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Setting

Solve a large sparse linear system
Ax = b

A ∈ Rn×n is symmetric positive definite (SPD) and stems from a FEM discretization. Typical
examples:

1. A = K (Poisson problem, elliptic PDEs,...)

2. A = M (L2 projection, explicit time stepping,...)

3. A = K + γM with γ > 0 (Implicit time stepping)

Kij =

∫
Ω
∇φi · ∇φj (Stiffness matrix) Mij =

∫
Ω
φiφj (Mass matrix)

for a finite element basis Φ = {φ1, . . . , φn}.
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Finite element bases

The basis Φ may be:

Φ = {L1, . . . , Ln}, the Lagrange basis (standard FEM)

Φ = {B1, . . . , Bn}, a spline basis, e.g. the B-spline basis (Isogeometric analysis). Spline
spaces are Ck continuous with 0 ≤ k ≤ p− 1.
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(a) Lagrange basis
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(b) C0 B-spline basis
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(c) C1 B-spline basis
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Boundary-fitted vs immersed finite element discretizations

How to solve a PDE on a complicated domain Ω. How can we build a finite element mesh?
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+ Imposition of boundary conditions

+ Availability of h, p-robust preconditioners

− Mesh quality

− Flexibility, complexity

+ Flexibility

− Imposition of boundary conditions

− Integration on trimmed elements

− Stability, CFL condition

− Ill-conditioning
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Source of ill-conditioning
Small cut elements cause extreme ill-conditioning; i.e. there exists a function u ∈ Vh such that

∥u∥2a = a(u, u) ≲ ϵ∥u∥22 =⇒ λmin(A) ≲ ϵ.

Example: consider a quadratic spline discretization on (0, 1) ⊃ (0, 0.75 + ϵ)
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(a) C1 smoothness
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Non-preconditioned case
The problem is caused by basis functions whose active support suppΩ(φ) = supp(φi)∩Ω only
contains trimmed elements.

Under some shape regularity assumption, we can prove that (Prenter et al. 2017)

κ(K) ≳ η−(2p+1−2/d)

κ(M) ≳ η−(2p+1)

where η = minT∈Th
|T ∩ Ω|/|T | and κ(A) = λmax(A)/λmin(A) is the spectral condition

number (for an SPD matrix A).
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Overview of solutions

Multiple solutions to the ill-conditioning issue

Fictitious domain stabilization (or α-stabilization, finite cell method) (Parvizian et al.
2007) integrates the weak form over the entire extended domain by weighting the
fictitious part by a small parameter α.
+ Improves the conditioning
− to the detriment of accuracy...

Polynomial extension techniques; e.g. extended B-splines (Höllig 2003; Marussig et al.
2017; Buffa et al. 2020)
+ Solves the conditioning and stability issues
− Quite intrusive (modifies the approximation space)

Eigenvalue stabilization (Eisenträger et al. 2024). Local modifications to the element
matrices during assembly.
+ Solves the conditioning issue
− Quite intrusive.
− Parameter-dependent. Bad choices may affect the accuracy.

Preconditioning (Prenter et al. 2017; Prenter et al. 2019). Chooses a different basis for
the approximation space.
+ Operates on the solver, not the approximation space.
− Does not resolve stability issues.
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Jacobi preconditioning

In some cases, a Jacobi preconditioner is enough! Solve Âx̂ = b̂, where

Â = D−1AD−1, x̂ = Dx, and b̂ = D−1b

for D =
√

diag(A).

In most cases, Jacobi preconditioning helps but is insufficient... The issue stems from
near linear dependencies among rescaled basis functions.
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Counter-example for the Lagrange basis in 1D

Define

u(ξ) =

{
(ξ − ξl)

p if ξ ∈ Ωℓ,

0 otherwise.

One can easily show that u ∈ Vh and

λmin(Â) = min
v̂∈Rn

v̂ ̸=0

v̂T Âv̂

∥v̂∥22
≤

ûT Âû

∥û∥22
=

∥u∥2a
∥û∥22

∼ η2(p−1) =⇒ κ(Â) ≳ η−2(p−1).

9 / 24



Extension

The analysis in 2D is much more complicated and depends on the basis, continuity, position of
the knots or interpolation points and cut configuration. Three representative cases:

#Il
<latexit sha1_base64="e6mztoK4DF1spILg2wd80Y+Ra7I=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IR6qUkItVjsRePFewHtKVstpt26WYTdidiCcWLf8WLB0W8+iu8+W/cpjlo64OBx3szzMzzIsE1OM63lVtZXVvfyG8WtrZ3dvfs/YOmDmNFWYOGIlRtj2gmuGQN4CBYO1KMBJ5gLW9cm/mte6Y0D+UdTCLWC8hQcp9TAkbq20ddYA+Q1ELp82GsUhVPcYmc9e2iU3ZS4GXiZqSIMtT79ld3ENI4YBKoIFp3XCeCXkIUcCrYtNCNNYsIHZMh6xgqScB0L0lfmOJTowywHypTEnCq/p5ISKD1JPBMZ0BgpBe9mfif14nBv+olXEYxMEnni/xYYAjxLA884IpREBNDCFXc3IrpiChCwaRWMCG4iy8vk+Z52a2UK7cXxep1FkceHaMTVEIuukRVdIPqqIEoekTP6BW9WU/Wi/Vufcxbc1Y2c4j+wPr8AdntlxM=</latexit>

Configuration (a)
<latexit sha1_base64="4TZicuJjb7/382g52YjHJzJp0PY=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IR6qUkItVjsRePFewHtKVstpt26WYTdidiCcWLf8WLB0W8+iu8+W/cpjlo64OBx3szzMzzIsE1OM63lVtZXVvfyG8WtrZ3dvfs/YOmDmNFWYOGIlRtj2gmuGQN4CBYO1KMBJ5gLW9cm/mte6Y0D+UdTCLWC8hQcp9TAkbq20ddYA+Q1ELp82GsUhVPcck769tFp+ykwMvEzUgRZaj37a/uIKRxwCRQQbTuuE4EvYQo4FSwaaEbaxYROiZD1jFUkoDpXpK+MMWnRhlgP1SmJOBU/T2RkEDrSeCZzoDASC96M/E/rxODf9VLuIxiYJLOF/mxwBDiWR54wBWjICaGEKq4uRXTEVGEgkmtYEJwF19eJs3zslspV24vitXrLI48OkYnqIRcdImq6AbVUQNR9Iie0St6s56sF+vd+pi35qxs5hD9gfX5A9tylxQ=</latexit>

Configuration (b)
<latexit sha1_base64="8Dqmiq11u/yzwVz+LQxqZRaDS0k=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IR6qUkItVjsRePFewHtKVstpt26WYTdidiCcWLf8WLB0W8+iu8+W/cpjlo64OBx3szzMzzIsE1OM63lVtZXVvfyG8WtrZ3dvfs/YOmDmNFWYOGIlRtj2gmuGQN4CBYO1KMBJ5gLW9cm/mte6Y0D+UdTCLWC8hQcp9TAkbq20ddYA+Q1ELp82GsUhVPcYme9e2iU3ZS4GXiZqSIMtT79ld3ENI4YBKoIFp3XCeCXkIUcCrYtNCNNYsIHZMh6xgqScB0L0lfmOJTowywHypTEnCq/p5ISKD1JPBMZ0BgpBe9mfif14nBv+olXEYxMEnni/xYYAjxLA884IpREBNDCFXc3IrpiChCwaRWMCG4iy8vk+Z52a2UK7cXxep1FkceHaMTVEIuukRVdIPqqIEoekTP6BW9WU/Wi/Vufcxbc1Y2c4j+wPr8Adz3lxU=</latexit>

Configuration (c)

<latexit sha1_base64="H4YV6LvZLtPqryGzlcFL699u7Ts=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9SImkPTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AJUejyc=</latexit>

ω
<latexit sha1_base64="H4YV6LvZLtPqryGzlcFL699u7Ts=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9SImkPTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AJUejyc=</latexit>

ω

<latexit sha1_base64="H4YV6LvZLtPqryGzlcFL699u7Ts=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9SImkPTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AJUejyc=</latexit>

ω
<latexit sha1_base64="H4YV6LvZLtPqryGzlcFL699u7Ts=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9SImkPTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AJUejyc=</latexit>

ω
<latexit sha1_base64="H4YV6LvZLtPqryGzlcFL699u7Ts=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9SImkPTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AJUejyc=</latexit>

ω
<latexit sha1_base64="YK5eYDVjy1IfM8S/HWtlM60HmEY=">AAAB/XicbVA9SwNBEJ3zM8avqKXNYhCswp1ItAzaWEYwH5AcYW+zl6zZ3Tt294R4HP4FW+3txNbfYusvcZNcYRIfDDzem2FmXhBzpo3rfjsrq2vrG5uFreL2zu7efungsKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLqZ+K1HqjSL5L0Zx9QXeCBZyAg2Vmp2A5E+Zb1S2a24U6Bl4uWkDDnqvdJPtx+RRFBpCMdadzw3Nn6KlWGE06zYTTSNMRnhAe1YKrGg2k+n12bo1Cp9FEbKljRoqv6dSLHQeiwC2ymwGepFbyL+53USE175KZNxYqgks0VhwpGJ0OR11GeKEsPHlmCimL0VkSFWmBgb0NyWQGRFG4q3GMEyaZ5XvGqlendRrl3n8RTgGE7gDDy4hBrcQh0aQOABXuAV3pxn5935cD5nrStOPnMEc3C+fgE5qZYE</latexit>z <latexit sha1_base64="YK5eYDVjy1IfM8S/HWtlM60HmEY=">AAAB/XicbVA9SwNBEJ3zM8avqKXNYhCswp1ItAzaWEYwH5AcYW+zl6zZ3Tt294R4HP4FW+3txNbfYusvcZNcYRIfDDzem2FmXhBzpo3rfjsrq2vrG5uFreL2zu7efungsKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLqZ+K1HqjSL5L0Zx9QXeCBZyAg2Vmp2A5E+Zb1S2a24U6Bl4uWkDDnqvdJPtx+RRFBpCMdadzw3Nn6KlWGE06zYTTSNMRnhAe1YKrGg2k+n12bo1Cp9FEbKljRoqv6dSLHQeiwC2ymwGepFbyL+53USE175KZNxYqgks0VhwpGJ0OR11GeKEsPHlmCimL0VkSFWmBgb0NyWQGRFG4q3GMEyaZ5XvGqlendRrl3n8RTgGE7gDDy4hBrcQh0aQOABXuAV3pxn5935cD5nrStOPnMEc3C+fgE5qZYE</latexit>z <latexit sha1_base64="YK5eYDVjy1IfM8S/HWtlM60HmEY=">AAAB/XicbVA9SwNBEJ3zM8avqKXNYhCswp1ItAzaWEYwH5AcYW+zl6zZ3Tt294R4HP4FW+3txNbfYusvcZNcYRIfDDzem2FmXhBzpo3rfjsrq2vrG5uFreL2zu7efungsKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLqZ+K1HqjSL5L0Zx9QXeCBZyAg2Vmp2A5E+Zb1S2a24U6Bl4uWkDDnqvdJPtx+RRFBpCMdadzw3Nn6KlWGE06zYTTSNMRnhAe1YKrGg2k+n12bo1Cp9FEbKljRoqv6dSLHQeiwC2ymwGepFbyL+53USE175KZNxYqgks0VhwpGJ0OR11GeKEsPHlmCimL0VkSFWmBgb0NyWQGRFG4q3GMEyaZ5XvGqlendRrl3n8RTgGE7gDDy4hBrcQh0aQOABXuAV3pxn5935cD5nrStOPnMEc3C+fgE5qZYE</latexit>z

Cut configuration Lagrange basis B-spline basis

1D ≳ η−2(p−1) ∼ 1

2D - (a) (“sliver cut”) ≳ η−2(p−1) ∼ 1

2D - (b) (“corner cut”) ≳ η−2(p−1) ∼ 1

2D - (c) (“middle cut”)

{
≳ η−(2p−1) if z1 /∈ Bξ̂1,i

(δ)

≳ η−2(p−1) if z1 ∈ Bξ̂1,i
(δ)

{
≳ η−p if z1 /∈ Bξl1

(δ)

≳ η−k if z1 ∈ Bξl1
(δ)

10 / 24



State-of-the-art (I)

Prenter et al. 2017 proposed the Symmetric Incomplete Permuted Inverse Cholesky
(SIPIC), constructed as follows:
1. Initial Jacobi preconditioning
2. Detect near linear dependencies by looking for the off-diagonal elements of Â of magnitude ≈ 1
3. Locally orthogonalize the functions identified
4. Update the preconditioner and repeat the process until all off-diagonal elements are small enough

(in magnitude).

− The detection procedure of SIPIC is sometimes insufficient for detecting near linear
dependencies. Counter-example: the matrix 1 0 1√

2

0 1 1√
2

1√
2

1√
2

1


is singular but does not have any off-diagonal entry close to 1 (1/

√
2 ≈ 0.707).
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State-of-the-art (II)

Two years later, Prenter et al. 2019 suggested an additive Schwarz-type preconditioner by
forming the approximate inverse preconditioner

S =
N∑
i=1

Pi(P
T
i APi)

−1PT
i ,

where Pi = [eKi(1)
, . . . , eKi(m)] contains the columns of the identity matrix for an index

block Ki selected based on the geometry.

− The quality of the preconditioner critically depends on the choice of index blocks and
none of the strategies proposed in the literature are entirely robust.

12 / 24



Counter-example

Geometry from Prenter et al. 2017
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(a) Geometry
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Conditioning - M
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(b) Condition number
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Deflation - Introduction
The convergence of iterative methods applied to Ax = b is plagued by the small
eigenvalues. Vuik et al. 1999
Define a projector

P = I −AZ(ZTAZ)−1ZT

for a full-rank matrix Z ∈ Rn×r with r ≪ n and solve the projected system PAx̃ = Pb
with e.g. Conjugate Gradients (CG).
Recover the solution of Ax = b through the transformation

x = Z(ZTAZ)−1ZT b+ PT x̃.

Lemma

If A is SPD, then

1. ker(PA) = R(Z)

2. PA is symmetric positive semidefinite

We define the effective condition number of PA

κeff(PA) =
λn(PA)

λr+1(PA)
.

Lemma

κeff(PA) ≤ κ(A).
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Deflation - Construction
Let (λk,vk) denote the eigenpairs of A.

Lemma

If Z = [v1, . . . ,vr] contains the r smallest eigenvectors of A, then

PAvk =

{
0 for k = 1, . . . , r,

λkvk for k = r + 1, . . . , n.

But computing eigenvectors is never practical, especially not in this setting.

How to construct Z? Recall that ker(PA) = R(Z). We actually don’t need eigenvectors. We
only need a basis for the smallest eigenspace.

Define the set of cut elements

TC = {T ∈ Th : |T ∩ Ω| < |T |}
and its complement T ′

C = Th \ TC , the set of uncut elements.
Define the cut and uncut regions of the computational domain

ΩC =
⋃

T∈TC

T and Ω′
C =

⋃
T∈T ′

C

T.

The set of “cut basis functions” is

ΦC = {φ ∈ Φ: suppΩ(φ) ⊆ ΩC}.
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Deflation - Construction
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(a) Fictitious domain Ω̂ (light gray), physical domain Ω
(dark gray) and computational domain Ωh (orange)
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(b) Partitioning of the computational domain Ωh in cut
ΩC (red) and uncut Ω′

C (blue) regions

For Z = [ei1 , . . . , eir ] for indices ik corresponding to functions in ΦC .
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Remarks

Deflation is often combined with a standard SPD preconditioner M (e.g. incomplete
Cholesky, Jacobi,...). Here we use Jacobi.

It is sometimes possible to reduce ΦC to only consider functions that cannot be cured by
deflation.
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Numerical experiment
Solve the Poisson problem with the manufactured solution

u(x, y) = x(1− x) sin(3πx)2 sin(πy)

on a plate with a cut-out discretized with quadratic Lagrange polynomials. Solve a sequence
of problems by slightly increasing the radius of the cut-out.
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(a) Fictitious domain Ω̂ (light gray) and physical
domain Ω (dark gray)
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(b) Solution

Figure: Geometry and manufactured solution
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Conditioning and spectrum
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Error and preconditioned residual
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Number of iterations
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Figure: Number of iterations
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Number of iterations

η Jacobi SIPIC Schwarz Deflation
3.24× 10−1 640 624 654 548
2.03× 10−1 661 560 653 547
1.09× 10−1 689 568 657 546
3.46× 10−2 1287 580 666 543
6.69× 10−2 727 582 703 542
3.89× 10−2 888 576 708 542
2.32× 10−2 975 582 710 541
1.40× 10−2 1002 602 713 540
8.48× 10−3 1103 613 711 539
5.17× 10−3 1208 651 738 539
3.16× 10−3 1272 672 770 539
1.93× 10−3 1164 695 795 539
1.18× 10−3 1299 711 828 538
7.30× 10−4 1383 724 844 538
4.50× 10−4 1452 740 866 538
2.70× 10−4 1520 756 883 538
1.70× 10−4 1576 770 896 538
1.00× 10−4 1685 782 913 538
6.00× 10−5 1801 830 997 538
4.00× 10−5 1942 843 1013 538

Table: Iteration counts
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Conclusion

+ Deflation-based preconditioning perfectly resolves the ill-conditioning caused by badly cut
elements.

− But must be combined with other h, p-robust preconditioners.

− Deflation remains a “global” strategy (contrary to Schwarz) and the deflation rank may
become quite large for C0 discretizations.

Future work: extension to indefinite and non-symmetric systems.

Thank you!
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[2] Sascha Eisenträger et al. “An eigenvalue stabilization technique for immersed boundary finite element methods in
explicit dynamics”. In: Computers & Mathematics with Applications 166 (2024), pp. 129–168.
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