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Mathematicalmodel

3D incompressible Navier-Stokes

Turbulence (

� � �)
Combustion

Chemistry (one step global reaction)

Radiative heat transfer

� 	�
 postprocessor

Soot formation
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Resultsfor theIFRF furnace

The IFRF furnace (Grid

� � � �� � �
)

method � ���� � CPU time (hours)

SIMPLE 2047 4.8

SIMPLER 2415 6.9

GCR-SIMPLE 623 2.4

GCR-SIMPLER 578 2.0
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TheFordNashvillefurnace

combustion chamber dimensions:

� ��� � � � �  � � � � �

grid

 �� � �� � ��
= 208000 points

GCR-SIMPLER: 3390 iteration, CPU time � � � �

days

SIMPLER: not converged after 7.5 days
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2. SIMPLEmethod

Incompressible Navier Stokes equation

� � ��� � � � grad� �

grad �  !#"
div�  � �

Finite volumes, staggered grid

$#$#$
%'& & %&( %'&) *&%( & %( ( %( ) *(%) & %) ( %) ) *)* +& * +( * +) ,

-#-#- $#$#$
.& .( .) �

-#-#-  $#$#$
/& /( /) /10

-#-#-
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Solutionof thelinearsystem

% *
* + 2 .
�  /& /( " . 3 4 5

and � 3 4 6

Difficulties due to zero block

7

Traditional iterative solvers fail7

SIMPLE(R) converges slowly Patankar7

Krylov method and ILU preconditioner Dahl, Wille, Segal, Vuik7

Multigrid acceleration Gjesdal, Wesseling, Wittum7

Saddle point preconditioner Elman, Silvester, Wathen
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SIMPLE methods

8  9 �;:< = % >

and

?  � * + 8A@ & *

SIMPLE algorithm

1. Choose an initial estimate � B .
2. Solve

% . B  /& � * � B .
3. Solve

? C �  /( � * + . B .
4. Compute .  . B � 8@ & * C �

and �D  � B � C �.
5. If not converged take � B  � and go to 2.

Systems are solved by a TDMA solver, use of relaxation parameters

Patankar, Spalding, Wittum, Van Doormaal, Raithby, Ferziger, Peric
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Algebraicview of SIMPLE

Definitions

E  % *
* + 2 " F  G � 8H@ & *

2 G

Problem

EJI  /

Right-preconditioned system
E FLK  /" I  F K
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Algebraicview of SIMPLE (continued)

E F  % * � % 8@ & *

* + M
Splitting method (Gauss-Seidel)

E F  N � O " N  % 2
* + M

SIMPLE method

I PQ &  I P � F N@ & = / � EJI P >

distributive iterative method Hackbusch, Wittum, Wesseling
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3. Comparisonwith relatedmethod

A saddle point preconditioner proposed by Elman, Silvester, Wathen:

RTS  % *
2 � U

@ &
�

It is easy to show that

so that the eigenvalues are: where the alge-

braic multiplicity of eigenvalue 1 is equal to .
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Comparisonwith relatedmethod(continued)

For the SIMPLE preconditioner we have:

N@ &  %@ & 2

� ?@ & * + %@ & ?@ & �

So the iteration matrix can be written as:

The eigenvalues of are:

where the multiplicity of eigenvalue 1 is at least

.
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Comparisonwith relatedmethod(continued)

SIMPLE

G � = G � % 8@ & > * ?@ & * + %@ & = G � % 8@ & > * ?@ &

2 G
If

8 [ %

, the SIMPLE iteration matrix goes to

G
.

Saddle point

For , the Saddle point iteration matrix goes to
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Comparisonwith relatedmethod(continued)

SIMPLE

G � = G � % 8@ & > * ?@ & * + %@ & = G � % 8@ & > * ?@ &

2 G
If

8 [ %

, the SIMPLE iteration matrix goes to

G
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Saddle point

G 2

* + %@ & * + %@ & * U@ &
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Relationspectrumandconvergenceof Krylov solvers

Example

\  $]$#$
  � �

�   �

� �  

� � � 
-]-#- " I  $]$#$

� 


� 


-]-#- " /  � 0 D  $]$#$
�

�
�


-]-#- �

Krylov space
span
span
span

Full GMRES requires iterations, before convergence sets in.
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4. Spectralanalysis

a D  b@ & = b � c >

is the Jacobi iteration matrix for

c
.

Proposition

1.



is an eigenvalue with algebraic multiplicity at least of �, and

2. the remaining eigenvalues are

 � dfe " �   " � " � � � " �, where dfe is
the

�

the eigenvalue of the generalized eigenvalue problem

g I  d hI "

where,

g  i M@ & i + 3 4 5 j 5 " h  c a@ & 3 4 5 j 5 �
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Alternative analysis

The eigenvalue problem

\k @ & I  lI has the same spectrum as the
generalized eigenvalue problem

\I  lk I .

For SIMPLE

k  m g@ &  % 2
* + ?

G 8@ & *

2 ?  % % 8@ & *

* + 2

So the generalized eigenvalue problem can be written as
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Eigenvalue1

Writing out and rearrangement yields:

=  � l > .  � c@ & i � � l b@ & i �"i + =  � l > .  � �

So 1 is an eigenvalue and the corresponding eigenvectors are

where, is an arbitrary linearly independent base of .
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So 1 is an eigenvalue and the corresponding eigenvectors are

ne  . e� 3 4 o 5Q 6 p " . e 3 4 5 " �   " � " � � � " � "
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Othereigenvalues

For

l s  

, combining the two equations leads to

� i + c@ & i �  � l i + b@ & i ��
Note that

t  � i + c@ & i

is the Schur complement of the matrix

\

.

Proposition
For the SIMPLE preconditioned matrix

1. is an eigenvalue with multiplicity of , and

2. the remaining eigenvalues are defined by the generalized
eigenvalue problem
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Q is symmetricpositive definite

The extreme eigenvalues of the generalized eigenvalue problemt �  l M � are the extreme values of:

� + t �
� + M �  � + i + c@ & i �

� + i + b@ & i � " � s  � " � 3 4 6

Since has full column rank

This implies

where and .
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� + t �
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Since

i

has full column rank

lvu wx  y z{|}q ~
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This implies

y ��� �  " 9 5d& ��� l� y z{ �  " 9& d 5
�

where

9 5 � Z = b > � 9& and d 5 � Z = c > � d& .
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5. GCRacceleration

LSQR Paige and Saunders
GMRES Saad and Schultz
CGS Sonneveld
Bi-CGSTAB Van der Vorst and Sonneveld

GCR Eisenstat, Elman and Schultz
GMRESR Van der Vorst and Vuik
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GCR-SIMPLE

� ~  / � EJI ~

for

�

= 0, 1,..., �< � �

� PQ &  F N@ &P � P

n PQ &  E � PQ &

for

�

= 1, 2,...,

�

n PQ &  n PQ & � = n PQ & " n e > n e , � P Q &  � PQ & � = n PQ & " n e > � e

end forn PQ &  n PQ &� � n PQ & �( , � PQ &  � P Q &� � n P Q & �(I PQ &  I P � = � P " n PQ & > � PQ &

� PQ &  � P � = � P " n PQ & > n PQ &

end for
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Diagonalscaling

Dirichlet boundary conditions (velocity)

.��  < �

Add � 6� 
 to the main diagonal, add � 6� 
< � to the right-hand side

GCR-SIMPLE: bad results

Diagonal scaling � GCR-SIMPLE: good results
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Eigenvalueanalysisof diagonalscaling

Scale the matrix

\

by left multiplying with the diagonal matrix

� b D  8@ & 2
2 8@ &��
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6. Numericalexperiments

Incompressible Oseen equation

� � � � �H� � grad� �

grad �  !#"
div�  � �

Consider a channel flow for a channel with width 2 and varying length.

The Dirichlet b. c. are included as extra equations in the linear system.

We start GCR with and stop if .
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Influenceof diagonalscaling

Staggered grid,

� � �

, exact inverses are used
Stokes flow

Length 2 20 200

no scaling 26 35 17

scaling 18 22 9

Oseen, , Oseen, ,

Length 2 20 200

no scaling 21 29 15

scaling 20 30 17

Length 2 20 200

no scaling 29 45 30

scaling 20 30 17
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Comparisonfor Stokes

Number of iterations of the preconditioned GCR method

As Saddle Point preconditioner we take

U  � G (Elman 1999).

Length 2 20 200

ILU 57 62 91

SIMPLE 18 22 9

SIMPLER 9 11 6

Elman 12 22 31

C. Vuik, October 23, 2002 27 – p.27/32



Comparisonfor Oseen

Oseen, �  � �� 

,

� �� �� �

Oseen, ,

Length 2 20 200

ILU 57 63 94

SIMPLE 19 24 11

SIMPLER 9 13 7

Elman 12 25 39

Length 2 20 200

ILU 53 91 101

SIMPLE 20 30 17

SIMPLER 8 16 12

Elman 26 49 53
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Convergenceplot

Incompressible Oseen equation: �  � �� 

,

� � �� � and Length = 200
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Convergenceplot

Incompressible Oseen equation: �  � �� 

,

� � �� � and Length = 200

0 20 40 60 80 100

10
−6

10
−4

10
−2

10
0

iterations

||b
−

A
x i|| 2

ILU
ELMAN
SIMPLE
SIMPLER

C. Vuik, October 23, 2002 29 – p.29/32



Backwardfacingstepproblem

The length is 25 and the width is 2.

We have a parabolic profile at the upper half part of the inflow
boundary.

Oseen: � is equal to zero in the lower part of the channel and equal to
the Poiseuille flow velocities in the upper part of the channel.

Stokes Oseen
Preconditioner

ILU 77 77 136

SIMPLE 47 52 66

SIMPLER 16 17 18

Elman 34 41 105
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7. Conclusions

7

GCR-SIMPLE(R) is an efficient and robust method to simulate
incompressible flows (glass-melting furnaces)7

GCR-SIMPLE(R) allows large relaxation factors7

The GCR acceleration can easily be added in an existing CFD
code7

GCR-SIMPLE(R) is robust with respect to variations in the
Reynolds number and stretching of the grid cells.
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