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Abstract

In Groeneboom (1985, 1989) a jump process was introduced that can be used (among
other things) to study the asymptotic properties of the Grenander estimator of a monotone
density. In this paper we derive the asymptotic normality of a suitably rescaled version of
the L; error of the Grenander estimator, using properties of this jump process.
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1 Introduction

Let f be a decreasing density with support [0, 1]. Denote by F), the empirical distribution
function of a sample Xi,...,X,, from f. Let F), be the concave majorant of F,, on [0,1],
by which we mean the smallest concave function such that

E,(t) > Fu(t), t €[0,1], and F,(0) = 0, Fy,(1) = 1.

The Grenander estimator fn is defined as the left derivative of Fn

In GroENEBOOM (1985) the asymptotic behavior of fn was investigated. Instead of
studying the process { f,,(t),¢ € (0,1)} itself, the better tractable (inverse) process {U,(a) :
a € [f(1), f(0)]} was studied, where U,(a) is defined as the last time that the process
F,(t) — at attains its maximum:

Up(a) = sup{t € [0,1] : F,,(t) — at is maximal}. (1.1)

A new proof, based on the inverse process U,,, was given of a result in PRAKASA RA0 (1969)
on pointwise weak convergence of fn In GrROENEBOOM (1985) also analytical properties
of the weak limit of the locally rescaled process U, (a) were discussed and it was indicated
how the process U, together with a Hungarian embedding technique could be used to
prove asymptotic normality of the L error

A L
o= £l = [Vt = 0]t (12)

The analytical properties of the limit process a — V(a) were made rigorous in GROENE-
BOOM (1989) and at the same time it was mentioned that a rigorous treatment of the
asymptotic normality of the L; error would appear elsewhere. This paper fulfills that
promise.

We feel that this result is important, since the problem of estimating a monotone
density is closely related to several other (inverse) problems, e.g., estimation of the distri-
bution function of interval censored data (see, e.g. GROENEBOOM AND WELLNER (1992)),
and estimation of a monotone hazard function, and since the result was referred to by sev-
eral authors, see, for instance, DEVROYE AND GYORFI (1985), pp. 213 and 214, DEVROYE
(1987), p. 145, CsORGO AND HORVATH (1988), BIRGE (1989), and WaNG (1992). Recently,
the result has been taken up again in the context of nonparametric regression, see DUROT
(1996). In fact, the methods used by DuroT (1996), whose work was done independently,
are closer in spirit to the methods, suggested in GROENEBOOM (1985), than our present
paper, which relies on ideas, developed in GROENEBOOM (1989). In both settings, the proof
relies heavily on the fact that Brownian motion has independent increments. One of the
main differences between the model, considered in DurROT (1996), and the present paper
is that in the regression setting one can make a direct embedding into Brownian motion,
whereas in our case we can only make such a embedding into the Brownian bridge and we
need rather delicate arguments to make the transition to Brownian motion (Corollary 3.3
in the present paper).



The main result can be stated as follows. Define
V(c) = sup{t: W(t) — (t — ¢)* is maximal}, (1.3)

where {W(t) : —oo < t < oo} denotes standard two-sided Brownian motion on IR origi-
nating from zero (i.e. W(0) = 0).

Theorem 1.1 (MAIN THEOREM) Let f be a twice differentiable decreasing density on
[0,1], satisfying

(A1) 0 < f(1) < f(t) < f(s) < f(0) < o0, for 0 <s<t<1.

(A2) 0 < inf |f'(¢)] < sup |f'(t)] < oo.
t€(0,1) t€(0,1)

(A3) sup |f"(¢)] < .
t€(0,1)

Then with pn = 2E|V (0)| [y [3.//(t) f(£)["/3 dt,

a0 L3 [ 15u0) - 50l bt -

converges in distribution to a normal random variable with mean zero and variance o
8 J5° cov(|V(0)], |V (c) — ¢l) de.

2:

Actually, this is precisely the theorem, as stated in GROENEBOOM (1985) (with the same
conditions). In that paper, however, a sketch of proof of two pages was given, whereas,
unfortunately, we need a lot more pages to write down all the details (an experience shared
with Cécile Durot in her work on the regression problem). The difficulty in proving a result
of this type stems from the fact that the Grenander estimator is a non-linear functional of
the empirical distribution function. For this reason methods of proof are needed that are
very different from those used in, e.g., CSORGO AND HORvATH (1988), where the linearity
of the kernel estimators is used in an essential way.

In Section 2 we show

. £(0)
=Sl = [ 10(@) @) da+ op(n"), (14)

where g denotes the inverse of f (see Corollary 2.1). In this section we also obtain an
exponential upper bound for the tail probabilities of V.Z(a) = n'/3(U,(a) — g(a)).

In Section 3 the process a — V,F(a) is approximated (using Hungarian embedding)
by a process a +— V,B(a), defined for the Brownian bridge. The process VP is in turn
approximated by a similar process a — V¥ (a), defined for Brownian motion. A key tool
for the results in this section is Lemma 3.4, showing that the probability of a jump of V.2
and VnW in an interval of length hn~1/3 is of order h, if h is not too small. We suspect that
the restriction “not too small” is actually not needed, but this restriction arises naturally
in the present approach. The methods in this section are motivated by results that hold
in the “canonical setting” of the process V', studied in GROENEBOOM (1989).



Another key observation that makes things work in Section 3 is that, although we can-
not construct a Brownian motion and a Brownian bridge which are close in the supremum
distance on [0, 1], we have that, if

W(F(t)) = B(F(t)) + EF (1),

where B is the Brownian bridge on [0, 1], and £ is a standard normal random variable,
independent of B, the associated processes of locations of maxima V,? and V'V, defined
for Bo F' and W o F', respectively, are very close indeed.

The results in Section 3 imply that it is sufficient to prove that

0

o [ (V3 (@) - B ()] da
@)

tends in distribution to a normal distribution with expectation 0 and variance o2, where o

is given in Theorem 1.1. In Section 3 the process V,)" is also shown to be strongly mixing.

This leads to a central limit theorem which is proved in Section 4 by using Bernstein’s

method of big blocks and small blocks. Throughout, it will be assumed that conditions

(A1) to (A3) hold.
2 Localization.
In this section we show that the distribution of the random variables

V.l (a) = 0 (Un(a) - g(a)) (2.1)

have exponentially fast decreasing tails. This will enable us to compare the process U,
locally with a similar process, defined for the Brownian bridge. For s < t, we use the
following abbreviations:

Fo(s,t) = Fu(t) — Fu(s),
F(s,t) = F(t)—F(s).

Lemma 2.1 Let a € [f(1), f(0)] and let ty = g(a). Then

F,(to,t t -1/3
P{V,P(a) > 2} < P sup (0’)2 f(to)zn .
teftoran-1/3,1] F(to,t) — F(to,to +an~ /3)

for each x such that tg < tg + zn~ /3 < 1, and

o Bet) o flio)an!
pPivVE -z} <P <
{Vi(a) < o} < {te[O,tolilﬂml/S} F(t,tg) — F(to — :Cn—l/37t0) )

for each x such that 0 < tog — zn~ Y3 < t,.



Proof: For each x, such that tg < to + zn /3 < 1, we have

P{VE(a) > 2} < P{F,(to,t) — a(t — to) > 0, for some t € (to +an"/3 1]}, (2.2)
and for each z such that 0 < tg — zn~1/3 < to:

P{VE(a) < =z} < P{E,(t,to) — a(to —t) <0, for some t € [0,y — zn"/)}.  (2.3)
The probability on the right-hand side of (2.2) can be written as

Fulto,t) _ f(to)(t — to)
P {F<t007t> 2 F o)

, for some t € (tg + an~ /3, 1]} . (2.4)

Since the function

flto)(t —to)

t pe—
)= =Tt
is increasing for ¢ € (tp, 1) (using the monotonicity of f), it follows that (2.4) is bounded
above by
F -1/3
p sup nlfo,?) > flto)am 173y (-
tetotan-1/3,) F'(to,t) — F(to,to +an~ /3)

Similarly, the probability on the right-hand side of (2.3) can be bounded from above by

~1/3
p . F,(t,to) < flto)xn .
te[0,tp—xn—1/3) F(t, t()) F(tO - xnil/Ba tO)

To bound the probabilities given in Lemma 2.1 we will apply Doob’s inequality to
suitably chosen martingales. These martingales are given in the next lemma.

Lemma 2.2 Let 0 <ty < 1. Consider, for n fixed, the processes

Fu(to,t)
t M, (t) = =222 e (4,1
1() F(t07t) E(O]
and Fo(t to)
tis Moy (t) = =200y to).
2 () F(t,to) ’ € [07 0)

Let Fs = o{F,(t) : t € [s,1]} and Gs = o{F,(t) : t € [0, s]}. Then, conditionally on F,(t¢),
the process My, is a reverse time martingale with respect to the filtration {Fs : s € (to, 1]}
and Moy, is a forward time martingale with respect to the filtration {Gs : s € [0,%0)}.

Proof: Note that conditionally on F,(tg) and F,(to,s), for tp < t < s < 1, the random
variable nF},(to,t) has a binomial distribution with parameter nF,(to, s) and probability
of success p = F(to,t)/F(to,s). This shows that for ¢ < s:

F(tout)
F(t(]v 5) ’

Ey [Fp(to,t) | Fs] = Fu(to, s)



where Ey(-) = E[- | F,,(to)]. This implies that for tg < ¢ < s < 1, we have that
E() [Mln(w ’ fs] = M1n<8).

Similarly, conditionally on F,(t9) and F,(s,tg), for 0 < s < t < tg, the random variable
nkFy,(t, tp) has a binomial distribution with parameters nF,(s,tg) and p = F(t, tg)/F(s,to).
This leads to

Ey [MQn(t) ’ gs] = M2n(5)-

We have the following bounds for the martingales in Lemma 2.2.

Lemma 2.3 Let h(y) =1 —y+ylogy, y > 0. Then, forty € [0,1), y > 1 and § > 0 such
that to+ 6 < 1:

P{ sup My, (t) > y} < exp {—nF(to,to + 6)h(y)}
te[to+4,1]

and for tg € (0,1], 0 <y <1 and § > 0 such that tg — § > 0:

P{ inf My, (1)) < y} <exp{—nF(ty—d,t0)h(y)} .
te[0,t0—4]

Proof: We start with the proof of the first inequality. According to Lemma 2.2 we have

that for each r > 0, conditionally on F,(to), the process exp{rMi,(t)} is a reverse time
submartingale. Hence, by Doob’s inequality,

Fn(to)H
Fn(to)ﬂ

Using that nF,(to, to+9) has a binomial distribution with parameters n and p = F'(to, to+
J), we see that the last expression is equal to:

P{ sup Mln(t)Zy} = F P{ sup My, (t) >y
te(to+9,1] te(to+9,1]

= F P{ sup eMin) > ey
te(to+9,1]

< E -efryE (67‘M1n(t0+5)

_ e*TyEeTMm(toths) )

e " (1 +p(er/"p — 1))n <e exp (np(er/"p — 1)) = e_"ph(y),

by putting » = nplogy in the last equality. This proves the first exponential bound.



For the proof of the second inequality we note that, for y € (0, 1]:

P inf M, (t)<yp = E|P sup  —Mo,(t) > —y
te[0,to—4] te[0,to—4]

Fn(fo)H
Fn(to)ﬂ

where again Doob’s inequality is used. Taking p = F'(ty — J,t9) and r = —nplogy, we get

IN

E |:€’I’yE (e—TMgn(t0—5)

_ eryEeergn(tof(S)’

eryEe—ern(to—(S) < 6—nph(y).

Remark. The function y — h(y), used in Lemma 2.3, but also in the sequel, is a well-
known function in large deviation theory. It is non-negative and convex on (0,00). Its
minimum 0 is attained at y = 1. Actually h(y) = [Ylogudu, y > 0.

We are now ready to prove the following theorem.

Theorem 2.1 Let V,*(a) be defined by (2.1). Then there exists a constant C > 0, only
depending on f, such that for alln > 1, a € [f(1), f(0)] and = > 0,

P{|VE(a)| >z} < 207"
Proof: We will write §,, = zn~/3. First consider the probability
P{VE(a) > z}. (2.5)

If g(a) + 9, > 1, this probability is zero, in which case there is nothing to prove, so we can
restrict ourselves to values of x > 0, such that g(a) 4+ 0, < 1. Let

f(tO)‘sn
F(to, to+ 0p)’

n =

where ty = g(a). Note that y, > 1, since f is strictly decreasing. We also have, using
assumption (Al),

~_ f(to)dn f(to) f(0)
= F(to, to + 6n) = f(to+ dn) = f(1)

Hence 1 < y, < ¢1, for a constant ¢; > 0, independent of = such that ¢ty + 4, < 1. By
Lemma 2.1, the probability in (2.5) is bounded above by

< 00

P{ sup  Min(t) > yn}-
te[to+dn,1]



According to Lemma 2.3 this probability is bounded by

exp {—nF(to,to + dn)h(yn)} . (2.6)

Using a Taylor expansion with a Lagrangian remainder term of the convex function u —
h(u) at u =1, we get

h(yn) = %h”(gn)(yn - 1)2 2 %Cl_l(yn - 1)27 (2.7)

where 1 < &, < c¢;. But

and hence, by (2.7),
h(yn) Z 62527

for a constant co > 0, independent of = such that tg+d, < 1. Since F(tg, to+0n) > f(1)0n,
it now follows that (2.6) is bounded above by exp(—Cxz3).
Now consider the probability

P{VF(a) < —z}. (2.8)

If g(a) — zn~1/3 < 0, this probability is zero, so we can restrict ourselves to consider an
x > 0 such that g(a) — zn~"/3 > 0. Define

- f(tO)(gn
I Pty — o, to)

The fact that f is strictly decreasing this time implies that y, < 1. Using Lemma 2.1 it
is seen that (2.8) is bounded above by

P{ inf M2n(t) < yn} ,

te[0,t0—0dn]

which, by Lemma 2.3, leads to the upper bound

exp {=nf(1)dnh(yn)} -
We have, using b/ (x) > 1, z € (0,1]:

h(yn) = %h”(fn)(yn - 1)2 > %(yn - 1)27

where in this case 0 < &, < 1. Following the same line of argument as above, we get the
upper bound exp{—Cz3}. O

Lemma 2.3 also enables us to show that the difference between the L risk in (1.2) and
the integral

f(0)
[\ 10n(a) = g(a)| da.
f()

defined in terms of the inverse process, is of order o,(n=1/2).



Corollary 2.1 Let f,, be the Grenander estimator and let U, be defined in (1.1). Then

£(0)
[ 1) = 01 = [ 710 = (@] da = 0,(072) 29)

Proof: The difference on the left-hand side of (2.9) can be written as

/Ol[f() +dt+/ 0]+ dt,

where 7 = max(0,z), 2 € IR. We will show that the first term is O,(n~2/3). The second
term can be treated similarly.
We have that

1 + Un(£(0)) , .
| o =r@] ae = [ (£ = £O) dt = FuUa(0) = HO)UF0)
= Fa(Ua(f(0)) ~ F(UL(£(0)) + F(UF(0))) ~ FO)U((0).

According to Theorem 2.1, for the second difference on the right-hand side we have
1 _
[F(Un(£(0))) = FOUn(FO)] < 5 sup || Un(f(0))* = Op(n 23). (2.10)
Let Z, = F,(Un(f(0))) — F(Un(£(0))) and 8, = n~"3logn. Then write
Zn = Znl{u, (1(0)>60} + Znl{vn(r(0) <60}

Then according to Theorem 2.1

B\ Za| 10, (10560} < 2P{Un(f(0)) > 6} < de=Cllogm)”,
Hence by the Markov inequality we can conclude that

Za (U, (10560} = 0p(n ). (2.11)

Let (By,) be a sequence of Brownian bridges given by the Hungarian embedding approxi-
mating n'/2(F, — F), cf. KoMLOS, MAJOR AND TUSNADY (1975). Then

|Zal L, (10 <6,y S0P sup | Bu(t)] + Op(n! logn).
t€[0,F (6n)]

Since By, (t) 4 W (t)+tW (1), where W denotes Brownian motion, the right hand side can
be bounded by a random variable that has the same distribution as

V2 sup (W) 4+ n YV2E(6,)[W(1)] + Op(n~logn).
te[0,F (6n)]

.
Note that F'(0,,)|W (1)| = Op(dy,). Furthermore, since for any € > 0,

€
P sup |[W(t)| > e §4P{W1 Z},
{tG[O,F(én)]‘ @ } o F(én)l/2

8



we have that
V2 sup (W (t)] = o0p(n~?),
te[0,F(6n)]

n-

which implies that Z,1{y, (r(0))<s.} = 0p(n~%/3). Together with (2.10) and (2.11) this
proves that

/01 [Fa(6) = FO)] " dt = Oy (n~23).

3 Brownian motion approximation

In this section we show that it is sufficient to prove Theorem 1.1 for a similar process, with
Brownian motion replacing the empirical process. Let E, denote the empirical process
Vn(F, —F) and let V,¥(a) be defined as in (2.1). Then we have, for fixed a € (f(1), f(0)),

n

VE(a) = arglinax {Df(a, t) — nl/gat} , (3.1)

where t — D (a,t) is the drifting empirical process
DE(a,t) = n'/*{E.(g(a) + n~'?) = Bu(g(a)) |
+n?/*{F(g(a) +n~"/%) = F(9(a)) }
and where the argmax is taken over all values of ¢ such that g(a) +n~'/3t € [0,1]. Here
the argmax function is the supremum of the times at which the maximum is attained (in
order to have a well-defined functional also on sets of probability zero).
Let Brownian bridge B,, and the uniform empirical process F,,oF ! be constructed on

the same probability space via the Hungarian embedding of KoMLOS, MAJOR AND TUSNADY
(1975). Let

n

VB(a) = argmax {DE(a,t) = n'/at}, (3.2)
where

DE(a,t) = n'%{B,(F(g(a)+n~'/?)) - Bu(F(g(a)))} (3.3)
+n?* { F(g(a) + n~'/%t) = F(g(a)} .

Then (3.1) suggests that V,F(a) is close to V;?(a). We will show that this is indeed the
case. We define versions W,, of Brownian motion by

Wy (t) = Bu(t) + &at, t€]0,1], (3.4)
where &, is a standard normal random variable, independent of B,,. Moreover, let

VY (a) = argmax {D,I;V(a, t) — n1/3at} , (3.5)
t

n



where
DY (at) = n'{Wa(F(g(a) +n~50) = Wo(F(g(a)))} (3.6)
+n?* {F(g(a) + n~'/%) = F(g(a))} .

Note that V,Z(a) and V,V(a) are defined in the same way as V,F(a), but with E,, replaced
by B,oF and W, oF, respectively. For J = E, B, W, the argmax V,/(a) can be seen as
the t-coordinate of the point that is touched first when dropping a line with slope n'/3a
on the process t +— D7 (a,t). Furthermore, note that for every fixed a,b € (f(1), £(0)), we
have the following property

Vn‘](b) + nl/s(g(b) —g(a)) = arginax {D;{(a, t) — n1/3bt} , (3.7)

where as before the argmax is taken over values of ¢ such that g(a)+n~'/3t € [0, 1]. Hence
(3.7) is the t-coordinate of the point that is touched first when dropping a line with slope
n'/3b on the process t — D;(a,t). Moreover, note that

c— VJ(e)+n'3(g(c) — g(a)) jumps at b if and only if ¢ — V./(c) jumps at b.  (3.8)
We have the following results for V,?(a) and V)V (a), analogous to Theorem 2.1.

Theorem 3.1 Let V,?(a) and V)V (a) be defined by (3.2) and (3.5), respectively. Then
there exist a constant C' > 0, only depending on f, such that for alln > 1, a € (f(1), f(0))
and ¢ > 0,

P{V¥ ()| > 2} <2¢ " and P{[VP(a)| > 2} < 4~

Proof: Let a € (f(1),f(0)) and let ty = g(a). We first consider P{V,V(a) > x}. If
to + an~Y3 > 1, this probability is zero, so we may assume tg + zn~1/3 < 1. Let the
process t — XV (a,t) be defined by

XY (at) = n/AWo(F(g(a) + 07 21) = Wa(F(g(a))},  t € [0,n'2(1 = g(a))], (3.9)
and let, for r € IR, the process Y,, be defined by

erX,‘fV(a,t)

Ya(t) =

Then Y, is a martingale with respect to the filtration induced by ¢ — X% (a,t), and
BerXn (at) — exp {%r2n1/3F(to, to + n71/3t)} .
We now define the stopping time 7, by

= inf{t € [z,n'3(1 = t0)] : 2V (a,t) > 0},

10



where ZW (a,t) = DY (a,t) — n'/3at, with DV defined in (3.6). If Z'(a,t) < 0 for all
t € [z,n"3(1 — ty)], we define 7, = co. By the optional stopping theorem (cf. ROGERS
AND WILLIAMS (1997), p.189) we have

EY, (10 A3 (1 —tg)) = EY,(0) = 1.
On the other hand,
EY, (1, An'P(1 = t9)) > EY(T0) s, <00y
> Eexp{—n2/3rF(t0, to + n_l/ng) +n'Brar, — %rznl/?’F(to, to + n_l/?’m)}l{m@o}
> Eexp{clmﬁ — 027'27'”}1{7”<oo},

where ¢; = %iﬂfte(o,l) |f/(t)] and ¢ = £ f(0). If we take r = c1z/(2c2) and C = ¢} /(4c2),
we conclude that

1= EY; (10 An3(1 —t0)) > Eexp{Cur,(27, — ) M7, <00 = exp{C23} P{r, < oo}.

Hence we find

P{VW(a) > z} < P{ sup zZW(a,t) > O} = P{r, < oo} <exp {—Cx?’}.
te[z,nl/3(1—to)]

For the opposite inequality we note that
P{VW¥(a) < -z} < P{ sup 2V (a,—t) > 0}.
telz,nl/3t0]
This can be bounded in the same way as before, by introducing the stopping time
7o = inf{t € [z,n'3t0] : 2V (a, —t) > 0},
and applying the optional stopping argument to the backward time martingale

5 erXXV(a,—t)

Y(t) = ForXW (a1’ t € [0,n'tg).
For the argmax associated with the Brownian bridge we have with (3.4),

V.B(a) = argmax {Z,Vlv(a, t) — n'/SF(to, to + n_l/gt)é’n} .
t

Now choose § > 0 in such a way that 6 f(0) < % infe(0,1) [f/(t)], and note that for z < nt/3,

P{|&,| > 6nt/02} < exp{—%52n1/3x2} < exp{—36°2°}.

11



Hence
P{V,F(a) > x}

< P{ sup ZW(a,t) + San P F(to, to + n_1/3t)) > 0} + e~ 30%
te[z,nl/3(1—to)]

< P{ sup (XTI:V(a,t) - c/1t2) > O} + 67%(5213,
te[z,nl/3(1—to)]

with ¢ = iinfte(o,l) |f'(t)]. Repeating the above optional stopping argument with 7,
replaced by the stopping time

7, = inf {t € [o,n!3(1 — 1)) : X}V (a,8) = }#* > 0}, (3.11)

the first probability in the last expression is bounded from above by e—c/x37 where C’' =
(c})?/(4cz), with co as before. It follows that

P{VB(a) >z} < 2€_CI3,
for all x > 0 and some C' > 0, only depending on f. Similarly,

P{VnB(a) < -z} < P{ sup (XXV(&, —t) — c’th) > O} " e_%gzxs.

telz,nl/3t0]
The bound on P{V,B(a) < —x} is obtained by using the stopping time
7, = inf {t e [z, n'3to] : XV (a, —t) — % > 0} ,

and applying the optional stopping argument to the backward time martingale f’n(t) |

Remark 3.1 Theorem 3.1 for V' holds more general. Let L, (a) be the location of the
maximum of the process t — X (a,t) — A,(a,t), where XV is defined in (3.9) and
A, (a,t) > e1t?, uniformly for t € [0,n'/3(tg V (1 — to))]. By the same argument as in the
proof of Theorem 3.1, it follows that P{|Ly(a)| > 2} < 2¢~°*", where C only depends on
C1.

The following theorem shows that properly normalized versions of V,/(a) converge in
distribution to a centered version of (1.3). For a € (f(1), f(0)), let

Ju(a) = {c:a = ga(a)en™3 € (f(1), F(0)},
and for J = E, B, W and c € J,(a), we define,

Vil.(e) = ¢1(a)V; (a — da(a)en™ /%), (3.12)
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where

"(ala))|2/3
o = LG,

pa(a) = (4a)|f (g(a))|'/? > 0.

For c € IR, let
&(e) =V(e) — ¢, (3.13)

with V(c) defined in (1.3).

Theorem 3.2 For J = E,B,W,d>1,a € (f(1), f(0)) and c € J,(a)¢,we have joint dis-
tributional convergence of (V oc1)y . Ve a( 4)) to the random vector (£(c1),...,&(cq)).

Proof: First consider Vn%(c) in the case d = 1. Using (3.7) with b = a — ¢a(a)en™ /3, we
have that

V() = 61(a)V, (a = da(a)en™/%) + g1 (a)n'/* {gla — ga(a)en™/%) — g(a) } ,

is the argmax of the process t — ZV (c,t), where

a)/2
ety = P8 W (F(ga) + 0 0 (a) D) WalFg(a))

5251(1/)2 n2/3 {F(g(a) g1 (a) ) — Fg(a)) — n71/3a¢>1(a)*1t}

+2ct.

Note that ¢;(a)n'/3(g(a — ¢2(a)en=/3) — g(a)) converges to ¢, as n — oo. By using
Brownian scaling, a simple Taylor expansion and the uniform continuity of Brownian

motion on compacta, for each k = 1,2,... and each ¢ € J,(a) we have
Sup\ZW (c,t) — Z(c, t)] £>0, as n — oo,
It <k

where

Z(c,t) = <¢1CE“))1/2 W ( ;(ta)) — (2 = 2ct) LW (t) — 2 + 2ct.

Now let d > 1 and note that for ¢t = (¢1,...,t4),

(Vn%<cl)7"'7vn%(cd)) - arg?axzz Cz; )7
=1
d

V(er),.--,V(eq) = arglglaxz Z (¢, ti).
i=1
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Finally, because

d d d

sup | > Zp(cit) = > Z(ci,ti)| <D sup |2, (cirti) = Z(ei, b)),
ltl<k |;i=1 i=1 i=1 [til<k

we conclude that the process t — Y4, ZXE/a(ci,t,-) converges in the uniform topology on

compacta to the process t — % | Z(c;,t;). The result for V¥ follows from Theorem 2.7
in KiMm AND POLLARD (1990).

Using (3.4) we can prove the same result for VnB by repeating the above steps, since
n~1/6¢,t — 0 in probability, uniformly in ¢ on compacta of IR. Finally, by using
supse g | DE (a,t) — DB(a,t)| = Op(n=/?logn), the same result follows for V7. 0

We will need some independence structure for the process {UW(a),a € (f(1), £(0))},
where

U, (a) = afeg[rgﬁX{Wn(F () + Vn(F(t) — at)}.

The mixing property of the process UYY can be argued intuitively in the following way.
Observe that the event {UV (a) = x} is equivalent to

Wa(F (@) = WalF(8) > Va(F(t) - F(@) + ava(z —1), t<a,
Wa(F(x)) = Wa(F(8) > Va(F(t) - F(@) + avalz —1), ¢>a.

These are conditions on increments of W,,0F'. Since for large M, the event |UW (a)—g(a)| <
n~Y/3M has a probability close to 1, we can restrict ¢ and z to n~/3M-neighborhoods of
g(a). The mixing property then follows from the fact that Brownian motion has indepen-
dent increments.

Theorem 3.3 The process {UY (a)) : a € (f(1), f(0))} is strong mixing with mixing
function:
an(d) = 12¢=C1nd’, (3.14)

where the constant Cy > 0 only depends on f. More specifically, for arbitrary a €

(F(1), £(0)) and a+d € (f(1), F(0)):
sup|P(A N B) — P(A)P(B)| < au(d),

where the supremum is taken over all sets A € o{UY (c) : f(1) < ¢ < a} and B €
o{Up () ra+d < c< f0)}.

Proof: Let a € (f(1), f(0)) be arbitrary and take f(1) < a1 < ag < --- < ap =a <
a+d=c1 <cy<---<¢ < f(0) and consider the events

E1 = {U;L/V(al) € Ala .. 7U7‘1/V(ak) € Ak}v
E2 = {UK/(CI) € Bla"wU’rIL/V(cl) € Bl}>
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for Borel sets A1,..., A and By, ..., B; of IR. Note that cylinder sets of the form E; and
Es generate the g-algebras o{UW (c) : f(1) < ¢ < a} and o{UW (c) : a+d < c < f(0)},
respectively. Now take M,, = %dnl/ #inf,e(0,1) |9/ (u)| and consider the events

El = En{UY, (a)=U)(a)},
Ey = Exn{UYy (a+d)=UY(a+d)},

where
UM, (¢) = argmax{n'/3|t — g(c)| < My : Wa(F (1)) + vVn(F(t) — ct)}.

By monotonicity of UW it follows that the event E{ depends only on the increments
of Brownian motion beyond time F(g(a) — n~'/3M,) (note that g is decreasing) and
that the event F) is only depending on the increments of Brownian motion before time
F(g(a+d) +n~Y3M,). By definition of M,, it follows that F{ and E} are independent.
Since for all a € (f(1), f(0)) we have that VW (a) = n*/3(UY (a) — g(a)), according to
Theorem 3.1,

|P(EyN Ez) — P(E1)P(Ey)|
< 3P{U N, (@) # Uy (a)} + 3P{UYy (a + d) # UV (a+ d)}
=3P{n'B|UY (a) — g(a)] > My} + 3P{n'2|UY (a + d) — g(a + d)| > M,}
< 12¢7OMz,

which proves the theorem. O

Apart from this exponential bound on the mixing function we will need the following
two lemmas. The lemmas are analogous to Theorems 17.2.1 and 17.2.2 in Ibragimov and
Linnik (1971) and can be proven similarly, since in the quoted Theorems 17.2.1 and 17.2.2
the stationarity is not essential.

Lemma 3.1 If X is measurable with respect to o{UW(c) : f(1) < ¢ < a} and Y is
measurable with respect to o{UY (c) : a+d < ¢ < f(0)} (d > 0), and if |X| < Cs,
|Y| < Cj5 a.s., then

|E(XY) — E(X)E(Y)] < 4C5Cs0(d).

Lemma 3.2 If X is measurable with respect to o{UW (c) : f(1) < ¢ < a} and Y is
measurable with respect to c{UW (c) : a +d < ¢ < f(0)} (d > 0), and suppose that for
some ¢ > 0,

E|XP** < Cy, E|YPF <G,

then
|E(XY) — E(X)E(Y)| < Cg(an(d)”*+9),

where Cg > 0 only depends on Cy and Cs.
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In the following, we shall need some properties of the process V', which are contained
in GROENEBOOM (1989) and HOOGHIEMSTRA AND LoOPUHAA (1998). They are stated in the
following lemma.

Lemma 3.3 Let V(0) be defined in (1.3) and for b, c € IR, let V;(c) be defined by
Vi(c) = argmax{W (t) — b(t — ¢)?}. (3.15)
t

Then,
(i) V(0) has a bounded symmetric density.

(ii) for x — oo, P{|V(0)| > x} ~ Az~lem 3752 where A, k > 0.

(iii) for h | 0, P{V} jumps in (a — h,a + h)} < B1h(1+0(1)), where the constant 3; > 0
is independent of a.

Proof: ad(i)-(ii). The first statement follows immediately from the representation for
the density of V(0) given in GROENEBOOM (1989). The second statement is Lemma 2.1 in
HOOGHIEMSTRA AND LOPUHAA (1998).

ad(iii). Let Ap, = {V jumps in [0,h)}. Since the process ¢ — £(c) is stationary and
has jumps at the same points as the process ¢ — V(c), we have that

P{V jumps in (a — hya+h)} = P{V jumpsin (—h,h)}
< 2 [ P VIO) = 3} fro(a) do.

where we also use the fact that —V (—c) 4 V(¢). In the proof of Theorem 3.1 in HOOGHIEM-
STRA AND LOPUHAA (1998) it is derived, that

. P{A,|V(0) =2} Oogl(u—f—a:)u ) du
i h _2/0 g91(z) plu)d

(see GROENEBOOM (1989) or HOOGHIEMSTRA AND LOPUHAA (1998) for the exact definitions
of the functions g; and p) and moreover that the right hand side is bounded uniformly in
. This implies that

P{V jumps in (a — h,a+ h)} < Bh+o(h), h|O,

where the constant ] is independent of a. By Brownian scaling we have that
Vi(c) £ b23V (b3, (3.16)

so that
P{V, jumps in (a — h,a+ h)} <b*28/h+o(h), hlO0,

which proves (iii). O

Leaving the setting of the process V, it seems intuitively clear that the processes V,?
and VnW have the same qualitative behavior, and will in particular satisfy a property
analogous to Lemma 3.3(iii). This will be proved in the following lemma.
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Lemma 3.4 Let the interval J, be defined by
Tn = [f(1) + 7 (logn)?, f(0) = n~*(logn)?].

Then there exists a constant 85 > 0, independent of a € J,, such that for J = B,W and
for all h € (0,1),

P {Vn‘] jumps in (a — hn_l/?’, a+ hn_l/?’)} < B26n,1 + 0(6n,1)
as dpp | 0, where 0, , = hV (n_1/3(log n)?).

Proof: We first show the statement for VY. Let ¢y = g(a). For notational convenience
define for |c| <1,

VnW(a, c) = Vnw(a + nil/gc) + n1/3{g(a + n*1/3c) —g(a)}.

Define the event A, = {|V,V(a,c)| <logn, for all |c| < 1}. From (3.7) it follows that the
process ¢ — V.W(a,c) is nonincreasing. Therefore,

P{Ac} < P{VW¥(a,—1) > logn} + P{VYV(a,1) < —logn}.

Since n'/3|g(a £ n=?3) — g(a)| < SUPyc(0,1) [9'(w)], it follows from conditions (A1)-(A3)
and Theorem 3.1 that P{A%} = O(e~C1°8™*) Hence we can restrict ourselves to A,.

In order to transform ¢ — W,,(F(to+n~1/3t)) into a process y — Wy (F(tg) +n~/3y),
define H,, by

Hy(y) = n'P{H(F(to) +n~Py) —to}, y € [-n'PF(to),n'*(1 = F(t))],  (3.17)

where H is the inverse of F'. Consider the process V,V' as defined in (3.5), with ¢ replaced
by H,(y). Then by property (3.7) it follows that

V. (a,¢) = sup{ Ha(y) € [-n"/t9,n'/*(1 = 1)] : Wa(a,y) — pu(c,y) is maximal},

where

Wala,y) = n/S(Wi(F(g(a)) + n~2y) = Wi (F(g(a))}, (3.18)

and
pulc,y) = —n'By +n3(a +n~V3e) Hy(y). (3.19)

Conditions (A1)-(A3) imply that there exists a constant K; > 0, only depending on f,
such that on A,, we have

’Hgl (VnW(a, c))‘ < Kjlogn.

Suppose that the process ¢ — VW (c) jumps in the interval (a —hn=/3, a+hn=1/3). Then
from (3.8) if follows that the process ¢ — VYV (a, ¢) has a jump at some cq € (—h, h). This
means that if we drop the function y — p,(co,y) + 3, for varying § € IR, on the process
y — Wy(a,y), it first touches W), (a,y) simultaneously in two points (y1,w1) and (ya,ws).
Note that on the event A,, we have |y; — y2| < 2K logn. We first show that for each y;,
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yl y2

Figure 1: The function py(co,y) (straight line) and parabolas m,(b1,y) and
7n (b2, y) (dotted) touching the process y — Wy (a,y) at y; and ys.

i = 1,2, we can construct a parabola that lies above py(co,y) for all |y| < K;jlogn, and
that touches py(co,y) at (i, w;).

To this end consider the second derivative of p,(c,y). Conditions (A1)-(A3) imply
that for |c| < 1, there exists a constant Ky > 0, only depending on f, such that

d*pn(c,y)
dy?

Choose M > Ky and define the parabola

Pile,y) = < aH"(F(to)) {1+ Kan /*1 +y|}.

Ta(c,y) = ca 'y + any?, (3.20)

where o, = 3aH"(F(to)) {1 + Mn=Y3(1 + K log n)} Then it follows immediately that
for all |y| < Kjlogn, |c|] <1 and b € IR:

T (b, y) > pli(c,y).

If we choose by such that bja=! + 2a,51 = pl,(co,v1), then m,(b1,y) and py(co,y) have
the same tangent at y;. If we also take 81 = pn(co,y1) — mn(b1,y1), then it follows that
the parabola m,(b1,y) + (1 lies above py(co,y) and touches py(co,y) at y1. This implies
that if we drop 7,(b1,y) + 3, for varying § € IR, on the process y +— Wn(a,y) it first
touches Wn(a, y) at y1. A similar construction holds at y, with a suitable choice for by
(see figure 1). Hence if we define

n

Vii(e) = sup{y e [—n'BF(ty),n'3(1 = F(to))] : Wnla,y) — mnlc, y) is maximal},

then from the above construction, it follows that the process ¢ — V.7 (¢) has a jump in
the interval [b1, bs] of maximal size |y1 — y2| < 2K logn. Since pl,(co,y:) = 7}, (bi, yi), for
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i = 1,2, it follows from conditions (A1)-(A3) that there exists a constant K3 > 0, only
depending on f, such that

|b; — co| < Kgymfl/?’ logn, i=1,2.
Because ¢y € (—h, h), this means that the interval [b1, bs] is contained in
I, = (=K4(h v n~Y3ogn)?), K4(h V 0~ 3(logn)?)).

for some K4 > (1V K1 K3). We conclude that, on the event A,,, we have that if ¢ — V.V (c)
jumps in the interval (a — hn=/3 a + hn=1/3), then the process ¢ — V,7(c) jumps in the
interval I,,. However, the process y +— Wn(a,y) is distributed like Brownian motion W,
so V™ (c) is distributed as

sup{y € [-n'BF(to),n'3(1 — F(ty))] : W(y) — ca™ 'y — any? is maximal}.

On the event A,,, this random variable is only different from

Vi(¢) = argmax {W(y) —an (y + o )2} :

veR 2a0u,

if V,,(¢c) is outside [— K logn, K logn]. Hence

P{VT jumps in I,,, A,,} < P{V,, jumps in I,,, A,} + P {sup |Va(c)| > K logn, An} )

cel,

According to Lemma 3.3, the first probability is of the order h Vv (n='/3(logn)?). From
the monotonicity of the process ¢ — V,,(c), property (3.16), the stationarity of the process
¢ +— &(c) and Lemma 3.3, it follows that the second probability is of smaller order. This
proves the result for V'V,

Turning to the Brownian bridge and the process ¢ — V.B(c), for |¢| < 1 let

VnB(a, c) = VnB(a + n*1/3c) + n1/3{g(a + n*1/3c) —g(a)}

and
By (a,y) = n'/{B,(F(g(a)) +n~"/*y) — Bu(F(g(a)))}.
Then

VB(a,c)= sup{Hn(y) € [-n'Bto, n'3(1 = t0)] : Bu(a,y) — pn(c,y) is maximal}
where pp(c,y) is defined in (3.19). Now define ¢, (c) by
Y (c) = sup{y e [-n'BFE(tg),n'3(1=F(t0))] : Bula,y)—pn(c—n"1%a&,,y) is maximal}.
Then V.5 (a,c) = H,(¢n(c +n~Y%ag,)). Using (3.4), we have

Yn(c) = sup{y € [=n'PF(ty),n'3(1 — F(to))] : Wnla,y) — qn(c,y) is maximal},
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where W, is defined in (3.18) and
an(c,y) =n~ Y0y —n' By 4 030+ n" V3¢ —n 71208, Hy (y).
Consider the event A/, N A" where

Al = {\VnB(a,c)| <logn, for all ¢ € (—h, h)} and A7 = {|&,] < n'/%/logn}.

Similar to the event A,, we have that P{(4,)°} is of the order e~¢(°8™)* Furthermore,
P{(A")} = 2(1 — &(n'/%/logn)), which is of smaller order than n~'/3(logn)?. Hence
we can restrict ourselves to the event A/, N A”. Now suppose that ¢ — V,B(c) jumps in
the interval (a — hn~/3,a + hn~'/3). This means that the process ¢ — 1, (c) jumps in
the interval (—h + n1/%a&,, h+n~Y 6a¢,). In that case a completely similar argument
as before, involving a comparison of the derivatives of g, (c,y) and the parabola m,(c,y)
defined in (3.20), yields that there exists a constant K5 > 0, only depending on f, such
that the process ¢ — V,7(¢) jumps in the interval

Il = [-Ks(hV n*1/3(log n)2), Ks(h Vv nil/?’(log n)2)]

Hence on the event A, N Al it follows that the probability that the process ¢ — V,7(c)

mn’

has a jump in the interval I’,, is bounded by a probability of the order hV (n~'/3(logn)?).
The result for V.2 now follows. o

Corollary 3.1 Let V. be defined as in (3.1) and let V, be defined as in (3.2). Then

f(0)
Joy (@ = V2@l da = Oy(n= (g n)’).

Proof: Let the empirical process F, and the Brownian bridge B,, be constructed on the

same probability space. Then by the Hungarian embedding, we may assume

sup |En(t) — Bu(F(t))] = Op(n~"/*logn).
t€[0,1]

If K, denotes the event {sup,c(o 1) [En(t) — Bn(F (1)) < n~1/2(logn)?}, then P{K,} — 1,
as n — 00. Also let

Ay = {IVE(@)] < logn, [V,P(a)| <logn}

and write A/, = K,NA,. Then by Theorem 2.1 and 3.1, we have P{K,NA¢} < 6e~Cllogn)”,
Hence, since |V,F(a) — V.B(a)| < 2n'/3, we have for a € (f(1), £(0)),

E\VE(a) - VE(a)|1k, < EIVE(a) - VB (a)|1a, + 12n1/3¢=Cllogn)®
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Now define €, = n~/3(logn)? and note that
BVE@ - Vi@l < [TPIVE@ -V @] > 2 A do
0
2logn
+ [ PUVE@ - VE@] > v, Ay d

The first term on the right hand side is bounded by €,. To bound the second probability,
consider the process t — ZP(a,t) be defined by

Z2(a,t) = DY (a,t) —n'Pat, t € [-n'g(a),n"?(1 - g(a))],

where D5 is defined in (3.3), and let 6, = n~/3(logn)?. Since n!/%|E, (t)— B, (F(t))| < 6,
on the event A’ we can only have |V,F(a) — V,B(a)| > z, if

1ZB(a,V,B(a)) — ZB(a,t)| < 2, (3.21)

for some t € [-n'/3g(a),n'/3(1 — g(a))], such that |t — V.P(a)| > z.
Consider the line through the points (V,2(a), D2(a,V,2(a))) and (t, D2(a,t)). This
line has slope
3y DE@.t) = D(a.VA(a) _ ZE(a,t) - Z8(a. V[ (a)

n _ n n 1/3
{—VPB(a) i —VPB(a) tna.

n

Hence it follows that 5
lb—a| <2n /32,
T

This means that if we drop a line with slope n'/3b, it either first touches the process
s+ DB (a, s) simultaneously in the two (different) points ¢ and V,2(a), or in a third point
different from both ¢ and V2 (a). Property (3.7) implies that the process

¢ V.B(e) +n'3(g(c) — g(a))

must have a jump in the interval I,,(z) = [a — 2n~'/36, /x, a4+ 2n~1/35, /x], and according
to property (3.8) this means that the process ¢ — V,B(c) jumps in the interval I,,(z).
Hence, we get from Lemma 3.4,

2logn
E[VE(a) - VE(@)ly, < et / PV jumps in In(z), A} da

IN

2logn 2
€n + ﬁg(sn/ (m vV 1) dr = O(n*1/3(10g n)S)7

where the term O(n~3(logn)3) is uniform in a € (f(1), f(0)). The result now follows
from the Markov inequality. O

The following corollary will enable us to replace E [ |V (a)| da by the asymptotic expec-
tation p, given in Theorem 1.1.
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Corollary 3.2 Let VY be defined by (3.5), and let u be defined as in Theorem 1.1.
Moreover, let V(0) be defined by (1.3). Then,

(i) for all a such that

Y3 {F(g(a) A (1 - F(g(a)))} > logn, (3.22)
we have
Q)13
BV (@) = VO] s f,ﬁj(im?/g L O (logn)),

where the term O(n~/3(logn)*) is uniform in all a, satisfying (3.22).
(ii)
£(0)
lim 7/ {/ EIVY ()| da — u} — 0.
e f()

Proof: ad (i). Write t9 = g(a), so that
VW (a) = sup {t e [-n'Bto,n' 31 —to)] : 2V (a,t) is maximal} ,

where ZW(a,t) = DW(a,t) — n'/3at, with DYV as defined in (3.6). Let V(a) be the
argmax defined by

V¥ (a) = sup {t e [-n'Bto,n' (1 —tg)] : Z7(a,t) is maximal}

n

where

2300 = X3 0,0) — I (g ) 4058 = Figla))

with XV as defined in (3.9). It follows immediately that

sup |2V (a,t) — Z%(a,t)| < 6n, (3.23)
[t|<logn

where 6, = Kin~'/3(logn)?, with K; > 0 only depending on f. Let A, be the event
A, ={|V7(a)| < logn, |V (a)| < logn}. Since P{|V(a)| > z} < 2¢C*° which can be
seen by using the exponential martingale Y;, from (3.10) and a stopping time similar to
(3.11), it follows, also using Theorem 3.1, that P(A%) = O(e~CUoe™)?) Hence

BV, (a) = V(@) < EIV,Y () = VT (@) 14, + O(n'/3eC0Bm)"),

where the term O(n!/3¢=¢1°8m)%) ig uniform in a € (f(1), £(0)). Write ¢, = n~/3(logn)*,
and

E|V,"(a) = Vii(@)[1a, = /On P{IV," (a) = Vi (a)| > 2, An} da

2logn -
+/ PV (a) = VT (a)] > z, Ay} da.
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The first term on the right hand side is bounded by €,. Because (3.23) applies on A,,, we
obtain, using the same argument as used in the proof of Corollary 3.1, that

sup  E|VWY(a) — V7 (a)| = O(n"3(ogn)?). (3.24)
a€(f(1),£(0))

By change of variables t = H,(y), with H,, defined in (3.17), we have that

(%)
2f(to)?

Since y — XW(a, H,(y)) is distributed like Brownian motion W, we find that V,7(a) is
distributed as H,(Vyp), where with b= 2| f'(to)|/ f(t0)?,

V™ (a) = sup {Hn(y) e [-n'Bto,n B —t0)] : XV (a, Hu(y))

o M y? is maximal} .

Vip = sup{y € [-n!/3P(to),n'/3(1 — F(to))] : W (y) — by? is maximal}.
Now consider V4(0) as defined in (3.15), and write
ElHy (V)| = EHo(Vi(0))] + E(Ha (V)| — [Ha(V(0)))). (3.25)
From conditions (A1)-(A3) and relation (3.16) we find that

(40,)1/3
|/ (g(a))[?/3
Since n'/3{F(to) A (1 — F(ty))} > logn, the location V;,; can only be different from V;(0)

if |V3(0)] > logn. By using (3.16) and Lemma 3.3 we find that P{|V}(0)| > logn} <
Ke 5008 ”)3, where K > 0 only depends on f. Hence from (3.25) we conclude that

E|H,(V4(0))] = a "E|V3(0)| + O(n~ /%) = E|V(0)| +Om V3.

(40,)1/3

EIV; (@)] = B|Ha(Veo) | = BIVO)| 75057

+O(n13).
Together with (3.24) this proves (i).

ad (ii). This follows immediately from (i), since the values of a for which (3.22) does
not hold only give a contribution of order n='/3logn to the integral

£(0)
[, EWY @l da.
f()
and since

B F0) (4a)1/3
#=BVO ) ptgtayen

The following result shows that we only have to prove the asymptotic normality result for
the process V,)V.
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Corollary 3.3 Let V.” and VY be defined as by (3.2) and (3.5), respectively. Then

f(0)
a2 Y @) da = 0,0).

Proof: Let, as before, W, and B, be linked by (3.4). Consider DZ and D}V as defined
in (3.3) and (3.6). Let A,, be the event
An = {lgn| <logn, [V;" (a)| < logn, [V, (a)| < logn}.

Then on the event A, for all |t| < logn, we have |DY (a,t) — DZ(a,t)| < Kin~Y%(logn)?,
for some constant K7 > 0 only depending on f. By a similar argument as in the proof of
Corollaries 3.1 and 3.2, we get

sup  E|VE(a) = VY (a)| = O(n~Y5(logn)?). (3.26)
a€(f(1),£(0))

This shows that in this way we cannot find a sufficiently small bound for the integral
n/® [{{V.2(a)| = [V;V ()|} da.
Therefore, for a belonging to the set

Jpn = {a : both a and a(1 — &n~Y2) e (f(1), £(0))},
we introduce
VEB(a, &) =VE(a—an™?¢,) +n'/3 {g(a —an”Y%¢,) — g(a)} .
By property (3.7) we have that
VB(a, &) = sup {t e [-n'Bte,n' B — )] : Z8(a,t) is maximal} ,
where
Z5(a,1) = 2 (a,t) = 0%, { F(to + n=Y/%t) = P(to) } + n~ /%6, f(to)t.
Let the event A/, be defined by
A, = {[€a] <08, V) (a)] < logn, [V (a,6,)| < logn}.

Then on A, for all |t| < logn we have that |Z (a,t) — Z5(a,t)| < Kon~3(logn)?, for
some constant Ko > 0 not depending on a. Again by a similar argument as in the proof
of Corollaries 3.1 and 3.2, we get

sup E|V,%(a,6,) = V¥ (a)] = O(n™(logn)?),

acJy
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With A, as defined in the manuscript, we have that
P{(A})°} < P{|€n] > n'/} + P{IV)" (a)| > logn} + P{[V,”(a,n)| > logn}.
Since n!/3|g(a — an=1/2¢,) — g(a)| < sup |¢’lan—1/6¢,, for n sufficiently large

P{IVE(a,&n)| > logn} < P{V;P(a—an"'/2¢,)| > Llogn}

/P{|VnB(a —an”?y)| > Llogn}é(y) dy
—C(l log n)3
< 4e 2 .

Hence
EIV;E(a,&0) — VIV (a)] < EIV,2(a,60) = VIV (@)[14, + O(n!/3e=Clos ™),

where the term O(n1/3¢=C(og ”)3) is uniform in a € (f(1), £(0)). Write €, = n'/3(logn)3, and
BV} (a,6n) = Vi (@)[1a, = / P{|V,P (a,€n) = V)V (a)| > 2, A} } da
0

2logn
+/ PV (a,&n) = V¥ ()] > 2, AL} da

n

The first term on the right hand side is bounded by €. Note that on A/,
sup |ZXV(CL,t)7Z§l(a,t)‘ Sén
[t|<logn

where 8, = Kan~1/3(logn)?, with K2 not depending on a.

If |V,B (a,&n) = V,V (a)| > z, then for some t € [-n'/3g(a),n'/3(1—g(a))] we must have |[t—V,V (a)| >
z. Similar as in the proof of Corollary 3.1, if follows that for such a ¢,

12 (a, VYV (a)) = Z}Y (a,t)] < 25,
Consider the line through the points (VW (a), DY (a, V.YV (a))) and (¢, DXV (a,t)). This line has slope

Dy (a,t) — D}V (a, V)V (a)) _ Z}Y(a,t) — 2,V (a, V¥ (a))
t— VnW (a) B t— VnW (CL)

nl/3p = +n'/3q

Hence it follows that 5
|b—a| <2n~ /32,
T

This means that if we slide down a line with slope n'/3b, it either first touches the process s —
DY (a, s) simultaneously in two different points ¢ and V¥ (a), or in a third point different from ¢ and
VW (a). According to property (3.7), this implies that the process

e ViV(e) +n'/3(g(e) - 9(a))
must have a jump in the interval I, (z) = [a — 2n~1/36,, /z,a +2n=1/36,, /2], and from property (3.8)

this means that the process ¢ — V,¥ (c) has a jump in the interval I,,(z). Hence, we get from Lemma
3.4, with h = 26, /z = 2Kon~—1/3(logn)? /a:

2logn
/ P{IVW(a) = V[ (a)| >z, An} dz:

n

2logn
/ P{V¥ has a jump in I, (z), Ay} dz
€

n

2logn
,83n_1/3(logn)2/ (2ng_1 Y 1) dx

IN

n

= O(n"'*(logn)®),

where the term O(n~1/3(logn)3) is uniform in a € (f(1), £(0)).
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and hence
nl/ﬁ/ EVE(a, &) — VIV (a)| da = o(1).
aEJn

From Theorem 3.1 it follows that E|V,%(a)| = O(1) and E|V,}Y (a)| = O(1) uniformly in
a € (f(1), £(0)). Hence the contribution of the integrals over [f(1), f(0)]\ J, is negligible,
and it remains to show that

n/ [ e~ IVE @]} da = o0,(0) (327)
Note that for the same reason
f(0
a0 [ ¥ @lda =t [ (@)l dat Oy,
a€Jn f(1)
and that by change of variables we get
f(0)
w0 [ Pag)lda=n® [ V(@) = ag (@m0 da+ Op(n ),
a€Jn f(@)
Therefore
w0 [ Va6l - VR @)} da
(leJn
f(0)
—nl/% [ {1V @) ~ ag' (@] = VP (@)} da+ Op(n ).
f()
Let € > 0. Then
f(0)
e [V @)~ ag (@00~ @)} da (3.25)

f(0)
_ nl/ﬁ/ {’VnB(a) — ag/(a)n_l/ng’ _ ’VnB<a)’}1[075](’VnB(a)|) da
(1)

f(0)
a0 [ IV @)~ g @n 0] = V@I (V2 (@)

We clearly have, using the independence of &, and V.2, that the expectation of first term
on the right hand side of (3.28) is bounded above by

o 5
Blel [ lag @IP(V2 )] < €} da
According to Theorem 3.2 it follows that P{|V,2(a)| < ¢} — P{|£(0)| < ¢1(a)e}. Hence

from Lemma 3.3 and conditions (A1)-(A3) it follows that there exists a K3 > 0, such that
for any € > 0,

lim sup En'/" / MVB ) = ag/(a)n%,| — V2 (@)l 10,01V (a)]) da < Kse. (3.29)
()

n—oo
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For the second term on the right hand side of (3.28) we have

£(0)
w /f(l) (Vi (@) = ag'(a)n™ %] = [V, () [} ) (IVi* (0)]) da
1O B —260ad (a)VB(a) + n~Y/0¢2 (ag (a))?
= /f(l) 1(5,00)(‘Vn (a)|) |VnB((l) _ag/(a)n71/6£n| + ‘VnB(a)| d

—2&nag (a)V,B (a)
[V,B(a) — ag'(a)n=1/0&,| + [V,B(a)|

a

10 B ~1/6
= [y Mo (V@) da -+ O,(n~°)

f(0)
= —&n /f(l) ag'(a)sign(VnB(a))l(Em)(|VnB(a)\) da + Op(n_l/6), (3.30)

using that for |[V,B(a)| > e,

= (’)p(n_l/ﬁ).

€

| 2V, (a) V() | _ lag'(@n"%,
[V:2(a) — ag'(a)n=1/8&,| + [V.B(a)]  [V,P(a)l

For a € (f(1), £(0)), let SB(a) = sign(VnB(a))l(evoo)(|VnB(a)|) and similarly, let S (a) =
sign(V,)" (@) 1(e,00)([Vyt" (@)]). Then

2
E{gn /f ’;1(?) ag'(a)SB (a) da} _9 / /f . abg'(a)g'(b)E 2 (a)SB(b) da db,
Furthermore
|E S} (a)Sp(b) — E Sy (a)S) (b)] < B[Sy (a) — 5, () + E|S} (b) — SV (b)].
Note that for every a € (f(1), £(0),
E|S7(a) = SV (a)| < 2P{[V,5(a) = VY (a)| > 2¢} + P{|V,P (a)] < e} + P{|V;" (a)] < €}

By using the Markov inequality together with (3.26), the first probability on the right
hand side tends to zero, uniformly in a € (f(1), f(0)). According to Theorem 3.2 both
P{|V,B(a)| < €} and P{|V,V (a)| < €} tend to P{|£(0)| < ¢1(a)e}, which is O(e) according
to Lemma 3.3 and conditions (A1)-(A3). Hence, there exists a K4 > 0 such that for any
€ >0,

2
limsup F {ﬁn /f(O) ag'(a)S5(a) da}

n—00 (@)

< limsup 2 / / abg'(a)g' (B)E SV (a)SW (b) da db + K se.
f(1)<a<b< f(0)

n—oo

Finally, write

E SY (a)SY (b) = cov(SY (a), S¥ (b)) + ESY (a) ESY (b).
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According to Lemma 3.1 and Theorem 3.3, for every f(1) < a < b < f(0) we get that
lcov(SY (a), SV (b))| < 48e=Cnlb=a) _, ¢
Also for every a € (f(1), f(0)), according to Theorem 3.2,

ES)(a) = P{V,"(a) > e} = P{V," (a) < —¢}
—  P{E(0) > di(a)e} — PLE(0) < —¢a(a)e} =0,

because the distribution of £(0) is symmetric (Lemma 3.3). It follows that there exists a
K4 > 0 such that for any € > 0,

£(0) 5 ?
limsup E §n/ ag'(a)S,) (a)day < Kge.
f

n—oo (1)

Together with (3.29) and (3.28), this proves (3.27) and the result follows. O

4 Asymptotic normality

From Section 3 it follows that for proving Theorem 1.1, it suffices to prove that
1% 16 [FO 4% w
n,=n/Am(mlmw—mn<@om (4.1)

is asymptotically normal. We first derive the asymptotic variance of T'". Theorem 3.2
together with Theorem 3.1, which guarantees the uniform integrability of the sequence
Vn%(c) for a and ¢ fixed, imply convergence of moments of (VnV[g(O) VW (c)) to the corre-

» Yn,a

sponding moments of (£(0),£(c)). This leads to the following lemma.

Lemma 4.1 For n — oo,

f(0) o
var [ n'/ ajaa ) — cov e/l ee
(16Am|wy(ﬂd> 5 [ cov(lg(0)L (@) d

Proof: We have that

e (TO
var [ nt/ / [V..” (a)| da
fQ)

£(0) rf(0)
=2 [ [ o (VY @)L VY (6)) db da
f(1) Ja
1(0) n'/3¢y(a)~1 (a—f(0))
—s [ Cagla) [ cov([V,4 (). [V4(e)) deda,
F(1) 0 ’ '

by change of integration variables b = a — ¢o(a)en™ /3. As noted above we have for a and
c fixed
cov(|Va (O], Vol (@) — cov([€(0)], [€(e)))-

28



Theorem 3.1 and the assumptions (A1)-(A2) also imply that, uniformly in n, a and ¢,
ElVV(0)*<Cy and E[V,%(c)]* < Cs.
Hence by Lemma 3.2 together with (3.14), it follows that
[cov([V% ()], Vil ()] < Colan(ln~2s(a)e]))/* < Dye= P21,
where D1, Dy > 0 do not depend on n,a and c. It follows by dominated convergence that
ve (O O —00
var | nt/ / [V.." (a)| da —>8/ ag (a)/ cov(|€(0)], [€(e)|) deda.
f(1) (1) 0

Since the process ¢ — £(c) is stationary,

[ covlle) Jete)y de = — [~ cov(ig() (o)) de.
0 0

Furthermore

1(0) 0
—/ ag’(a)da:—/ flx)dx =1.
) 1

This proves the lemma. u

Theorem 4.1 Let TV be defined by (4.1). Then
T, % N(0,0%),
where

o =8 [ cov(lg(O)l. ¢(e)]) de

Proof: Define
W)(a) = V)V (a)] — E|V,)Y (a)].
Let

L, = (f(0)— f(1))n""3(logn)?,
M, = (£(0)— f(1))n"*logn,

nl/3
Noo = [(£(0) = )/ (L + My)] = [WM] |

where [z] denotes the integer part of z. We divide the interval (f(1), f(0)) into blocks of
alternating lengths

Aj = () + 0= DLn+ My), f(1) + (G = 1)(Ln + Mp) + Ly),
Bj = (f(1)+ (= D(La+ M) + Ly, f(1) + 5(Ln + Mp)),

+
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where 1 < 57 < N,,. Now write
=8 + S+ R,,

where

Nn

s = n1/6z/ W (a) da
j=174;
Nn

Sy = n1/6Z/ W) (a)da
j=1"5;

f(0)
R, = n1/6/ W) (a) da.
F()+Nn(Ln+Mn)

According to Theorem 3.1, and the Cauchy-Schwarz inequality, for all a,b € (f(1), f(0))
EIW, (@)W, b)| < K (42)
where the constant K > 0 is uniformly in n,a and b. Together with the fact that
£(0) = f(1) = No(Ln + My) < Lo + My = O(n~(logn)*),

this shows that ER2 — 0, and hence R,, = op(1).
Next we show that the contribution of the small blocks (of length M,,) is negligible.
To this end consider

E(S")? USZE (/ W (a a) —|—n1/32/ EW’ YW! (b) da db.

We have 3
IEW! ()W ()] = |cov([VY (a)], [VIV (b)])| < DgePanlb=al
where D3, Dy > 0 only depend on f, by using Lemma 3.2 and (3.14). For a € B; and

b€ Bj, i # j, we have that [b—a| > n~/3(logn)?. Since N,, ~ n'/3/(logn)?, this implies
that

< n1/3N2M2D —Dy(logn)? _,

1/32/ / EW! (a)W'.(b) da db

i#j

Hence N )
E(S)*=n'""Y"F (/ W' (a) da) +0(1).
j=1 Bj

Using (4.2) we obtain
E(S")? = O(n'3N,M?) — 0,

and hence that the contribution of the small blocks is negligible.
Put

J=1

Yj—nl/G/ W’ )da and 02—var<ZY)
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so that S/, = Z;V:”l Y; and o2 = var(S},). We have

U U
Eexp 0-7 E Y7 — IlEeXp{UYj}
nj=1 j=1 n

Nn
<>
k=2

4(Ny, — D)ap(My,),

. k .o k—1 .
Eexp{;uZYj} —Eexp{?ZY}}Eexp{?Yk}

IN

where the last inequality follows from Lemma 3.1. Observe that Nya,(M,) — 0, which
means that we can in fact apply the central limit theorem to independent copies of Y;.
The asymptotic normality of S), hence follows if we show that the contributions of the
large blocks, Y;, satisfy the Lindeberg condition e.g., for each € > 0,

N,
1 n
2 ZEY}QI{MDE%} — 0, n — oo.
n j=1

Note that by the Markov inequality
1
2 3
EY iy, >e0,) < eanE(|Yj| ).

Again using Cauchy-Schwarz and the uniform boundedness of the moments of |W/ (a)| we
obtain
sup B(IY; ) = n/20(14; ) = O(n~"2(10g n)?).

1<j< Ny
Hence
Np,
LS BVl ey € —5Na sup E(Y; ) = Olo 5 (logn)").
%h i ’ €0n  1<j<Nn
Note that

02 =var(S!) = var(T") + var(S” + R,) — 2ET'(S" + R,).

Using the obtained limit results for F(S”)? and ER? and the inequality of Cauchy-Schwarz
we conclude that

var(S! + R,) = E(S!)*> + ER? + 2E(S!'R,)) — 0,

and that according to Lemma 4.1

ET(S1 + Ra) </ E(T})?var(SY + Ry) — 0.

So we find that
02 =var(S)) = 0% + o(1),
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which implies that

N,
I & pv2 “1/6 6
a%j;EYj Ly |seony = O(n~ % (logn)®) — 0.

This proves the theorem. |
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