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ICCG, k(M~1A) =377 1029
DICCG, l‘&eff(M_lpA) =82.7 1

Diaz, Vuik, Jansen (TU Delft) POD-based deflation CMC-IM, 2018 2 /25



Table of Contents

@ Problem Definition
© Linear Solvers

© Proposed deflation methodology

Q@ Results

© Conclusions

@ Bibliography

Diaz, Vuik, Jansen (TU Delft) POD-based deflation CMC-IM, 2018 3/25



Table of Contents

@ Problem Definition

Diaz, Vuik, Jansen (TU Delft) POD-based deflation CMC-IM, 2018 3/25



Problem Definition

Reservoir Simulation
Governing equations [1]:
o Principle of mass conservation (for a fluid phase «);

O(#paSa)
ot + V- (paVa) = pada- (1)
o Darcy's law:
Vo = —Aa(Vpa — pagVd). (2)
Fluid Rock
So Saturation ¢o: " Reservoir
_ orosity
— Kkra!Sa! HH . d Depth
Aa(Sa) = Ko Mobility K Permeability g Gravity
pa Density kro(Sa) Relative Sources
Lo Viscosity permeability 9o

Po Pressure
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Problem Definition

Single-phase flow (Incompressible)

—

K
-V M—(Vpa — pagVd) = qa. (3)
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Problem Definition

Single-phase flow (Incompressible)

—

K
-V H—(Vpa — pagVd) = qa. (3)

Two-phase flow (Fractional flow formulation)

o Pressure
-V (AVP,,W) =4q- v[)\vaC + ()\nwpnw + )‘WPW)ng]’ (4)

o Total velocity V=V, + Vu
o Saturation

¢ Y4+ V[ (V4 A DpgVd)] + V- (fuAowVPe) = Qu,

A= Xnw + Aw Ap = pw — prw
_ — Awisw!
pc(Sw) = pn — pw fw(Sw) = X ov (5)F X nw (Snw)
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Problem Definition

Discretization, incompressible single-phase 2D problem
Combining Darcy's law and mass balance equation
—V - Aa(Vpa = pagVd) = qa.
No gravity terms
0 op
— (V- AVp)x = “ox ()\x&) =

B )‘i+%J(pi+1J,I - Pi,j,/) - )‘i—%J,I(piJ,/ - Pi—lJ,l)

(Ax)?

Ay
-V -AVp=Tlp=q TI-_%J’,: 5)\"_%%"

Transmissibility matrix [2].
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Problem Definition

Discretization, incompressible single-phase 2D problem
Combining Darcy's law and mass balance equation
—V - Aa(Vpa — pagVd) = qa.

No gravity terms

0 op

— (V- AVp) = “ox ()\x&) =
Ayt j(Pivago = Piga) = A1 (Pijs = Pie1j.)
(Ax)?

A
—V‘)\Vp:Tlp=q 7-’_'7./7/_ E{ _%xjrl.
Two phases Incompressible problem

—V - (f(S")AVP") = T(S")p" = q".
Transmissibility matrix [2].
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Conjugate Gradient Method (CG)

Linear system (SPD)

Ax=0Db
Single phase | Two phases
Tp=q | T(S")p"=7g"
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Conjugate Gradient Method (CG)

Linear system (SPD)

Ax=0Db
Single phase | Two phases
Tp=q | T(S")p"=7g"

Successive approximations to obtain a more accurate solution x [3]

x°, initial guess
KK = Xkl L M1k P — b — Ax<L.
minxkeﬁk(A’rO)”X—Xk”A, [1x||]a = VxT Ax.
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Conjugate Gradient Method (CG)

Linear system (SPD)

Ax=0Db
Single phase | Two phases
Tp=q | T(S")p"=7g"

Successive approximations to obtain a more accurate solution x [3]

x°, initial guess
KK = Xkl L M1k P — b — Ax<L.
Mingec e (a) X =% [1a,  [Ix][a = VXTAx.
Convergence
k+1
k(A)—1
el < 2 - [ VAL
k(A)+1

Diaz, Vuik, Jansen (TU Delft) POD-based deflation CMC-IM, 2018



PCG (ICCG)

Preconditioning
Improve the spectrum of A.

M~ 1Ax = M~ 1b.
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PCG (ICCG)

Preconditioning
Improve the spectrum of A.

M~ 1Ax = M~ 1b.

Convergence

k+1
o oy [ V/R(MTA) — 1
[Ix = x*[|a < 2[Jx —x"[|a :
VEM-IA) +1

(M7A) < k(A).
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PCG (ICCG)

Preconditioning
Improve the spectrum of A.

M~ 1Ax = M~ 1b.

Convergence

k+1
o oy [ V/R(MTA) — 1
[Ix = x*[|a < 2[|x —x"|[a :
VEM-IA) +1

(M7A) < k(A).

Cholesky Decomposition
If A€ R"™"is SPD,
A=ccT
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DPCG

Deflation

P=1-AQ, PcR™" Q € R™",
Q=2zE'Z7, Z e R™K, E ¢ RF*k,
E = Z"AZ (Tang 2008, [4]).
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DPCG

Deflation
P=1-AQ, PcR™" Q € R™",
Q=2zE'Z7, Z e R™K, E ¢ RF*k,
E = Z"AZ (Tang 2008, [4]).
Convergence

Deflated system

k+1
PA) — 1

k= x[la < 2lx — xla [ VEerPA) Z 1Y
\/K,eff(PA) +1
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DPCG

Deflation
P=1-AQ, PcR™" Q € R™",
Q=2zE'Z7, Z e R™K, E ¢ RF*k,
E = Z"AZ (Tang 2008, [4]).
Convergence

Deflated system

k+1
PA) — 1

k= x[la < 2lx — xla [ VEerPA) Z 1Y
\/I'ieff(PA) +1

Deflated and preconditioned system
k+1
M-1PA) -1
e x¥la < 2 0| [ VLM PR .
Heff(M_IPA) +1

ker(MTIPA) < k(M~1A) < k(A).
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Deflation vectors

Recycling deflation (Clemens 2004, [5]).
Z= [xl,xz,x"'l],

x''s are solutions of the system.
Multigrid and multilevel (Tang 2009, [6]).

The matrices Z and ZT are the restriction and prolongation matrices of
multigrid methods.

Subdomain deflation (Vuik 1999,[7]).

* Z is obtained from a POD basis and used to construct a preconditioner
(Pasetto et al. 2017 [8]).
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Recycling deflation (Clemens 2004, [5]).
Z= [xl,xz,xqfl],

x''s are solutions of the system.

Multigrid and multilevel (Tang 2009, [6]).

The matrices Z and Z T are the restriction and prolongation matrices of
multigrid methods.

Subdomain deflation (Vuik 1999,[7]).

* Z is obtained from a POD basis and used to construct a preconditioner
(Pasetto et al. 2017 [8]).

Proposal

Use solution of the system with diverse rhs as deflation vectors
(Recycling deflation).

Use as deflation vectors the basis obtained from Proper Orthogonal
Decomposition (POD).
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Proper Orthogonal Decomposition (POD)

POD: find an 'optimal’ basis for a given set of vectors (Markovinovi¢ 2009
[9], Astrid 2011 [10])

¢ = [¢13 ¢2a d)l] (S Rnx,
¢, basis functions.
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Proper Orthogonal Decomposition (POD)

POD: find an 'optimal’ basis for a given set of vectors (Markovinovi¢ 2009
[9], Astrid 2011 [10])

¢ = [¢17 ¢27 d)l] (S Rnx,
¢, basis functions.

o Get the snapshots

X = [X1,X2, ... Xm].
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Proper Orthogonal Decomposition (POD)

POD: find an 'optimal’ basis for a given set of vectors (Markovinovi¢ 2009
[9], Astrid 2011 [10])

® = [¢1, ¢, ....0/] € R™!

¢, basis functions.

o Get the snapshots

X = [X1,X2, ... Xm].

o Obtain / eigenvectors of C satisfying:

!
%,_ﬁl—/\<a O<a<l.
il
1 m
C=—-XX"T== x]
m m;xx,
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Deflation vectors

Single-phase, Tp" = q"

o Recycling

Compute independent Construct Z Use Z

solutions with ICCG to solve
Tpi =a;, Z=|p1 - Ppnl| Tp=aq.
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Deflation vectors

Single-phase, Tp" = q"

o Recycling

Compute independent Construct Z Use Z

solutions with ICCG to solve
Tpi =a;, Z=|p1 - Ppnl| Tp=aq.

Two-phases, T"p" = q"
o Moving window, solving step t

Compute Construct Z,,, = POD(p's) Use Z,,
t — 1 snapshots (ICCG) to solve
Tipi — qi7 zm — ¢1 . ¢m ’ Ttpt — qt'
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Deflation vectors

Two-phases, T"p" = q"

o Training phase

Compute Construct Compute POD
all solutions (ICCG) C(1.m) = 1XXT basis and
with rand rhs use it as Z,,
Tipi = qi7 C(1:n) =|ct - " o Ly = POD(C(ln))
X=[p! - p]

Use Z,, to solve Tp = q with diverse rhs.
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Recycling deflation

Lemma 1. Let A € R™" be a non-singular matrix, and x is the solution of

Ax =b. (5)

Diaz, Vuik, Jansen (TU Delft) POD-based deflation CMC-IM, 2018 14 / 25



Recycling deflation

Lemma 1. Let A € R™" be a non-singular matrix, and x is the solution of
Ax =b. (5)

Let b; € R", i =1,...,m, be a set of linearly independent vectors, different
rhs, such that b =>"", ¢b;,
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Recycling deflation

Lemma 1. Let A € R™" be a non-singular matrix, and x is the solution of
Ax =b. (5)

Let b; € R", i =1,...,m, be a set of linearly independent vectors, different
rhs, such that b= 3", ¢;b;, and

AX,’ = b,'.
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Recycling deflation

Lemma 1. Let A € R™" be a non-singular matrix, and x is the solution of
Ax =b. (5)

Let b; € R", i =1,...,m, be a set of linearly independent vectors, different
rhs, such that b= 3", ¢;b;, and

AX,' = b,'.
Then, the following equivalence holds
m m
b= E cib; = X = E CiXj x; L.i.,proof Diaz et al. 2018 [11].
i=1 i=1
Diaz, Vuik, Jansen (TU Delft) POD-based deflation CMC-IM, 2018

14 / 25



Recycling deflation

Lemma 1. Let A € R™" be a non-singular matrix, and x is the solution of
Ax =b. (5)
Let b; € R", i =1,...,m, be a set of linearly independent vectors, different
rhs, such that b= 3", ¢;b;, and
Ax; = b;.

Then, the following equivalence holds
m m
b= Z cib; = X = Z CiXj x; L.i.,proof Diaz et al. 2018 [11].
i=1 i=1

Lemma 2. If the the deflation matrix Z is constructed with a set of m

vectors
Z:[xl xm],

such that x = >~ ¢ix;, with x; /.i., then the solution of system (5) is

obtained with one iteration of DCG.
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Recycling deflation

Lemma 2 (Proof).

x = Qb + PT& (Diaz et al. 2018 [11]).
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Recycling deflation

Lemma 2 (Proof).

x = Qb + PT& (Diaz et al. 2018 [11]).

Qb =zZE'Z7 (Z c,~b,-> =2(Z2"Az)'z7 <Z c;Ax,-)

i=1 i=1

=2Z(Z"AZ)"127T(AZc) = Zc

m
=CX1 + ... + CmXm = E CiXj = X.
i=1
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Recycling deflation

Lemma 2 (Proof).

x = Qb + PT& (Diaz et al. 2018 [11]).

Qb =zZE'Z7 (Z c,~b,-> =2(Z2"Az)'z7 <Z c;Ax,-)

i=1 i=1
=2Z(Z"AZ)"127T(AZc) = Zc
=CX1 + ... + CmXm = Z CiXj = X.
i=1
A(P"%) = PAx = Pb = (1 — AQ)b
=b-AQb=b-Ax=0 = P’%=0
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Recycling deflation

Lemma 2 (Proof).

x = Qb + PT& (Diaz et al. 2018 [11]).

Qb =zZE'Z7 (Z c,~b,-> =2(Z2"Az)'z7 <Z c;Ax,-)

i=1 i=1
=2Z(Z"AZ)"127T(AZc) = Zc
=CX1 + ... + CmXm = Z CiXj = X.
i=1
A(P"%) = PAx = Pb = (1 — AQ)b
=b-AQb=b-Ax=0 = P’%=0

x=Qb+P % =Qb=x

Diaz, Vuik, Jansen (TU Delft) POD-based deflation CMC-IM, 2018 15 / 25



Accuracy of the snapshots

Error of an iterative method for an approximate solution xf
_|xi = x|
e =——""
[Ixil]2

Diaz, Vuik, Jansen (TU Delft) POD-based deflation CMC-IM, 2018 16 / 25



Accuracy of the snapshots

Error of an iterative method for an approximate solution xf
_ lxi = xEl2 _Irfll2 _ [[bi — AxE]l2
e =—"" ri = = <€
[Ixi]|2 |Ibl|2 [Ib||2
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Accuracy of the snapshots

Error of an iterative method for an approximate solution xf
_ lxi = xEl2 _Irfll2 _ [[bi — AxE]l2
e, = EETETEE ri = - S €,
[Ixi]|2 |Ibl|2 [Ib||2

where, using as stopping criterion € = 107"

[ o .
W < /€2(A)r,' = KQ(A)G = H2(A) x 1077,
ill2
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Accuracy of the snapshots

Error of an iterative method for an approximate solution xf
_ lxi = xEl2 _Irfll2 _ [[bi — AxE]l2
e, = EETETEE ri = - S €,
[Ixi]|2 |Ibl|2 [Ib||2

where, using as stopping criterion € = 107"
- — xk
i =xill2 Ay = ra(A)e = ra(A) x 1077,
[Ixi]]2
After one iteration of DCG we obtain

m
Ui
x! = E c,-x,.('), and,
i=1
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Accuracy of the snapshots

Error of an iterative method for an approximate solution xf
_ lxi = xEl2 _Irfll2 _ [[bi — AxE]l2
e, = EETETEE ri = - S €,
[Ixi]|2 |Ibl|2 [Ib||2

where, using as stopping criterion € = 107"
- — xk
i =xill2 Ay = ra(A)e = ra(A) x 1077,
[Ixi]]2
After one iteration of DCG we obtain

m
Ui
x! = E c,-x,.('), and,
i=1

1 mo 1
[Ix = x*|]2 _ ||Zi:1,‘;l(xl x;)l[2 < Kp(A) x 1077
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Accuracy of the snapshots

Error of an iterative method for an approximate solution xf
_ lxi = xEl2 _Irfll2 _ [[bi — AxE]l2
e, = EETETEE ri = - S €,
[Ixi]|2 |Ibl|2 [Ib||2

where, using as stopping criterion € = 107"

[ o .
W < K'Q(A)r,' = KQ(A)G = Kz(A) x 1077,
ill2

After one iteration of DCG we obtain

m
Ui
x! = E c,-x,.('), and,
i=1

1 mo 1
[Ix = x*|]2 _ ||Zi:1,‘;l(xl x;)l[2 < Kp(A) x 1077
[[x[]2 1227 cixill2

Error DCG: e, = rp(A) x 1077,
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Numerical experiments

Single-phase flow (Recycling Deflation vectors).

System configuration
Well pressures [bars]
Pl | P2 | P3 | P4 /
-275 | -275 | -275 | -275 | 1100
Snapshots (4 linearly independent)
P1 P2 P3 P4 /
z; 0 -275 | -275 | -275 | 825
z; | -275 0 =275 | -275 | 825
z3 | -275 | -275 0 -275 | 825
z, | 275 | -275 | -275 0 825

Table: Well configurations.

Diaz, Vuik, Jansen (TU Delft)

P4

P2

00 400 S0 60 700 80 %0 1000

Pressure [bars]

Figure: Pressure field.

Layers | ICCG | DICCG
1 251 1
35 536 1
85 1029 1

Table: Number of iterations,
tol =107,
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Numerical experiments

Single-phase flow (Recycling Deflation vectors).

Snapshots
P1 P2 P3 P4 i
z5 -275 -275 -275 -275 1100
26 0 0 -275 -275 550
z7 -275 0 0 -275 550
zg -275 -275 0 0 550
29 -275 0 -275 0 550
z10 0 -275 0 -275 550
711 0 -275 -275 0 550
z12 -275 0 0 0 275
713 0 -275 0 0 275
214 0 0 275 0 275
215 0 0 0 275 | 275
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log (Value)
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Numerical experiments

Single-phase flow (Recycling Deflation vectors).

Snapshots 10°
PL P2 P3 P4 ]
z5 | -275 | -275 | 275 | -275 | 1100 .
26 0 0 275 | -275 | 550 w107
z; | 275 0 0 -275 550 =
zg | -275 | -275 0 0 550 =
zg | 215 | o | 275 | o 550 S
210 0 275 0 275 | 550 2
211 0 275 | -275 0 550 =
215 | -275 0 0 0 275 10
213 0 275 0 0 275
214 0 0 -275 0 275
215 0 0 0 -275 275 * mlterationéso o

log (Value)

° o
o
107 ° o o o

10 8 6
Eigenvalue
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Numerical experiments

Single-phase flow (Recycling Deflation vectors).

Snapshots 10°
P1 P2 P3 P4 |
z5 -275 -275 -275 -275 1100 2
z6 0 0 -275 -275 550 _~107
z7 | -275 0 0 =275 | 550 =
zg | -275 | -275 0 0 550 =
z9 -275 0 -275 0 550 =0t
219 0 -275 0 -275 550 =
=
z11 0 -275 -275 0 550 =
212 -275 0 0 0 275 10©
213 0 -275 0 0 275
z14 0 0 -275 0 275
50 100 150 200
Z15 0 0 0 -275 275 Iterations
: ° . © 1CCG
o DICCG,
10t ° 10° % mcce:u
102 o~
T 10? f w0
£ =
8 X 10%
10% =
10° . 106
107 & S % @ B s
14 12 10 8 3 4 2 200 400 600 800 1000 1200 1400 1600 1800 2000
Eigenvalue Iterations
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Numerical experiments

Two-phase flow, injection through left boundary
(Moving window approach)

T = 20 days T = 500 days T = 1000 days T = 2000 days 3
0.9 -6 N
_
o g .
0.6 g'w »
M
03 -14 N b d 5
-16 *oxox
il -18 ‘**‘***«***
30 25 20 15 10 5 e
Eigenvalue
Figure: Water Saturation, 1 layer. Figure: Eigenvalues of C = %XXT.
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Numerical experiments

Two-phase flow, injection through left boundary
(Moving window approach)

Total DICCG ICCG DICCG | Total ICCG | % of Total
ICCG Method Iterations Iterations | + DICCG ICCG
Iterations (snapshots) Iterations Iterations
1 layer
42062 DICCGyo 2309 8153 10462 25
42062 DICCGsg 6923 4035 10958 26

35 layers
66728 DICCGyo 2759 17190 19949 30
66728 DICCGsg 8535 11798 20333 30

Table: Number of iterations of the ICCC and DICCG methods.
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Two-phase flow, injection through wells
(Training phase approach)

T=50days T=1900days T=3800days T =7500days

-2
1 4
[ 6
[ ~ 8l %
El
0. © -10
‘ 0. >\g/’ -12
[ = 14
0. -16
0 -18
0. -20
o 140 120 100 80 60 40 20

0 Eigenvalue

© R &b 5 N & b
e
o X

o

Water Saturation, 1 layer. Eigenvalues of C = %XXT .
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Numerical experiments

Two-phase flow, injection through wells
(Training phase approach)

1 layer 35 layers
Total | DICCG Iter | % ICCG Total DICCG Iter | % ICCG
ICCG | Method Iter ICCG | Method Iter
Ponp = 275 [bars] Py = 275 [bars]
32237 | DICCG3p | 5503 17 59806 | DICCGsp | 13093 22
32237 | DICCGyo | 8811 27 59806 | DICCGyo | 22577 38
thp = 200 [bars] thp = 200 [bars]
32237 | DICCG3p | 5794 18 59806 | DICCG3p | 13256 22
32237 | DICCGyo | 9207 29 59806 | DICCGyo | 23529 39
Pprp = 400 [bars] Pprp = 400 [bars]
32237 | DICCGz | 4818 15 59806 | DICCG3 | 12959 22
32237 | DICCGyo | 8094 25 59806 | DICCGyo | 21526 36

Table: number of iterations of the ICCC and DICCG methods.
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o We presented a new acceleration approach for iterative methods:
POD-based deflation method combining POD and deflation
techniques.

o System information is collected with 3 methods:

Recycling deflation: 1 DICCG iterations.
Moving window: DICCG requires 25 — 30% ICCG iterations.
Training phase: DICCG requires 15 — 40% ICCG iterations.

o For (1), the results do not depend on the size.

o For (2,3), we observe an small increment on the iterations when using
35 layers.

o We tested these methodologies for reservoir simulation examples.
However, they are not exclusively applicable to these problems, but to
any transient problem and other linear solvers.
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