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1. For the initial value problem y′ = f(t, y), y(t0) = y0, we use the following integration
method: 

w∗n+1 = wn + ∆tf(tn, wn)

wn+1 = wn +
∆t

2

(
f(tn, wn) + f(tn+1, w

∗
n+1)

)
.

(1)

Here ∆t denotes the timestep and wn represents the numerical approximation at time tn.

(a) Show that the local truncation error of the integration method is of the orderO(∆t2).
(You are not allowed to use the test equation here.) (3pt.)

Consider the following initial value problem
d2y

dt2
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dy
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y = cos t,

y(0) = 1,
dy

dt
(0) = 0.

(2)

(b) Show that the above initial value problem can be written as(
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)′
=
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)
+
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0

cos t

)
. (3)

Give the initial conditions for x1(0) and x2(0) as well. (1pt.)

(c) Calculate one step with integration method (1), in which ∆t = 0.1 and t0 = 0,
applied to (3) and use the given initial conditions. (2pt.)

(d) Derive the amplification factor for the integration method. (2pt.)

(e) Examine for which stepsizes ∆t, the integration method (1), applied to the initial
value problem (3), is stable. (2pt.)
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2. We have approximated a function f satisfying f(−1) = 0, f(0) = 2 and f(1) = 1 with a
natural cubic spline s given by

s(x) =


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x + 2 if x ∈ [0, 1].

(4)

In the next exercises you will prove that s is indeed the natural cubic spline based on f .
Then you will use s to approximate f

(
−1

2

)
.

(a) Show that s, s′ and s′′ are continuous on the interval [−1, 1]. (2 pt.)

(b) Show that s′′(x) equals zero in the end points. (1 pt.)

(c) Show that s(x) equals f(x) in the nodes. (1 pt.)

(d) Approximate f
(
−1

2

)
with the use of (4). (1 pt.)

3. We derive and use Newton–Raphson’s Method to solve a nonlinear problem.

(a) Given the scalar nonlinear problem:

Find p ∈ R such that f(p) = 0. (5)

Derive Newton–Raphson’s formula, given by

pn+1 = pn −
f(pn)

f ′(pn)
, (6)

to solve the problem. Explain the method with a graph. (2pt.)

(b) Given the nonlinear problem: Find p ∈ Rm such that f(p) = 0, where f(x) ∈ Rm.
Give the Newton–Raphson’s formula for this problem. (1pt.)

(c) Perform one step of the Newton–Raphson scheme applied to the following system
for p1 and p2: {

2p1 − p2 + p1p2 = 0,
−p1 + 2p2 + p32 = 1.

(7)

Use p1 = p2 = 0 as the initial estimate. (2pt.)

For the answers of this test we refer to:
https://diamhomes.ewi.tudelft.nl/∼kvuik/wi3097/tentamen.html


