cholesky
preconditioned CG-method for 7 subdomains with large jumps of the
coefficient & in (P3). The || - ||o-norm of the residual and error have
been presented. Here results obtained by the use of physical deflation
are shown. The number of elements is 3200 per layer.

exact error b

Sy T R

residual
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number of iterations

Figure 6. Convergence behavior of the deflated incomplete Cholesky
preconditioned CG-method for 7 subdomains with large jumps of the
coefficient & in (P3). The || - ||2-norm of the residual and error have
been presented. Here results obtained by the use of algebraic deflation
are shown. Algebraic deflation is here by no overlap for the projection
vectors. The number of elements is 3200 per layer.
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overlap, where for each layer there is a projection vector, requires fewer itera-
tions than physical deflation. In Table 1 we present the number of iterations
needed and computing time to obtain convergence for different number of

elements per subdomain.

Table 1. Computation time and speed of convergence for physical and
algebraic deflation vectors for several mesh-sizes.

Physical deflation | Algebraic deflation
Number of elements Time (s) Time (s) Nonys | Nalg
50 0.02 0.02 16 15
200 0.07 0.07 28 26
800 0.46 0.39 52 44
3200 3.49 2.92 99 84
12800 24.20 18.72 173 | 140
41200 171.18 129.61 208 | 255
10 ; : r T
107 i R
) T ;:Oix il
10 | . k true 2 4
\ smallest eigenvalue
07\ N N \\ |
107 F u\v— . - h |
~—— - v,‘\ -
10 | ol fir i, v |
10" F R
107‘00 2‘0 4‘0 60 B‘O 1(‘)0 11‘.’0 140

number of iterations

Figure 7. Convergence behavior of the deflated incomplete Cholesky
preconditioned CG-method for 7 subdomains with large jumps of the
coefficient % in (P3). The || - ||2-norm of the residual and error have
been presented. Here results obtained by the use of algebraic defla-
tion are shown. Algebraic deflation is here by complete overlap for the
projection vectors. The number of elements is 3200 per layer.

From Table 1 it follows that algebraic deflation vectors without overlap
gives a better convergence than physical deflation vectors, especially when
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the number of elements becomes large. Furthermore, the CPU-time is larger
for physical deflation vectors, which is due to solving the homogeneous partial
differential equation when the projection vector is determined. Note, how-
ever, that the number of projection vectors is larger for algebraic deflation.

From Fig. 5 and 6 it can also be seen that the smallest absolute value of
the non-zero eigenvalues is less small when algebraic deflation is used. This
is assumed to be the cause for the increase of speed of convergence when
algebraic projections vectors are used.

error

lix, - "(m.”z

smallest eigenvalue

107k i,

residual

14 L '

L .
0 50 100 150 200
number of iterations

L
250 300

Figure 8. Convergence behavior of the deflated incomplete Cholesky
preconditioned CG-method for 7 subdomains with large jumps of the
coefficient & in (P3). The |- ||>-norm of the residual and error have been
presented. Here results obtained by the use of algebraic deflation are
shown. Algebraic deflation is here by average overlap for the projection
vectors. The number of elements is 3200 per layer.

For the sake of illustration we show the evolution of the residual, smallest
eigenvalue and error during the conjugate gradient iterations for the various
implementations of deflation. In Fig. 7 we show the convergence for a system
of seven subdomains with 3200 triangular elements. Here the projection
vectors are chosen with complete overlap at the interface points. From Figs. 6
and 7 we see that the choice of complete overlapping projection vectors gives
a slower convergence than non overlapping projection vectors. Subsequently,
we show convergence with deflation vectors chosen with average overlap at
the interfaces in Fig. 10. It can be seen that the smallest eigenvalue for
average overlap is in the order of 10~% by which convergence is deteriorated.
From Figs. 6, 7 and 8 it is concluded that no overlapping deflation vectors
give the best choice when contrasts are huge. Furthermore, average overlap
gives the worst convergence behaviour. This is further illustrated by Fig. 9,




124 F. J. Vermolen, C. Vuik, A. Segal

where the exact error is plotted for the different options of deflation during
the iterations. Computations with weighted overlapping projection vectors
give the same results as for no-overlap in the case of sharp contrasts in the
permeability, which follows from the definition of the several overlappings.

10° T T
10 3
complete overlap
0
10 b E
"""" B no deflation
10° - . LN E
\ \
=10 | \
o \ \ average overlap E
> ; ~
! - \
* 107 \
Z107} \\ . / E
VN \ no overlap \
107k \ s \ E
e \ -
\
\
107 \ E
) ‘\ \
107k \ \ 4
physical delfation \
— L/
10" . : -
0 50 100 150

number of iterations

Figure 9. Convergence behavior of the deflated incomplete Cholesky
preconditioned CG-method for 7 subdomains with large jumps of the
coefficient % in (P3). The ||+ ||2-norm of error is presented for the various
choices of deflation. The number of elements is 3200 per layer.

Similar computations, without sharp contrasts, ¢ = 1, are presented in
Fig. 10. This figure indicates that average overlap gives the best results,
although the differences are not as striking as for the case where there are
large contrasts. Note that weighted overlap and average overlap are equiv-
alent here. This difference is small due to the absence of extremely small
eigenvalues. Further, the computations with complete overlap gives the poor-
est convergence. From the figures and computations with weighted overlap.
whose results are omitted in this paper, it is concluded that weighted overlap
always gives a good convergence, since it mimics no overlap when constrasts
are high and average overlap when constrasts do not exist. This is an impor-
tant insight for future parallelization of the deflated preconditioned conjugate
gradient method. We further note that computations with weighted overlap
give the same results as for average overlapping for the case of no contrasts
of the permeability.

We conclude that weighted overlap is most robust and this will always give
the best choice for use in a ‘blackbox’ algorithm.
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Figure 10. Convergence behavior of the deflated incomplete Cholesky
preconditioned CG-method for 7 subdomains without large jumps of the
coefficient / in (P3). The || - [2-norm of the error is presented for the
various choices of deflation. The number of elements is 3200 per layer.

4.2 Parallelization

The deflated preconditioned conjugate gradient method is very suitable for
parallelization. Parallelization is still a topic of research. The first results are
given here, which have been computed for a layered domain as in Fig. 1. In
the first series of numerical experiments, we show the convergence behaviour
when the number of subdomains is increased, using a constant number of grid
points, so the total number of gridnodes increases. Subsequently, we show
the convergence behaviour for the case that the number of blocks increases
such that the total number of gridnodes remains constant.

4.2.1 Increase of the size of the domain of computation

Here we consider a rectangular domain Q" that consists of the equisized
subdomains Qy,...,Q,, Q" = Q,U... U Q, Q=g UQ,41. In this
Section we take the permeability constant over the whole domain. Further
We use algebraic projection vectors with average overlap. We compare the
results from the following computation methods:

1. Sequential ICCG without deflation (SICCG);
2. Sequential ICCG with deflation (SDICCG)
3. Parallel ICCG without deflation (PICCG)
4. Parallel ICCG with deflation (PDICCG)

_ The number of iterations needed for convergence is plotted as a function
of the number of subdomains for all four approaches in Fig. 11. The number
of grid points per subdomain is 80 x 80. It is seen that the parallel ICCG

bl
bl
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Figure 11. The number of iterations as the number of subdomains
increases for the various methods of computation.

(PICCG) requires more iterations than the sequential ICCG (SICCG). This
is a common observation. For both cases the number of iterations needed
for convergence increases rapidly as the size of the domain of computation
increases. However, for both deflated methods the number of iterations is
lower than for the non-deflated methods. Further, as the number of subdo-
mains, i.e. the size of the domain of computation, increases the number of
needed iterations becomes independent of the number of subdomains.

6 T T T T T
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== deflation seq.
5i{ = = - no deflation par. J
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o4 )
£
X
[8]
o
o
=
2

number of blocks

Figure 12. The wall-clock time as the number of subdomains increases
for the various methods of computation.
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As a further illustration we show the wall-clock time for the four different
approaches in Fig. 12. The wall-clock time is measured on a Beowulf cluster.
It can be seen from this figure that the wall-clock time is significantly smaller
for the deflated ICCG (SDICCG) for the sequential computation. So, for
sequential computations deflation is attractive to increase the speed of com-
putation. Further, parallelization gives a significant speed-up, but as the
number of subdomains increases, the wall-clock time continues to increase
when no deflation is used (PICCG). However, if deflation is used in the par-
allel computations, the wall-clock time decreases and even becomes almost
independent of the number of added subdomains. It is therefore concluded
in this section that deflation accellerates computation in both a sequential
and parallel computer environment, if the solution of an elliptic problem as
in (P3) is computed.

4.2.2 Increase of the number of deflation vectors in a given domain

Given a square domain, we increase the number of deflation vectors. Further,
we assume that the permeability is constant over the whole domain. We use
150 x 150 elements over the domain.

We present the results of the computations in Table 2 where we use the
methods SDICCG, DICCG and PDICCG (sequential with deflation, paral-
lel without deflation and parallel with deflation) for the cases of 3 and 6
blocks. The number of iterations for the convergence of the SICCG method
(sequential, without deflation) is 142 iterations.

Table 2. Number of iterations for a square domain
with 150 x 150 elements.

Number of blocks | SDICCG | PICCG | PDICCG
3 106 198 141
6 101 198 138

We remark that we used average overlap for the projection vectors in the
deflated method. From the above table it is seen that deflation gives a re-
duction of the number of required iterations for the sequential computations
(Compare column 2 with the 142 iterations for the SICCG method). Fur-
ther, the number of iterations increases when a parallel method is applied.
However, deflation applied in a parallelized method reduces the number of
iterations again. Hence, deflation is again recommended to use in both se-
quential and parallelized computations.
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5 Conclusions

We investigated various choices of deflation vectors, which are used in the
Deflated ICCG method. It is found that the choice of the deflation vectors
at the interfaces plays a crucial role in the convergence rate. Summarized,
the following is concluded so far:

e As the domain is divided into more subdomains, the number of itera-

tions needed for convergence decreases. This effect has been observed
for ¢ = 1. Furthermore, this observation does not depend on the
choice of the values of the deflation vectors at the boundaries. Fur-
ther, deflation makes the parallel preconditioned conjugate gradient
method scalable: the wall-clock time becomes invariant with respect
to the number of blocks if the number of blocks is increased and the
number of gridnodes per block is constant.

e For the case of no contrasts of the permeability between subsequent

layers, it is observed that average overlap between subsequent defla-
tion vectors is superior to no overlapping. Here the use of complete
overlapping projection vectors is unsuitable. Whereas, for cases with
large contrasts of permeability the use of average overlapping projec-
tion vectors is not suitable. This is caused by the fact that the span
of the projection vectors approximates the span of the eigenvectors
that belong to the small eigenvectors badly.

e We introduce the method of ‘weighted overlap’, which mimics average

and no overlap for respectively the cases of no contrasts and very large
contrasts of the permeability. It is observed that this choice gives the
best convergence behavior for both the presence and absence of sharp
contrasts until now.
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