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Multivariate B-splines

Tensor-product basis functions 

 

with multi-indices  and ,  and parametric domain  

 

bd
i;Ξ(ξ) =

p

∏
k=1

bdk
ik;Ξk

(ξk)

i d Ξ = (Ξ1, …, Ξp)
Ω̂Ξ =

p

⨂
k=1

[ξk,dk+1, ξk,nk
)

Spline space 

𝕊d,s
Ξ = span {bd

1;Ξ, …, bd
n;Ξ} = {

n

∑
i=1

ci bd
i;Ξ(ξ) : ci ∈ ℝs, for 1 ≤ i ≤ n, ξ ∈ Ω̂Ξ}
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Isogeometric analysis in a nutshell

xh(ξ) = ∑
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i;Ξ(ξ)

ξh(x)
uD(ξ) = ∑

i∈ℐbdr

ui xibd
i;Ξ(ξ) f(ξ) = ∑

i∈ℐall

fi xibd
i;Ξ(ξ)

Compute solution  using Galerkin or collocation IGAu(ξ) = uD(ξ) + ∑
i∈ℐint

ui xibd
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Creation of analysis-suitable parameterizations

Algebraic methods 

• Coons patch [Farin et al. 1999] 

• spring patch [Gravesen et al. 2012], … 

Nonlinear methods 

• constrained optimization [Wang et al. 2014, Pan et al. 2020],  

• unconstrained optimization: barrier functions [Ji et al. 2021], penalty functions [Wang 2021, Ji 2022]  

• Teichmüller mappings [Chen et al. 2016], low-rank quasi-conformal mappings [Pan et al. 2024], harmonic 
mappings [Martin et al. 2009, Nguyen et al. 2010, Xu et al. 2013, Falini et al. 2015] 

• PDE-based methods [Hinz et al. 2018 & 2020, Ji et al. 2023] 

• …



Comparison of methods
3.3. Domain parameterization - Ye Ji, Matthias Möller (DRAFT FINISHED)
Problem statement

Modern CAD systems primarily o↵er the boundary representation (B-Rep) of the CAD
model. However, creating a bijective mapping between the parameter domain ⌦̂ and the com-
putational domain ⌦ becomes crucial in the context of the isogeometric-based design-analysis-
optimization workflow. The term “analysis-suitable parameterization” refers to this crucial map-
ping. In this part, we will introduce several available implementations within G+Smo .

Discrete Coons Method Spring Method H2 EGG Method [Hinz+2018]

Barrier Function-Based Method [Ji+2021] Penalty Function-Based Method [Ji+2022] H1 Scaled EGG Method [Ji+2023]

Figure 1: Parameterizations of a duck generated using diverse implementations available in G+Smo

Available implementations in G+Smo

In G+Smo , the existing implementations for constructing analysis-suitable parameterizations
can be categorized into three primary classifications:

• Algebraic parameterization methods. These techniques involve, at most, the solving of a
linear system of equations, showcasing notable computational e�ciency. A representative
method is the discrete Coons method [6], an explicit parameterization technique from the
special class of TransFinite Interpolation (TFI) methods. It obviates the need for solving

15

Ye Ji
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Schwarz-Christoffel mapping

Riemann mapping theorem:  analytic function  
with non-zero derivative such that . 

Scharz-Christoffel formula 

∃ f
f(𝒟) = 𝒫

f(z) = f(z0) + C∫
z

z0

n

∏
j=1 (1 −

ζ
zj )

αj/π−1

dζ

A conformal transformation is distinguished as an orthogonal transformation that fulfills the additional
condition of g = h. Specifically, this implies that

J = h(⇠, ⌘)
"
cos✓(⇠, ⌘) � sin✓(⇠, ⌘)
sin✓(⇠, ⌘) cos✓(⇠, ⌘)

#
. (6)

Such a transformation preserves angles and is characterized by a metric that remains invariant with
respect to the direction of d⇠ = d⇠ + id⌘. In complex context, if we define x = x + iy and ⇠ = ⇠ + i⌘, then (6)
is essentially a statement of the well-known Cauchy–Riemann equations.

3.2. Key ideas

Figure 2 presents the main workflow of our methodology. Central to our approach is the utilization of
the Schwarz-Christo↵el mapping - a conformal mapping technique. Initially, we simplify complex NURBS-
represented boundary curves into a closed polygon. This step prepares the domain for the application of SC
mapping. Then the polygon is numerically transposed onto a unit circle through the SC mapping process.
Next, a series of markers are placed along the long boundary curves to guide the reparameterization process.

Subsequent to the mapping, we proceed with a reparameterization scheme for the boundary curves.
This entails a careful recalibration of parameters, ensuring the parameterization speed of one curve is
harmoniously aligned with the other. A distinguishing feature of our method is its retention to preserving
both the accuracy and the continuity of the initial geometric boundaries.

Eventually, we integrate the robust and e�cient parameterization technique from our previous research.
This workflow yields parameterizations that are exceptionally suited to the demands of isogeometric
analysis, please refer to Figure 2, thereby enhancing the fidelity and utility of the analytic process.

4. Methodology

This section details the core methodology of our proposed approach. In Section 4.1, we explore the
foundational concepts of SC mapping. Section 4.2 details the computational aspects of the SC parameter
problem. Section 4.3 presents the curve reparameterization process, emphasizing its role in preserving
geometric accuracy. Lastly, Section 4.4 o↵ers a concise overview of the improved PDE-based method.

4.1. Schwarz–Christo↵el mapping

Consider P, an open and simply connected polygon on the complex plane C, as illustrated in the right
of Figure 3. The Riemann mapping theorem guarantees an analytic function f , with a consistently non-zero
derivative, mapping the open unit diskD onto P, such that f (D) = P. This function f is uniquely bijective
over the domainD. If we select a specific point z0 in the unit diskD and an angle ↵ in the range of [0, 2⇡),
then f can be uniquely identified to fulfill f (0) = z0 and arg( f

0(0)) = ↵. Here, z0 serves as the conformal
center of f , anchoring the mapping in the complex plane.

z1

z2
z3

z4

z5

z6

z7

f

!1!2

!3
!4

!5
!6

!7

↵1

↵3 ↵4

↵5

Figure 3: Notational conventions for the Schwarz–Christo↵el mapping.
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𝒟
𝒫

Solving the Schwarz-Christoffel parameter problem for  
numerically allows us to calculate sets of markers  
and  on the two opposite curves  and  that 
can be used to reparameterize one curve w.r.t. the other

{zj}
{PWest

i }
{PEast

i } CWest CEast
!!"#$% !!&'$%

!("#$% !(&'$%

!)"#$%!)*+"#$%
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⋯
⋯

⋱ ⋯
Y. Ji, MM, Y. Yu, Ch. Zhu, arXiv: 2403.10284



Boundary reparameterization

Theorem [Ji et al. 2024]: B-spline and NURBS basis functions are invariant under scaling and translation of 
the knot vector, i.e.  with bd

i,Ξ(ξ) = bd
i,Ξ̂

(sξ + t) Ξ̂ = sΞ + t, s > 0

Sketch of the reparameterization algorithm 

• For each pair of markers  identify the pair of 
parameters  by solving the nonlinear equation 

 using Newton’s method 

• Without loss of generality, align the segment of curve  
defined over the parameter interval  with  
by applying an affine transformation

(PEast
i , PWest

i )
(ξEast

i , ξWest
i )

(C*(ξ) − P*i ) ⋅ ∂C*(ξ)/∂ξ = 0

CEast

[ξEast
i , ξEast

i+1 ] CWest

Y. Ji, MM, Y. Yu, Ch. Zhu, arXiv: 2403.10284



From boundary to planar domain parameterizations

Given:  as push-forward from  

Radó-Kneser-Choquet theorem: convexity of  ensures one-to-one mapping between  and 

Γ = CNorth ∪ CSouth ∪ CEast ∪ CWest Γ̂

Ω̂ Ω̂ Ω

Harmonic mapping: compute  by solving Laplace problems for  

 

with  [Hinz et al. 2018] or , Jacobian  [Ji et al. 2023]

x : Ω̂ → Ω x−1 = ξ : Ω → Ω̂

∇ ⋅ [𝔸∇ξ1(x1, x2)] = 0

∇ ⋅ [𝔸∇ξ2(x1, x2)] = 0
s.t. x−1

Γ
= Γ̂

𝔸 = 1 𝔸 = diag(1/ |J | ) J(ξ1, ξ2)

Y. Ji, MM, Proc. 13th Int. Conf. On Compressors and Their Systems 2023



Computation of planar parameterization

Weak form in  [Hinz et al. 2018] 

 

where 

H2

∫
Ω̂

wℒ̃ξ1 dΩ̂ = 0

∫
Ω̂

wℒ̃ξ2 dΩ̂ = 0
s.t. x−1 |Γ = Γ̂

ℒ̃ = (g22
∂2

∂ξ2
1

− 2g12
∂2

∂ξ1∂ξ2
+ g11

∂2

∂ξ2
2 )/(g11 + g22)

Weak form in  [Ji et al. 2023] H1

∫
Ω̂

∇w ⋅ 𝔸∇ξ1 dΩ̂ = 0

∫
Ω̂

∇w ⋅ 𝔸∇ξ2 dΩ̂ = 0
s.t. x−1 |Γ = Γ̂

original: improved:

original: improved:

original: improved:

original: improved:



Extension to trivariate parameterizations

Existence of one-to-one mapping is no 
longer ensured by RKC theorem for non-
planer domains but our approach is 
efficient and robust in practice when 
the nonlinear problems are solved with a 
preconditioned Anderson accelerator
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Galerkin IgA

Weighted residual form 

 

Procedure 

1. Integrate by parts to equilibrate  between test and trial functions 

2. Integrate natural boundary conditions into boundary integral term 

3. Discretize (evaluate integrals on parametric domain) + solve

∫Ω
ϕΩ(ℒu − f ) dΩ + ∫Γ

ϕΓ(ℬu − g) dΓ = 0

Cℓ

Model problem 

ℒu = f  in  Ω
ℬu = g  on  Γ



Collocation IgA

Weighted residual form 

 

Let 

 

then 

∫Ω
ϕΩ(ℒu − f ) dΩ + ∫Γ

ϕΓ(ℬu − g) dΓ = 0

ϕΩ =
k

∑
i=1

δΩ(x − xi) ci (xi ∈ Ω) and ϕΓ =
n

∑
i=k+1

δΓ(x − xi) ci (xi ∈ Γ)

k

∑
i=1

(ℒu(xi) − f(xi)) ci +
n

∑
i=1+k

(ℬu(xi) − g(xi)) ci = 0

Model problem 

ℒu = f  in  Ω
ℬu = g  on  Γ



Collocation IgA

As the coefficients  are arbitrary we obtain 

 

replacing  yields 
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As the coefficients  are arbitrary we obtain 

 

replacing  yields 

ci
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• B-spline basis functions are defined on the 
parametric domain , hence 

 
 

and define 

Ω̂ = (0,1)d

ℒxbi(x) → ℒξbi(ξ)
ℬxbi(x) → ℬξbi(ξ)

xi := xh(ξi)



Galerkin vs. collocation IgA

solution Galerkin IgA 
abs. error

Coll. IgA 
abs. errorGreville pts

Model problem 

−Δu = f  in  Ω
u = g  on  Γ

M. Wang, 2023
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Influence of collocation points

Coll. IgA 
abs. error

Coll. IgA 
abs. error

Greville pts Clustered SC pts5 10 15 20 25 30
DOF1/2

10-10

10-8

10-6

10-4

10-2

100

R
el

at
iv

e 
L 2 N

or
m

Model problem 

−Δu = f  in  Ω
u = g  on  Γ

M. Wang, 2023
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number to reduce the error? 

M. Wang, 2023



Least-squares collocation IgA

When #collocation points ( ) > #degrees of freedom ( ) then the system matrix is over-determined 
and the system cannot be solved regularly. However, we can solve it in least-squares sense 
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Least-squares collocation IgA

When #collocation points ( ) > #degrees of freedom ( ) then the system matrix is over-determined 
and the system cannot be solved regularly. However, we can solve it in least-squares sense 

m1 + m2 n

min
uh

1
m1

m1

∑
i=1

∥ℒxuh(xi) − f(xi)∥2 +
1

m2

m1+m2

∑
i=m1+1

∥ℬxuh(xi) − g(xi)∥2

Theoretical justification [Lin et al. 2020]: under certain conditions, the least-squares collocation IgA 
method is consistent and convergent. In essence, there must be at least one collocation point per 
element (e.g., Greville point) but we can use more to increase the sampling resolution.
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From least-squares collocation IgA to IgANets
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From least-squares collocation IgA to IgANets

min
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GitHub.com/IgANets

• C++17 (soon open-source) library implemented atop LibTorch 2.x (C++ API of PyTorch) 

• Dimension-independent B-splines and NURBS and a customisable IgANets deep learning framework 

• Distributed computing on CPUs and GPUs (NVIDIA & AMD, Google TPUs WIP) 

• Coupled with G+Smo (Geometry plus Simulation Modules) as IgA reference library and as toolkit with 
surface and volume reparameterization techniques 
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Cost analysis

 

Differential operators in the loss function are computed efficiently in the ‘traditional’ IgA manner by 
differentiating the B-spline basis functions (no need to differentiate the network as in PINNs!) 

bspline.ilaplace(Geo, Cpts); 

Derivatives of the loss function w.r.t. to the weights and biases are computed via back propagation 

nn.zero_grad(); loss = L(nn.forward(Geo, Cpts),…); loss.backward();

lossPDE =
1

m1

m1

∑
i=1

Δ [uh ∘ xh (ξi)] − fh ∘ xh (ξi)
2



Cost analysisPerformance evaluation - trivariate B-splines
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1. Creation of VReps 
from BReps

2. Reparameterization 
techniques

3. Isogeometric 
Analysis and IgANets

4. Interactive Design-
through-Analysis



Interactive design-through-analysis

Vision: Enable CAD and CAE experts to collaborate in a distributed DTA framework 

DTA webserver

https://visualization.surf.nl/iganet



Summary

Seamless in-paradigm integration of deep learning techniques into the IgA framework 

Concept of an interactive Design-through-Analysis pipeline for CAD and CAE experts 

Software toolbox for automatic (re-)parameterization to motivate CAD expert use VReps 
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