Bridging the gap between isogeometric analysis
and deep operator learning

Matthias Moller
Department of Applied Mathematics
Delft University of Technology, The Netherlands

Acknowledgements: Ye Ji, Hugo Verhelst, Mengyun Wang (TU Delft), Jochen Hinz, Merle Backmeyer (ETH
Zurich), Casper van Leeuwen (SURF), Jaewook Lee (TU Vienna), Veronika Travnikova (RWTH Aachen), ...

fupeit EIR



Bridging the gap between CAD
and FEA by using B-spline or
NURBS basis functions for
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Spline curves

Physical domain

Basis functions

Parametric domain




Univariate B-splines
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B-spline basis functions [de Boor, 1971]
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Univariate B-splines

3
0.5 &C\
0 1 2 3

B-spline basis functions [de Boor, 1971]
1 ifé <& <§
b:=(6) = { o6 < by
’ 0 otherwise
_ £ : _ 0
bL(E) = == pi1(&) 4 Civde ¢ binie(®  — =0
’ Sitd = Si Sitd+] — Sit+l ’ 0




Multivariate B-splines

Spline space

O n,=

S&S = span {bf,- .., b4

Tensor-product basis functions
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}: chbfa(g) : C‘iERS,fOFISiSn,geQn

i=1




Isogeometric analysis in a nutshell
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Isogeometric analysis in a nutshell

push forward

X;(6) = Z Xib;z(€)

ies

bijective

En(X)

€7, S

Compute solution u(§) = u,(€) + Z U, Xibi‘,iE(‘g') using Galerkin or collocation IGA
iejint
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CAD Automatic reparameterization of surfaces! FEA
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CAD Automatic placement of interior control points! F EA



Creation of analysis-suitable parameterizations

Algebraic methods

e (Coons patch [Farin et al. 1999]

e spring patch [Gravesen et al. 2012], ...

Nonlinear methods

* constrained optimization [Wang et al. 2014, Pan et al. 2020],

* unconstrained optimization: barrier functions [Ji et al. 2021], penalty functions [Wang 2021, Ji 2022]

 Teichmuller mappings [Chen et al. 2016], low-rank quasi-conformal mappings [Pan et al. 2024], harmonic
mappings [Martin et al. 2009, Nguyen et al. 2010, Xu et al. 2013, Falini et al. 20135]

e PDE-based methods [Hinz et al. 2018 & 2020, Ji et al. 2023]



Comparison of methods

Scaled Jacobian

0.9

0.8

0.7

0.6

0.5

0.4

———
~—
u

:

:

I

11

I T L WL W W W

I I I

) L

1T

o\
\1\\\\‘\\\1\\\ AR

T e P PP PPy

L L O O
W W VO W O O

1 11
1 11

H? EGG Method [Hinz+2018]

Spring Method

Discrete Coons Method

H' Scaled EGG Method [Ji+2023]

Penalty Function-Based Method [Ji+2022]

Barrier Function-Based Method [Ji+2021]

Ye Ji



Workflow for planar domains

Schwarz-Christoffel #
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Ye Ji, Wed 10:30 - 12:30 in #MS012A



Workflow for planar domains
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Schwarz-Christoffel mapping

27

23 Riemann mapping theorem: 3 analytic function f

with non-zero derivative such that () = .

Scharz-Christoffel formula

o;/—1
f@=f+c| ] (1 - 5) dg

Solving the Schwarz-Christoffel parameter problem for {z;}

numerically allows us to calculate sets of markers {PZWQ“}

and {P?““} on the two opposite curves C"" and C*%" that
can be used to reparameterize one curve w.r.t. the other

Y. Ji, MM, Y. Yu, Ch. Zhu, arXiv: 2403.10284



Boundary reparameterization

Theorem [Ji et al. 2024]: B-spline and NURBS basis functions are invariant under scaling and translation of
the knot vector, i.e. bl.dﬁ(f) = bidﬁ(sf +H)withE=s=2+1¢ s>0

=
,H

Sketch of the reparameterization algorithm

« For each pair of markers (P, P}Y*") identify the pair of
parameters (fl.E““, @W“t) by solving the nonlinear equation

(C*(é) — Pl*) - 0C*(&)/0& = 0 using Newton’s method

AN
N \\§$§§\ £
NS
\§§§ SN

» Without loss of generality, align the segment of curve C*%'

defined over the parameter interval [£*, £7%] with C"*
by applying an affine transformation

Y. Ji, MM, Y. Yu, Ch. Zhu, arXiv: 2403.10284



From boundary to planar domain parameterizations

Given: I' = CNorth y ¢South y CEast \(j cWest g5 push-forward from I

Harmonic mapping:. compute X Q- Q by solving Laplace problems for x| = E. Q> Q

V- |AVE(x,x)| =0 .
I o 2] stx | =T
V y A sz(xl,)(:z)] — O I’

with A = 1 [Hinz et al. 2018] or A = diag(1/|J|), Jacobian J(&;, &,) [Ji et al. 2023]

Rado-Kneser-Choquet theorem: convexity of Q) ensures one-to-one mapping between Q and Q

Y. Ji, MM, Proc. 13th Int. Conf. On Compressors and Their Systems 2023



Computation of planar parameterization

Weak form in H? [Hinz et al. 2018]

3 A st x ! |- = I
. 02 i 0”
where & = (822 oF 2817 3F 9%, | 8110_522>/<811 +822)

original:

original:

Weak form in H! [Ji et al. 2023]

Jo VW-AVE dQ =0

improved:

improved:
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Extension to trivariate parameterizations

Existence of one-to-one mapping is no
longer ensured by RKC theorem for non-
A ‘ planer domains but our approach is
. | ~ efficient and robust in practice when

(.

7

)
.

. : — the nonlinear problems are solved with a
preconditioned Anderson accelerator

A
Wil
| ' —e -Newton
10 " F o AA(S)
AA(5,AA(S))
—— A Aadp(5,AA(S))

—+- AA(S5)-DiagBlockJacobian
—v-AA(5)-FullJacobian
AA(5)-DiagJacobian

Residual

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14
Time (sec.)
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Intermezzo: spline-based mesh generation + simulation

B CFX-Solver Manager (on TUD210239)
File Edit Workspace Tools Monitors Help

BB RN R

BEE®»rHXey B8 x»

| Workspace lRmTesirmbd’yLayerOOl 'I
Momentum and Mass ~ HeatTransfer ~ Turbulence (KO) ~ Wall and Boundary Scale ~ User Points B outFie
1.0e+00 + + t +
g | | RMS MAX | RMS MAX 1
i | €.2500E-05 | 7.34 190.08 | 713.97 999.99 |
DOMAIN: rotor
4 File read: O:\SCORG\N35_0317\N35_test\Grid\Output\grids\rotor.lé
Number of vertices = 297730
1.0e-01 f f
i ] Mesh Statistics ]
| Domain Name | Orthog. Angle | Exp. Factor | Aspect Ratio |
] | Minimum [deg] | Maximum ] Maximum ]
| rotor | 17.1 ' | 255 1| 285 ok |
| Global | 1.1 ' 12934 ! | 11223 ! |
1.0e-02 - + + - +
T | | %! %ok $OK | %! %ok 320K | %! 3ok S%OK |
| | rotor ] <1 10 90 | <1 <1 100 | O 2 98 |
| Global | <1 9 91| 6 2 92 ] <1 15 85 |
® T Domain interface: Domain Interface 1
r;zu’ Non-overlap area fraction on side 1 = 4,.23E-01
o 1,0e-03 o . ! : Non-overlap area fraction on side 2 = 2.07E-01
B 1 WWMWW Domain interface: Domain Interface 2
= e P . .
= B Non-overlap area fraction on side 1 = 3.46E-01
| Non-overlap area fraction on side 2 = 7.82E-01
Domain interface: Domain Interface 3
Non-overlap area fraction on side 1 = 4.25E-01
B Non-overlap area fraction on side 2 = 9.91E-01
1.0e‘04—_ TIME STEP = 375 SIMULATION TIME = 2.3438E-02 CPU SECONDS = 7.320E+04
i COEFFICIENT LCOP ITERATION = 1 CPU SECONDS = 7.320E+04
] Equation | Rate | RMS Res | Max Res | Linear Solution |
| U-Mom | 1.02 | 4.1E-03 | 8.6E-02 | 3.1E-02 OK]|
| V-Mom ] 1.02 | 3.9E-03 | 3.5E-01 | 7.0E-02 OK|
1.0e-05 | W-Mom | 0.99 | 4.8E-03 | 2.0E-01 | 6.7E-02 OK|
T | P-Mass | 0.88 | 6.7E-04 | 1.2E-01 | 43.6 9.3E-02 OK|
p | H-Energy | 0.97 | 8.0E-03 | 4.8E-01 | 5.8 3.1E-04 OK|
| K-TurbKE | 1.02 | 3.6E-03 | 5.2E-01 | 5.8 1.6E-03 OK]|
b | O-TurbFreg | 1.00 | 6.6E-03 | 5.9E-01 | 8.5 1.6E-04 OK|
0 0.200 0.400 (m) 10208
e ’ T T T LI T T T T T LI T 1 T T 1 — T T T — LI T COEFFICIENT LCOP ITERATION = 2 CPU SECONDS = 7.324E+04
Z X 0 50 100 150 200 250 300 350
0.100 0.300 Accumulated Time Step | Equation | Rate | RMS Res | Max Res | Linear Solution |
2 2 — RMSP-Mass — RMSU-Mom — RMSV-Mom — RMS W-Mom | : : : : : :

Ji, 2024
CITY

UNIVERSITY OF LONDON
—— EST 1894 ——
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Model problem

Galerkin IgA Pu=f inQ
RBu=g onl

Weighted residual form

J Po(ZLu—f)dQ + J ¢r(HBu—g)dl' =0
Q2 I

Procedure

1. Integrate by parts to equilibrate C “ between test and trial functions

2. Integrate natural boundary conditions into boundary integral term

3. Discretize (evaluate integrals on parametric domain) + solve



. Model problem
Collocation IgA Pu=f inQ

RBu=g onl
Weighted residual form — —

[ po(Lu —f)dQ + j Hr(Bu — g)dT = 0
) I

Let

k n
bo= ) dox—-X)¢; (XxE€Q) and Pr= ) Sx-x)¢ (x,€T)
=1

1=k+1

then

k n
D (Lux) —f(x)) c;+ Y, (Bu(x)—g(x)) ¢;=0

=1 =14k



Collocation IgA

As the coefficients c; are arbitrary we obtain

Zu(x;) = f(x;) i =1,...,k
Bu(x;) = g(x.) i=k+1,....n

n

replacing u ~ u; = Z U; bj(x) yields
j=1
Zbix) .. Lhx) | 1w 1 | fx)
Lb(x) ... Pbxp) | | u REL?
Bb(X;.1) ... Bb,(X;.1) ”k.+1 g(X;. 1)
_ %bl.(xn) %b,;(xn) L% g(;(n) _




Collocation IgA

As the coefficients c; are arbitrary we obtain » basis functions b; need to be at least C? such

. that application of £ and &% is well-defined
Zu(x;) = f(x,) i =1,....,k

Bu(x;) = g(X;) i=k+1,....n * non-singular system matrix requires
#coll. pts = #basfunc

n

replacing u % 1, = Z 0, bj(X) yields and all coll. points must be pairwise distinct
j=1
Zbix) .. Lhx) | 1w 1 | fx)
Lb(x) ... Pbxp) | | u REL?
%bl(xk_l_l) %bn(xk_l_l) uk.+1 g(Xk+1)
Bb(x) .. Bb(X) el ek




Collocation IgA

As the coefficients c; are arbitrary we obtain » basis functions b; need to be at least C? such

. that application of £ and &% is well-defined
Zu(x;) = f(x,) i =1,....,k

Bu(x;) = g(X;) i=k+1,....n * non-singular system matrix requires
#coll. pts = #basfunc

d all coll. point tb irwise distinct
replacing u & u, = 2 u.b(x) yields and all coll. points must be pairwise distinc

n

=1
- Zb(x,) ... ZLb(x;) u " f(x,) » B-spline basis functions are defined on the
: : : : parametric domain Q = (0,1)¢, hence
Zb(x) ...  ZLb(xp) e | _ J(X) ZLb(x) > & b(&)
Bb,(Xpo1) ... Bb x| | 2(X,1 1) 3 &
: : : : L@sz(x) — L%‘g‘bz(‘g')
 Bhx,) . HBX,) ml ek and define X := x,(&,)




_ _ Model problem
Galerkin vs. collocation IgA Au=f inQ

u=g onl
I0.8
0.6

—
10.4

—_
<
(&)}

o - N w N o o ~ oo X

10.2

10

' Galerkin IgA
| abs. error

solution

-0.6

N
<
(&)

o N N w N o o)) ~ oo X

Coll. IgA

Greville pts
abs. error

M. Wang, 2023



Galerkin vs. collocation IgA

solution

Greville pts

M. Wang, 2023

Galerkin IgA
abs. error

Coll. IgA
abs. error
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_ _ Model problem
Influence of collocation points Au=f inQ

10° u= g on F
_____ ——
2 =~ -—eo e e o—o9 —e—e—o o—6—o0—=9
10 o o o o o o¢
= ¢ o ¢ o o ¢ o ¢
S o o o o o oo
Z 10 b—o—o—o o—oé—o—4d
I o o o o o oo ¢ o ¢ o o ¢ o ¢
o)
>
= -6
c 107 [0 - IGA-C(p=3)
EQEJ IGA-SC(p=3) o o o o o o¢ ¢ o ¢ o o ¢ o ¢
— — IGA-C(p=4) e — ——
1078 ———IGA-SC(p=4) do o o o o o¢
— - .IGA-C(p=5) | . X ool ¢ o ¢ o o ¢ o ¢
10 IGA-SC(p=5) &-e—-o e e o—o-o0 t—e—=a—=o o—oé—o—9o
10- | L L L L | L L L L | L L L L [T S T N TR N ST SN TN TN NN SO SN | .
5 10 5 20 25 30 Greville pts Clustered SC pts
DOF1/2
5 107
8 8
7 7
6 6
15 15
14 14
13 13
2

Coll. IgA
abs. error

Coll. IgA
I1 abs. error

M. Wang, 2023



_ _ Model problem
Influence of collocation points Au=f inQ

10° u = g on F
102F e~ Tl T T T3
e TV @ TT=-. | ] ] ool ® o ¢ o o ¢& o ¢
@] . A . .
> 10.4 e —— ——————
S
o 107 5[0 2 IGA-C(p=3)
&) —IGA—SC(p=3) (0] (o] (o) (o) (o) (o JN ()} o (o) o (o) (o) o (o) o
— — IGA-C(p=4) —— —_—t
108 e IGA-SC(p=4) o o o o o o0¢
- = .IGA-C(p=5) ¢ o ¢ O o ¢ o ¢
—— IGA-SC(p=5) gg g g g g gg 6—o—b—o o—o6—0—0
10'10 | ' ' ' e — .
5 10 5 20 25 30 Greville pts Clustered SC pts
DOF /2
><10'5
8
|7
As finding the optimal position °
of collocation points is difficult, I”
can’'t we instead increase their |
13
number to reduce the error?

Coll. IgA
abs. error

Coll. IgA
I; abs. error

M. Wang, 2023



Least-squares collocation IgA

When #collocation points (m, + m,) > #degrees of freedom (n) then the system matrix is over-determined
and the system cannot be solved regularly. However, we can solve it in least-squares sense

1 my +m2
1

my 1
min— > I Zxu,(x) = fO)I> +— D 1B a0,x) = g(x)II

m



Least-squares collocation IgA

When #collocation points (m, + m,) > #degrees of freedom (n) then the system matrix is over-determined
and the system cannot be solved regularly. However, we can solve it in least-squares sense

| 1 m 1 m;+m,
min— Y | Zyi,(x) = f)I” +— D 1Buuy(x) = gx)II’
u, M i—1 i 1=m;+1

Theoretical justification [Lin et al. 2020]: under certain conditions, the least-squares collocation IgA
method is consistent and convergent. In essence, there must be at /least one collocation point per
element (e.qg., Greville point) but we can use more to increase the sampling resolution.




Least-squares collocation IgA
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From least-squares collocation IgA to IgANets

ml +m2

mm—ZufZ (%) = fx)| Z | B14,(x)) = gx)II
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From least-squares collocation IgA to IgANets
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solution

x,(€) = Z b;(€] x|

geometry



From least-squares collocation IgA to deep operator learning
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From least-squares collocation IgA to deep operator learning
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From least-squares collocation IgA to deep operator learning
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05 e But we can also pre-train it.
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IgA |- GitHub.com/IgANets

e (C++17 (soon open-source) library implemented atop LibTorch 2.x (C++ API of PyTorch)
* Dimension-independent B-splines and NURBS and a customisable IgANets deep learning framework

e Distributed computing on CPUs and GPUs (NVIDIA & AMD, Google TPUs WIP)

e Coupled with G+Smo (Geometry plus Simulation Modules) as IgA reference library and as toolkit with
surface and volume reparameterization techniques

))
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Cost analysis

1 my ] _
lossSppg = z Z A Uy ° Xp, (gz) _fh ° Xp (gz)
I i=1 ' '

Differential operators in the loss function are computed efficiently in the ‘traditional’ IgA manner by
differentiating the B-spline basis functions (no need to differentiate the network as in PINNSs!)

bspline.ilaplace(Geo, Cpts);

Derivatives of the loss function w.r.t. to the weights and biases are computed via back propagation

nn.zero grad(); loss = L(nn.forward(Geo, Cpts),..); loss.backward() ;



Cost analysis
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4. Interactive Design-
through-Analysis



Interactive design-through-analysis

Vision: Enable CAD and CAE experts to collaborate in a distributed DTA framework

S—

-

DTA webserver

m % https://visualization.surf.nl/iganet




Summary

Seamless in-paradigm integration of deep learning techniques into the IgA framework
Concept of an interactive Design-through-Analysis pipeline for CAD and CAE experts
Software toolbox for automatic (re-)parameterization to motivate CAD expert use VReps
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