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Abstract

For a version of the interval censoring model, case 2, in which the observation intervals
are allowed to be arbitrarily small, we consider estimation of functionals that are differ-
entiable along Hellinger differentiable paths. The asymptotic information lower bound
for such functionals can be represented as the squared Lo-norm of the canonical gradient
in the observation space. This canonical gradient has an implicit expression as a solution
of an integral equation that does not belong to one of the standard types. We study an
extended version of the integral equation that can also be used for discrete distribution
functions like the nonparametric maximum likelihood estimator (NPMLE), and derive
the asymptotic normality and efficiency of the NPMLE from properties of the solutions
of the integral equations.
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1 Introduction

In the interval censoring problem one wants to obtain information on some distribution
F', often representing an event time distribution, based on a sample of random intervals
Ji, ...,y in which unobservable X,..., X, ~ F are known to be contained. In case 1, we
have a sample of observation times T; and we know whether X; is smaller or larger than the
corresponding observation time 7;. More formally: we observe (77, Aq),...,(T,,A,), with
A; = 1ix,<7,)- Case 2 is usually denoted as the situation with two observation times (U;, V;)
and the information whether X is left of U;, between U; and V; or right of V.

For case 1, also denoted by current status data, quite a lot is known. It is already
shown in AYER et. al. (1955) and vAN EEDEN (1956) that there exists a one-step procedure
for calculation of the non-parametric maximum likelihood estimator (NPMLE) E, of the
distribution function F', based on isotonic regression theory. The asymptotic distribution of
Fn(to), for fixed ty € IR, is derived in part II, chapter 5 of GROENEBOOM AND WELLNER (1992);
n'/3 is the obtained convergence rate. The same chapter discusses convergence properties of

the NPMLE p(F,,) of the mean p(F') and it is shown that, under some extra conditions,

Vi(u(Fy) — p(F)-2>N(0, wdw), as n — 0o

with g(x) the density of the distribution of the observation times, and 2, denoting conver-
gence in distribution. HuANG AND WELLNER (1995) prove a similar result for functionals that
are linear in F: K(F) = [cdF. Then an extra factor ¢/(z) appears in the integral formula
for the limit variance. Groeneboom’s proof for the mean uses the convergence rate of the
supremum distance between the NPMLE and the underlying distribution function, which
is replaced by a easier argument based on Ls-distance properties of F,, and smoothness of
d(z)/g(x) in Huang and Wellner’s proof.

In case 2 one may expect better estimation results than in case 1, since one has more
information on the location of the X;’s. However, both theoretical as well as practical aspects
of the problem are more complicated. Only iterative procedures are available for computa-
tion of the NPMLE F), of F. The iterative convexr minorant algorithm, as introduced by
Groeneboom in part IT of GROENEBOOM AND WELLNER (1992), converges quickly in computer
experiments, and a slight modification of this algorithm is shown to converge in JONGBLOED
(1998).

When considering the asymptotic distribution of the NPMLE Fn(to), a distinction should
be made. If the relative amount of mass of the (U, V')-distribution near the diagonal point
(to,to), compared to the amount of mass of F' near tg is very small we are more in a case
I-type situation and we still have a n'/3 convergence rate (WELLNER (1995)). The limit
distribution of ), (o) has been established in GROENEBOOM (1996) for the situation that U
and V remain bounded away. If the observation time distribution has sufficient mass along
the diagonal, the convergence rate increases to (nlog n)l/ 3 (see GROENEBOOM AND WELLNER
(1992)). There is a conjecture on the asymptotic distribution of Fn(to) in this situation, but
the proof is still incomplete. Another “estimator” is F,gl) (to), which is obtained by doing one
step in the iterative convex minorant algorithm, with the true underlying distribution F' as
starting value. Of course, this procedure, which does not even lead to an estimator in the
strict sense, has no practical value. However, it may be relevant for theoretical purposes.
For the asymptotic distribution of Fy(Ll)(to) is known, and it is conjectured to have the same



asymptotic distribution as the NPMLE.

Contrary to F'(tp), for case 1 as well as case 2, the mean p(F') is a smooth linear functional.
This means that it is differentiable along Hellinger differentiable paths of distributions. For
any functional having this property, one can derive a Cramér-Rao-type information lower
bound, giving the best possible limit variance that can be attained under /n convergence
rate. See e.g. VAN DER VAART (1991), part I of GROENEBOOM AND WELLNER (1992) or BICKEL
et. al. (1993) for the general theory and the application to case 1. For case 1, an explicit
expression of the information lower bound can be derived and is given by

[ @t da,

with ¢(z) being the function

¢(z) = ()

So this lower bound is attained by the NPMLE.

The function ¢ appearing in the information lower bound has an analogue in case 2.
However, contrary to case 1, an explicit formula for ¢ is unknown, and unlikely to exist, ex-
cept for some very special choices of the distributions of X and (U, V') (see GEskus (1997)).
Nevertheless it can be proved, without knowing ¢ explicitly, that the NPMLE K (Fn), es-
timating the smooth functional K (F), shows asymptotically optimal behavior in case 2 as
well, using properties of the integral equation for ¢. Just as in the problem of estimation
of F(ty), two situations can be distinguished, showing different behavior. In GEskus AND
GROENEBOOM (1996) and GESKUS AND GROENEBOOM (1997), together from now on denoted
as GG, the simplest case is treated, with the (U, V)-distribution having no mass along the
diagonal. Smoothness properties of ¢ are derived from the structure of the integral equation
and are sufficient to give the proof. The technical report GESkus AND GROENEBOOM (1995)
contains both papers. See also GEskUs (1997), which contains a rather extensive treatment of
the application of the general lower bound theory to case 1 and this simple version of case 2.
In the present paper, we treat the situation where the observation times can be arbitrarily
close. In the long run we will have observations for which we get very close to observing X
itself, a situation that never occurs in case 1 and the case 2 treated in GG. Now the analysis
is much more complicated, since we really have to deal with the singularity of the integrand
of the integral equation on the diagonal.

Our general outline is as follows. In section 2, after a specification of the problem, the
relevant lower bound calculations are given. In section 3 we show asymptotic efficiency of
the NPMLE; here we benefit from some recent results on the Hellinger distance between the
NPMLE and the underlying distribution function in vAN DE GEER (1996). Section 3 also con-
tains our main result, Theorem 3.2, showing that the NPMLE K (Fn) of a smooth functional
K(Fp) of the underlying distribution function Fjy converges at y/n-rate, is asymptotically
normal and has an asymptotic variance that is equal to the information lower bound.

In section 4 we present some simulation results showing that the variance of the NPMLE
is already very close to the information lower bound for reasonable sample sizes. In this
section we also show some pictures of the solution of the integral equation and its derivative
for the case that the distributions are uniform (F uniform and the distribution of (U, V)
uniform on the upper triangle of the unit square) and the smooth functional corresponds to



the mean. These graphs are compared to graphs of a corresponding solution of the integral
equation when F' is replaced by the NPMLE (and the equation is transformed into another
equation in an inverse scale). Finally, in the appendix, some technical results are proved that
are needed in section 3.

Of course, situations with more than two observation times for each unobservable event
time may occur as well. This is usually denoted as the case k situation. However, only the
two observation times immediately around the event time give relevant information, so it very
much resembles case 2. We will only consider case 2. See also GG, where case k is briefly
discussed.

Unless otherwise stated, all norms in this paper should be read as Lo-norms. The dom-
inating measure varies, but is denoted by a subscript, or should be clear from the context.
The Lg—space denotes the subspace of functions that integrate to zero.

2 The model; lower bound considerations

We will start with a brief formulation of the problem and a list of assumptions that are
needed in order to perform the lower bound calculations. Moreover, a key equation on which
our analysis will be based is given. A more elaborate introduction, including a derivation of
this equation, can be found in GG and Geskus (1997).

2.1 The model; general lower bound theory for smooth functionals

Let F' be a distribution function. We are interested in estimation of some functional K (F).
However, instead of a sample Xi,...,X,, ~ F, we are only able to observe the sample
(Ul, Vl, Al, Fl), ey (Un, Vn, An, Fn) with Az = 1{Xz‘§Uz‘} and Fz = 1{Ui<Xi§Vi}‘ The fOHOWiDg
model assumptions are made:

(M1) Let K > 0 and let S be a bounded interval C IR. F is contained in the class

Fg :={F| support(F) C S, F absolutely continuous, sup |f(z)| < K}.

F' is the distribution on which we want to obtain information; however, we do not
observe X; ~ F directly.

(M2) Instead, we observe the pairs (U;,V;), with distribution function H. H is contained
in H, the collection of all two-dimensional distributions on {(u,v)|u < v}, absolutely
continuous with respect to two-dimensional Lebesgue measure and such that (U;, V;) is
independent of X;. Let h denote the density of (U;,V;), with marginal densities and
distribution functions hq, Hy and hg, Hs for U; and V; respectively.

(M3) If both H; and Hs put zero mass on some set A, then F' € Fg has zero mass on A as
well, so FF <« H{ + Hs. This means that ' does not have mass on sets in which no
observations can occur.

Typically, under (M1), F' has support [0, M], and H has its mass on the triangle {(u,v)|0 <
u < v < M}. From now on we will restrict attention to this typical situation. More general
choices of the support and the situation with H; + Hs having larger support than F' have
been treated in Geskus (1997), but are similar in essence. Without condition (M3), the



functionals in which we are interested are not well-defined. Moreover, if F' has probability
mass on a region in which no observations can occur, one cannot estimate the structure of F'
on this region consistently. In many survival studies, events do occur outside the domain of
observation, making estimation of functionals like the mean an impossible task.

The observable random vectors (U;, Vi, A;,T';) have density
qr, 1 (u,v,6,7) = h(u,0)F(u)’ (F(v) = F(u))"(1 = F(v))' 777

with respect to Ay ® vo, where v9 denotes counting measure on the set {(0, 1), (1,0), (0,0)}.
The letter “M” in conditions (M1) to (M3) stands for “model”.
With respect to the functional to be estimated we assume:

(F1) K is differentiable along Hellinger differentiable paths of distributions from Fg.

The canonical gradient for this functional is denoted by £r. What functionals satisfy this
pathwise differentiability requirement? An important class of functionals are the functionals
that are linear in F,

K@U:/d@dﬂ@.

All moment functionals F +— [ ¥ dF'(z) belong to this class. Estimation of the distribution
function at a fixed point concerns a linear functional as well: for K(F) = F(ty) we have
c(x) = 1jg40)(z). In BICKEL et. al. (1993), proposition A.5.2, it is shown that linear functionals
on Fg with

sup Erc(X)? < o0
FeFs

are pathwise differentiable at any F' € Fg, with canonical gradient

%ﬂ@:d@—/dwﬂm)
So if we were able to observe the X;’s directly, we would obtain the information lower bound
[e(X) = Ep(e(X))[|%-

For nonlinear functionals, there is no general method that immediately establishes path-
wise differentiability and supplies the formula for the canonical gradient. An example of a
nonlinear functional to which our theory can be applied is

K(F) :/F2(x)w(m) dx.

If the function w is bounded, a slight extension of the proof in BICKEL et. al. (1993), as given
in Geskus (1997), shows that this functional has canonical gradient

Rp(x)=2 /SJV; F(s)w(s)ds — /Q:IO /Si 2F(s)w(s)dsdF(x).

In order to show that the NPMLE K (Fn) asymptotically attains the lower bound, we have
to make the following extra assumption:

(F2) K(G) - K(F) = / Fr(2) d(G — F)(z) + O(|G — FI2),
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for all distribution functions G with support contained in [0, M], with A denoting Lebesgue
measure on IR. For linear functionals (F2) holds without the O-term. However, the functional

0= [
also satisfies (F2).

In the interval censoring model we do not observe X ~ F' directly, and the estimand K (F')
is only implicitly defined as a functional ©(Q r i) on the class of probability measures on the
observation space, with H acting as a nuisance parameter. What about differentiability and
information lower bounds in this model? The score operator L1, relating the censoring model
to the, unattainable, model without censoring is in our situation:

[Lia](u,v,d,7) = Ela(X)|U=u,V =0v,A=06,T=1r]
5f0uad,F+ v [ adF (1—-96—- v)f adF
Fu) @) - F@) = F(0)

a.e. — [QF,H] (2.1)

This operator may be defined on Ly(F'), with range in Lo(Qr z). However, since it relates
scores, our main interest lies in the domain L9(F). Then its range is contained in LY(Qr u).
The adjoint of Ly on LY(Qr m) can be written as [Lib](x) = E[b(U,V,A,T)|X = z] and we
get

M M
/ / b(u,v,1,0) h(u,v) dv du +
U;SL‘ U&u
/ / b(u,v,0,1) h(u,v) dv du + (2.2)
u=0Jv=x

/ / b(u,v,0,0) h(u,v) dv du a.e-[F].
u=0Jv=u
Now we have pathwise differentiability of ©(Qr ) if and only if

KF € R(L’{)

and if this holds, then the canonical gradient is the unique element 0 rainR(Ly) C LY(Q F.H)
satisfying 3
Libpy = . (2.3)

(See VAN DER VAART (1991).)

Many functionals that are pathwise differentiable in the model without censoring, lose
this property in the interval censoring model. Due to the smoothness of the adjoint operator,
any functional K with a canonical gradient that is not a.e. equal to a continuous function
cannot be obtained under L]. So not all linear functionals remain pathwise differentiable.
For example, K (F) = F(tg), with canonical gradient 1jg.)(-) — F'(to), is discontinuous at to,
and therefore does not belong to the range of Lj. This corresponds with F'(tp) not being
estimable at y/n-rate. However, functionals with a canonical gradient that is sufficiently
smooth, will be shown to remain differentiable under censoring. Hence for these functionals
the information lower bound theory holds.

If the canonical gradients 0 = §F7 g and Kp satisfy some extra conditions, the information
lower bound ||0 ||22F7H has an alternative formulation.



Theorem 2.1 Let 6 be contained in R(L), say 6 = La, for some a, € LY(F). Assume that
the function x — Kp(z) is differentiable with bounded derivative. Then we have

1013, , = <aoir>r
M
- / Rp(2) b ()
0

with ¢o(x) = [M ay(t) dF ().

Proof: See theorem 3.3 in GESKUS AND GROENEBOOM (1995).

This theorem holds more generally. However, in the interval censoring model, both case 1
and case 2, we have the extra property that the function

o(z) / " a(t) dF(t) with a € LY(F)

also appears explicitly in the score operator Li. Therefore it will play an important role.
It will be called the integrated score function. From its definition we know that ¢ satisfies
?(0)=¢(M)=0 and that ¢ is continuous for F' € Fg.

In section 2.2 we will pay attention to the structure of the lower bound. Section 3 will be
devoted to showing that the NPMLE ©,, of O(Qr ) satisfies

Vi(©, — O(Qrm) =N (0,813, ,)-

2.2 Lower bounds for interval censoring case 2

We restrict ourselves to the case § € R(L;). So the case § € R(Ly) \ R(L1) will not be
considered. Solvability of the equation

Rp(x) = [L]L1a](z) ae —F (2.4)

in the variable a € LY(F) will be investigated. The support of F' may consist of a finite
number of disjoint intervals. However, (2.4) is not defined on intervals where F' does not
put mass, and these intervals do not play any further role. So without loss of generality we
may assume the support of F' to consist of one interval [0, M]. By the structure of the score
operator L this can be reformulated as an equation in ¢. If we suppose equation (2.4) to
hold for all z € [0, M], taking derivatives on both sides yields the following integral equation:

T M
$(x) + dp(x) [ / . P h(t, @) dt — / _Hyr e dt] = k(@)dp(), (25)

with dp(z) being the function

Fa)[l — F(z)]

() = - F@+ h@FE)

writing k(x) instead of &’ (z). Although k may depend on F', we do not explicitly express
this dependence. This is done, since in proving asymptotic efficiency of the NPMLE we have



to consider (2.5) for convex combinations F' = (1 —a)Fy+ aF},, where Fy € Fg (the unknown
distribution) is continuous and F, (the NPMLE of Fy) is purely discrete. Solvability and
structure of the solution to (2.5) will be investigated for such combinations, with & still
determined by the underlying distribution Fy (so k = /%’FO) Apart from the model conditions
(M1) to (M3), some extra conditions will have to be introduced in order to make the proofs
in this section possible. For the distributions we assume

(D1) hy(x) + ho(x) > 0 for all z € [0, M].

(D2) h(u,v) is continuous. The partial derivatives A}(x) = a%h(w,t) and A?(z) = a%h(t,:z:)
exist, except for at most a finite number of points x, where left and right derivatives
with respect to x do exist for each t. The derivatives are bounded, uniformly in ¢ and
x.

(D3) F is a nondegenerate distribution function with at most finitely many points of jump
x; € (0,M). Let D ={x9 =0,21,...,Zm,Tms+1 = M} denote the ordered set of jump
points of F'; augmented with the endpoints of the interval [0, M]. We assume that F' is
differentiable between jumps, except for at most a finite number of points, where left
and right derivatives exist. Everywhere outside D, the derivative is bounded and > ¢
for some ¢ > 0 (so we assume fo(z) > ¢ for all = € [0, M]). The set of points of jump
may be empty. Note that if F' has jumps, we assume that F' has derivative > ¢ also on
the (non-empty) intervals (0,z1) and (z,,, M) (where we allow z1 = z,, though).

For the functional we should have

(F3) k is differentiable, except for at most a finite number of points =, where left and right
derivatives exist. The derivative is bounded, uniformly in z.

Note that the letter “D” in conditions (D1) to (D3) stands for “distribution” and the letter
“F” in (F1) to (F3) for “functional”.

Of course, (D2) implies continuity of h; and hg. (D1) is the equivalent of g > 0 in case 1
and is needed. It implies that dp is bounded. In case 1, the function ¢ has an explicit
representation of the form

o) =k T
g
whereas in case 2, ¢ can only be expressed implicitly as a solution to (2.5). If (2.5) is solvable,
its solution ¢ can be shown to contain a factor F'(1 — F'), just as in case 1. The structure
of dp already suggests this factor to be present. Validity of the factorization is shown by
inserting

)

¢=FQ1-F)¢
in (2.5). Some reordering yields an integral equation in £, which will be shown to be solvable.
This &-equation has the following form:

T M
£(2) + cp(@) [ /t:o S (42 dt - /t:m S0t o 1) dt} — k()ep(r),  (26)

with cp(z) given by

T M
le) = / 1= FO hta)dt+ | F) b, t) de
t=0 t=x
— ho(@) B{1 — FU)|V = ) + h1(2) E{QF(V)|U = 2} 2.7)



and

{ h*(t,z) = F(t)[1 — F(t)]h(t,z) ift<uw (2.8)

he(z,t) = F(t)[1 — F@)]h(z,t) ifx <t

This equation is similar in structure to the ¢-equation. So the lemmas and theorems in the
remainder of this section apply to both the ¢-equation (2.5) and the &-equation (2.6). Most
of the proofs will only be given for the ¢-equation.

Unlike the situation treated in GG, we now assume that the observation density does
have mass along the diagonal. This has the consequence that the integral equation may
no longer be a Fredholm integral equation. However, we first consider a “desingularized”
integral equation, to which the theory on Fredholm integral equations of the second kind can
be applied (KRrEss (1989)).

If F' has jumps, the solution of the integral equation will in general also have jumps.
However, the key observation in analyzing the integral equation and in proving the efficiency
of the NPMLE is that, even when F' has discontinuities, we can make a change of scale in
such a way that the solution of the integral equation can be extended to a Lipschitz function
in the transformed scale.

We first introduce some notation. Let G(t) = F~l(t), t € [0,1], with a derivative ¢
which exists except for at most a finite number of points, where, however, G has left and
right derivatives. Furthermore, let k(t) = k(G(t)), H(t,u) = H(G(t),G(u)) and likewise
h(t,u) = h(G(t),G(u)), and let dr be defined by

: t(1—t)

) = T 5 1@ (2.9)

where h; = h; o G, i = 1,2. Note that, if F has jumps, dr # dr o G. Also note that k, d and
h are continuous. In a similar way, we define

t 1
ep(t)™? :/0 (1 —s) h(s,t)dG(s) +/t sh(t,s)dG(s)

and
(t,u) ift<u

h*(t,u) = t(1—t
{ o ( )(u,t) ifu<t (2.10)

Re(u,t) = t(1—1t)
We have the following lemma.

Lemma 2.1 (i) The integral equation
oo 1 _
3e(t) :dF(t){k:(t)— /0 SO0 (1 1) dG () + /t Seu)—3e0) (g ) dG(u)} (2.11)

has a unique continuous solution ¢., satisfying

inf dp(2)k(z) < ¢(t) < sup dp(z)k(x), (2.12)
z€[0,M] z€[0,M)]

for allt € [0,1] and € > 0. )
For points t in the range of F, say t = F(x), we have ¢.(t) = ¢c(z)



(i) The integral equation
t 1.
&) =er0{ ko)~ [ SEHO I dce)+ [ HEEO R G | (213)
0 t

has a unique continuous solution &, satisfying

inf cp(a)k(z) < &) < sup cp(x)k(n), (2.14)
z€[0,M)] z€[0,M)]

for allt € [0,1] and € > 0. )
For points t in the range of F, say t = F(x), we have £ (t) = &(x)

Proof:

ad (i) By the Fredholm theory, as used e.g. in GESKUS AND GROENEBOOM (1996), theorem
5, p. 82, the ¢.-equation (2.11) can be shown to have a unique continuous solution, for each
e > 0. Note that the integration in (2.11) is only with respect to dG(t') and dG(u) and
therefore only involves values belonging to the range of F'. So for points ¢ in the range of F’
we have

Pe(t) = ¢e(G(1))-
Let m = arg min[¢] and s = arg max[¢.]. We have

be(s) < dp(s)k(s) < sup dp(z)k(z),
z€[0,M]

since ¢.(s) — ¢.(t) >0, t € [0,1], and similarly

8e(m) = dp(m)k(m) > _inf_dp(z)h(x).

since ¢c(m) — ¢(t) <0, t € [0,1]. Hence we have (2.12).

ad (ii) The argument is completely similar to the argument given for (i). O

The following lemma is the crux of the proof of the existence of the solution to the original
integral equation.

Lemma 2.2 The functions ¢. are Lipschitz on [0, 1], uniformly in € > 0.

Proof: We will use similar notation as in Lemma 2.1. Let z1, ...,z be the points of jump of
F and let zy = 0, 2,41 = M. Furthermore, let 7, = F(x;), i =0,...,m+1. Fori=0,...,m,
the interval [, 7;11] can be divided into two parts:

(1) the interval [r;,7/), where 7/ = F(x;+1—). The interval [r;,7/) corresponds to the inter-
val [z, x;+1) in the original scale. The function G is strictly increasing and differentiable
on the interval (7;,7/), and is right and left differentiable at 7; and 7/ respectively.

i
(2) the interval [/, 7;41]. This interval corresponds to the jump of F' at x;4;. Here the
function G is constant, again having right and left derivatives at the respective end-

points.

10



If ¢ = m, the second interval only consists of the point 1. Let

D = {7, s T U{T, . o 7h}
U {discontinuity points of k'(t), dj(t),
Ap(t) = Zh(t,t')for t <t', and AL(t) = Zh(u,t)for t > u}.

Then ¢(t) is differentiable for ¢ ¢ D’, and has left and right derivatives for t € D’. Using

b I
B(t) - / B0 (¢, 1) dG(t') + / Gel)=0e0) J,(1 1)) 4G (u)
0 t

(u—t)Ve

= ¢c(t)/dp(t) = &O[(1 - )ha(t) + tha(t)],

and using left or right dervatives when ¢t € D’, we have:
Gelt) = dp(t) E(t) [(1 = )ha(t) + tha(t)]
t _
+drO{F0) ~ [ S fhe 0 ac()
1 _
+ /t 2220 8 R(t,u) dG(u) |
_dr(t / B 30-3:) \ gy ¢
F( ){ t/:t—t,>5{ t—t (t_t )2 } ( )
DL(t)  Pe(u)=oe(t) 7
o {5 S e )

h(t', t)g(t') dt’ + / o h(t,u)g(u) du}. (2.15)

t

~ar e { [

t—e

Note that %FI (t,u) = h(t,u)g(t) and similarly for the other partial derivative of H. Moving
the terms containing ¢, to the left-hand side of (2.15), shows that ¢.(¢) has a finite upper
bound, using Lemma 2.1. Moreover, ¢. is piecewise continuous on the closed intervals from
one point in D’ to the subsequent one. So @ attains a maximum value, which may be a right
or left derivative. The rest of the proof is devoted to showing that this maximum value is
uniform in e.

Let M, def SUPse(o, 1] #.(t) and suppose that ¢. attains its supremum at a point s. Note
that M, > 0, since ¢(0) = ¢.(1) = 0 and ¢, is continuous. Then, if 0 <t < s — €,

¢_>2 S (Ee S _(Ee t fts{&é(s)_éé(u)}du
L ((s)—t)2() Z D)2 = 0.

Likewise, if 1 >t > s+ €, we get
572( ) (ge(t)_(ie( )
t—i T T (t—s)2 = 20

So these parts work in the opposite direction, and are harmless in (2.15).
Now let K (t) be defined by

K(t) € dpOk (1) + dp(t) E(8) [(1 — )R () + t ha(t)]

t _ _ 1 _ _
—dF(t){ /0 L) L R(E 1) dG(H) — /t Slul= 20 Dh(t,u) dG(u)}
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and let C¢(t) be defined by

Co(t) 14 dp(t)e 1{/t B(t’,t)g(t’)dt’+/t+gl_z(t,u)g(u)du},te 0,1.  (2.16)
Then we have B
d(s) Ce(s) < Ke(s), (2.17)
implying
M, < sup K(t)/Cc(t). (2.18)
te[0,1]

In a similar way, if m. def infyepo,1] @L(2), We get

me> inf Ko(t)/Co(t). (2.19)

Let the function A5 be defined by

B t B t+0 3
As(t) = dF<t>{ / G Dl dG() + / | h(t, )| dG(u)}, te0,1]
t— t
Fix 0 > 0 such that, for all ¢ € [0, 1],

A5(8)/Ce(t) <

Note that § > 0 can be chosen independently of € > 0, since
11%1 Ce(t) = 1+ 2dp(t)h(t, t)g(t), t € (0,1).

(2.20)

l\DI}—t

Then we get from (2.20), for each t € [0,1], by applying the mean value theorem on the

ratios {gc(t) — de(t')}/(t — ') and {de(u) — Pe(t)}/(u — 1),

2 BR(Y )| dG() + / 20l SRt w)| dG(u)}/cea)
< Aty max{Mo bml}/C.(t) < max{Me, )

t
Defining B;(t) by
def

Bs(t) = dr(®)[K' )|+ |dp@®)][(1 = t)ha(t) + 1 ha(t)] t,ih[l(}’”{EF(tl)’k(tl)’}

+250 sup {de ()R sup [FR( 0]+ sup | ()]
t€[0,1] t'e[0,t] u€lt,1]

we get, for ¢t € [0,1],
(1K (1) + | (1) ECt) (1 = ) (£) + ()]
+dr(t { t OB 27 0] dG) + / 1
0 ot

9G] | D (1 4y dG(U)}
t+6

< dp(t)|K ()] + |dF(t) E()\[(l—t)hl()‘f'tﬁz(t)]
1 1
2rt) 15 oF i
#2559 sup a0 [ g ojace) + [ Ighenlaco)|
= =e (2.21)
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for some constant ¢, independent of € and ¢. Hence, for each t € [0, 1],
|0(t)] < As(t)/Ce(t) + Bs(t)/Ce(t) < 5 max{Me, |me|} + Bs(t)/Ce(t),

implying
T max{M.,|m|} < sup Bs(t)/Cc(t) < sup ¢/Cc(t) < ¢, (2.22)
t€[0,1] te[0,1]
for some constant ¢ independent of e. )
Hence ¢.(t) is bounded on [0, 1], uniformly in € and ¢, implying that ¢ is Lipschitz, uniformly
in € > 0. O

We now have the following theorem.

Theorem 2.2 Let G(t) = F~(t), t € [0,1], with a derivative g which exists except for at
most a finite number of points, where G has left and right derivatives. Furthermore, let
k(t) = k(G(t)), H(t,u) = H(G(t),G(v)), h(t,u) = h(G(t),G(u)), and let dr be defined by

- def t(1—1t)
0 = A0 + )

(2.23)

where h; = h; o G, i =1,2. Then
(i) The integral equation

- - 1 _ -
B(t) :dF(t){k(t)—/Ot%dﬁ(t',tw/t K00 af(t )}, b e [0,1], (2.24)

has a unique solution which is Lipschitz on [0,1].

(i1) The Lipschitz norm in (i) has the following upper bound. Let C(t) be defined by

def

C(t) = 1+ 2dp(t)g(t)h(t,t). (2.25)

Moreover, let As(t) and Bs(t) be defined by

and

def

B;(t) dp(O)[K (O] + dp ()] [(1 = )ha(t) +tha(t)] sup {ep(t')[k(t)[}

t’'e[0,1]

+25 0 sup {dp(@)k()[H sup (SR 0]+ sup [Gh(t,u)| }2.27)
t'€[0,1] t'€[0,t] u€(t,1]

At the points in

D' = {discontinuity points of g(t), augmented with 0 and 1}
U {discontinuity points of &'(t), d(t),
Al (t) = %B(t,t/) for t <t', and A%(t) = %}_L(u,t) for t > u},
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As and Bs have two wversions, one corresponding to taking left derivatives and one
corresponding to taking right derivatives.

Then there exists a 6 > 0 such that
sup As(t)/C(t) < 1/2

te(0,1]
and we have B B
[p(u) = ()| S clu—1t),0<t <u<l, (2.28)
where c is given by
¢ =2 sup Bs(t)/C(t). (2.29)
te(0,1]

(iii) The integral equation (2.5) has a unique solution ¢.

Proof:

ad (i) By the preceding two lemma’s, the set {¢. : ¢ < e} (for some ¢y > 0) is bounded
and equicontinuous. Hence, by the Arzela-Ascoli theorem, each sequence ¢, , €, | 0, has a
subsequence (qSEm) converging in the supremum metric to a continuous function gb on [0, 1].
By Lebesgue’s dominated convergence theorem we get, for such a subsequence (¢, ),

55(1') = nli_r)nooggem(in)
- dF(x){k(w)— /0 =0 (¢, 2) dG(t) + /

xT

¢(t1 f( 2) j, h(z,t) dG(t )}. (2.30)

Uniqueness of the solution follows in the same way as in lemma 2.1.
ad (ii) It was shown in (2.22) in the proof of Lemma 2.2 that

sup |¢,(t)| <2 sup Bs(t)/Ce(t),
te(0,1]

te(0,1]
where C is defined by (2.16). But since
leifél Ce(t) = 1+ 2dp(t)h(t, t)g(t),
for t € [0, 1], (2.28) now follows.
ad (iii) We define ¢ by ¢(x) = ¢(F(x)). If t = F(x), we get, by a change of variables,
$z) = o(t)

- JF(t){I?:(t)—/O H)=e(t) fi(”dH(t’,t)Jr/ Pu) f()dﬁ(t,u)}

t
? (a)—o(z) M ow)—s()
- dp(x){k(w)—/o o) dH (o, w)—i—/x =0 4 (z, y)}

and hence ¢ satisfies the original integral equation. Uniqueness of ¢ follows from uniqueness
of ¢ (since a solution ¢ conversely defines a solution ¢ on the inverse scale). a

Remark. The same arguments can be applied to prove existence of a solution to the &-
equation. Hence ¢ can be written as

¢=F(1-F)¢.

Solvability of A = LjLja can now immediately be seen.
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Corollary 2.1 The equation krp = LiLia ts solvable.

Proof: By the Lipschitz property of ¢ we have, for any 0 <z <y < M,

for some constant K. Thus the Radon-Nikodym derivative d¢/dF is a.e.-[F] bounded by K.
O

For the canonical gradient we get, if t < u,

Or(t,u,6,7) = [Lial(t,u,0,7) = —0pg — vod=d + (1 -5 — 7). (2.31)

3 Asymptotic efficiency of the NPMLE

In this section we will denote the unknown distribution function of the unobservable random
variables X; by Fy. As in section 2, we will assume that Fj is continuous. Let Fn be the
NPMLE of Fy, based on the sample of observations (U1, V1, A1,T1), ..., (Un, Vi, Ap, Tp). Tt
is obtained by maximizing the likelihood

ﬁF(UnA@' (F(V;) = F(U)" (1 = F(Vi)' =2 (U3, Vi) (3.1)

i=1

over the class of piecewise constant right-continuous (sub-)distribution functions on [0, M],
having jumps only at a subset of the points U; and V;, i = 1,...,n. The properties of the
function thus obtained are discussed in GROENEBOOM AND WELLNER (1992) and GG.

A rather important property of the NPMLE is that it does not depend on []Ah(U;, V),
so we do not have to perform any preliminary density estimation or bandwidth choice. The
fact that we do not have to solve a bandwidth problem is one of the great advantages of the
nonparametric maximum likelihood approach in the present problem.

By the restriction that F, only has mass at the observation times, also made in GROENE-
BOOM AND WELLNER (1992), we get a piecewise constant function. Let z, = 0, 11 = M
and let z; < ... < x,,, be the points of jump of F' in the interval (0, M). Then F), satisfies
the following properties:

Proposition 3.1 Any function o that is constant on the same intervals J; = [x;_1,2;) as
F,, satisfies

o(t A6 — = FYA }dQn t7u767’7
[ o0 55~ mrr | Qs

Y 1-6— _
+ /uEJ- O'(U){ ﬁ’n(u)—ﬁ’n(t) - 1_}%”(“) } dQn(t7 u, 67 ’7) =0

fori=2....,m.

Proof: See GROENEBOOM AND WELLNER (1992), part II, proposition 1.3, and GESKUS AND
GROENEBOOM (1997), corollary 1, p. 207.
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Proposition 3.2
Prob{ lim || £, — Fol|os = 0} =1
n—oo

Proof: See GROENEBOOM AND WELLNER (1992), part II, sections 4.1 (case 1) and 4.3 (case 2).

Proposition 3.3
| Ey = Folla, = Op(n™3(logn)%) as n — oo, fori=1,2

Proof: See GEskus AND GROENEBOOM (1997), corollary 2, p. 209, and vAN DE GEER (1996),
example 3.2.

The following result is needed in the proof of Lemma 3.1.

Proposition 3.4

lim Pr{Fn is defective} = 0.

n—oo
Proof: See GEskus AND GROENEBOOM (1997), proposition 1, p. 206. Although the condi-
tions on H are different there, the proof is the same, since the difference in conditions has no
bearing on this particular property.

In addition to the smoothness conditions (D1) to (D3), given in section 2, we assume

(D4) h(t,t) = lqﬂ]ta h(t,u) > c >0,
for all ¢ € (0, M) and some ¢ > 0.

Like in GG our definition of the canonical gradient 6 will be extended to piecewise constant
distribution functions F' with finitely many discontinuities, based on the solution ¢ of a
discrete version of the integral equation (2.5). (In order to stress dependence on F', we will
write ¢ instead of ¢.) However, since F'(v) — F(u) no longer remains bounded away from
zero on the region where H puts mass, we have to use an approach different from the one in
GG. On one hand, the quotient

¢r(v) — ¢r(u)

F(v) = F(u) ’
for v and v in the same interval of constancy of F, can only be defined correctly if ¢ is
constant on the same interval. On the other hand, dr, h and ’%/Fo in general are not constant

on these intervals, making a completely discrete version of the integral equation impossible.
Therefore, instead of one function ¢ we now need a pair of functions (¢, ¥ r), satisfying

M

QSF(:L"):dF(JL"){k:(:B)— /O () h(t, ) dt + / ro(t) b, 1) dt}, (3.2)

where rp(t,u) is defined by

br=6r@®)
re(t,u) :{ oo R0 < Fw), (3.3)
P{)(U)—F(I):(t) , if F<t) = F(“’)? t<u,
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and where ¢ is constant on the same intervals as F'.

Since ¢ is constant, the only real integral part is the ¢ p-part; the remaining part of the
integral can be written as a summation. The key to the proof of the existence of a solution
pair (¢F,1r) and also to the other proofs in this section are a representation of the equation
for ¢ on an inverse scale and the construction of a continuous extension of the equation for
¢r on this inverse scale (similar techniques were used in section 2). Using a similar notation
as in section 2, we denote by G the inverse of F', where, for purely discrete distribution
functions F', we take the right-continuous version of the inverse, defined by

G(t) = inf{z € [0, M] : F(x) > t}, t > 0.
Furthermore, we define

t(1—1¢)
(L= t)h,p(t) +thop(t)

kp=koG, th—hloG hQF—hQOGaHddF()

and likewise H(t,u) = H(G(t),G(u)), 0 <t <u < 1.
For part (iii) of theorem 3.1 we will also need the following notation

Ai(g) / @, (3.4)

dof Titt %“
A / / h(u,v) dv du, (3.5)

5 def Zz 1 - Zz)
d; = . 3.6
' Al(h’l)(l _22) +Al(h2)zl ( )
The following theorem shows the existence of the solution pair. Moreover it gives a
uniform Lipschitz condition for the functions ¢z and g, which will be a crucial tool in

showing the Donsker property for fp.

Theorem 3.1 Let the following conditions on Fy, H and kf, be satisfied:

(M1) to (M3); (D1) to (D4); (F1) to (F3). Furthermore, let Fio ) be the set of discrete
non-defective distribution functions on [0, M| with finitely many points of jump, contained in
(0, M). Then there exists an € > 0 such that, for F' € F, where F is defined by {F € Flom) :

supzefo,u |[F'(x) = Fo(e)| < €},

(i) There exists a unique Lipschitz function ¢p : [0,1] — IR such that, for t € [0,1]\ D,
ort) = deffet) - [ OO ame,)
t'€[0,t)
+ / 2et-2e® gt )}, (3.7)
ue(t,1]

where D is the (finite) set of discontinuities of the right-continuous inverse G = F1
n (0,1), augmented with 0 and 1. The function ¢ is Lipschitz, uniformly for F € F.

(i) There exists a pair (pp,¥r), solving the integral equation (3.2), where ¢ is absolutely
continuous with respect to F' and the function ¥ is Lipschitz on each interval between
jumps of F', uniformly for F € F, with a Lipschitz norm not depending on the interval.
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(i1i) Let z; = F(x;) and y; = ¢p(x;), © = 1,...,m. Then, using the definitions (3.6) to
(3.5), we have that the vector y = (y1,-..,ym)" is the unique solution of the set of
linear equations

yz{d +3° Zjl(zh +3° zf(Z }

1<t J>i

_ i(h) i (h)

= Ai(k) + Y 22 - Q+ZZJJZ1 oi=1,...,m. (3.8)
7<i J>i

Theorem 3.1 will be proved by approximating the purely discrete distribution function
F by the function F, = (1 — a)Fy + aF and by studying the behavior of the corresponding
function ¢, , as a T 1. The rather technical proof is given in the Appendix. By Theorem 3.1,
the definition of the function 8 can be extended to piecewise constant distribution functions
F € F by defining

Br(t,u,6,7) = — 20 — yrp(tu) + L=2=0e0), (3.9)
where ¢ and 1 solve equation (3.2), and where q;fé)) and 1¢FI§()) are defined to be zero if

F(t) = 0 or if 1 — F(u) = 0, respectively. Note that f no longer has an interpretation as
canonical gradient.

In the sequel we will write @ instead of Q@ . We are now ready to formulate our main
result.

Theorem 3.2 Let the conditions of Theorem 3.1 be satisfied. Then

V(K (Fy) = K(Fo) =N (0, |0g, |12, ) a5 n— oo (3.10)

Proof: Note that it is sufficient to show the following:
VA (F) = K(F) = Vi [ 8, d(Qu — Q) + 0y(1). (311)

Moreover, using the uniform consistency of F, (see Proposition 3.2), we may assume that
F, € F, for all large n, where F is defined as in Theorem 3.1. The proof consists of the
following steps.

I. By conditions (D1) and (F2), and Proposition 3.3 we have
VA (Fy) = K(F) = Vit [ 7, d(Fy = Fo) +0,(0).

II. In lemma 3.1 the following will be shown:

/"%Fo d(F FO /QFCZQFO,

it FeF.
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III. Unlike the situation in GG, ¢ is constant on the same intervals as F,. Since v = 0,
if F,(u) = F,(t), Proposition 3.1 can be used to obtain

/épn dQ, =0,

_\/g/gﬁn iQr, = \/ﬁ/éﬁn d(Qn — Qry)-
IV. This is further split into
/i / 0. d(Qn—Qr) = Vi / 65, d(Qn — Q)
/n / —0r,)d(Qn — Qr,)-

The last term will be shown to be 0,,(1) (Theorem 3.3).

yielding

Lemma 3.1 Let F be defined as in Theorem 3.1. Then we have under the conditions of
Theorem 3.1, for all F € F,

/g;FO d(F — Fy) = —/éFdQFO.
Proof: Let, for any distribution function F, Lp : Lo(F) — Lo(QF) denote the conditional

expectation operator

§[ladF | y[ladF | (1-6—) [MadF

[Lral(u,v,0,7) = F(w) + F(v)—F(u) + TI—F(v) a.e. — [QF],

with adjoint L*, given by the conditional expectation
[L*b)(z) = Eb(U,V,A,T)|X =z] ae-F.

Since the adjoint is an expectation, conditionally on the value of the random variable X ~ F,
its structure does not depend on F. F' only determines where it has to be defined (the
a.e-F part). Still a € LY(F) implies Lr(a) € LY(Qr). The ratios occurring in 0z, F € F,
are bounded, since, by Theorem 3.1, ¢r and ¢p are Lipschitz functions, if ' € F. Hence
Or € Ly(Qp,), for F € F. Let 1 € Ly(F) denote the constant function 1(z) = 1, z € IR.
Under Lp this transforms into the constant function 1°(¢,u,d,7) = 1 on Le(Qr). Now we
have,

/éFdQFO = <9~F,1O >QF0

= < éF,LFO(l) >QF0
= < L*(ép), 1 >F0

= /L*(éF)dFO.
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If we can prove

L*(0p) = kp, — / Rp, dF a.e.-Fp,

we are done. This is shown as follows:

Recall that the integral equation was obtained by taking derivatives on both sides of the
equation &g, () = [L*0p,](z) for all z € [0, M]. Now we will go the other way, integrate, but
replace éFO by Op, obtaining

[L*0F|(z) = [fR,](z) + C  for all z € [0, M].

For the constant C' we have, using that F' is non-defective,

C’:/C’dF

It is easily shown that 0 is contained in LY(Qr). (However, it is not contained in R(Lr),
because of the part ¢r of the solution pair (¢, r).) Now we have

< L*(ép),l >p = < éF,LF(l) >Qr
= <0p,1°>q,
= 0.
O
The hard part of the proof of Theorem 3.2 is to show that
Vit [, = 05)d(@n = Qr) = 0,(1). (312)

We will prove the Donsker property for the “middle part” ~ - rg of 0 and only indicate the
very similar (simpler) proofs for the the two other parts of O at the end of the proof of
Theorem 3.3. Since the proof is rather involved, we first sketch the general ideas.

We start by defining a neighborhood, shrinking with n, such that the probability that E,
belongs to F,, tends to 1, as n — oo. Let, for F' € F,

qr(t,u,6,7) = 6F(t) + y{F(u) = F{O)} + (1 =7 = §){1 — F(u)} (3.13)

and
qr, (t,u,0,7) = 0Fo(t) + v{Fo(u) — Fo(t)} + (1 — 6 —y){1 — Fo(u)}. (3.14)
It is proved in vAN DE GEER (1996), that

h?(qz, . qm) = Op(n™*3(logn)'/?), (3.15)

where h(qr, qr,) is the Hellinger distance between the densities ¢r and gr, w.r.t. the product
of the measure, induced by H, and counting measure on {0,1}2\ {(1,1)}. The result (3.15)
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has already been used above, since Proposition (3.3) is based on it. Now, if F,, is the set of
distribution functions F' € F, satisfying

h*(qr,ar,) < n *logn, (3.16)
we have: A
Pr{F, € F,} — 1, asn — oc.
In fact, the upper bound n~2/3 log n, defining the class F,,, could be replaced by

can” 23 (logn)'/3,

where we only need ¢, — 0o, as n — 0o, but we are a little bit wasteful with our powers of
logn in an attempt to avoid an accumulation of constants in the upper bounds.
We need to study properties of the empirical integrals

Qn(Or — 0r,)* and Q,(0r — 05)?,

for F,G € F,,. The denominators in épo, 0 and ¢ can be arbitrarily close to zero. If F € F,
then F'(u) — F(t) will be zero on a region of positive Lebesgue measure, in which case we get
for the “middle part” ~ - rp of Op:

v-re(tu) = {Yr(u) —Yr(t)}/ (Fo(u) — Fo(t)}-

We will face these difficulties by considering three regions of integration:

Cr(F) = {w : qr(w) > nqp,(w), ¢r,(w) >3}, (3.17)
Dy(F) ={w : gr(w) < ngr,(w)}, (3.18)

and
Co(Fp) = {w : g, (w) < n~Y/3}, (3.19)

for some n € (0,1), where the elements w of the sets, defined above, are of the form w =
(t,u,8,7). On the region C,,,(F), O has a behavior which is comparable to the behavior of
éFO; on the other regions we just use the uniform boundedness of 6r and the fact that the
integrals over these regions become sufficiently small.

For the entropy calculations we shall use ratios rp,_¢, 5 of the form

o1 (Gr(w) — dr(Fi(t))
Gr(u) — Fr(t)

where Fj, and Gy, are distribution functions such that Fy, < F < Gy ((Fy, Gy) is a “bracket”
for F') and where ¢y, is a Lipschitz function approximating ¢r. In this way the good behavior
of the ratios 7 on the region Cy, ,(F) is preserved on the same region by the approximating
ratio rp, ¢, 5, Next we will apply the chaining lemma, using a chain with a kind of “funnel”
structure, preserving this good behavior on the region C', ,,(F'). Note that the approximating
ratios are outside the original class of ratios rp.

In dealing with the region D, (F'), defined by (3.18), we will need the functions

qF - qFo
P=—, 3.20
g qr + qF, ( )

for which Lemma A.1 in vAN DE GEER (1996) holds. This lemma, specialized to our situation,
is given below for easy reference.
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Lemma 3.2 Let, for F € F,,, Sp(F) and G,, be defined by

1/2
Sp(F) = {/ g% dQn} and G, = {gFl{qFO>0n} :FeF,l,
QFO>0'n

where (we take) o, =n"'3. Let (pp)n>1 be a non-decreasing sequence of real numbers > 1.
Then, given 0 < v < 2 and 0 < C < oo, there exists an 0 < L < oo depending on v and C,
such that for

1 Y
To >0 240 p2T | for all n,
we have
Sn(F)

lim supn_,ooPr{ i > & for some I’ € fn}

qr,qr,) V (L1y)

< lim supn_)ooélPr{sup (pi)y H(6,Gn,Qn) > C},
>0 N\

where H(9,Gn,Qrn) denotes the d-entropy of G, for the Lo-distance w.r.t. Q.

We will also need the following two lemmas.
Lemma 3.3 (i) Let the function a, be defined by
an = 1{qFO>n71/3} / q%()

Then
Qnan, = Op(logn) (3.21)

(ii) Let the function by, be defined by
bn = Vgp, -1/}

Then
Qubn = O, (n2/3) (3.22)

Proof: Both statements are simple consequences of the Markov inequality:
Pr{Qna, > clogn} < (clog n)_lQFOan = (clog n)_l/ q}oz dQr, = c_l(’)(l),
qr, >n—1/3
and, likewise,

Pr {ann > cn_2/3} < c_1n2/3QFObn = c_lnz/?’/ dQr, = ctO(1).

qry<n—1/3
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Lemma 3.4 Let, for n € (0,1), the set D,(F) be defined by (3.18). Then

sup QnDy(F) = O, (n"23logn). (3.23)

Proof: We have:

<41 —n)""Qn {qF+qFO} : (3.24)
where we use in the first step that

qr
=l > 0 an,
qF

0

lar — qry| = qr,

if gr < nar,-
Furthermore, by Lemmas 3.2 and 3.3,

_ 2
sup / {—Z;rgit)} dQ@, = sup / g% dQ,, = Op(n_2/3 log n). (3.25)
FeFn Jqpy>n—1/3 0 FeFu Jap,>n-1/3

Relation (3.25) follows from Lemma 3.2, by taking v = 1, 7, = n='/3(log n)'/? and p,, = logn.
The metric entropy H (6, Gy, Qy) of the class G,,, with the Lo-distance with respect to @, is
then O, (67" (logn)'/?) uniformly in § > 0. This is seen by first noting that

qr —qry, _ 2q9r 1
- )

qr + qF, qr + qF,

and next that, for two distribution functions F; and F5,

qr, qr,

o < |qF1 - QF2| )
qrm + qr, qr, + qr,

a qr,

By the results of BIRMAN AND SoLOMJAK (1967) or BALL AND PAJOR (1990), applied on classes
of uniformly bounded monotone functions, the d-entropy of the class of functions gp for the
Lo-distance w.r.t. the probability measure @), defined by

Qn B :/ (]_2 dQn / q_2 dQna
B)= [ iy T / —

is O(6~1), implying H(5,Gn,Qn) = Op(6 (logn)'/?), using part (i) of Lemma 3.3. The
entropy results needed here can also be found in VAN DER VAART AND WELLNER (1996),
Theorem 2.7.5, p. 159; Theorem 2.6.9, p. 142 and Example 2.6.21, p. 149, where, in fact,
log N(e, F,L2(Q)) < K/e follows from Theorem 2.6.9 by taking F in the latter to be the
class of indicators {1jgy : t € IR}, with V = 2.

Since, by |gr| <1 and part (ii) of Lemma 3.3,

_ 2
e / s {Z;Z?ﬁ} dQy, < / dQn < O, (n~2/3),
qFoSn -

FeF, qry<n—1/3
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we get, in combination with (3.25),

qF —qF, 2 o —-2/3
FS;I]I;/ {M} dQr, = Op(n logn). (3.26)
The result now follows from (3.24) and (3.26). O

From now on we will concentrate on the behavior of the “middle part” of §p. Consider
triples (F), Gk, ¢r), where F}, and G}, are distribution functions belonging to F and ¢, belongs
to a uniform class of Lipschitz functions on [0, 1], with the same uniform Lipschitz norm ¢,
and upper bound as the functions ¢p, F € F, of Theorem 3.1. For these triples we define

iy G (1 10) = GO0 i Gy () > Fy (), (3.27)

and, for pairs (f,u) such that Fj(t) = Gx(u), we define rp, o s (t,u) = 0. Moreover, we
define the semi-metric

dn((Fi, Giy O1), (F1, Gi, 1))

1/2
= 92 5 1 .
tren[g}l(;] | ( ) ¢l(t>| {/Fo(u)—Fo(t)>n1/3 {Fo(u)—Fo(t)}? /de }
) 1/2
+ / AGEGIOR S
{ Fo(u)—Fo(t)>n=1/3 {Fo(u)_Fo(t) }

1/2
Gr(w)=Gy(w) | *
+ / T [ V9@ 3.28
{ Fo(u)—Fo(t)>n—1/3 { Fo(u)=Fo(t) } ( )

We now have the following result.

Lemma 3.5 Let, for distribution functions F' and G such that F' < G, the set C,, ,(F,G) be
defined by

Crn(F,G) = {(t,u) : Fy(u) — Fo(t) > n~%, G(u) — F(t) > n{Fo(u) — Fy()}}.  (3.29)
Then we have for all pairs of distribution functions (Fy,Gy) and (F;, Gy) such that Fy, < Gy,
and Fy < Gy,

Q"(TFmGk@k B TFz,Gm;z)2710n,n(Fk7Gk)ﬂCn,n(Fl,Gl)
S Czdn((Fk, Gk7 (Ek)a (ﬂu Gl7 (Zgl))27

where Ty 5 i defined by (3.27), and where C > 0 is a constant, only depending on n €

(p, 1) and the Lipschitz norm crip, corresponding to the uniform Lipschitz class of functions
¢F7 FeF.

Proof: If Gi(u) — Fi(t) > 0 and G;(u) — Fi(t) > 0, we have the decomposition

{TFkkavék (t,u) — rFl,Gz,qﬁz( u)}y

_ {@(Guu))—&k(m(t» $1(Gy(w)— ¢_>L(Gz(t))}
Gr(w)—Fy, (D) Gilw)—F(D) v

PGt (G () — Fi() — {Gi(w) — (Fu(0)}) m
{0k (Gr(u)) — or(Fr(t)) — {@i(Gi(u)) — di(Fi(t))}} ENOEOR
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Hence

@n (TFkak@k —TR,GLé )2fylcn,71(Fkak)mC7l,7l(FlyGl)
{Gi(w) - F ()= (Gr(w)—F(t)}
Folu)—Fo(D))? 7 dQn

2
CLipn

IN

_9 /
Chnyn (Fi,Gi)NCn,n (F1,Gy)

b u)) =y, —(¢ u))—¢ 2
{0k (Gr(w) ¢k(5;c0(fi))_%((t?}f§ D=di(Fi(®)} ~dQ,

+77_2 /
Chnn (Fi,Gi)NChn oy (F1,Gy)

2
CLipn

IN

9 {Gi(w) = F ()= (Gr(w)—(F ()}
u)— /7 dQTL
L’n,n(Fkak)an,n(Flle) (FO( ) FO(t))2

- 1 (G () =B (Fu () (&1 (G1 (w) — o (Fi(1))) 2
Cn,n(Fr,Gi)NCn y (F1,G1) (Fou)=Fo(t))*
42, 2 / (Celw)=Ci )+ ()R gy
Lip Con (FoGa)Cou (F1,G1) (Fo(u)—Fo(t))2

G (w)—Gi(w))2+(Fy (t)—F;(t))?
(G(u) (I"LQ((QB—FE)(?)()Q 1(t) v dQn

IN

Cc? /
Cnn (F,Gi)NCrn o (F1,G1)

Y u s u 2 b1 s 2
(¢ (Gi(w)) ¢z(%§0()3_%¢21;)()1§z(t)) o1 (F1(1))) v dQn

+C? /
Chnn (Fi,Gi)NCr o (F1,Gy)
< C%,((Fy, Gy, 1), (F1, Gi, 1)), (3.30)

where C > 0 is a constant, only depending on 1 and the Lipschitz norm ¢y, corresponding
to the uniform Lipschitz class of functions ¢p, F' € F. O

Note that we can also apply Lemma 3.5 in the approximation of a ratio r g, by making the
identification rp = rp g 5. and by noting that C, ,(F, F) = Cy, »(F). For the set of functions
Fn we now have the following theorem which finishes the proof of Theorem 3.2.

Theorem 3.3 Let F,, be the set of distribution functions F' € F, defined by (3.16). Then
we have, under the conditions of Theorem 3.2, for each ¢ > 0,

Pr{ sup |[vVn(Qn — Qr,) (O — 0r,)| > e} — 0, as n — oc. (3.31)
FeFn

Proof: We will (using the notation of POLLARD (1984), page 150) denote the empirical
process /n(Qn — Qr,) by E, and the symmetrized empirical process E, by EY. Fix an
(arbitrary) € > 0. By the symmetrization lemma we have
Pr{]En(rF —rp,)y| > € for some F € F,} < 4Pr{]E9L(rF —7R)7| > e for some F € F,}.
Let € > 0 and € (0,1) be fixed in the following. We are going to show that

Pr{\Eg(rF —7R)7| > e for some F € F, | fn} — 0, as n — 00, (3.32)
for all

§n = ((Tlv U17617’71)7 s (Tn7 Unyény’yn))7
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such that

/ dQ,, < n~?logn, (3.33)
qry<n~1/3
[ Q. < ogn)® (334
QFO>TL71/3
and
sup QnDy(F) = sup / dQ, < n~*3(logn)?, (3.35)
FeFn FeFn Jqr<ngr,

are satisfied for the empirical measure @), corresponding to &,,. By the preceding lemmas, the
probability that these conditions are not satisfied for the sample &, tends to zero, as n — oo.
In (3.33) to (3.35) we again use our method of absorbing constants into extra powers of log n.
Let €, = 1=¢/\/n and let, for each § > 0, S5 be a (minimal) net of triples (Fy, G, ¢x)
such that for any F € F,, there exists a triple (Fg, Gk, ¢r) € Ss satisfying Fy, < F < G,
by, G, € F and
dn((Fka Gk: ¢k)7 (F7 F7 ¢F)) < 5/0

where the constant C' > 0 is as in Lemma 3.9, and where the Lipschitz norm of ¢y, is bounded
above by the Lipschitz norm of the class {¢r : F' € F}. Then (3.32) will hold if we can show
that, for some €, < ¢,,

PT{|E2(7“Fk,Gk,q§k — )|y > g€ for some (F, Gy, dr) € Ser, | ﬁn} — 0, asn — 00, (3.36)
since, conditionally on &,

|En(rp —Ty)7Y] <

<|EN(rr = Tr gra )Y+ 1B (TE a6 — TFo)Y]

< n2C d,((Fy, Gr, $), (F, F,0p)) + | ES (15 ¢ 5, — TR)Y| + O(n /5 (logn)?)
< ’Eg(rpk,ngk — 1))+ n' %6, 4 0(1)

<|EN(rp, ap 50 — TRV T 156+ 15€ = B0 (T, 6, — TRV + 36,

for all large n.
We now construct a chain in the following way. Let

=312 i=0,1,...,

and let k& be the smallest integer such that 37%n=1/12 < ¢,. Define 75, = Ss, and let,
recursivel)_f, 75, , be a minimal §;_1-net for the sem_i—distance dp, such that for each triple
(Fs,, Gs,, ¢5,) € T, there exists a triple (F5, ,,Gs, ,, ¢s, ,) € Ts, , satisfying F5, |, G5, , € F,
Fs5, < F5, <G5, <Gs, ,, and

dn((F(;i,l ) G5i71 ) &51'71)7 (F5i7 Géia (2351)) < 5i—1/07
where the constant C' > 0 is as in Lemma 3.5. The cardinality N, (0;) of 75, satisfies

log N,,(9;) < céi_llogn,izo,...,k:,
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for some constant ¢ > 0, using (3.34) and the entropy results in BIRMAN AND SOLOMJAK
(1967). Hence,

k—1
Z(Si\/log Np(0i11) < c(logn)'/2n=1/24 (3.37)
i=0

for some constant ¢ > 0.

Furthermore, let recursively, starting with an element in S5, = 7, , (Fs,_,»Gs,_\, bs,_,)
be the closest point to (Fj,, Gs,, ds,) in 75, , for the semi-distance d,, such that Fj, | <
Fs, < Gs, < G5, ,. This is what we meant by the “funnel structure”: the pair (Fy,, Gs,) is
“narrowing” the pair (F3, ,,Gs, ,)-

Defining H(8;) = {21log(N,(8;)%/8;)}/? and n; = 6; H,,(8;41), we get, for all large n, using
Hoeffding’s inequality (see, e.g., POLLARD (1984) p. 161, for a similar construction of the
n;’s), and using the fact that, by (3.37), Zf:_ol n; = o(1),

0 _ _ _
Pr{ o o VO iy, — s > /3216
< 0 - _
P e RO O B V> 1041
k—1
< 0 o _ .
= Pr{(FJMGZS%);k)G%k’EN(TF607G607¢60 TFékaak B, )71C7L,7,(F5k7G5k)’ > ;m | §n}
k—1
< Pr{ max E%(r - —r - .
p (F5i+1’G5i+1’d_}5i+1)€%i+l‘ n( Fsi1:Gs; 1964 F6¢706¢7¢6i)7‘
10, (Fs,, .G, ) > T !§n}

k—1
<2 Ny(6i41) exp{—an?/67}

=0

k—1
<2)  Nu(6i41) exp{—1log(Ny(6;41)*/Si+1)}

i=0

k

<2 6 =0n112),

=0

We also have, if Ay is the set of triples that can occur at the (coarse) end of a chain as
constructed above, and if (Fj,, Gs,, ¢s,) € Ao,

0 0 0
|En(TF50,G50,<550 - TFO)’7| S |ETL(TF50,G50,(Z)5O - TF‘Sk’G‘Sk’(E‘Sk )’Y| + |En(rF5k,G5k,(;_55k - TFO)’Y|7
for some (Fy,, Gs, , $s,) at the beginning (fine end) of the chain. Moreover,

0
|En(TF5k ,G5k7¢;5k - TFO)’7|
< |BS(rpy, sy s, — TN+ 1ES(re = 1)

< n1/2en + ’E’PL(TF - TFO)V‘ = 6/32 + |E2(TF - TFo)V‘v
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for some F' € F,,, by the properties of 75, and the construction of the chain.
But for an F' € F,, we have, by Hoeffding’s inequality, for all large n,
Pr{|E)(re —rr)v| > €/32 | &} < 2exp{—3(¢/32)*/Qn(rr —rr,)*}
< 2exp{—cn'/'2e%/(logn)?},

for a constant ¢ > 0, since by Lemmas 3.5, 5.1 and 5.2, and (3.33) to (3.35),

2 _

sup Qn(rr —rg)"y < kn 1/6(log n)?,

FeF,
for some k >0 and all large n. Hence, using the correspondence between (Fs,, Gsy» &50) and
(F5s,,Gs, , ¢s,,) along the chain, but this time doing the counting at the “coarse end” of the
chain, we get

Pr{ s BN, 6y s, — TR > e G
(Fs50,Gsq:%50)€A0
S Pr{ sup ’Eg(TFéovGéov(Eéo o Tng,G5k7(l_$5k )7‘ > 6/32 ‘ §n}

(Fsq:Gsg$s)€A0

—i—Pr{ sup ]Eg(rF%Gék’q;ék —rR)Y| > €/16 | §n}
(Fs0,Gso:960)€A0
< exp{ein'?logn — co¢n'/% /(log n)?} + o(1) — 0, as n — oo,
for constants c¢1,co > 0, since the number of triples in the dg-net for the semi-distance d,, is
exp{O(n'/?1logn)}. Thus we get

Pr{ max E%(r s — TR > €/8 }
(Fsk,Gak#;ak)EZsJ n( Foo Goy0s O)h/ / |£n

< Pr max E%(r s =T ;Y >€/32
- {(Fsk,Gak,mk)ez;k' a7 Fsy oo, ™ iy G by 11 > €/ ‘gn}

0
+P7“{ sup | En (", sy 85, — TRV > 35€ | én}
(Fs0,Gso:960)€A0
— 0, n — oo.

This proves (3.36).
In a very similar way, it is shown that

Pr{|En{ s~ i} ol > o}~ 0 (339
. Pr{|E{ 50— SR} 00| > f — o, (3.39)

as n — o0o. For example, to prove (3.38), we condition on a sample

En = ((Tlv U17617’71)7 s (TTM Unyény’yn))7

such that conditions (3.33) to (3.35) are satisfied for the empirical measure @), corresponding
to &,. We then approximate pairs (F, ¢r) by pairs (Fj, ¢x), where Fj, > F. The remaining
part of the argument is the same (and in fact easier). The reason for treating the ratios rp
separately was mainly notational.

The result now follows from (3.32), (3.38) and (3.39). O
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4 Simulations

4.1 Computation of ¢ and qBFn

If F' is a purely discrete distribution function, we know from theorem 3.1 that ¢ g, as given
by equation 3.2, is a piecewise constant function as well. In this equation, we do not need the
Yp-part in order to obtain the ¢-solution. We know from part (iii) of Theorem 3.1 that the
values of ¢ can be found from a finite set of linear equations Ay = b, where (as noted in the
proof of part (iii) of Theorem 3.1) the matrix A is a symmetric, strictly diagonally dominant
M-matrix. Such a matrix can be shown to be positive definite (see BERMAN AND PLEMMONS
(1979)). So Cholesky decomposition can be used, which is a fast algorithm and numerically
stable.

The solution of the integral equation in the transformed scale is easily obtained from this,
since the integral parts are with respect to a measure that has mass restricted to the values
T = Fn(afjl) In Figure 1 we give a picture of the NPMLE and in figures 2 to 4 we give the
solutions Q_Spn, 3 P and Q_S’F respectively, based on a random sample of size n = 300 from a
uniform distribution on [0,7L1], censored by two uniformly distributed observation times (so H
is the uniform distribution on the upper triangle of the unit square), where k& = 1, which is
the derivative of the canonical gradient for the mean functional.

These solutions are compared with the solution ¢g,, with Fy = U(0, 1), implying ¢p, =
¢r,. This solution is obtained in Geskus (1992), based on a power series expansion using
Legendre polynomials. The function an is defined by an (t) = q_SFn (t)/(t(1 —1t)), t € (0,1),
and likewise &, (t) = ¢r, (t)/(t(1 — 1)), t € (0,1).

The number of jumps of the NPMLE was 15 and the locations of the jumps are indicated
by small vertical bars (slightly smaller than the tickmarks at 0.25, etc.) on the z-axis in
Figure 1. On the other hand, in figures 2 to 4 the small vertical bars on the z-axis denote the
values of F), at these points of jump. The derivative gz_b%n is actually continuous in this case
(this will generally not be the case), and has cusps at the points Fn(xz) In Geskus (1997) it

is shown that the cusps of the derivative _;5,1 are located on the curve ¢ — %(1 —2t)¢ 7, (1),

t € (0,1).

A

4.2 A simulation of K(F},)

For the same uniform case as above, we did a computer experiment of 10.000 samples of
magnitude 1000, and estimated the mean u(Fy) by the NPMLE u(Fi). Estimating the
variance of v/1000(u(Fio) — (Fp)) by the unbiased estimator S2 ., vielded the number
0.11917, while analytic computations as in GEskus (1992) yield 0.1198987 for the information
lower bound. So the estimate is very close to the information lower bound.

5 Appendix

Proof of Theorem 3.1:

ad (i) Let F,, = (1 — a)Fy + aF. For a € (0,1), the function Fy, is strictly increasing and
continuous between jumps and hence the solution ¢r, to the integral equation exists by
Theorem 2.2 in section 2. For simplicity of notation, we will denote ¢, by ¢,. Furthermore,
we will use the same notation as in the proof of Lemma 2.1:
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0.75 1

0.51

0.25 1

0 L
0 0.25 0.5 0.75 1

Figure 1: E,, based on sample size 300, and Fyy (dashed)

0.172 1

0.129 1

0.086 1

0.043 1

0 0.25 0.5 0.75

Figure 2: &Fn and ¢, (dashed)
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0.862 T~ !

0.818 1

0.774 1

0.73 1

0.687 ‘ ‘ '
0 0.25 0.5 0.75 1

Figure 3: an and £p, (dashed)

0.859 1

0.43 1

-0.43 1

-0.859

0 0.25 05 0.75 1

Figure 4: (5;7” and ¢’ (dashed)
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Z1,..., Ty, are the points of jump of F', contained in (0, M) and z¢g = 0, x,,+1 = M; moreover,
Ti:F(IL‘Z‘),iZO,...,m—I—l.

Let G, = Fa_l, with derivative go. Furthermore, let ko = k o Gq, l_zi,a = h; o G,
Hy(t,u) = H(Ga(t),Ga(w))), and h(t,u) = h(Ga(t), Ga(u))), 0 < t < u < 1. Likewise,
we define d, = dp, and ¢, = ¢ér,. Then, by Theorem 2.2, ¢, is the unique solution of the
integral equation

6ol = ffat ~ [ O a0
’elo,
+/ 2200020 41, (t,u) }, ¢ € 0,1].
u€(t,1]

Let the set D, be defined by

D, = {discontinuity points of g,(t), augmented with 0 and 1}
U {discontinuity points of k., (t), d.(t),
Ab(y) = Zha(t, ) for t <t', and AL(t) = Zha(u,t)for t > u},

and let A, 5(t) and B, 5(t) be defined by

and

t'€[0,1]
2d,, (t - _
20y (d,(@)Fa))
t'€l0,1]
{ sup |2ha(t )] + sup \%ﬁa(t,u)]}. (5.2)
t'€0,t] u€lt,1]
Moreover let B -
Ca(t) = 1+ 2do(t)ga(t)halt,t). (5.3)

As in Theorem 2.2 we have that at points of D, the functions A, s and B, s have two versions,
one corresponding to taking left derivatives and one corresponding to taking right derivatives.
Then there exists a § > 0 such that

sup Aas(t)/Calt) < 1/2
te[0,1]

By Theorem 2.2 we have
|pa(u) — da(t)] < Ko(u—1),0 <t <u<l,
where K, is given by

Ko =2 sup B, s(t)/Ca(t), (5.4)
te(0,1]
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for 0 > 0 such that sup,¢(g 1) Aa,5(t)/Ca(t) < 1/2. We need to show that we can choose ¢ and
K, independently of o and F' in a small (supremum distance) neighborhood of Fj.

If (using the same notation as in the proof of Lemma 2.2) ¢ belongs to an interval (7, 7/),
on which G, increases, then, going back to the original scale, we get

Ans(t)/Calt)
< swp fm':Fa() —6<Fo(a))<Falz |8m (2', )| da’ +fyF )<Fa(y)<Faol(z +5|8x (z,y)| dy
T ze(0,M) 2h(z, )

The essential observation here is that, although A, 5(t) tends to oo, as a T 1, for points ¢ in
the range of Fy,, the ratio Aa 5(t)/Ca(t) stays bounded, since the factor gq(t), causing the
steep increase of A, 5(t) via & 9 By, also occurs in the denominator Cy(t).

If, on the other hand, ¢ belongs to an interval (7/,7,41), on which G, is constant, then
A 5(t) =0, since go(t) = 0 on such an interval. Hence we can choose § > 0 such that

sup Aq5(t)/Ca(t) < 1/2,
te[0,1]

for all a € (0,1) and all F' such that sup,cp g [F(z) — Fo(x)] < ¢, for a fixed suitably chosen
e>0.
In a similar way we get, using (2.27) in section 2,

0s(8)/Calt)
W (@)
S LR 2w 7)
Lt @) = b))+ B k)

+ sup sup ————~
2 (0,M) h(z,x) ze(0,M) €1 M, T)
1 2k(x)
. SUp
51Hfme(0,M) h(x,x) z€(0,M) hi(x) + ha(x)
{ sw [ Zhy)+ sw [Zh@yl), (65)
z,y€(0,M) z,y€(0,M)

for some ¢, > 0, uniform over o and F, implying that sup;c(g 1) Ba,s(t)/Ca(t) and hence
also K, in (5.4) has a finite upper bound (given by the right-hand side of (5.5)) which is
independent of « and F.

It follows that the sequence (@) is equicontinuous and hence has a subsequence, converg-
ing to a function ¢ which is Lipschitz on [0,1]. Let (apn)n=12,. be a sequence of numbers
such that oy, T 1 and ¢, — ¢F in the supremum distance. Define

or(x) = op(F(z)). (5.6)
Then, by the equicontinuity of the sequence (¢, ), we obtain, for each = € [0, M],
op(x) ¥ p(F(z)) = lim o, (Fa, () = lim ¢q, (2), z € [0, M]. (5.7)

n—oo n—oo
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Now let ¢ € [0,1] \ D. Then t is a point of continuity of G and does not belong to the
range of F. We have

¢p(t) = lim ¢a,(t)

n—oo

:]md%@%%@—/ Gonllten ) g, (¢ 1)
e t'€[0,t)
b EaaO g, ()]
u€e(t,1]

—t
n—=oo Jireo,t)

+ lim dau (W) =9r () qpy <t,u>}. (5.8)

u—t
=00 Jue(t,1]

Suppose F(z;) <y < F(x;4+1). Hence G(y) = x;41. Then (5.8) can be written

7 — t(1—t) : OF (t)~Pan (z')
or(t) = hi(zit1)(1—t)+h2(ziy1)t {k(xi'H) B nh—>n;o 2 €[0,Gay (1)) W dH (', Ga, (1))
+ lim Ut aH(Go (0.0} 69
ye(Gan (t)vM]

and by the dominated convergence theorem and (5.7), we get

" t(1—t 3r(t)—bp (2
or(t) = h1($i+1)(1(—t)—2h2(mi+1)t{k(wi-l—l) - /m,:F(z,)q % dH (2, 2i11)
dr(y)—Pr(t)
b e ey }
O (Tit1,Y)
- I e (O)=0r(t) g7 (¢
=m0 - /ﬂem) 2elll=0r @) g (¢!, 1)
+/ =2 afi (). (5.10)
u€e(t,1]
Letting ¢ | F'(x;), we find

¢r (i) = dr(F(w7))

Fla)(1—F(zs) L bra)—or() rro s
h1mﬂ)(1—F(m>)+h2<wi+1>F<zi>{’“(‘CZ“) /xumf)@(w.) Fa—Fany (@ 2iv)

~Fp(F(xi)+) / dH (2, zi41) + / e 4H (i, y)},
@’ F(a')=F(z;) y:F(y)>F(x;)
(5.11)

and letting t T F'(x;41), we get

¢r(zit1) = op(F(xiy1))

Fwis)(1—F(zi11)) L
hl(xi“)(l_pz;liﬂ))"‘m(Zliﬂ)F(wiﬂ) {k(xl"'l)
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/x’:F(x')<F(xiH) Faip1)—F(a) +

+¢%(F($i+1)—)/ dH(zi41,y) +
y:F(y)=F(it1)

¢F(y)_¢F(Z‘i+1)
—I-/ _—z.dH(:nHl,y)}- (5.12)
y:F(y)>F(xi41) Fly)—F(zit1)

Note that the right and left derivatives

N def

¢p(F(zi)+) = lim ){¢3F(t) — op(F(2:))}/(t — F(a:))

t|F(x;

and

Gp(Flai)=) < lim {6p(F(ai)) — 6p(D}/(F(ai) 1)

TR (zit1)
exist, since the other functions appearing in (5.10) are continuous and have finite limits as
t | F(z;) ort T F(xi4+1), respectively. These one-sided derivatives so to speak “catch” the
discontinuities in the functions k, hy, he and H, if one crosses a point F(x;) in the range;
the function ¢r is continuous at such a point and can be defined there by either taking
the left-hand limit (involving h;(z;), k(x;), etc. at F'(x;)), or the right-hand limit (involving

hi(zit1), k(zit1), etc. at F(z;)). Uniqueness of ¢ will be proved below in part (iii).
ad (ii) We define, for o € (0, 1), the functions 1, : [0, M| — IR by

$a(@) — Pa(i)

l—«o

Ya(T) =

, X € [Jii,l‘i+1), 1=0,...,m, (5.13)

and 1o (M) = 1o (M—). Using (5.5), we get, for x,y in the same interval [z;, xi+1),
|90 (y) — ¢a ()| _ |Pa(Fa(y)) = Pa(Fa())|
1—-a 1—-a

MW=L ) - R, (.14

[Va(y) — Yalz)| =

<

where ¢ > 0 is independent of o and F' € F, since we use the Lipschitz constant for ¢, in
(5.14). By the continuity of ¢, we can extend the function 1), restricted to an interval
[zi, zi4+1) to a continuous function v, ;, defined on the closed interval [z;,z;y1]. The func-
tions 1,; are equicontinuous in « on the intervals [z;,z;41] and hence have a convergent
subsequence, converging (in the supremum metric for functions defined on [x;,x;11]) to a
continuous function 1, defined on [, 2i41]. Let ¥p : [0, M] — IR be the function, such that

Yr(z) = Pi(2), T € (2, T41), i = 0,...,m, Yp(M) = thp (M),

and let (¢, )n=1,2,.. be a sequence such that the restriction of ¢,,, to an interval [z;, z;11), i =
0,...,m—1, or the interval [x,,, M] converges to ¥ r in the supremum metric for continuous
functions on such an interval. Since the sequence (g, ) is also equicontinuous, we can also
assume (by switching to a further subsequence) that ¢, converges in the supremum metric
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to a Lipschitz function ¢, as in part (i). Then we have

VYr(y) — Yr(o) —  lim Pa, (y) = Pa, (2)
Fo(y) — Fo(x) n—o0 (1 — oy ){Fo(y) — Fo(z)}
— lim Pa, (Y) — ¢a, (7)
n—co Fy, (y) — Fa, ()’

(5.15)

forx; <x <y<wit1, 1 =0,...,m. Since, by Theorem 2.2, part (iii), ¢, satisfies the integral
equation

— da () —da (2’ Pa(y)—¢a(z
Palz) = da(x){k(:c) - /xle[o , felD=0e () dH (o', 7) + /ye@ ; $etel M (2,y) },

we now get, by (5.7), (5.15) and the dominated convergence theorem,

or (o) = dr(o){k(@) - [ re(ey) dH (@)}, (5.16)

x'e[0,x)

re(2,r)dH (2, x) + /
ye(z,M]

where rp is defined by (3.3).
The function ¢ is absolutely continuous with respect to F', since, by the Lipschitz prop-

erty of ¢p,

0r(y) — or(x)] = [¢r(F(y) — or(F(z))]
< c]F(y) —F(:L')‘, T,y € [O,M]

This shows in particular that constancy of F' on an interval implies constancy of ¢z on that
same interval. Moreover, by (5.14) and the bounded differentiability of Fj, we have that 1),
is Lipschitz on each interval [x;,z;4+1), and hence ¢ is also Lipschitz on such an interval.

ad (iii) Multiplying both sides of (5.16) by dp(z)~!, and integrating from x; to x;;1, the
Yp-part cancels and we get a finite set of linear equations Ay = b for y, given by (3.8).
The matrix A is a symmetric, strictly diagonally dominant M-matrix (also called a Stieltjes
matrix). This implies that the matrix equation has a unique solution and hence that the
piecewise constant (right-continuous) function ¢ is uniquely determined, see BERMAN AND
PLEMMONS (1979). The unicity of ¢ is easily obtained from this, since the integral parts
of the equation for ¢ are with respect to a measure that has mass restricted to the values
t= F(:L’Z) O

The following two lemmas are used at the end of the chaining argument in the proof of
Theorem 3.3.

Lemma 5.1 We have:

sup sup |F(z)— Fy(z)| = O(n~9). (5.17)
FeFn z€[0,M]
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Proof: If F € F,, then, for each z € [0, M], using the Cauchy-Schwarz inequality:

‘/ {F(t) - Fo(t)}dt‘ < V2 VR F — Fylla < en™5/1{logn}/?,
(t€[0,M]:|t—z|<n—1/6}

for some ¢ > 0 independent of , using |[F — Fp|l2 = O(n~"/3{logn}'/?) and Proposition 3.3.
By the monotonicity of ' we have, if z +n~/6 < M:

—~1/6

WVSLE(z) — Fo(w)} < nl/? /M Ft)dt — n/SFy(x)

~1/6 o+n—1/6

T+n
/ (F(1) ~ Fo(t)) di| + 0" / (Folt) — Fo(w)} dt
<k, (5.18)

1/6.

/3

IN

for some constant k1 > 0, independent of x. Likewise, if x > n~

WVOLE(z) — Fo(w)} > nl/? / ’ L F0d = Ry
>~ [C FO - ROy -t [ (R - By
>y, (5.19)

for some constant ks > 0, independent of . For = € [0,n~ /%] we get from (5.18):
n!/*{F(x) = Fy()} < ki,
but since we also have
nY{F(z) — Fo(z)} > —nSFy(n=1%) > —¢,

for some ¢ > 0, if z € [0,n/9], the result also holds if # € [0,7'/6]. A similar argument is
used if 2 € [M —n~1/6 M]. O

Lemma 5.2 Let the conditions of Theorem 3.1 be satisfied. Then:

sup sup |¢p(t) — opy(t)| = O(n~ Y12y, (5.20)

FeF, te[0,1]
Proof: For a € (0,1), let F, o = (1 — a)Fy + aF, and let ¢, = q_Spnya, using the same
notation as in the proof of Theorem 3.1, but with an index n added to denote that we
consider distribution functions F' € F,, instead of distribution functions F' € F. For a = 1,
we define qz_bma = ¢p,, where ¢p, is defined as in Theorem 3.1 and for a = 0 we define
b0 = (51:0. Since

¢r, (t) = lim ¢y, (1),
all

it is sufficient to prove

Sup  |fnalt) — do(t)| < en” P2, (5.21)
tel0,1], a€(0,1)
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for some ¢ > 0.
Let G be the inverse of Fjy and Gy, o be the inverse of F;, . Furthermore, let

Jnﬂ(t) = t(l - t)/{(l - t)hl(Gn,oz(t)) +1 h2(Gn,a(t))}7

and, similarly
do(t) = t(1 —t)/{(1 = )h1(Go(t)) + t ha(Go (1))}

Finally, let Hyo(t,u) = H(Gna(t), Gna(w)), Ho(t,u) = H(Go(t),Go(u)), kna = ko Gna
and kg = k o GGy. Note that

sup |G o(t) — Go(t)] < kn =Y/, (5.22)
te[0,1], a€(0,1)

for some k > 0, which follows from Lemma 5.1 and from
Gpolt) =inf{z : F,o(z) >t} <inf{z: Fo(z — en /%) > t},

and
Gpolt) =inf{z : F,o(z) >t} > inf{z: Fo(z +en /%) > ¢},

for some ¢ > 0 and all « € [0,1]. We now write

én,a (t) - (250 (t)

= —an[ (t) { (Z)n,a (t)—d_)n,a (i’_);((ﬁo (t)—(Z)o (t’)) dHTha (t,7 t)
t'e(0,t)

B / Fro (1) —Fn o (ut)_—t(d>0 (w)—¢o(t)) dHn,a (t, u)}
we(t,1]

+ Bn,a(t) + Cn,a(t) + Dmoc(t) + Emoc(t)v (523)

where ) .
Bha(t) = —dpa(t) / 2o=00) 4(H,, o — Ho)(t, 1), (5.24)
t'€[0,¢)
Chra(t) = —dy (t) / P=bot) g(F1,  — Fy)(t,u) (5.25)
u€(t,1]
Dna(t) = —{dnalt) - do(t)}{ / 20O=00) g7, t) — / So(w=do(®) dﬁo(t,u)},
t'€l0,t) u€(t,1]
(5.26)
and B B B B
Ena(t) = dp.o(t)knalt) — do(t)ko(t). (5.27)

We first consider By, o(t). Let t € [0,1] be a point such that ¢ > n~'/12. Moreover, let
t, =t —n~"Y120On [0,t,] we take a grid of points uj,j =0,...,m, such that

1,,-1/6 -1/6
I <y —ujg <O >0

and ug = 0, u,, = t,. Furthermore, we define the right-continuous piecewise constant function
Xn by _ _
¢o(t) — do(u;)

— € [uj,ujp), § <m,
j

Xn(t') =
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and by xn(u) = 0 on the remaining part of the interval. Then we get, by the Lipschitz
property of ¢y and the fact that t — ¢/ > n= Y12 if ¢/ < ¢,,,

/t'e[o,tn)

Moreover, using sup, |Gp.o(t) — Go(t)| = O(n~1/%), the Lipschitz property of ¢y, and the
differentiability properties of H, we get

BB 1)

d(Hypo + Ho)(t', 1) = O(n~1/12), (5.28)

‘/t’e[o ') Xn(t/) d(ﬁn,a - E[O)(tlv t)‘

<

Xon(to) L (s ) — Flo(tn,t)}‘ + (/ﬂe[m | \Hpo(t'8) — Ho(', )] dyn(t)

= O(n~ %) + p/20(nV0) = O(n=1/12), (5.29)

/t'e[tn,t)

by the uniform boundedness of {¢g(t) — ¢o(t')}/(t —t'), t >, the differentiability properties
of H, and by sup; |Gn,a(t) — Go(t)| = O(n~19).
Since dy, o is uniformly bounded, we now get from (5.28) to (5.30):

We also have

¢o(t1:$o(t/)‘d(Hn’a + Ho) (1) = O(n~112), (5.30)

|B,a(t)] = O(n_l/lz)-

Moreover, since sup; |Gp.o(t) — Go(t)] = O(n~1/9), uniformly in «, the O(n='/12)-term is
uniform in a and ¢ € [0,1]. Note that for t € [0,n~/1?], we only have to use the uniform
boundedness of {¢o(t) — ¢o(¥')}/(t —t'),t > t', and the property H, (t',t) + Ho(t',t) =
(’)(n_l/12).

We similarly get:

sup |Cra(t)] = O(n_1/12).
te[0,1], a€(0,1)

Since the integrals on the right-hand side of (5.26) are uniformly bounded, we have, using

(5.22) and the differentiability properties of the marginal densities hq and ho,

sup 1Dy o(t)] = O(n=Y6).
te[0,1], «€(0,1)

Using the differentiability condition (F3) for k, we similarly get

sup  |Ena(t)] = O(n~10),
te[0,1], «€(0,1)

Thus,

sup  |Bn.a(t) + Crnalt) + Dpolt) + Ena(t) = O(n~1/12). (5.31)
te[0,1], a€(0,1)

To complete the proof, we use the same argument as has been used several times before,
notably in section 2: let s be the point where the continuous function

t— Q_Sn,a(t) - Q_SO(t)7 te [Oa 1]7 (5'32)
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attains its maximum. Then, by (5.23),

&n,a(s) - QEO(S) < Bpa(s) + Cnal(s) + Dna(s) + Ena(s),

since the integrands on the right-hand side of (5.23) are non-positive if s is the (respectively
right or left) boundary point of the integration domain. Similarly, if m is the point where
the function (5.32) attains its minimum, we get

Q_Sn,a(m) - Q_So(m) > Bpa(m) + Cpa(m) + Dna(m) + Epo(m).

It follows that

sup |¢_5n,a(t) - Q_SO(t)| < sSup |Bn,a(t) + Cn,a(t) + Dn,a(t) + En,a(t)|- (5.33)
t€l0,1], a€(0,1) t€l0,1], a€(0,1)

The result (5.21) now follows from (5.31) and (5.33), and the theorem then follows from
(5.21). 0
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