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Today

¢ Chapter 5:

Jacobi method
Gauss-Seidel (GS) method
Convergence

Block Jacobi/GS method
damped Jacobi/SOR
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Recap: Basic Iterative Methods

Notation: u¥ is the k-th iteration.
e Error: ek =u— uk
® Residual: rk = f — Au¥
* Residual equation: Aek = Au— Auk = f — Auk = rk
Splitting method: A= M — N.
Au=f = Mu*t = f 4+ Nuk
= M7 4 MTINUK

Substituting N = M — A we get:

Ukt = MY MY (M = A)uK
=+ M7TI(F — AUF)
— uk + M_l(rk)
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Recap: Convergence

Does this iterative scheme converge? l.e. u¥*1 — u as k goes to
infinity?
utt =k mt (f — Auk)

u—ukF =y —uk—M! (Au—Auk)

et = ek — M7l AK = L = (1 MTTA) €
We define the iteration matrix B = | — M~1A such that:

okl — gk g0

For convergence: limy_. HB"H2 = 0, which using theorem 2.7.2 is

equivalent to:
lim HBkH2 —0&p(B)<1

k—00
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8 5.3: Prototypes
Different notation:
A=D—-E—FeR™"
where D, —E and —F denote the diagonal, the strictly lower and the
strictly upper triangular part of A.
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8 5.3: Prototypes

Different notation:
A=D—E—FeR™"

where D, —E and —F denote the diagonal, the strictly lower and the
strictly upper triangular part of A.

Using this, we can write:

E=D'Eand F=D'F.
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§ 5.3.1: Jacobi

6/25



§ 5.3.1: Jacobi

This is equivalent to:

2 —up =1
—u1+2—u3=1
—w+2uz3 =1
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§ 5.3.1: Jacobi

This is equivalent to: But also to:

2uu —up =1 21 =14 w
—u1+2—u3=1 2up =14 1 + u3
—w+2uz3 =1 2u3 = 14w
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§ 5.3.1: Jacobi

This is equivalent to: But also to:
2 —up =1 21 =14 w
—u1+2—u3=1 2up =14 1 + u3
—u+2u3 =1 2u3 = 14w

In an iterative scheme we can update using previous information!

6/25



§ 5.3.1: Jacobi
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§ 5.3.1: Jacobi

2uu =1+ wp
2U2:1+U1+U3
2U3:1+U2
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§ 5.3.1: Jacobi

Using iteration k:

2uu =1+ wp

2U1k+1 =1+ U2k
2up =1+ + us k+1 K K
2us =1+ i 2uy =14+wm"+u

2U3k+1 =1+ U2k
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§ 5.3.1: Jacobi

Using iteration k:

2u1 T =14 "
2t =1 4 k4 us*

2usF T =14 wp*
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§ 5.3.1: Jacobi

Splitting notation:

Using iteration k:
Muk+t = f + Nuk, with

2 =14 X

2 0 0 010

k+1 __ k k
2u7 T =14+ M:% 020 ,N:% 101
2us* Tt =1+ Wk 00 2 010
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§ 5.3.1: Jacobi

Jacobi method is taking M = diag(A) = D

9/25



§ 5.3.1: Jacobi

Jacobi method is taking M = diag(A) = D

Using iteration k:

2u1k+:l =1+ uzk
2 ! =1 4+ k4 us

ZU3k+1 =1+ U2k
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§ 5.3.1: Jacobi

Jacobi method is taking M = diag(A) = D

Using iteration k:
2u1k+:l =1+ u2k

2uF T = 14 g + s

ZU3k+1 =1+ U2k
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§ 5.3.1: Jacobi
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§ 5.3.1: Jacobi

1 2 00 1 010

M=—=<|0220 ]| ,N==|[101
h? h?

0 0 2 010
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§ 5.3.1: Gauss-Seidel
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§ 5.3.1: Gauss-Seidel

Jacobi:

2u1k+1 =1+ U2k
2up T =14 u* + sk

2u::,k+1 =1+ U2k
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§ 5.3.1: Gauss-Seidel

Jacobi: Gauss-Seidel:
2u1k+1 =1+ U2k 2u1k+1 =1+ U2k
20" =14 ug* 4 ug* —ug* 20k = 1 4 gk
2u3k+1 -1 + U2k _qu+1 + 2U3k+1 -1
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§ 5.3.1: Gauss-Seidel
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§ 5.3.1: Gauss-Seidel
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§ 5.3.1: Gauss-Seidel

(2 00 (010

M=—| -1 2 o|,N==]0 01
h2 h2

0 -1 2 000
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§ 5.3.1: Jacobi and GS

Jacobi: GS:
gkt = p-1 [(E+ F)u + f] uk = Eyktl 4 Fuk 4 D
Component wise update: Component wise update:

n i—-1 n
k+1 k k+1 __ k+1 k
U,-+ = [f,— Z aqu] /a,-; u; = [f,-—Za,-juj — Z a,-juj /a,-,-
j=1

j=1,j#i j=i+1
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§ 5.3.1: Faster Convergence (Block methods)

Recall: x-line lexicographic ordering (2D)

.
.
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§ 5.3.1: Faster Convergence (Block methods)

Recall: x-line lexicographic ordering (2D)

.
.

Update in blocks or 'aggregates’ of u to accelerate convergence!
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§ 5.3.1: Faster Convergence (Block methods)
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§ 5.3.1: Faster Convergence (Block methods)
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§ 5.3.1: Faster Convergence (Block methods)
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§ 5.3.1: Faster Convergence (Block methods)

Then Au = f can be written as:
Al A Az L:/1 F1
Ay Axn Ax lAJ2
A1 A3 Asz Us F3

I
1
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§ 5.3.1: Faster Convergence (Block methods)

Then Au = f can be written as:

A A Az L:/1 /::1
A1 Ax Ax V| = F
Asr Az Asz Us F3
For the 2D poisson problem with elim. (lecture 3, slide 7), we get:
1 4 -1 0
A1 :A22=A33=ﬁ -1 4 -1
0 -1 4
(-t o 0\
A12=A21=A23=A32=F 0o -10
0O 0 -1
0 0O
Aiz=A313=| 0 0 O
0 0O
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§ 5.3.1: Faster Convergence (Block-Jacobi)

Block-Jacobi: M = [A11, A2z, A33] (block-diagonal of A).
At iteration k:
A UK = F — A UK
Ag Ukt = F2 — A Uk — A3 Uk
AUk = F3 — A3 Uk
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§ 5.3.1: Faster Convergence (Block-Jacobi)

Block-Jacobi: M = [A11, A2z, A33] (block-diagonal of A).

At iteration k:
A UK = F — A UK
Ag Ukt = F2 — A Uk — A3 Uk
AUk = F3 — A3 Uk

Block wise update:

q
j=1j#i
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§ 5.3.1: Error Propagation

For the iteration matrices Bjac = | — Mjac A and

Bes = | — Mgs™A, we get!

Bes=1—-(D—E)yY(D-E—-F)
=/—I1+(D-E)F
=(D—-E)'DD'F
=(I-E)*F

Bjac=1-DYD—-E—F)
—/—I1+DE+D'F
= E+F,

Note: A=D—E—F
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§ 5.4.1: Convergence (General)
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§ 5.4.1: Convergence (General)

p(B)=p(l—-MA) <1e {uk}:o_l converges.

Recall: iteration matrix B = | — M~1A defines error propagation:
ek+1 _ BkeO

For convergence: limy_, HB"H2 = 0, which using theorem 2.7.2 is

equivalent to:
lim B[, =0« p(B) <1

k—00
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§ 5.4.4: Convergence (Jacobi)

Diagonal Dominance
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§ 5.4.4: Convergence (Jacobi)

Diagonal Dominance

[aii]

IBiaclloe = I|E + Flloo = maxicicn Y7q jui 2 < 1 [row sum

criterion]
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§ 5.4.4: Convergence (GS)
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§ 5.3.2: Richardson and damped Jacobi

® Richardson: Mgjcy =1or M =7l
® Damped Jacobi: Mjacw) = %D

One can show equivalence of the methods with 7 = w™! applied to
D 'Au=D"1f
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§ 5.3.3: Successive overrelaxation (SOR)

® SOR: Msor =D - E
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§ 5.3.3: Successive overrelaxation (SOR)

® SOR: Msor =D - E

Note that this is GS with damping!
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Summary (Part I of this course)
 STEP 1)

Setting up a Model (mimick reality

using ODEs/PDEs)

Numerical treatment (discretization,
translating continous model to discrete
version and design algorithms)

|

Validation (verify and analyze results
using error analysis, analytical tools if
available or measurements)

Visualization (computer graphics to Implementation (computer language,
represent large datasets/simulation data structures, distributed/parallel
results) computing)

‘ Embedding (in product

development/industrial application, CAD
tools)

¢ Lecture 1-3 (step 1,2): elliptic problems, from PDE to Au = f
(discretization) and properties of the continuous/discrete problem
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Summary (Part I of this course)
 STEP 1]
Setting up a Model (mimick reality
using ODEs/PDEs)

Validation (verify and analyze results = 5 oo
N ( y. y N Numerical treatment (discretization,
using error analysis, analytical tools if 8 a -
. translating continous model to discrete
available or measurements) . ) N
version and design algorithms)

Implementation (computer language,

Visualization (computer graphics to
represent large datasets/simulation data structures, distributed/parallel
results) computing)

Embedding (in product
development/industrial application, CAD
tools)

’ [STEP 4

¢ Lecture 1-3 (step 1,2): elliptic problems, from PDE to Au = f
(discretization) and properties of the continuous/discrete problem
® Lecture 4 (step 6): metrics to perform validation steps (rounding

errors, floating points, conditioning)
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Summary (Part I of this course)
 STEP 1]

Setting up a Model (mimick reality

using ODEs/PDEs)

Validation (verify and analyze results = 5 oo
N ( y. y N Numerical treatment (discretization,
using error analysis, analytical tools if 8 = -
. translating continous model to discrete
available or measurements) . ) .
version and design algorithms)

|

Implementation (computer language,
data structures, distributed/parallel
computing)

Visualization (computer graphics to
represent large datasets/simulation
results)
’ Embedding (in product

development/industrial application, CAD
tools)

¢ Lecture 1-3 (step 1,2): elliptic problems, from PDE to Au = f
(discretization) and properties of the continuous/discrete problem
® Lecture 4 (step 6): metrics to perform validation steps (rounding

errors, floating points, conditioning)
® Lecture 5-7 (step 2): design of algorithms to solve Au = f
¢ Direct solvers (LU decomposition)

¢ Basic iterative solvers (Jacobi, GS, Richardson)
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Part II of this course

® Multigrid
¢ Krylov methods

® Power methods
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® Machine learning, computational finance, discretization methods
and iterative solvers.
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Part II of this course

® Multigrid
¢ Krylov methods

® Power methods

MSc. projects in our group
® Machine learning, computational finance, discretization methods
and iterative solvers.

® Projects with me: computational and sustainable finance, plasma
fusion simulation, electromagnetics simulation
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