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We consider the problem of estimating the distribution function, the den-
sity and the hazard rate of the (unobservable) event time in the current status
model. A well studied and natural nonparametric estimator for the distribu-
tion function in this model is the nonparametric maximum likelihood estima-
tor (MLE). We study two alternative methods for the estimation of the dis-
tribution function, assuming some smoothness of the event time distribution.
The first estimator is based on a maximum smoothed likelihood approach.
The second method is based on smoothing the (discrete) MLE of the dis-
tribution function. These estimators can be used to estimate the density and
hazard rate of the event time distribution based on the plug-in principle.

1. Introduction. In survival analysis, one is interested in the distribution of
the time it takes before a certain event (failure, onset of a disease) takes place.
Depending on exactly what information is obtained on the time X and the precise
assumptions imposed on its distribution function Fj, many estimators for Fy have
been defined and studied in the literature.

When a sample of X;’s is directly and completely observed, one can estimate Fy
under various assumptions. In the parametric approach, one assumes Fy to belong
to a parametric class of distributions, e.g., the exponential- or Weibull distribu-
tions. Then estimating F{ boils down to estimating a finite-dimensional parameter
and a variety of classical point estimation procedures can be used to do this. If one
wishes to estimate Fy fully nonparametrically, so without assuming any proper-
ties of Fp other than the basic properties of distribution functions, the empirical
distribution function F,, of X1, ..., X,, is a natural candidate to use. If the distribu-
tion function is known to have a continuous derivative fy w.r.t. Lebesgue measure,
one can use kernel estimators [see, e.g., Silverman (1986)] or wavelet methods
[see, e.g., Donoho and Johnstone (1995)] for estimating fj. Finally, in case Fy
is known to satisfy a certain shape constraint as concavity or convex-concavity
on [0, 0o), a shape-constrained estimator for Fy can be used. Problems of this
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type were considered in, e.g., Bickel and Fan (1996), Groeneboom, Jongbloed and
Wellner (2002) and Diimbgen and Rufibach (2009).

However, in many cases the variable X is not observed completely, due to some
sort of censoring. Parametric inference in such situations is often not really differ-
ent from that based on exactly observed X;’s. The parametric model for X basi-
cally transforms to a parametric model for the observable data and the usual meth-
ods for parametric point estimation can be used to estimate Fy. For various types
of censoring, also nonparametric estimators have been proposed. In the context
of right-censoring, the Kaplan—Meier estimator [see Kaplan and Meier (1958)] is
the (nonparametric) maximum likelihood estimator of Fy. It maximizes the like-
lihood of the observed data over all distribution functions, without any additional
constraints. Density estimators also exist in this setting, see, e.g., Marron and Pad-
gett (1987). Huang and Zhang (1994) consider the MLE for estimating Fp and its
density in this setting under the assumption that Fy is concave on [0, 00).

The type of censoring we focus on in this paper, is interval censoring, case I.
The model for this type of observations is also known as the current status model.
In this model, a censoring variable 7', independent of X, is observed as well as
a variable A = I x<7), indicating whether the (unobservable) X lies to the left
or to the right of the observed 7'. For this model, the (nonparametric) maximum
likelihood estimator is studied in Groeneboom and Wellner (1992). This estimator
is discrete and is therefore not suitable for estimating the density fp, the hazard
rate Ao = fo/(1 — Fp) or the transmission potential which depend on the hazard
rate ¢ studied in Keiding (1991). An estimator that can be used to estimate these
quantities is the maximum likelihood estimator studied by Diimbgen, Freitag-Wolf
and Jongbloed (2006) under the constraint that F' is concave or convex-concave.

In this paper, we study two likelihood based estimators for Fy (and its density fo
and hazard rate Ag) based on interval censored data from Fj under the assumption
that Fp is continuously differentiable. The first estimator we study is a so-called
maximum smoothed likelihood estimator (MSLE) as studied by Eggermont and
LaRiccia (2001) in the context of monotone and unimodal density estimation. It
is a general likelihood-based M -estimator that will turn out to be smooth auto-
matically. The second estimator we consider, the smoothed maximum likelihood
estimator (SMLE), is obtained by convolving the (discrete) MLE of Groeneboom
and Wellner (1992) with a smoothing kernel. These different methods result in dif-
ferent but related estimators. Analyzing the pointwise asymptotics shows that only
the biases of these estimators differ while the variances are equal. We cannot say
that one estimator is uniformly superior to the other. In a somewhat analogous way,
Mammen (1991) studies the differences between the efficiencies of smoothing of
isotonic estimates and isotonizing smooth estimates. This also does not produce a
clear “winner.”

The outline of this paper is as follows. In Section 2, we introduce the current
status model and review some results needed in the sequel. The MSLE I:",?’[S for
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Fy based on current status data is introduced and characterized in Section 3. More-
over, asymptotic results are derived for 1':",11\/IS as well as its density anS and hazard
rate inMS, showing that the rate of convergence of ﬁ}l\/ls is faster than the rate of
convergence of the MLE. In Section 4, the SMLE for Fy, fo and Aq are introduced
and their asymptotic properties derived. The resulting asymptotic distributions are
very similar to the asymptotic distributions of the MSLE. In Section 5, we briefly
address the problem of bandwidth selection in practice. We also apply these meth-
ods to a data set on hepatitis A from Keiding (1991). Technical proofs and lemmas

can be found in the Appendix.

2. The current status model. Consider an i.i.d. sequence X1, X», ... with
distribution £y on [0, 0o) and independent of this an i.i.d. sequence 71, 1>, ... from
a distribution G with Lebesgue density g on [0, co0). Based on these sequences,
define Z; = (T;, 1{x,<1;}) =: (T}, A;). Then Zy, Z,, ... are i.i.d. and have density
fz with respect to the product of Lebesgue- and counting measure on [0, c0) X
{0, 1}:

fz(t,8) =g {sFo() + (1 —&)(1 — Fo(1)}

=68g1(1) + (1 —8)go(®).

One usually says that the X;’s take their values in the hidden space [0, co) and the
Z; take their values in the observation space [0, c0) x {0, 1}.

Let P, be the empirical distribution of Z1, ..., Z,. Writing down the log likeli-
hood as a function of F and dividing by n, we get

2.1)

(2.2) I(F)= f{élog F(t)+ (1 —=38)log(l — F(2))} dPy(z, 8).

Here, we ignore a term in the log likelihood that does not depend on the distribution
function F.

In Groeneboom and Wellner (1992), it is shown that the (nonparametric) max-
imum likelihood estimator (MLE) is well defined as maximizer of (2.2) over all
distribution functions and that it can be characterized as the left derivative of the
greatest convex minorant of a cumulative sum diagram. To be precise, the observed
time points 7; are ordered in increasing order, yielding T(1) < T2y < --- < Ty,
and the A associated with T(; is denoted by A(;). Then the cumulative sum dia-
gram consisting of the points

i1
Py=(0,0), P = (—, = Z A(j))
n I”lj:1

is constructed. Having determined the greatest convex minorant of this diagram,
F,(T(;) is given by the left derivative of this minorant, evaluated at the point P;.
At other points it is defined by right continuity. Denoting by G, the empirical
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distribution function of the 7;’s and by G,, | the empirical subdistribution function
of the T;’s with A; =1, observe that for 0 <i <n, P; = (G,(T(;)), G,,1(T(;))).
Also note that F), is a step function of which the set of jump points {7y, ..., T} is
a subset of the set {7;:1 <i <n}.

Groeneboom and Wellner (1992) show that this MLE is a consistent estimator
of Fyp, and prove that under some local smoothness assumptions, for ¢ > 0 fixed,
n'/3( ﬁ‘n (t) — Fo(2)) has the so-called Chernoff distribution as limiting distribution.
If Fy and G are assumed to satisfy conditions (F.1) and (G.1) below Groeneboom
and Wellner (1992) also prove (see their Lemma 5.9 and page 120)

(2.3) 1Fo — Fullo = Op(n~3logn),
(2.4) max |ti41 — 5| = O, logn).
1<i<m

(F.1) Fp has bounded support Sy = [0, Mp] and is strictly increasing on Sy with
density fj, strictly staying away from zero.

(G.1) G has support Sg = [0, 00), is strictly increasing on Sp with density g stay-
ing away from zero and g’ is bounded on Sp.

From this, it follows that for fixed t > 0, any v > 0 and Z; = [t — v, t + V]

(2.5) sup| Fo(u) — Fn(u)| = O, (n~logn),
uel;
(2.6) max |tj+1 — 7| = (’)p(n_]/3 logn).
i:1,€L;

If one is willing to assume smoothness on Fy and use this in the estimation
procedure, this cube-root-n rate of convergence of the estimator can be improved.
The two estimators of Fy we define, do indeed converge at the faster rate n?/3,

3. Maximum smoothed likelihood estimation. In this section, we define the
maximum smoothed likelihood estimator (MSLE) I:”,?/IS for the unknown distrib-
ution function Fy of the variable of interest X. We characterize this estimator as
the derivative of the convex minorant of a function on R and derive its pointwise
asymptotic distribution. Based on I:",I,V[S, estimators for the density fo as well as for
the hazard rate Ag = fo/(1 — Fp) are defined and studied asymptotically.

We start with defining the estimators. Define the empirical subdistribution func-
tions based on the T;’s with A; =0 and 1, respectively, by

1 & .
Gni() =~ > loax@y(Tj, Ay fori=0,1,
j=1

and note that the empirical distribution of the data {Z; = (T}, A;):1 < j <n}
can be expressed as dP, (1,8) = 8dG, 1 (1) + (1 — 8) dG,,0(t). Let G,.1 and G, 0
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be smoothed versions of G, 1 and G, o, respectively (e.g., via kernel smoothing),
let g,.1 and g, 0 be their densities w.r.t. Lebesgue measure on [0, c0) and de-
fine dﬁn (t,8) = Bdém )+ {1-=9) dén,o(t). This is a smoothed version of the
empirical measure P,, where smoothing is only performed “in the ¢-direction.”
Following the general approach of Eggermont and LaRiccia (2001), we replace
the empirical distribution PP, in the definition of the log likelihood (2.2) by this
smoothed version 13,1, and define the smoothed log likelihood on the class of all
distribution functions by

I5(F) = /{810g F(1)+ (1 —=8)log(l — F(1))}dP,(z,6)
(3.1)
=/10g(1 — F(z))dén,o(t)+/1ogF(z)dén,1(t).

The maximizer of the smoothed log likelihood is characterized similarly as the
maximizer of the log likelihood. The next theorem makes this precise.

THEOREM 3.1. Define én(t) = Gn,o(z‘) + (A}n,l(t) for t > 0 and consider
the following parameterized curve in Ri, a continuous cumulative sum diagram
(CCSD):

(3.2) 1> (Gu(t), Gu1 (1)),

fort €0, t], with t = sup{t > 0: g, 0(t) + &u.1(t) > 0}. Let ﬁMS(I) be the right-
continuous slope of the lower convex hull of the CCSD (3.2), evaluated at the point
with x-coordinate Gn (). Then F), PMS s the unique maximizer of (3.1) over the class

of all sub-distribution functions. We call F,llvIS the maximum smoothed likelihood
estimator of Fy.

In the proof of Theorem 3.1, we use the following lemma, a proof of which can
be found in the Appendix.

LEMMA 3.2. Let ﬁ’,llv[s be defined as in Theorem 3.1. Then for any distribution
function F,

/ log F(1)dGp (1) < f EMS(1)log F(1)dG (1)
and

/log(l — F(1))dGo(t) < /(1 — EMS(1))log(1 — F(1))dG (1)

with equality in case F = ﬁ,,llvls



MSLE AND SMLE IN THE CURRENT STATUS MODEL 357

PROOF OF THEOREM 3.1.  Use the equality part of Lemma 3.2 to rewrite (3.1)
as

IS(EMS) = / (EMS(r)log EMS (1) + (1 — EMS (1)) log(1 — EMS(1))) d G, (1).
By the inequality part of Lemma 3.2, we get for each distribution function F' that
15(F) < / EMS(1)log F(1)dG, (1) + /(1 — EMS(1)) log(1 — F (1)) dGn(2).

Now note, using the convention 0 - oo = 0, that for all p, p’ € [0, 1]

(3.3)  plogp'+ (1 - p)log(l —p') < plogp+ (1 - p)log(l — p).

This implies that IS(F) < lS(ﬁMS) i.e., IS is maximal for ﬁMS

For uniqueness, note that inequality (3.3) is strict whenever p’ # p. The last step
in the preceding argument then shows that [S(F) < IS (F, "MS) unless F = F, MS e
w.r.t. the measure d G,,. It could be that d Gn has no mass on [a, b] for some a < b,
ie., (Gn(t), Gn1(1)) = (Gu(a), Gy.1(a)) forall ¢ € [a, b]. This means that FMS is
constant on [a, b]. Furthermore, it holds that F(a) = I:ﬂ,llvIS (a) and F (b) = I:ﬂ}lvIS (b),
implying that F is also constant and equal to ﬁ,{ws on [a, b] a.e. w.r.t. the Lebesgue
measure on [0, 00). Hence, [5(F) < lS(I:”,IZVIS) unless F = ﬁiv[s O

We assume the estimators CA},L ; are continuously differentiable, hence, ﬁ,{ws 18
continuous and its derivative exists. So we can define the maximum smoothed
likelihood estimators for fg and Ag by

Ms, .\ _ 4 aus s IS
(3.4) fa (t)—dan (u) = A (t)_—l—ﬁ},\’ls(t)

for t > O such that ﬁys(t) < 1.

In Theorem 3.1 no particular choice for CA},Z,O and (A}n,l was made. For what
follows, we define these estimators explicitly as kernel smoothed versions of G, o
and G, 1. Let k be a probability density satisfying condition (K.1).

(K.1) The probability density k has support [—1, 1], is symmetric and twice con-
tinuously differentiable on R.

Note that condition (K.1) implies that my (k) = [ uk(u) du < oo.

Let K be the distribution function with density k, i.e., K(t) = fiook(u) du,
k" be the derivative of k and & > 0 be a smoothing parameter (depending on n).
Then we use the following notation for the scaled version of K, k and k’

(3.5) Kn(u)=K(u/h), kp(u) = —k(u/h) and kh(u) = k (u/h).
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Fori =0, 1 let
Bui () = / k(¢ — ) dG i ()

be kernel (sub-density) estimates based on the observations T; for which A; =i,
and let g,(t) = &,.1(¢) + &n.0(z). Also define the associated (sub-) distribution
functions

én,,-(t)zf gni()du,  fori=0,1, and Gn(t)zf gn(u)du.
[0,] [0,]

Because X > 0, we can expect inconsistency problems for the kernel density
and density derivative estimators at zero. In order to prevent those, we modify the
definition of g, ; for r < h. To be precise, we define

1 t—
gn,i(t):‘/‘ﬁkﬁ< hu)dGn,i(u), 0<t<h,

for B =t/ h where the so-called boundary kernel k? is defined by

v g(k) — vy g(k)u
vo,g(k)va, g (k) — vy p(k)?

kP u) = k(u)1—1,p)(u)

with v; g(k) = /ﬁl uk(u)du,i=0,1,2.
Let the estimators §;” be the derivatives of g, ;, for i =0, 1. There are other ways
to correct the kernel estimator near the boundary, see, e.g., Schuster (1985) or
Jones (1993). However, simulations show that the results are not much influenced
by the used boundary correction method.

Having made these choices for the smoothed empirical distribution Py, let us
return to the MSLE. It is the maximizer of /5 over the class of all distribution
functions. One could also maximize [° over the bigger class of all functions, max-
imizing the integrand of (3.1) for each ¢ separately. This results in

Snaive .« &n.1(1) rnaive, .« n(0&, 1) — &,(D&n 1 (1)
GO BTO=" 0 S 0= G2 ’
where
(3.7) gn () =g o)+ 8,1 ().

We call these naive estimators, since f:faive might take negative values, meaning
that F7Ve decreases locally.

Figure 1(a) shows a part of the CCSD defined in (3.2) and its lower convex
hull. Figure 1(b) shows the naive estimator ﬁ;aive (the grey line), the MSLE ﬁ}l\’ls
and the true distribution for a simulation of size 500. The unknown distribution
of the variable X is taken to be a shifted Gamma(4) distribution, i.e., fo(x) =
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FIG. 1. A part of the CCSD, its lower convex hull and the estimates FMV and EMS for Fy based
on simulated data, with n = 500. (a) Part of the CCSD (grey line) and its lower convex hull (dashed
line); (b) estimates IA'“,Z“"“VC (grey line) and I?“,IZVIS (dashed line) of Fy (dotted line).

€3 g!2)3 exp(—(x — 2))1[2,00)(x), and the censoring variable T has an exponential
distribution with mean 3, i.e., g(t) = %exp(—t /3)10,00)- For the kernel density, we

took the triweight kernel k(¢) = 33 (1 — %)31;_y,1)(t) and as bandwidth h = 0.7.

This picture shows that the estimator I:”,IZVIS is the isotonic version of the estimator
I’}naive
anve,
The next theorem shows that for appropriately chosen #, the naive estimator
F'*V¢ will be monotonically increasing on big intervals with probability converg-
ing to one as n tends to infinity if F{ and G satisfy conditions (F.1) and (G.1).

THEOREM 3.3. Assume Fy and G satisfy conditions (F.1) and (G.1). Let g,
and g,.1 be kernel estimators for g and g\ with kernel density k satisfying condi-
tion (K.1). Let h = cn™% (¢ > 0) be the bandwidth used in the definition of g, and
8n.1- Then forall 0 <m < M < My and «a € (0, 1/3) the following holds

(3.8) P(I:ﬂ,?aive is monotonically increasing on [m, M]) —> 1.

Note that this theorem as it stands does not imply that ﬁys (1) = ﬁ,f}aive (t) on
[m, M] with probability tending to one. Some additional control on the behavior of
F*V¢ on [0, m) and (M, Mo] is needed. The proof of the corollary below makes

this precise.

COROLLARY 3.4. Under the assumptions of Theorem 3.3, it holds that for all
O<m<M< Myanda € (0,1/3),
(3.9) P(FMve(ry = EMS(1) forall t € [m, M]) —> 1.
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Consequently, for all t > 0 the asymptotic distributions of 13,11\/15 (t) and ﬁ,{‘aive(t)
are the same.

In van der Vaart and van der Laan (2003), a result similar to our Corollary 3.4 is
proved for smooth monotone density estimators. The kernel estimator is compared
with an isotonized version of this estimator. Their proof is based on a so-called
switch-relation relating the derivative of the convex minorant of a function to that
of an argmax function. The direct argument we use to prove Corollary 3.4 furnishes
an alternative way to prove their result.

By Corollary 3.4, the estimators F, MS (#) and I:",?aive (1) have the same asymptotic
distribution. The same holds for anS (¢) and f,?aive (t) as well as for )A»nMS (¢) and
iﬁaive (t). The pointwise asymptotic distribution of ﬁ,{‘aive(t) follows easily from
the Lindeberg—Feller central limit theorem and the delta method. The resulting
pointwise asymptotic normality of both I:",?As(t) and ﬁ,?aive(t) is stated in the next
theorem.

THEOREM 3.5. Assume Fy and G satisfy conditions (F.1) and (G.1). Fixt > 0
such that fy and g" exist and are continuous at t and g(t) f,(t) +2 fo(t)g' (t) # 0.
Let h = cn™'/3 (¢ > 0) be the bandwidth used in the definition of g, and g, 1. Then

nZ/S(ﬁrll\/IS () — Fo(t)) > N(MF,MS’ ‘7127,MS)’
where

1 , (1)g'(t)
LS = Eczmz(k){fo(t) +2f°ng)},

> 1 Fo@)(1 — Fot)) 2
OFMs =C 20 /k(u) du.

This also holds if we replace I:”,Ilws by ﬁ;aive.
For fixed t > 0, the asymptotically MSE-optimal bandwidth h for ﬁ,llvls (t) is
given by hy FMs = cFyMsn_l/S, where

_ [Fo()(1 = Fo(1)) 2 }1/5
CF.MS = { 2(1) /k(u) du

(3.10) 21
2 / fo(®)g'(t) -
X 1 m (k){f(t)—I—Z— .

{ S g(0)
PROOF. For fixed ¢ > 0, the asymptotic distribution of ﬁ;ai"e follows im-
mediately by applying the delta method with ¢(u, v) = v/u to the first result in
Lemma A.3. By Corollary 3.4, this also gives the asymptotic distribution of F,,llws.
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To obtain the bandwidth which minimizes the asymptotic mean squared error
(aMSE) we minimize

fo(H)g' () }2
g()

_1 Fo(®)(1 — Fo()) 2
+c .0 /k(u) du

R 1
aMSE(FMS ¢) = Zc“m%(k){ fo) +2

with respect to c. This yields (3.10). [

REMARK 3.1. Incase g(r) fy(t) +2 fo(t)g'(t) = 0, the optimal rate of &, F ms

is n~1/9 resulting in a rate of convergence n~*/° for F,ILVIS. This is in line with

results for other kernel smoothers in case of vanishing first-order bias terms.

The pointwise asymptotic distributions of anS (t) and f,{laive (t) also follow from
the Lindeber—Feller central limit theorem and the delta method.

THEOREM 3.6. Consider anS as defined in (3.4) and assume Fy and G sat-
isfy conditions (F.1) and (G.1). Fix t > 0 such that f0(3) and g(3) exist and are
continuous at t. Let h = cn=1/"7 (¢ > 0) be the bandwidth used to define ﬁ,f/ls
Then

n?(fVS(1) = fo(t) ~ N (i sms. 07 ms)-

where

" ’ / N
1Ms = %czmz(k) (fé/(t) L8O+ DO 80 fo(t))

g() g(1)?
1 2
=i Sma)g ),
Fo(t)(1 — Fo(r)) [,
G%MS = 320 /k (u)2 du

for t such that q(t) # 0. This also holds if we replace anS by Annaive.

For fixed t > 0, the aMSE-optimal bandwidth h for f,%ws(t) is given by
hn, fms = Cf,MSn_1/7, where

Fo(t)(1 — Fo(t , 177 _
3.11) Cf,MS:{3 o )(g(t) o ))/k(u)zdu} m3 kg7

PROOF. Write g,(¢) = g(t) + Rn(¢) and g, 1 () = g1(¢) + R, 1(¢), s0O
w7 (fRN () = fo(0))

_ 2 (gmé;,l(t) — & W81 g8 (1) —g'M81(1)
g(1)? g(1)?

) + T (1)
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for

_ 28O+ Ra®1g, () — &, 01810 + Ra1 (1]
[g(t) + Ra(1)]?
B nzﬁg(t)én,l(f) — 8, ()g1(1)
g(1)?
_ 2/ Ra(1)8, (1) — 8, (1) Ry 1 (1)
[g(1) + Ru(1)]?

—n* (g8 (1) — &,(Dg1(1))

T,(1)

R, (1)(2g(t) + R, (1))
g®2[g(t) + Ry()]>

Applying the delta method with ¢(u, v) = (g(t)v — gl(t)u)/g(t)2 to the last
result in Lemma A.3 gives that

n2/7<g(t)gn,l(t) - gn(t)gl(t) _ g(t)gi(t) - g/(t)gl(t)) WN(MI,U%MS)

8()? 2(t)?
for
(3.12) w1 = L mom (fé’(t) 8O0 + g/(t)fo(z))
2 g()

By Lemma A3 n®7R,(t) —> L1e2ma(k)g"(t) and n® "R, (1) > L x
ma (k) gy (t), so by the consistency of g, and g, |, see Lemma A.2, and the contin-
uous mapping theorem we have

g"(Hg (1) — g (gl ()
g(1)?

1
T, (1) 2> 5c2mz(k)

28" (g (1)
g(n)*

LW o) | & fo)+ g/(t)fé(t)> L
2(1)? 0 2

1 2 / /
— 3¢ ma(k)(g(t)g (1) — g'()g1(1))

L 2mah) (2
= —=c‘m
) 2
Hence, we have that

7 (F (1) — fo(1)) ~> N (i gMs. 0F pis)
for u r,ms = w1 + 2. By Corollary 3.4, this also gives the asymptotic distribution
of f,llws .
The optimal ¢ given in (3.11) is obtained by minimizing

aMSE(fMS, ¢) = %c4m§(k)q2(z)+c*3 FO(I)(;(:)FO(”) / K@?du.
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COROLLARY 3.7. Consider )ALHMS of Lo as defined in (3.4) and let h = cn™'/7
(¢ > 0) be the bandwidth used to compute it. Assume Fo and G satisfy conditions
(F.1) and (G.1). Fix t > 0 such that Fy(t) <1 and f()(3) and g(3) exist and are
continuous at t. Then

n* (S (1) — ho(®)) ~ N (s ms. 07 ms)-

where

” , P SN
s = w2 oty ! (fé’(t)+2g (O fo) + &' O f5®) 80 fo(t)>

2 =R ) g1
1, H®) (e 28OROY_ 1
+ e mz(k)m(foaww) S0,
2 _ FO(t) / 2
TRMS = 31— Fo(r) J K

for t such that r(t) # 0. This also holds if we replace )A»nMS by )A»f;aive.

For fixed t > 0 the aMSE-optimal bandwidth h for inMS (t) is given by hy, 5 Ms =
cx,Msn_]ﬂ, where

Fo(1)

G ams= {gm(l — Fo(t))

1/7
/ k’(u)zdu} {(m3(k)yr?(n)y =7,

PROOF. Write FMS(1) = Fy(1) + R, (t), then

. 2/7
314 2@ —r@) = "T(t)(fMSm — fo®)) + T (1)
with
T,(t) = n2/7fMS(t>( 1 — )
" " 1= Fo(t) — Ru(t) 1= Fo(t))’

If h = cn="/7 is the bandwidth for FMS(z), then

W27 gna@® g1\ P 1 k{ L H(0g'0)
( e.(t) gt > — —coma (k)| fo(t) +

fo()g'(t) } _
5 = KLFMS

8(1)
by Lemma A.3 and the delta method. This implies that n*"R, (1) i) wrF.Ms and
~ R, (¢ t
To(t) =n*7 {5 0) n©) A 10 5 ILF,MS-
(1 = Fo())(1 — Fo(t) — Ra (1)) (1 — Fo(2))
Since we also have that

2T s I MS of s
[ Rm U O ) WN(l “ R0 (- Fo(z>>2)
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we get that 11, ms = i pms/ (1 — Fo(t)) + pr ms fo(0) /(1 — Fo(1))*.
The optimal ¢ given in (3.13) is obtained by minimizing

aMSE(MS ¢) = %c4m%(k)r2(t)+c _ @ / Kw?du 4

g@)(1 — Fo(n)

4. Smoothed maximum likelihood estimation. In the previous section, we
started smoothing the empirical distribution of the observed data, and used that
probability measure instead of the empirical distribution function in the definition
of the log likelihood. In this section, we consider an estimator that is obtained by
smoothing the MLE (see Section 2). Recall the definitions of the scaled versions
of K, k and k/, given in (3.5)

Kn(w)=K@/h),  kn(u)= %k(u/h) and  kj,(u) = hl—zk/(u/h).
Define the SMLE I:",ZSM for Fy by
ESM@1) = / Kp(t —u)dFE,(u).
Similarly, define the SMLE M for f and the SMLE A3M of 14 by

F3M ) :fkh(t —u)dF,(u) and ASM@) = M@y /(1 - FSM@)).

In this section, we derive the pointwise asymptotic distributions for these estima-
tors. First, we rewrite the estimators F>M and f>M.

LEMMA 4.1. Fixt > 0, such that g(u) > 0 in a neighborhood of t and define

ky(t — k(t —
4.1 oy = =W =)
g(u) g(u)

Then
4.2) / Kn(t — wyd(EFy — Fo)(u) = — f Ut ) (8 — En(u)) d Po(u, 8).

(4.3) fkh(t —u)d(F, — Fo)(u) = —fwh,t(u)(r? — Fu(w)) d Po(u, 8).

PROOF. To see equality (4.2), we rewrite the left-hand side as follows

t+h n
Kp(t —u)d(Fy, — Fo)(u)

t— t+h
= [ -+ [ K- wad, - By
t+h
u=t—h

= Fy(t —h) — Fo(t — h) + Kp(t — u)(F, () — Fo(w))|
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t+h n
— / , —(Fu(u) — Fo(u))kn(t — u) du
t_

h — N
- / TR by — Fow) dGw)

t—h g(u)
- _/wh,t(u)(é — Fu(w) d Po(u, §).

Equation (4.3) follows by a similar argument. []

Hence, in determining the asymptotic distribution of the estimators I:”nSM (t) and
fnSM (t), we can consider the integrals at the right-hand side of (4.2) and (4.3). The

idea of the proof of the asymptotic result for ﬁnSM(t), given in the next theorem
proven in the Appendix, is as follows. By the characterization of the MLE, given
in Lemma A.5, we could add the term dIP,, for free in the right-hand side of (4.2)
if ¥y, ; were piecewise constant. For most choices of k this function v ; is not
piecewise constant. Replacing it by an appropriately chosen piecewise constant
function results in an additional O ,-term which does not influence the asymptotic
distribution. By some more adding and subtracting, resulting in some more O -
terms, we get that

23 / Uit )(8 — Eu(u)) d Po(u, 8)

=n*P f Yt ) (8 — Fo(u)) d(Py — Po)(u, 8) + Op(1)

and the pointwise asymptotic distribution follows from the central limit theorem.

THEOREM 4.2. Assume Fy and G satisfy conditions (F.1) and (G.1). Fix t >
0 such that fg is continuous at t and fy(t) # 0. Let h = cn™ (¢ > 0) be the

bandwidth used in the definition of ﬁnSM Then fora =1/5

n2/3 (ﬁ,f’M(f) — Fo(t)) ~ N(r.sm, UIZF,SM)’

where

, Fo(®)(1 — Fyp(t))
@4)  prpsu=im@ 0, oRgu=— 0 o / k(u)? du.

For fixed t > 0 the aMSE-optimal bandwidth of h for estimating ﬁ,lSM (1) is given
by hn,p,sm = crsmn~ /3, where

Fo(t)(1 — F 1/
4.5) cF,SM={ "(’)(g(t) o) / k(u)zdu} (m3) £y 025,
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THEOREM 4.3. Assume Fy and G satisfy conditions (F.1) and (G.1). Fixt > 0
such that fy is continuous at t and fi(t) # 0. Let h = cen™V7 (¢ > 0) be the

bandwidth used in the definition of fnSM. Then

n*T(FSM(6) = fo(1)) ~ N (e f.sm. 0F sp)-
where

prsm=bm® {0, ofgy =g [ ¥ w?du.

For fixed t > 0 the aMSE-optimal value of h for estimating fnSM([) is given by
hn, fsm = Cf,SMn_lﬂ, where

Fo(t)y(1 — Fo(t)) [, 177 P
4.6) cf,SM={3 ot / k(u)zdu} (m3) £ (027,

The proof of this result is similar to the proof of Theorem 4.2, hence it is omit-
ted.

COROLLARY 4.4. Assume Fo and G satisfy conditions (F.1) and (G.1). Fix
t > 0 such that Fo(t) <1, fy is continuous in t and f§(t) #0. Let h = en~ V7

(c > 0) be the bandwidth used to compute )A»EM Then
n*7 (M) — ho()) ~ N (1a,sM. 07 sp)-
where
1/2¢%mo (k)
1 — Fy(t)
Fo(t) /‘
2 0 7oN2
o = k'(u)“du
FSMT ()1 = Fo(n)
for t such that (1 — Fo(t)) fy (t) + fo(t) fo(t) #0.
For fixed t > 0 the aMSE-optimal bandwidth h for )A»EM (1) is given by hy, 5 sm =

M, SM =

fo(t)fé(t)>

(fo O+ T RO

of’SMn_lﬂ, where
¢ SM = {3—F°(’) fk/(u)zdu}l/7
’ g1 — Fo(t))
7 m3(k) Fo) fON\2 7
) {(I—Fo(t))2 <f°”(”+ l—Fo(l)) } '

PROOF. The proof uses the same decomposition as the proof of Corollary 3.7,
but now n%/7 R, (1) LN %czmg(k)fé(t). This gives that

P l 2 L— L
T,(t) — 26‘ mz(k)fo(f)(l —Fo()? ’MF’SM(] — Fy(1))?

and 5 sm = i rsm/ (1 — Fo(0) + wrsmfo)/(1 — Fo()*. O
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5. Bandwidth selection in practice. In the previous sections, we derived the
optimal bandwidths to estimate 9y(F) [the unknown distribution function Fp, its
density fop or the hazard rate Lo = fo/(1 — Fp) at a point ¢] using two differ-
ent smoothing methods. These optimal bandwidths can be written as hn’ o) =
cé(F)n_“ for some o > 0 (either 1/5 or 1/7), where o) is defined as the min-
imizer of aMSE(c) over all positive ¢. For example 6y(F) = Fy(t) and 6 (F) =
ﬁnSM(t). However, the asymptotic mean squared error depends on the unknown
distribution Fp, so Car) and hn,é(F) are unknown.

Several data dependent methods are known to overcome this problem by esti-
mating the aMSE, e.g., the bootstrap method of Efron (1979) or plug-in methods
where the unknown quantities, like fo or f/, in the aMSE are replaced by esti-
mates [see, e.g., Sheather (1983)]. We use the smoothed bootstrap method, which
is commonly used to estimate the bandwidth in density-type problems, see, e.g.,
Hazelton (1996) and Gonzalez-Manteiga, Cao and Marron (1996).

For é(F ) = I:",Ns(t) the smoothed bootstrap works as follows. Let n be the
sample size and ho = con ™!/ an initial choice of the bandwidth. Instead of sam-
pling from the empirical distribution (as is done in the usual bootstrap) we sam-
ple X', X5, ..., X3! (m < n) from the distribution FS) (where we explic-
itly denote the bandwidth sy used to compute ﬁ,,SM). Furthermore, we sample

*,1 *,1 A *,1
T, ..., T, " from G, j, and define A;"" = I{XTJSZ;,]}. Based on the sam-

*,1 *,1 *,1 *,1 : : ~SM, 1 .
ple (T;"",A}),.... (T, ", A;;"), we determine the estimator Fm’cm,,/5 with

bandwidth & = cm™!/>. We repeat this many times (say B times), and estimate
aMSE(c) by

B
MSEg(c) = B~ S (FS™M | (6) — By (1))
i=1

m,cm

The optimal bandwidth £, rsm Wwe estimate by ﬁn F.SM = éF’SMn_l/ 5 where
¢r.sMm is defined as the minimizer of I\TSTEg (c¢) over all positive c. For the other
estimators, the smoothed bootstrap works similarly.

Table 1 contains the values of ¢y sy and fzn,p,SM for the different choices of
co and two different points ¢ based on a simulation study. For the distribution of
the X;, we took a shifted Gamma(4) distribution, i.e., fo(x) = (xg!2)3 exp(—(x —
2))1[2,00)(x), and for the distribution of the 7; we took an exponential distribution
with mean 3, i.e., g(t) = %exp(—t/3)1[o?oo). Furthermore, we took n = 10,000,
m = 2000, B =500 and k(1) = 33(1 — t%)>1_1 1(t), the triweight kernel. The
table also contains the theoretical aMSE optimal values cr sy, given in (4.5), the
values of ¢ sm using Monte Carlo simulations of size n# = 10,000 and m = 2000
and the corresponding values of &, g sm and fzn, F.sMm. In the Monte Carlo simula-
tion, we resampled B times a sample of size n (and m) from the true underlying
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TABLE 1
Minimizing values for ¢ and corresponding values of the bandwidth based on the smoothed
bootstrap method for different values of c(, based on Monte Carlo simulations and the
theoretical values

t=4.0 t=6.5
¢F,sM hy, F,sm CF,sM hp, R, sm
cp=5 6.050 0.959 9.150 1.450
co=10 7.350 1.165 10.100 1.601
cg=15 7.700 1.220 12.050 1.910
co=20 7.850 1.244 14.150 2.243
co=25 9.850 1.561 15.500 2.457
MC-sim (n) 6.700 1.062 10.700 1.696
MC-sim (m) 6.750 1.070 11.600 1.838
Theor. val. 6.467 1.025 10.426 1.652

distributions and estimated, in case of sample size n, the aMSE by

B
MSEg(c)=B~' Y (FM _ o (1) — Fo(0))*.

n,cn—
i=1
Then crsm is defined as the minimizer of l\//ETEB (c) over all positive ¢ and
hrsm = EF,SMn_l/S. Figure 2 shows the aMSE(c) for t = 4 and its estimates

MSE p(c) with ¢g = 15 and MSE g(c). Figure 2 also shows the estimator I:“HSM with
bandwidth 2 = 1.7 (which is somewhere in the middle of the results in Table 1 for
co = 15), the maximum likelihood estimator F;, and the true distribution Fj.

_ We also applied the smoothed bootstrap to choose the smoothing parameter for
FnSM(t) based on the hepatitis A prevalence data described by Keiding (1991).
Table 2 contains the values of ¢p gv and fzn r.sMm for three different time points,
t =20, t =45 and t = 70 and for different values of cg. The size n of the hepatitis
A prevalence data is 850. For the sample size m of the smoothed bootstrap sample,
we took 425 and we repeated the smoothed bootstrap B = 500 times. If we take
the smoothing parameter A equal to 25 (which is somewhere in the middle of the
results in Table 2), the resulting estimator FnSM is shown in Figure 3. The maximum

likelihood estimator F}, is also shown in Figure 3.

6. Discussion. We considered two different methods to obtain smooth esti-
mates for the distribution function Fy and its density fj in the current status model.
Pointwise asymptotic results show that for estimating any of these functions both
estimators have the same variance but a different asymptotic bias. The asymptotic
bias of the MSLE equals the asymptotic bias of the SMLE plus an additional term
depending on the unknown densities fo and g (and their derivatives) and the point
t we estimate at. For some choices of fy and g this additional term is positive,
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FI1G. 2. Left panel: the aMSE of f'nSM (4) (dotted line) and its estimates based on the smoothed
bootstrap (solid line) with cy = 15 and the Monte Carlo simulations (dashed lines) with sample
size n (black line) and m (grey line). Right panel the true distribution (dash-dotted line) and its
estimators Iy, FSM yith h = 1.7 (solid line) and Fn (step function).

for other choices it is negative. Hence, we cannot say one method always results
in a smaller bias than the other method, i.e., one estimator is uniformly superior.
This was also seen by Marron and Padgett (1987) and Patil, Wells and Marron
(1994) in the case of estimating densities based on right-censored data. Figure 4
shows the asymptotic mean squared error of the estimators F, MS (1) and F; SM () if
Fy is the shifted Gamma(4) distribution and G is the exponen'ual d1str1but10n with

mean 3, ie. fo) = S5 exp(—(x — 2))I2,00(). (1) = Sexp(—1/3)10,00)
and ¢ = 7.5. For some values of t the aMSE of F,ll\/[S (t) is smaller [meaning that
the bias of I:",iws (¢) is smaller], for other values of ¢ the aMSE of ﬁnSM (¢) is smaller

[meaning that the bias of ﬁ,?M (t) is smaller].
We also considered smooth estimators for the hazard rate Aq, defined as

Ju(t)
1—E,(t)
where f,, and F, are either fMS and F), PMS op f SMand ﬁ SM_ Because A, (1) is
a quotient, we could estimate nominator and denominator separately by choos-

ing one bandwidth 2 = cn~!/7 to compute fn (t) and a different bandwidth i1 =
cin~ /3 to compute F,,(t). However, by the relation

() =

Jo(?)
1 — Fy(t)
it is more natural to estimate fo(¢) and Fy(¢) with the same bandwidth. As for the
estimators for fo and Fy, we cannot say the estimator XMS (t) with bandwidth of
~1/7 is uniformly superior to ASM (t) with bandwidth of order n=1/7.

d
Ro(t) = - —log(1 = Fo(@)| ., =

order n
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TABLE 2

Minimizing values for ¢ and corresponding values of the bandwidth based on the smoothed
bootstrap method for different values of cq and for three different values of t

t=20 t=45 t=170
¢F,sM hu,F,sm CF,sM hn, F,sm CF,sM hy, F,sm
cop=50 107.7 27.947 60.3 15.647 128.9 33.448
co =60 105.6 27.402 67.6 17.541 128.7 33.396
co=170 106.7 27.687 67.8 17.593 127.4 33.059
co =280 101.8 26.416 71.6 18.579 130.4 33.837
co=90 92.5 24.003 70.4 18.268 131.0 33.993
co =100 91.9 23.847 76.5 19.851 127.5 33.085
co=110 90.5 23.484 75.9 19.695 126.2 32.747
co =120 89.8 23.302 80.8 20.967 124.3 32.254
co =130 89.4 23.198 81.0 21.018 124.5 32.306
co =140 84.2 21.849 81.9 21.252 120.2 31.190
co =150 87.3 22.653 88.7 23.017 117.4 30.464

APPENDIX: TECHNICAL LEMMAS AND PROOFS

In this section, we prove most of the results stated in the previous sections. We
start with some results on the consistency and pointwise asymptotics of the kernel
estimators gy, &5, Gn, 8n,1, &, ; and G, 1.

LEMMA A.1.
ing parameter h =n~% (a < 1/3). Then with probability converging to one g, is

1.0

0.8

0.6

0.4

0.2

0.0
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T
40
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Let g, be the boundary kernel estimator for g, with smooth-

FI1G. 3. The estimators ﬁnSM (solid line) and 13" (dashed line) for the hepatitis A prevalence data.
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aMSE

F1G. 4. The aMSE of ﬁli\/ls (1) (solid line) and I:",ISM (t) (dashed line) as function of t in the situation
described in Section 6.

uniformly bounded, i.e.,

(A1) 3C > 0: P( S}J(.)p1]|§n(x)|§C>—>l.
x€|0,

PROOF. First note that without loss of generality we can assume 0 < k(u) <
k(0). Recall that v; g(k) = ffl u'k(u)du for B € [0, 1], for which we have the
following bounds

1 1 1
Vo = 7, vigl < 3E|U], 5 Varp U < vy g < Var; U,

where U has density k. Combining this, we get that vo gv2 g — v% gz %Vark |U| >
0, so that we can uniformly bound the kernel k? by

1)2’ — \)1’ u
kP )] = | —2L L2 k)1 1,1 ()
V0.6V2.8 = Vi g

= 1/4Vary |U|

For the boundary kernel estimate g,,, we then have

18n(x)| = \hl / kP ((x — y)/h) dG, (y)

< h™'ek(0)|Gy(x + 1) — Gy (x — h)|
<h™'ck(0)|G(x +h) — G(x +h) — Gp(x —h) + G(x — h)|
+h7 ek (0)(G(x + h) — G(x — h))
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< ck(O)n“—l/zzsug ViIGy(y) — G| + 2lIgllecck(0)
y=

= 0,(n* ™) + 2|l gllocck(0).
Since this bound in uniform in x, (A.1) follows for C = 3||g|lcock(0). U

LEMMA A.2. Assume g satisfies conditions (G.1) and let G, (A}n,l, 8ns 8n.1s
§, and g, | be kernel estimators for G, G1, g, g1, §' and g| with kernel density k
satisfying condition (K.1) and bandwidth h = cn™ (¢ > 0). For a € (0,1/3) and
m=>0

~ P ~ P
sup |8, (1) — g(t)] — 0, sup g, (1) — g'(1)] — 0,
te[m,00) te[m,00)
(A.2)
sup  G(t) — G(1)| 2> 0,
t€[0,2My]
N P N , P
sup gn,1(1) —g1(H)] — 0, sup [8,1() — g1 ()| — 0,
te[m,o0) te[m,00)
(A.3)

~ P
sup  |Gp,1(2) — G1(1)] — 0.
+€[0,2My]

PROOF. Let g¥ be the uncorrected kernel estimate for g and note that by prop-
erties of the boundary kernel estimator we have for all x > &
Ene) = g ().
Hence, the first two results in (A.2) follow immediately from Theorems A and C
in Silverman (1978). To prove the third result in (A.2), fix M > My, € > 0 and

choose 0 < § < ¢/(2C) such that G(6) < /4, where C is such that (A.1) holds.
For all x > 0 and n sufficiently large (such that & = h;, < §), we then have

1Gn(x) — G(x)| <8 sup |8, + G(8) + sup|G,(y) — G(Y)|.
y€[0,8] y=é

The right-hand side does not depend on x so that
P(|Gy — Glloo > €)

< P(5 sup 18 ()] +G®) +upl Gl ~ GOl > €)
y€l0.6] y=zé

< P(5 sup |8, ()| +G(®) +suplGli(y) — G(y)| > e)

yel0,1] y=8
= P([8 sup 1)1+ G®) +suplG(y) — G(y)| > e]
y€[0,1] y=4

n {y:%gl]@n(yn <c})
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+P({8 sup 18] +G ) +supl Gl () — G| > e}
y€[0,1] y=4

n {y:;logl]@n(y» >cl)

< P(suplGi(y) — G| > €/4).
y>4

The last probability converges to zero as a consequence of Theorem A in Silverman
(1978), hence |Gy — Gloo —> 0.

For the first result in (A.3), define a binomially distributed random variable
Ny =3"_;A; with parameters n and p = P(Ay =1) = [ Fo(u)g(u) du, and the
probability density g(¢) = g1(¢)/p. Let Vi, ..., Vy, be the T; such that A; =1,
and rewrite g, 1(¢) as # 25\21 kp(t —V;) = %(QNI (#). Then we have by the trian-
gle inequality

. . N1 R - R Ny
l&gn1— gilloo =||gNny— — 8P| =Pl&n, — &lloo + &N lloo|— — P|-
n 00 n

The first term on the right-hand side converges to zero in probability by Silverman

(1978), since N LN oo as n — 00. For the second term on the right-hand side,
note that
I8N oo =118 + &Ny — &lloo < 18l + 118N, — &lloos

where the last term again converges to zero in probability by Silverman (1978).
Combining this with the Law of Large Numbers applied to |% — p| gives that

128, ool Xt — p| 25 0 as n — 00, hence [12,.1 — g1lloo —> 0. The proofs of the
other results in (A.3) are similar. [

LEMMA A.3. Let g, and g,.1 be kernel estimates for g and g; with kernel
density k satisfying condition (K.1) and bandwidth h = cn™ (¢ > 0). Fix t > 0
such that fy' and g" exist and are continuous at t. Then for o = 1/5,

N 1.2 /7
25(( &n(®) > _ ( g(1) )) . Fc ma(k)g" (1)
A ((én,l(t) g1(1) N Lma(k)gy (1) - 21
with

_ -1 2 g) gi(®)
(A-5) Bi=c /"(”) "”(gm) gl(r))'

ForO<a <1/5,

% (8, (1) — () 2> Lma k) g" (1)
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and
2 (801 (1) — £1(1) > LPmakrgl ().

Let g, | and g, be as defined in (3.7). Then for fixed t > 0 such that f()(3) and g
exist and are continuous at t and o = 1/7,

~ 1.2 (3)

/ / ma(k)g'> (1)
A 2/7(( A(g:n(l) ) _ (g,(t) )) 5¢°my 5
“.6) n gn1(0) g @) N 1ma (g (1) :

with

32 gy &)
A7) =c [Kw d“(gl(n g1<t>)‘

PROOF. We start with the proof of (A.4). Define
Y = <Yi;l> _ 305 ( kp(t —T;) )
l Yio kn(t —T)A; )

By the assumptions on fy and g and condition (K.1), we have

EY; = =35 ( g(t) + sh2my(k)g" (1) + O (h?) )
| g1(t) + 3h*ma (k)] (1) + Op(h?) )7

. o1 2 g) gi() ~1/5
2 Varti = Jraran( 50 5E) + o,

By the Lindeberg—Feller central limit theorem, we get

~ 1.2 "
25(( &n(t) ) _ ( g(t) )) [ 2eTm2(k)g" (1) "
n <<§n,l(t) gl(t) %C2m2(k)g/1/(t) N(O, El)a
where X is defined in (A.5).
1

To prove that n2%(g,(t) — g(1)) LN §c2m2(k)g”(t) for 0 < o < 1/5, define
Wi =n**k;,(t — T;). Since we have

EWi — n2(x—l (g(t) + %hzg//(t) + Op(hZ)),
nVar Wy = >l g(1) / kW) du + 0,(n* ") = 0, ™),

we have that ) Var W; — 0 for 0 < @ < 1/5, hence

1 & . 1
n(; Z W, — EW1> = nzo‘(gn(t) —g() - Eczmz(k)g”(t) +0,(1) 0.
i=1
Similarly we can prove that n2* (g, 1(t) — g1(1)) LN %czmz(k)gi’(t).
The proof of (A.6) is similar as the proof of (A.4). U
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Using these results we now can prove the results in Section 3.

PROOF OF LEMMA 3.2. The proof of the inequalities in Lemma 3.2 is based
on the Monotone Convergence theorem (MCT). Denote the lower convex hull
of the continuous cusum diagram defined in (3.2) by ¢ (Gn (1), C, (1)) for
t €0, 7], where T = sup{t > 0: g, 0(¢) + g».1(t) > 0}. By definition of this convex
hull, we have for all r > 0

Goa(1) = / 101 ) d Gt (u) > / 10.11(t) dC (1)
(A.8)

= [ E¥SG0110.000 a6y tw).
The function 1j ;)(#) is decreasing on [0, co). Consider an arbitrary distribution

function F on [0, oo) and write p(¢) = —log F(¢). Then, on [0, t], the function p
can be approximated by decreasing step functions

m
Pm(t) :Zail[o,xi](t) witha; >0ViandO<x;1 <---<x, <T.
i=1

The functions p,, can be taken such that p,, 1 p, on [0, 7]. For each m, we have

/ P dGy () =3 f ai 1051 (1) dGp1 (1)
i=1

(A.9) = f ailjo,x1(1) dCy(t)
i=1

_ / P EMS (1) dG (1),

The MCT now gives that for each n
Jim [ pn®dGoi) = [ p0)dGri) =~ [10g F©) G0,

Jim [ pn®dCaoy = [ pydC, =~ [ F¥S)10g F0)dGy(o).

Combined with (A.9), this implies the first inequality in Lemma 3.2.
To prove the second inequality in Lemma 3.2, it suffices to prove

(A.10) flog(l — F(1))dGy 1 (1) z/ﬁ,llvls(t)log(l — F0))dG, (),
since

/log(l — F(1)dGpo(t) = / log(1 — F(1))d(Gp — Gn.1)(2).
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The proof of (A.10) follows by a similar argument. Then we use approximations
qm(t) of the decreasing function ¢(¢) = log(1 — F(¢)) such that g,, 1 g to prove
(A.10).

For the equality statements for F' = ﬁys in Lemma 3.2, we can also use the
monotone approximation by step functions, restricting the jumps to the points of
increase of ﬁ}l\/ls [i.e., points x for which ﬁ,llvls (x+¢€)— I:",Ns(x —¢€) > 0 for all
€ > 0] implying equality in (A.9). [J

PROOF OF THEOREM 3.3. Take 0 <m < M < My. By assumption (G.1) and
Lemma A.2, with probability arbitrarily close to one, we have for n sufficiently
large that g, (¢) > O for all € [m, M]. We then have that anaive(t) =8n1()/8n(t)
is well defined on [m, M] and to prove that ﬁ,{‘aive (t) is monotonically increasing
on [m, M] with probability tending to one, it suffices to show that 3§ > 0 such that
vn >0

d o~
(A.11) P(Vr € [m, M]: EF;alve(t) > 6) >1—n

for n sufficiently large. We have that

k)

d ~naive = gn ()&, 1(t) — &n.1(1)8) (1)

dt [8n(1)]?

which is also well defined.
To prove (A.11) it suffices to prove 3§ > 0 such that Vi > 0

(A.12) P(Vt € [m, M1:8,(1)8, 1 (1) — §n,1(1)8, (1) 2 8) > 1 — 1

for n sufficiently large. For this, we write
En()8 1 (1) — &n1 ()G, (1)
=80()(&n.1 (1) — &1(1D) + &n1 () (8' (1) — &, (1))
+81(0(@n (1) — 1)) + &' 1) (g1(1) — &n,1(D)) + g()g (1) — &' (1) g1 (1)
>~ sup [£, (1) =g (] sup &n(t)

telm,M] te[lm,M]

— sup |8,(t) —g' (O] sup gn1(2)
te[lm,M] telm,M]

— sup |g,(t) —g@®)| sup g ()
telm,M] telm,M]

— sup |gn1(1) —g1(®)| sup g'(r)
telm,M] telm,M]

+ 820 fo ).

By Lemma A.2 and assumptions (F.1) and (G.1), we have that (A.12) follows for
8 < infyepm,m 821 fo1). O
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PROOF OF COROLLARY 3.4. Fix § > 0 arbitrarily. We will prove that for n
sufficiently large
P(FMve(ry = FMS(1) for all t € [m, M]) > 1 — 6.
Define for n; € (0, m), n2 € (0, Mo — M) and n > 1 the event A,, by
A, = {ﬁ;aive (¢) is monotonically increasing and g, (1) > 0
fort € [m —ny, M + 21}

By Lemma A.2 and Theorem 3.3, we have for all n sufficiently large P(A,) >
1—4/10. A
Define the “linearly extended G, 1” by
G 1 (m) + (Gu (1) — G (m)) EFVe (m), for t € [0, m),
Cr(1) =1 Gn1(1), for t € [m, M],

Gu1 (M) + (Gu () = Ga(M)) EJ*Y (M), fort € (M, Mo).

It now suffices to prove that for all n sufficiently large
(i) P({(Gn(t), C}(1)):t > 0} convex) > 1 — 8/2,
(i) P(Vr€[0, Mo]:C;i(1) < CA}n,l(t)) >1-4/2.

Indeed, then with probability > 1 — § the curve {(Gn (), C;(t)):t > 0} is a lower
convex hull of the CCSD {(G (1), Gn.1(1)):t > 0} with C*(t) = G, (¢) for all
t € [m, M]. From this, it follows that C;;(t) = C,,(¢) for all t € [m, M], hence also
C,(t)= Gn,l (t) for all ¢ € [m, M]. This implies that for n sufficiently large

dGpi(1) _ dCy(t) _
dG, ()  dGu()

P(Vt € m, M]: FMVe(1) = ﬁ,?’ls(z)) >1—38.

We now prove (i). For the intervals [0,m) and (M, My] thei curve j(én (1),
Cy(t)):t > 0} is the tangent line of the CCSD at the points (G,(m), G, 1(m))

and (én (M), (A}n, 1(M)), respectively, so on the event A, the curve is convex. This
gives for n sufficiently large

P({(G (1), C}(1)):1 = 0} convex) > P(A,) > 1—5/10>1—6/2.

To prove (ii), we split up the interval [0, My] in five different intervals 7| =
[0,m —m), Io=[m—ni,m), I3 =[m,M], s = (M, M + n2] and Zs = (M +
12, Mo] and prove that for 1 <i <5

(A.13) P(C,-):P(VteIi:C:(t)fGn’l(t))21—5/10.

Fort € I3, C;(t) = CA}n,l(t), hence (A.13) holds trivially. For the interval 7, we
use that

(A.14) Gn,l (u) — (A;n,l(v) = (én(bt) _ én(v))ﬁ:aive(é__)
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for some & € [u, v] (depending on u and v). This gives
P(Vt €Ty: G (t) — Cr (1) = 0)
= P(V1 € To: (G (t) — Gp(m)) (EMY(£) — MV (1)) > 0)
= P(Vt € Tp: F"Ve(g) — FMVe (i) < 0) > P(A,) > 1 —8/10.

For 74, we can reason similarly.
Now consider (A.13) for i = 1. For every ¢ € 7, we have

G1(1) — Gi(m) — Fo(m)(G (1) — G(m))

(Fo(m) — Fo(u)) dG(u)

m
=

/

[ (R = Fotwy) aGw).
-1

This means we have

Gn1(t) — CE(1)
> Gn1 (1) — G1(t) + G1(m) — Gy 1 (m) + Fo(m)(G (1) — G, (1))
+ Fo(m)(Gp(m) — G(m)) + (EM(m) — Fo(m))(G(m) — G, (1))

m
+/ (Fo(m) — Fo(u)) dG(u)
m—mn
> 2(Gn1 — Gilloo — 211Gy — Glloo — 2| EM¥¢(m) — Fy(m)|

m
+/ (Fo(m) — Fo(u))dG (u).
m—n,
By assumption (F.1), we have f,:l"_m (Fo(m) — Fo(u))dG (u) > 0so (A.13) follows
for i =1 by Lemma A.2 and the pointwise consistency of ﬁ,?aive.

For i =5, the proof of (A.13) is similar as fori = 1. [

To prove the results in Section 4 and the results below, we use piecewise con-
stant versions of the functions v, ; and ¢ ; defined in (4.1). These functions are
constant on the same intervals where the MLE ﬁn is constant. Denote these inter-
vals by J; =[7i, Ti+1) for 0 <i <m — 1 (m < n and 19 = 0) and the piecewise
constant versions of ¥, ; and ¢y, ; by &h,z and ¢y, ;. For u € J; these functions can
be written as ¥y, ; () = ¥ (A, () and @y, () = @(A,(u)) for A, (u) defined as

A T, if V1 € J; : Fo(t) > Fu(1o),
(A.15) An(u) =y s, if 3s € Ji : Fu(s) = Fo(s),

Ti+1, ifVt € J; : Fo(t) < F,(13),

for u € J;, see also Figure 5.
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" / Fo Fo

i = An Tit1 Ti s=A, Titl Ti Tiv1 = An
(a) (b) (c)

FIG. 5. The 3 different possibilities for the function An. (a) Fo(t) > Fy(t;); (b) Fo(s) = Fu(;);
(©) Fo(r) < Fu(7;).

We first derive upper bounds for the distance between the function v, ; and its
piecewise constant version ¥, ; and between ¢, ; and @, ;.

LEMMA A.4. Lett > 0 be such that fy is positive and continuous in a neigh-
borhood of t. Then there exists constants c1,cy > 0 such that for n sufficiently
large

(A.16) Wrne (1) — Yrpe ()] < %uﬁn(u) — Fo()|1(j1—u|=h)»
(A.17) \@n.s (1) — e ()] < %|ﬁn<u> — Fo() |1 {jy—u|<h).

PROOF. For n sufficiently large, we have for all s € Z; = [t — h, t + h] that
fo(s) > % fo(t). Fix u € Z;, then the interval J; it belongs to is of one of the fol-
lowing three types:

(i) Fo(x) > Fy (%) forall x € J;.
(1) Fo(x) = Fy (x) for some x € J;.
(i) Fo(x) < Fy(t;) for all x € J;.

First, we consider the situation where ﬁn (u) = Fy(u). Then by definition of 1/_fh .

Vi ) =Y (),

so that both the left- and the right-hand side of (A.16) are equal to zero, and the
upper bound holds. Note that for each Fn (u) = Fy(u) implies /in (u) = u, because
Fy is strictly increasing near ¢.

Now, we consider the situation where }:“,1 (u) # Fo(u). For v, & € J;, we get by
using a Taylor expansion

| F () — Fo(u)| = | F (v) — Fo(w)]
= |F (v) — Fo(v) — (u — v) fo(&)].
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Now, we have three posibilities. If An (1) = t;, then we have that Fy(t;) — 1:",1 (t;) >
0 giving that
| () = Fo(w)| = | Fu(wi) = Fo(z) — (u — 1) fo (&)
= | = %) fo(§) + Fo(t)) — Fu(w)]
> |u — 7| fo(§).
If An (u) = v for some v # u € J;, then we have that I:",, (v) = Fy(v), so that
| Fau) — Fo(u)| = | Fy(v) — Fou)| = | Fu(v) — Fo(v) — (u — v) fo(§)|
= [u —v[ fo(§).
If An(u) = 741, then we have ﬁn(fi+l—) — Fo(ti41) > 0 giving that
| Faw) = Fo(w)] = | Fu(ti1-) — Fo(tie1) — (u = Tit1) fo§))
= (i1 = w) fo§) + Fn(ti41-) = Fo(ti+1)]
> |Tit1 — ul fo§).
For v € [1;, Ti41], this gives
| Fn () = Fo)| = lu = vl fo(€) = 3 fo)|u — v| = 0.
Since it also holds that
Wt @) = Yt )| = Y0 (V) = Ye ()] < ch ™o —ul,
(@,1 () = @, )] = |@n,e (V) = @n,r (W] < ER |0 — ul
the upper bound in (A.16) holds if ¢; = 2¢/fo(¢) and the upper bound in (A.17)
holds if ¢, = 2/ fo(t). O

To derive the asymptotic distribution of ﬁ,,SM (t) we need a result on the charac-

terization of F,, and some results from empirical process theory, stated in Lemmas
A.5 and A.7 below.

LEMMA A.5. For every right continuous piecewise constant function ¢ with
only jumps at the points ty, ..., T,

[ 66 = Fuw) a5 =0.

PROOF. By the convex minorant interpretation of F,, we have that

/ 5 dPy (, 8) = / Fo(u) P, (u, 8)
(i, Tir1) x{0,1} [T, Ti+1)x{0,1}
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for all 0 <i <m — 1 (with tp = 0). This implies that
| P (6 — Fu) AP (u, 5)
[7i,Ti4+1)x{0,1}

= 9(w) (8 — F(u))dP,(u,8) =0
[Ti,7i41)x{0,1}

Hence,

] 0()(5 — Fo(w) dPy(u, 8)

= Z f @u)(8 — Fp(u)) dP,(u,8) = 0.

Tz+l)X{0 1} U

Before we state the results on empirical process theory, we give some definitions
and Theorem 2.14.1 in van der Vaart and Wellner (1996) needed for the proof of
Lemma A.7.

Let F be the class of functions on Ry and L,(Q) the L;-norm defined by a
probability measure Q on R, i.e., for g € F

Ly(Q)gl=llgllg.2 = (/R+ IgIdQ)1/2.

For any probability measure Q, let N(e, F, L2(Q)) be the minimal number of
balls {g € F:llg— fllg,2 < €} of radius € needed to cover the class F. The entropy
H(e, F, Lr(Q)) of F is then defined as

H(e, F, L2(Q)) =log N (¢, F, L2(Q))
and J (8, F) is defined as

s
J(G,F) =supf V1+H(e, F,L2(Q)) de.
o Jo

An envelope function of a function class F on Ry is any function F such that
|f(x)] < F(x)forallx e Ry and f € F.

THEOREM A.6 [Theorem 2.14.1 in van der Vaart and Wellner (1996)]. Let Py
be the distribution of the observable vector Z and F be a Py-measurable class of
measurable functions with measurable envelope function F. Then

E sup
feF

/fd«/ﬁ(IP’n — Py ST F)F I pa

where < means < up to a multiplicative constant.
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LEMMA A.7. Assume Fy and G satisfy conditions (F.1) and (G.1) and let
h:[0,00) x {0, 1} = [—1, 1] be defined as h(u, §) = Fo(u) — 8. Then for < 1/5
and n — o0

(A.18) R, =n* / Vi () (F () — Fow)) d(Gy — G) () = Op(1),
(A19) S, =n* /{lﬁh,z(u) — Y (}th(u, 8) d(Pp — Po)(u, 8) = Op(1).

PROOF. Define Z; = [t — v, t + v] for some v > 0 and note that by (2.5) and
(2.6) for any n > 0 we can find M, M> > 0 such that for all n sufficiently large

P(Evnmy) = P(sup| £ () = Fo(w)| < Min~"logn)

uel;
(A.20)
=1-n/2,
P (&) = P(supl A, () —u| < Mon™"logn)
uel;
(A21)
>1-n/2

Also note that ||| < 1. Moreover, denote by A the class of monotone functions
on Z;, with values in [0, 2¢]. Then we know, see, e.g., (2.5) in van de Geer (2000),
that for all § > 0

H(S, A Ly(Q) <687

for any probability measure Q. For the same reason, the class By, of functions of
bounded variation on [0, 2¢], absolutely bounded by M, has entropy function of
the same order:

H(8, By, L2(Q)) <871 forall§ > 0.

Let us now start the main argument. Choose n > 0 and M|, M, > 0O related
to (A.20) and (A.21), correspondingly. Let vy ,, v2, be vanishing sequences of
positive numbers and write

P([[Ral > vin]) = P([[Ru] > vi.a] N ELnaa) + PUIRA| > vin] NEL, 1))
< P([[Ra] > viadNELmy) +0/2 < v EIRullgy,  +1/2,

P({ISn] > vanl) < P([USnl > v2n] N E2n,my) +1/2 < vz_,,l,EISnIlgz_n_M2 +n/2.

Here, we use the Markov inequality, (A.20) and (A.21). We now concentrate
on the terms V[yle|Rn|1€1,n,M1 and vz_’,llE|Sn|lgz,n,M2. We show that if we take,
e.g., Vi, = enPi(logn)? for f; = 5/6 — Ta/2 and Br = 5/6 — 4a and any
& > 0 these terms will be smaller than n/2 for all n sufficiently large, showing
that R, = O,(n~P1(logn)?) = 0,(1) and S, = O,(n~F2(logn)?) = O,(1) for
o <1/5.
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We start with some definitions. Define for
Cn(u) = %11‘ (u),
the functions 4 g , and {p , by
§a,B,n(u) = Cn(A()B(u),
¢, 8) =n'3"*(ogn) " h(u, 8)(Cy(n~"?Bu)logn + u) — C,(u))
and let

Gin=1{aBn:Ac A BeBy,}, Gon=1{¢B,n:B € Bu,}.

Note that by condition (K.1) |C,,(#) — C,(v)| < n®plu — v| for all u, v € Z; and
some constant p > 0 depending only on the kernel &, the point ¢ and the constant c.
Also note that both classes G; , and G> , have a constant p; times 17, as envelope
function, where the constant p; only depend on k, ¢, c and M;,i =1,2. For« , =
n3=3/6logn and k3 , = n**=3/®logn, we now have that

E[Rulle,, i,

<E sup

p20—1/3 logn/W(A(M))B(”)d(G” — G|l u,
AeA,BeBy,

<k1,E sup

/ £) d/n (G — G)(w)

segl,n
and
E|Sn|1€2,,l’M2
<E sup nza_l/th(u,é)
BGBM2

x ¥ (n" 3 Bu)
x logn +u) — Y (u)} d/n(®, — Po)(u, )
X 152,n,M2

<E sup k2,
{€g2,n

/«u,a)dﬁ(m — P, ).

To bound these expectations, we use Theorem A.6. Using the entropy results
for A and By together with smoothness properties, we bound the entropies of the
classes G1 , and Gy ,. Therefore, we fix an arbitrary probability measure Q and
§>0.
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We start with the entropy of Gy ;. Select a minimal n=%5/(2pM1)-net Ay, ...,
Ay, in A and a minimal 6/(2||Cp|lo0)-net By, Ba, ..., By, in By, and construct
the subset of Gy , consisting of the functions &4, p Jon corresponding to these nets.
The number of functions in this net is then given by

NaNg =exp(H(n"*8/(2pM1), A, L2(Q)) + H(8/lICnlloc), Bu,» L2(Q)))
< exp(Cn®/3),

where C > 0 is a constant. This setis a §-netin Gj ,,. Indeed, choose aé =&, g, €
G1,» and denote the closest function to A in the A-net by A; and similarly the
function in the By, -net closest to B by B;. Then

I§4,8,n —§4;,B,.nll 0,2
<|CulloollBC:) = Bj()llg.2 + Mil|Ca(A;i (1)) — Co(A( ) 0.2
<8/2+ Mypn®|A; — Allg2 <6.

This implies that

H(3,Gin, L2(Q)) Sn”/8

and

1)
J(8,G1,0) < /0 \/1 + H(e,G10, L2(Q))de S n/2./s.

To bound the entropy of G, ,,, we select a minimal (6/p)-net By, Bz, ..., By in
B, and construct the subset of G, ,, consisting of the functions ¢p, , correspond-
ing to this net. The number of functions in this net is then given by

N =exp(H(8/p, Bu,, L2(Q))) < exp(C/$),

where C > 0 is a constant. This set is a §-net in G» ,,. Indeed, choose a £ = ¢{p , €
G>,, and denote the closest function to B in the By,-net by B;, then

||§B,n - ;B,—,n”Lz(Q)
<n'F(ogn) " 1Al
x |Ca(n P B(-)logn +-) = Co(n ™ Bi() logn + )| o)
<n'*~*(logn)~'n®pn""logn||B; = BllL,0) <.

This implies that

H(S,G20, L2(0) S 1/8 and  J(8,G2.0) S V6.
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‘We now obtain via Theorem A.6 that

/ £) dv/i(Gy — G)(u)

E[Ru|lg, v, < Kl,nEESgP
€Yin

Sk (1,G1,) <n/2=5/61ogn,

/q(u,s)dﬁ(m - Po)(u,a)‘

E[Sulley, p, < k20 E {sgp
€2

Skand (1,Gop) Sn**=5/Clogn.

Hence, we can take v; , = en % (log n)? for B1 =5/6 —Ta/2, B =5/6 — 4a and
any ¢ > 0 to conclude that

nb nb < 1
P(———|R,|>¢) < ———E|R,|I 2 2 <,
(gl =€) = s E Rl ey, +1/2S o /2 <

nb2 nh2 5 < 1 )
Pl———|S e)l<—=F|S,|1
((logn)2| | > )_s(logn)2 Sulles s, +1/25 o /2 <

for n sufficiently large. [
With this lemma, we now can prove Theorem 4.2.

PROOF OF THEOREM 4.2. Using the piecewise contant version l&h,t of Yp s,
we can write

/ Vi) (8 — Fu(u)) dPo(u, 8) = / T @) (8 — Fu(u)) d Po(u, ) + Ry,
where for 1 = cn™% and n sufficiently large
|R,| < c1h™? |Fo(u) — F,(u)?dG ) = 0,(n* >3 = 0,(n™*)
u€t—h,t+h]
by (2.3) and Lemma A.4. So we find
n2 / V(@) (8 — Fou)) d Po(u, 9)

=n* f Vit (u)(8 — Fo(u)) d(Po — Pp)(u, 8) + Op(1)
using that n’*R,, = O, (1), Property A.5 and (A.18). By (A.19), we get
2 [ 006 = Fo(w)) d(Po — Ba) )

=n% / Vn ) (8 — Fo(u)) d(Po — Pu)(u, 8) + O ().
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Applying the central limit theorem with o« = 1/5, gives
w2 [ a6 = Fow) d(®y = Po)(w,8) ~ N0, 07 3)
for 01%’ gM as in (4.4). Note that now
n*P(EM(0) = Fo0))

=I’l2/5j1//h,t(u)(8 — Fo(u))d(P, — Po)(u, 8)

+n?/> (/ Kp(t —u)dFo(u) — Fo(t)) > N(Lr.sw. oF su)-

To find our optimal bandwidth A, opt, we minimize the aMSE with respect to ¢

A 1 Fo(t)(1 — Fy(t
aMSE(FM, ¢) = Setm2 (o) £ 1) + 1 00 = Fo0) /k(u)zdu,
4 g()
which is standard a minimization in ¢, yielding (4.5). O
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