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1. A method to integrate the initial value problem defined by y′ = f(t, y), y(t0) = y0, is
given by 

k1 = ∆t f (tn, wn)
k2 = ∆t f

(
tn + 1

2
∆t, wn + 1

2
k1
)

k3 = ∆t f (tn + ∆t, wn − k1 + 2k2)
wn+1 = wn + (αk1 + βk2 + γk3)

(1)

where ∆t denotes the time–step and wn represents the numerical solution at time tn.

(a) The amplification factor of this method is given by

Q(λ∆t) = 1 + (α + β + γ)λ∆t+

(
β

2
+ γ

)
(λ∆t)2 + γ (λ∆t)3 .

Derive this amplification factor for the given method. (21
2
pt.)

(b) Show that the local truncation error of the given method for the test equation y′ = λy
is O(∆t3) only for α = γ = 1

6
and β = 2

3
. (21

2
pt.)

(c) Given the initial value problem
2
d2y

dt2
+ 2

dy

dt
+ y = 2t,

y(0) = 1,
dy

dt
(0) = 1.

(2)

Show that this problem can be written as[
x1
x2

]′
=

[
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−1

2
−1

] [
x1
x2

]
+

[
0
t

]
. (3)

Give also the initial conditions for x1(0) and x2(0). (11
2
pt.)

(d) Take α = γ = 1
6
and β = 2

3
.

Is the given method applied to this initial value problem stable for ∆t = 2? (11
2
pt.)

(e) Perform one step with the given method with ∆t = 2, t0 = 0, α = γ = 1
6
and β = 2

3

for the initial value problem and the given initial conditions from (2). (2 pt.)

please turn over



2. We consider the one-dimensional convection–diffusion equation with Dirichlet boundary
conditions: 

−u′′ + u′ = 1, 0 ≤ x ≤ 1,

u(0) = 0, u(1) = 0,
(4)

where u = u(x), u′ = du
dx

and u′′ = d2u
dx2

(a) Show that

u(x) = x− 1− ex

1− e
(5)

is the exact solution to the boundary value problem (4). (1 pt.)
(b) We solve the boundary value problem (4) using finite differences, upon setting

xj = j∆x, (n + 1)∆x = 1, where ∆x denotes the stepsize. Give a discretization
method (+proof) where the truncation error is of order O((∆x)2). Take the bound-
ary conditions into account. (2 pt.)

(c) Use a step size of ∆x = 1
4
to derive the system of equations Ay = b. Take care of the

boundary conditions. The system must have three unknowns and three equations,
i.e. A is a 3× 3 matrix and y and b are 3× 1 column vectors. You do not have to
solve this system. (2 pt.)

3. We want to find an approximation of the zero p of a func- x f(x)

1 −1
4/3 −2/9
7/5 −1/25
10/7 2/49
2 2

tion f , i.e. we want to find p such that f(p) = 0. However,
we do not known the function f , but only some values of
f in some points x are known, which are given in the table
to the right.

Therefore we consider using the Secant method:

pn = pn−1 −
f(pn−1)

Kn−1
, (6)

with Kn−1 an approximation to f ′(pn−1), and in which pn−2, pn−1 and pn are three con-
secutive approximations of the zero p.
Equation (6) is based on formulating the linear interpolation polynomial L of f based on
p0 and p1:

L(x) = f(p0) +
f(p1)− f(p0)

p1 − p0
(x− p0) ,

after which p2 is found by solving L(p2) = 0 for p2.

(a) Show that, for n = 2, K1 is given by

K1 =
f(p1)− f(p0)

p1 − p0
,

by solving L(p2) = 0 for p2. (2 pt.)
(b) Take p0 = 1 and p1 = 2. Approximate the zero p of f by calculating p2. Hint: you

may round p2 to a value of x as given in the table. (1 pt.)
(c) Repeat the above steps with n = 3 by stating the formula for K2 and calculating p3.

Hint: you may round p3 to a value of x as given in the table. (2 pt.)

For the answers of this test we refer to:
https://diamhomes.ewi.tudelft.nl/∼kvuik/wi3097/tentamen.html


