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Finite element analysis

The mathematician: Given a geometry G, create a computational mesh My, define basis
functions {b;};, and determine the coefficients {u;}; such that uy,, = >, u;b; is a ‘good’
approximation to the exact solution u of the (initial) boundary value problem at hand.

G = M, = Spp=span{bi};i = upp€Sy, = ||u—uh’p||§chp+1
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Finite element analysis

The mathematician: Given a geometry G, create a computational mesh Mjp,, define basis
functions {b;};, and determine the coefficients {u;}; such that uy,, = >, u;b; is a ‘good’
approximation to the exact solution u of the (initial) boundary value problem at hand.

G = M, = Spp=span{bi};i = upp€Sy, = Hu—uh’pchth

The engineer: Given a use case, find an optimal design D (geometry, materials, etc.) that
maximizes/minimizes one or more key performance indicators (weight, drag/lift, etc.)

D = M, = Sh,p = span{b,-}i =  Upp € Sh,p = «, 6,7 = KP|(uh,p)
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Design optimization: topology
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Design optimization: shape
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Design optimization: meso-/micro-structure and materials
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Isogeometric analysis demo applet by J. Lee, TU Vienna

pip install feigen; python3 -c "import feigen; feigen.CustomPoisson2D().start()"

( JON J Custom Poisson 2D

Geometry Boundary condition in parametric view Solution - right click to sync
& view collocation points

xp(§) = Z %;bi(§) up(§) = Z u;bi(€)  up(€) =up(€) + Z ;b (€

1€Zq) 1€ Tpdr 1€Tin
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Outline

@ Introduction into basis splines

@ Introduction to isogeometric analysis

© Some technicalities

@ Parametrization techniques
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Univariate B-splines

Knot vector

52{61’627"-7577,4-(14—1}7 €i§£i+1, Vlzl,,n+d

with &; being a knot, n the number and d the degree of the B-spline basis functions

Recurrence formula [de Boor, 1971]

bgg(ﬁ):{ 1 if& <E<ém

0 otherwise

bio(e) = =Syt (g) ¢ SarL =8 i o) Y

Civa — & " Civapr — i1 THE
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Univariate B-spline properties

Local support and non-negativity

bl (€) { >0 V¢ € supp (bfa) = &, itar1),

=0 otherwise

Partition of unity

Zbﬁa(f) =1, Veelz:=[&,. . uran)
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Knot vectors

Open knot vector (i.e. d+ 1 repetition of the first and last knot)

E=G==8%1, &i+2---s Eny1 = = Engar]

First and last basis functions are interpolatory at the left and right endpoint, respectively.

Repeated knots reduce the continuity of the basis functions that are non-zero at the
respective knot from C%~1 to C%™ |ocally with m; being the multiplicity of the i-th knot.
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The power of knot repetition

0.5 \
O \

0 1 2 3 4

2=1{0,0,0,1,2,3,3,4,4,4}, Iz=(0,4), n=7 d=2
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The spline space S%°
SZ* = span {b‘f;g, ey b‘,qu}
n A
— {Zbga(f) i eR¥ forl <i<n, €€ IE}
i=1

Define spline function f € SdE’S, i.e. mapping from Iz to R® through

F© == - W] [a .. w|=b-c

and fix the B-spline coefficients ¢; € R? relative to the given B-spline basis
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Greville abscissae and control polygon

Greville abscissae (i.e. parameter values where basis functions attain maximum values)

= Giy1t o+ &ita
& = 7

have a special geometric interpretation; the pairs (S_i,ci) form the control polygon

3_
Example: n=7, d=2

2_

==1{0,0,0,1,2,3,3,4,4,4}
1t

c=10 21131 2]
0 L
0 1 2 3 4
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Multi-variate B-splines
Tensor-product basis functions
4 P
b= (&) = T] b=, (&)
k=1
with i = (il,...,’ip) d= (dl,...,dp),
£=(&,...,&),. 2= (E1,...,5p)

and parametric domain

A
Q:‘ =
=1

®~e

[Ek,dp+15 Ekong,)

k=1

-bga(ﬁ) g eER® for1 <i<mn, €€ QE}
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Collocation IgA

PDE problem Weighted residual form
Lu=f in Q

/¢Q(£u—f)dx+/¢p(3u—g)ds=0
Bu=g on T @ r
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Collocation IgA

PDE problem Weighted residual form

Lu = in

u=/ " /¢Q(£u—f)dx+/¢p(8u—g)ds=0

Bu=g on T @ r

Let
k n
po=>) bolx—xi)c; (x;€9Q) and  ¢r= Y dr(x—x)c (x€T)
i=1 i=k+1

then

k n
> (Lulxi) = f(xi) i+ Y (Bu(xi) = g(xi)) ¢; =0

i=1 i=1+k
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Collocation IgA cont'd

As the coefficients ¢; are arbitrary we obtain
Lu(x;) = f(xi) i=1,...,k

Bu(x;) = g(x;) i=k+1,....n
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Collocation IgA cont'd

As the coefficients ¢; are arbitrary and replacing v ~ u;, = >, b;(x)u; we obtain

[ Lby(x1) Lby,(x1) uy f(x1)
Ebl.(xk) . »Cbn.(xk) (1 f().(k)
Bb (xp+1) Bbp (Xp41) | | k41 9(Xk+1)
| Bbi(x) Boulxn) | [ un | | o) |
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Collocation IgA cont'd

As the coefficients ¢; are arbitrary and replacing u ~ uj = 37 bj(x)u; we obtain

[ [,bl (Xl) N ,Cbn (Xl) Uq f(Xl)
Ebl.(xk) . »Cbn.(xk) U.k _ f(’le)
Bbi(xp+1) ... Bba(Xk41)| |uks1 9(Xk+1)
L Bbl (Xn> . an(xn) 1L u'n | L g(xn) h

* basis functions b; need to be at least C* such that £ and B can be applied

® regular system matrix requires that #collocation points = #basis functions
and all collocation points must be pairwise distinct
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Comparison between Galerkin and collocation IgA
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Results by Mengyun Wang
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Comparison between Galerkin and collocation IgA

Relative L, Norm
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——IGA-C(p=4)
ol |- - IGA-G(p=1)
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Results by Mengyun Wang
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Comparison between Greville and clustered superconvergent points

Relative L, Norm

10-8 L

£ |- = -IGA-C(p=3)
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Least-squares collocation IgA

Idea: When #collocation points (m) > #unknowns (n) then the system matrix is
over-determined and the system can be solved in least-squares manner

1 , 1 ,
min D2 025 = )+ L 3 [Bunt) o)
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Least-squares collocation IgA

Idea: When #collocation points (m) > #unknowns (n) then the system matrix is
over-determined and the system can be solved in least-squares manner

k m
.1 1
min - || Lun(x:) = fx)|P + —— > [ Bun(xi) — g(xi)]?
up k m—Fk
=1 i=k+1
[Lin et al., 2020] derives rigorous conditions under which least-squares collocation IgA
(IgA-L) is consistent and convergent. In essence, there must be at least one collocation

point per element (e.g., Greville points) but we can use more to increase the resolution.
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Comparison between collocation and least-squares collocation IgA

106 -
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Results by Mengyun Wang
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Least-squares collocation IgA revisited

Replacing f, and g by their approximations f5, and g5 we obtain

i 21132 £ty = byl + LS 3B G — by (x|

zk—l—l]l

* B-spline basis functions b; (&) are defined in the reference space Q = (0,1)% and are
mapped into physical space 2 through the push-forward mapping

= bi(&)x;,

=1
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Least-squares collocation IgA revisited

Replacing f, and g by their approximations f3, and g; we obtain

mlﬂ-lezﬁb Xi)u bj(xi)fj||2 Z ||ZBb xi)uj — bj(x;)g;]?
J}J i=1 - z k+1 j=1
lossppe ({w; }5,{f;}s:{x:i}s) lossgc ({u;}j:{g5}5:{xi}i)

* B-spline basis functions b; (&) are defined in the reference space Q2 = (0,1)? and are
mapped into physical space €2 through the push-forward mapping

= bi(&)x;,

J=1

® problem is fully parameterized through f;'s, g;'s, and x;'s relative to a fixed basis Bj
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Least-squares collocation IgA revisited

Replacing f, and g by their approximations f3, and g; we obtain

mgl—znzab ) = by G R S IS Bye)us = byfoe)o |
] J

=1 j=1 zk+1j1

lossppe ({w; }5,{/5}53{xi}i) lossgc ({u;},{0) }53{xi}i)

* B-spline basis functions b; (&) are defined in the reference space Q2 = (0,1)? and are
mapped into physical space €2 through the push-forward mapping

= bi(&)x;,

J=1

® problem is fully parameterized through f;'s, ¢;'s, and x;'s relative to a fixed basis Bj
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lgANet architecture

coll. pts. (&,)i%,

SR
ﬁ‘;%g@'fg‘}'
RN

"'A\o"\o"\e'

loss = lossppg + losspc

@ end training

H Oloss
e

(gn) ow
9")

and continue training

— update w

Can be interpreted as an alternative way to solve the least-squares problem (IgA-L)
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Training and evaluation

Training
For [f17 sy fn] € Srhs: [glv s 7gn] € Sbcondy [X17 s 7xn] € Sgeo do
For a batch of collocation points &; € [0,1]? (e.g., Greville points + more) do

Train IgANet ([f1,. .., ful, (915 - -5 Gnl, (X1, - -, Xn]) = (U1, ..., un]
EndFor

EndFor
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Training and evaluation

Training
For [f17 sy fn] € Srhs: [glv s 7971] € Sbcondy [X17 s 7Xn] € Sgeo do
For a batch of collocation points &; € [0,1]? (e.g., Greville points + more) do

Train IgANet ([f1,. .., ful, (915 - -5 Gnl, (X1, - -, Xn]) = (U1, ..., un]
EndFor

EndFor

Evaluation
For [fh-- -afn] € Srhs: [91,---,gn] € Sbcondy [Xla---7xn] S Sgeo do
Evaluate IgANet ([f1,. -, ful, (915« Onls [X1s -+ o Xn]) = (U1, -+ o, Ug)

Use basis representation wuy(x) = Z b;(x)u; for all further purposes
Jj=1

EndFor

7
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Test case: Poisson's equation on a variable annulus

2rad

3rad

Master thesis work by Frank van Ruiten, TU Delft
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Validation results

3rad

Master thesis work by Frank van Ruiten, TU Delft
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Computing derivatives

Derivatives occurring in the loss function can be computed in the traditional way, i.e.

k
losspoe = 7 3 |A [ 0 (€)] — o (€

=1

Implementation: bspline.ilaplace(Geo, Xi)

Derivatives of the loss function w.r.t. the weights and biases of the neural network — only
needed during training — are computed using reverse-mode algorithmic differentiation

Implementation: nn.zero_grad(); out = nn.forward(Geo, Xi);
loss = L(out, ...); loss.backward();
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Reverse-mode AD example

X1 H V1 = X1 Hm:sml Hv5=03+v4H fi=vus H f
X2 H V2 = X2 H 1)6=1)§ HU7=U3+UGH f2=v7 H fz

Reverse-mode AD requires two passes. The forward pass cre-
ates the computational graph.

Source: Fig 6.17 from Martins and Ning [2021].
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Reverse-mode AD example

afz sz _ D1 = 04 COS V1 _ _ _ Ve = a_v7 = /1_}7 =1
et 2} 2L s = = (¥
E i v e M T

= — = ﬂ5 =
61)4
_ 81}7_ 8’1)5 _
o %:f] = 2l B = B 5 =1 f Usza—’l}7+a—v5
ox, ox, 2 + 0173 b= 7= 2 U3 U3
=v7+v5 =
_ (91)6 _ a’l)3,

Reverse-mode AD requires two passes. The forward pass cre- V2= 5,v6 + vy

ates the computational graph. The backward pass computes _ _ df2
. X , = QU906 + V13 = 4.785 = ——
the gradients from the values stored on the ‘tape’. Oz2
o= g, 4 Ousg
! 61)1 4 ov 3
_ _ 0
= (cosv1)Va + v203 =2 = a—ﬁ

Source: Fig 6.17 from Martins and Ning [2021].
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Reverse-mode AD example

afz afz _ D1 = 04 COS V1 _ _ _ Ve = 8_1)7 = /1_}7 =1
et 2} 2L s = = (¥
E i v e M T

= — = ﬂ5 =
61)4
_ 81}7_ 8’1)5 _
o %:f] = 2l B = B 5 =1 f Usza—’l}7+a—v5
ox, ox, 2 + 0173 b= 7= 2 U3 U3
=v7+v5 =
_ (91)6 _ 8’03,

Reverse-mode AD requires two passes. The forward pass cre- V2= 5,v6 + vy

ates the computational graph. The backward pass computes e 01Dy — 4785 — afz
the gradients from the values stored on the ‘tape’. Oaa
— 87.)4 + 61}31_]
1 - V4 —7V3
All operations must be of the form out = f(in); v v ,
= (CoS V1)U + V203 = 2 = a—ﬁ

Source: Fig 6.17 from Martins and Ning [2021].
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An efficient algorithm for evaluating univariate B-splines

Algorithm 2.22 from [Lyche and Mgrken, 2018] with modifications

®Ob=1
@ Fork=1,...,d—r
Ot =(Cikr1,---5&)
@ to1 = (Siy1r- 5 &ipn) — b1
© mask = (to; < tol)
O w = (£ — t;—mask) + (ta; —mask)
®b=[(1-w)©b,0]+[0,wob]
®@Fork=d—r+1,...,d
Ot = (S k1, 6)
@ tar = (&ir1s-- 5 &ik) — 1
© mask = (t21 < t0|)
O w = (1-mask) = (tg; —mask)
® b=[-w®b,0]+ [0,w ® b]

flops

where + and ©® denote the element-wise division and multiplication of vectors, respectively.
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Memory layout of tensors

Example: ny = 6,712 = 5,1%3 =5 and d1 = 3,d2 = 1,d3 =4

EOTO B0 s e

b bdbeeliibe]
aslac Loz losloalog 25

) P oy iy Yy P s
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Memory layout of tensors

Example: ny =6,n0o =5n3=5and d; =3,de =1,ds =4

102{103 104 105 106 107

96 97| 98 99 100 101

30[31]32]33] 34|35 o192 93] 94|95

c=[8 9 10 11 14 15 16 17 38 39 ... 136 137]

5
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A brief recap of the Kronecker product

Definition
_ |AiuB AxB
A®B= [Ang A22B] (nga-ma-np-mp flops)

Mixed-product property (if matrices are so that AC and BD exists)

(A®B)(C®D)=(AC)® (BD)

Multiplicative decomposition (extendable to arbitrary number of matrices)

(A1 @Ix) (I ® Ag) = (A111) ® (Azly) = A1 ® Ay
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Efficient evaluation of multi-variate B-splines

It follows form the multiplicative decomposition of the Kronecker product that

f(&n,¢) = (bdl ®bd2®bd3) ‘Cc= <I1 ®12®bd3> . (I1®bd2 ®I3) : (bdl ®12®I3> -C

i1 )
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Efficient evaluation of multi-variate B-splines

It follows form the multiplicative decomposition of the Kronecker product that

f(&n,¢) = (bdl ® b® ®bd3) ‘Cc= <I1 ®I2®bd3> . <I1®bd2 ®I3) : (bdl ®12®I3) -c

Algorithm 993 from [Fackler, 2019] with modifications

Set f:=c 8 9 10 11
For £=1,2,3 14 15 16 17
© f:=reshape(f,[],dy+ 1) c— |38 39 40 41 (da +1)(ds + 1)
. . . rows
®f:=bd.f"

Output: f = f(£,1,() 134 135 136 137

di1+1 columns
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Performance evaluation - bivariate B-splines

106+ d=1 d=2 d=3 d=4 d=5

S 10

2

k= 51

2 10

& "

c  10%

c

S )

£

5107

5

s | Ik [ |

z | | | |

g 100k |.III LI 1Lk [k Il
O~NNMTFTFOLLLO O~ TTFTFOOLNn O O~NNMTTFTOLL O O~NNMTTFTFOLLLO O~ OO O
BTYRIITLLLY TTARIZTLERE SIVVILIOLLE RTYRIIILLLY TIARIZZERR®

N N o~ Y Y N 2% N o~ Y

== AMD EPYC 7402 (24 cores) mm  Fujitsu A64FX (48 cores) mm Tesla V100S PCle 32GB




Performance evaluation - trivariate B-splines

106 .
109
104 L
103

101,
WAL WAUAGRALLL DARUIURRARL DRRUIUGRR: DOk

107!

Wallclock time in ns/entry

== AMD EPYC 7402 (24 cores) mm  Fujitsu A64FX (48 cores) mm Tesla V100S PCle 32GB




Parametrization techniques

Requirements (not just) for interactive modeling and analysis

@ Automatic creation of analysis-suitable parametrizations from boundary description

bivariate planar parametrizations, trivariate volumetric parametrizations

® Automatic reparametrization for improving the quality of parametrizations

as before + bivariate surface parametrizations
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Parametrization techniques

Requirements (not just) for interactive modeling and analysis

@ Automatic creation of analysis-suitable parametrizations from boundary description

bivariate planar parametrizations, trivariate volumetric parametrizations

® Automatic reparametrization for improving the quality of parametrizations

as before + bivariate surface parametrizations

Parametrization techniques
@ Algebraic approaches, e.g., discrete Coons method
@ PDE-based approaches, e.g., H' and H? method

® Optimization-based approaches, e.g., barrier or penalty function method
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Parametrization techniques

Requirements (not just) for interactive modeling and analysis

@ Automatic creation of analysis-suitable parametrizations from boundary description

bivariate planar parametrizations, trivariate volumetric parametrizations

® Automatic reparametrization for improving the quality of parametrizations

as before + bivariate surface parametrizations

Parametrization techniques
@ Algebraic approaches, e.g., discrete Coons method
@ PDE-based approaches, e.g., H' and H? method

® Optimization-based approaches, e.g., barrier or penalty function method

Our workflow: init by Coons patch = a.s. parametrization by H! = optimize if needed
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Comparison of the different approaches

Scaled Jacobian
0.4 0.5 0.6 0.7 0.8 0.9 1.0

Discrete Coons Method

WY
e
TR
TR

S

Barrier Function-Based Method [Ji+2021]  Penalty Function-Based Method [Ji+2022] H' Scaled EGG Method [Ji+2023]

Results by Ye Ji
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Automatic placement of interior control points

Harmonic mapping: x : O—0 by solving

V- VE(r,y) =0

such that x Yp =T
V- Vi(z,y) =0

e x ! exists and is unique if the curvature of Qis non-positive and the boundary I when

considered with respect to the metric on € is convex [Eells and Lemaire, 1978]

* x~! is one-to-one by the Radé-Kneser-Choquet theorem [Duren and Hengartner, 1997]
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Automatic placement of interior control points cont'd

Weak form in H?2 [Hinz et al., 2020]

s wlzd() =0 -
?Q Fudf) such that X_1|1" =T
a WLy =0

where

~ 82 32 82
L= (9228_52 - 2912@ + 9118_172> /(911 + g22)
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Automatic placement of interior control points cont'd

Weak form in H?2 [Hinz et al., 2020]

s wlzd() =0 -
Lffg Fudf) such that X_1|1" =T
a WLy =0

where

~ 62 32 82
L= (9228_52 - 2912@ + 9118_172> /(911 + g22)

New weak form in H' [Ji et al., 2023]

Jo Vaw - Vyx€dQ2 =0

. such that x !|p =T
Jo Vxw - VxndQd =0
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Comparison between H' and H? approaches

original: improved:

Scaled Jacobian
— 1.00

0.9
0.8
0.7
0.6
- 0.5

0.4
0.33

Results by Ye Ji
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Comparison between H' and H? approaches

original:
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Results by Ye Ji
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improved:
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Planar results

Results by Ye Ji
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Volumetric results

Results by Ye Ji
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Solution of nonlinear systems by preconditioned Anderson acceleration

—o-Newton
—=-Newton } e AA(5)
10tk - ﬁﬁg)AA(s)) ---AAS:,A(A(S))( )
—-AA(5, ——AAadp(5,AA(5)
- AAE DigBlodkecotin - DR
- - S - - ian
~v - AA(5)-Full Jacobian A AA%S;—DQJewbIa'I
107 AA (5)-Diaglacobian M S [N
¥ - ST
Y
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Summary and outlook

® | east-squares collocation IgA enables seamless in-paradigm blending between fast
learning-based pre-analysis and in-depth simulation-based (post-)analysis

¢ Theory from IgA-L carries over to NN (e.g., interpretation of loss function)

® lterative refinement of NN's output by ‘classical’ IgA-L is possible

What's next?
® Interactive workflow https://visualization.surf.nl/iganet/

® |east-squares collocation-based parametrization techniques

® Extension to multi-patch parametrizations
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